APPENDIX TO" A PRACTITIONER’S GUIDE TO ESTIMATION OF RANDOM COEFFICIENTSLOGIT
M ODELSOF DEMAND"” —
ESTIMATION: THENITTY-GRITTY

In thisappendix | discussthe computational details of the estimation algorithm described in
thetext of "A Practitioner’s Guide to Estimation of Random Coefficients Logit Models of Demand."
| describe the actual implementation of the algorithm, but also mention possible pitfalls and ways
to speed the computation. The actual implementation varies for different models, differences are
pointed out.
Before going into the details we recall the intuition of the estimation algorithm. The model
is one of individual behavior, yet only aggregate data is observed. Nevertheless, we can still estimate
the parameters that govern the distribution of individuals by computing predicted individual behavior
and aggregating over individuals, for a given value of the parameters, in order to obtain predicted
market shares. We then choose the values of the parameters that minimize the distance between
these predicted shares and the actual observed shares. As explained in Section 3, the metric under
which this distance is minimized is not the straightforward sum of least squares, rather it is the
metric defined by the instrumental variables and the GMM objective function. Itis this last step that
somewhat complicates the estimation procedure.
There are essentially four steps (plus an initial step) to follow in computing the estimates:
(0) prepare the data including draws from the distributionasfdD (only some models);
() for a given value dd, andd, compute the market shares implied by equation (4) (only for
some models);
(2) for a giverf,, compute the vectdrthat equates the market shares computed in Step 1 to the
observed shares;
(3) for a giverf, compute the error term (as a function of the mean valuation computed in Step
2), interact it with the instruments, and compute the value of the objective function;
(4) search for the value 6fthat minimizes the objective function computed in Step 3.

Sep 0: The data required is described in detail in Section 3.1. The actual organization of
the data depends on the code used to compute the estimation. | found it useful to define a vector of
market shares and two matrices of "right-hand side" variajemdX,. The first contains the
variables that enter the linear part of the estimation, common to all individ(tais €quation (3)),
and includes: price, advertising, brand dummy variables (or product characteristics if brand dummy
variables are not included.) The latb¢j,,contains the variables that will have a random coefficient,
and therefore will enter the non-linear part)juf equation (3)), and includes: price, and product
characteristics (which could include segment-specific dummy varighBst)e models (e.g., Logit,

A MATLAB computer code, that follows the text closely, and a sample data set can be found at
http://emlab.berekeley.edu/~nevo

AWhen presenting the model | did not separate between the two matrices, X; and X,. The differences between
them can arise for severa reasons. First, we might not want to allow for random coefficients on al characteristics. In
such a case the variables included in X, will be a subset of the variables included in X;. Second, if we include brand
dummy variablesthey will beincluded in X, but not in X,, while the product characteristics will beincluded only in X,.
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Nested Logit, and GEV) do not have random coefficients, the non-linear part is set to zero, and
therefore only the first design matrix, X,, is required.

Next, wesampleaset of "individuals'. Each"individual" consistsof aK-dimensional vector
of shocks that determine the individual's taste parametqrs(vil, eV K), demographics,

D, =(D;;,.-»D,y), and potentially a vector of shocks to the utilitys (¢, ....c;) . bebe the

number of individuals sampled. The use of this "individual data" is explained below, in Step 1. In
most cases we will not need to draw , since we can integrate the extreme value shocks analytically
(see details below.) That is also the reason we do not need these draws for the Logit, Nested Logit
and GEV models.

The sample of individuals can be generated in two ways: by assuming a parametric functional
form, or using the empirical non-parametric distribution of real individuals. Shocks that determine
the individuals taste parametersare usually drawn from a multi-variate normal distribution. In
principle, these could be drawn from any other parametric distributidie choice of the
distribution depends on the problem at hand and on the researcher’s beliefs. Demographics are
drawn from the CPS; instead of assuming parametric forms for the distribution of demographics real
individuals are sampled. This, of course, has the advantage of not depending on a somewhat
arbitrary assumption of a parametric distributional form. On the other hand, if the parametric form
was correct then using the non-parametric approach will be less efficient. The choice of parametric
versus non-parametric form should depend on the researcher’s believe on how well a parametric
function can explain the distribution of demographics.

As pointed out, the data consists of observations on prices and market shares of different
brands in several markets. In theory we could consider drawing different individuals for each
observation, i.e., each brand in each market. However, in order for Step 2 to work we require that
the predicted market shares sum up to one, which requires that we use the same draws for each
market.

There is a question of whether these draws should vary between markets. Once again, the
answer depends on the specifics of the problem and the data. In general, the draws should be the
same whenever it is the same individuals making the decisions. For example, BLP use national
market shares of different brands of cars over twenty years. They use the same draws for all
markets.

Finally, it is important to draw these only once at the beginning of the computation. If the
draws are changed during the computation the non-linear search is unlikely to converge.

Sep 1: Now that we have a sample of individuals (each described Dyg)), for a given
value of the parameter§,, and the component common to all consum&rsye compute the
predicted market shares given by the integral in equation (4). For many models (e.qg., Logit, Nested
Logit and PD GEV) this step can be performed analytically.

For the full random coefficients model this integral has to be computed by simulation. There
are several ways to do this. The first is the naive frequency estimator. We sadrales of the
vector ¢, D, ¢), for each of these we predict the brand purchased, and then sum over the purchases.
Formally, our estimator is given by

Sjt( pjt’x' S.t' P

it

. 1 ns
0,) :n_s.z:; 1{uijt(Di,Vi,ei) > U, (D;,v,¢) VI :0,1,...,J},

ns’

3 For example, Berry, Carnall and Spiller (1996) use a two point discrete distribution.
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where 1{C} =1 if the Cistrue, and O otherwise. Thisisrepeated for every brand in every market.

Although this approach is very intuitiveit islacking in three dimensions. Firgt, it requires
alarge number of draws, ns, at least the number of products, and usually much more than that.
Otherwise, the predicted market shares for some of the products will be zero. The smaller the
observed sharesthelarger the problem. Second, in thisapproach therearethree simulation processes
that induce variance in the estimated parameters, the sampling processes of thev's, theD’s, and the
e's. While in the approach suggested below the simulation error due to the sampling process of the
e’sis eliminated. Finally, this approach renders a non smooth objective function, and therefore does
not allow us to use gradient methods to minimize the objective function (see Step 4.)

A second approach to computing the predicted market shares, which does not suffer from the
above problems, is the smooth simulator. Here we use the extreme value distifoion, to
integrate thee’s analytically. Formally, the predicted market shares, given by equation (4), are
approximated by

. 1 ns
S]t( Py X104, Pogi0,) = n_s.Z; Siti =
(A-1) K k. .k
1o exp(ajt+2k:l Xt (O + My Dy + .. +7[deid)>

ns< J Kk k ’
D Y exp(am:+2k:l Xt (O + g Dy +. + 1 Dy

where (v.',...,v.*) and (D,,,...
the variables included iX,.

Note, that we no longer require a large number of draws to predict non-zero market shares.
Actually, one draw of the paiw(D) will suffice (although this is by no means the recommended
number.) Also, since thes are integrated analytically the variance due to the simulation process
is limited only to the simulation afandD. Finally, unlike before the predicted market shares are
smooth functions of the parameters, and therefore a gradient method can be usédiie e
objective function.

In some applications efficiency of the estimator will be very important and therefore one
would like to reduce the variance due to the simulation error. In principle, this can be achieved by
increasing the number of draws, A computational more efficient way of reducing the simulation
error is to use various sampling methods, for example, importance sampling or Halton sequences.
A full discussion of these methods is beyond the scope of this paper (see BLP for use of importance
sampling or Train, 1999, for use of Halton sequences.)

Sep 2: As previously pointed out, we choose our estimates by minimizing the distance of
the predicted market shares to the observed market shares. For the reasons given in Section 3 we
will not define the distance as the sum of squares, rather we obtain an expression that is linear in the
structural error term and interact it with instruments to form a GMM objective function. This step
is required in order to obtain this structural error term.

We want to compute thixT-dimensional vector of mean valuations, ,, that equates the
market shares computed in Step 1 to the observed shares. This amounts to solving separately for
each market the system of equations’

D,y i=1,...,ns , are the draws from step O, whdjlé k=1,...,K , are

“Berry (1994) proves existence and uniqueness of the vector 5.
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(A-2) s(6,:6,)=S, t=1,...,T,

where §(+) are the predicted market shares computed in Step 1 and Sare the observed market shares.
This system is solved market by market.

For the Logit model this inversion can be computed analytically by 3, =In(S,) -In(S,,),
where S, is the market share of the outside good, computed by subtracting the sum of observed
market shares of all theinside goodsfrom 1. Note, it isthe observed market shares that enter this
equation, and therefore we do not require Step 1 for the Logit model. Thisinversion can also be
computed analytically in the Nested Logit model (see Berry, 1994) and the PD GEV model
(Bresnahan, Stern and Trajtenberg, 1997.)

For the full model the system of equations (A-2) is non-linear and is solved numericaly. It
can be solved by using the contraction mapping suggested by BLP (see there for proof of
convergence), which amounts to computing the series

(A-3) 871 =8 +In(S) ~InlS(p X, 81.Ps8).  t=L..T, h=0,..H,

ns’

where s( ) are the predicted market shares computed i |n Step 1, H is the smallest integer such that
||8.t || issmaller than some tolerance level, and St isthe approximation to 3 ,.

A few practical poi nts First, convergence can be reached faster by choosi ng agood starting
value, 8 | usethevalue, St , computed from the last iteration of the objective function, with the
first |terat| on using the values that solve the Logit model, i.e,

8, =109(S,) - 100(Sy)-

Better approximations can be derived (for example, using the derivative of 6(-) computed below, the
first term of a Taylor approximation can be computed.) However, | found that computing better
approximations usually took longer than the time saved.

Second, thefurther away from thetrue value of the parametersweare, theharder itisto solve
the system of equations (A-2). Therefore, | found it helpful to change the tolerance level as the
number of iterationsin the process defined by equation (A-3) goesup. For example, for thefirst 100
iterations, of the process defined in equation (A-3), the tolerance level is set to 10E-8, while after
that every additional 50 iterations the tolerance level increases by an order of ten. If the changein
the value of the parameters was low (say less than 0.01) the tolerance level was kept at its initial
value. This promises that near the solution the inversion is computed very accurately, while the
algorithm does not waste time far away from the solution, where the number of iterations required
to achieve accurate convergence of the process defined in equation (A-3) is high.

Third, atrivial point but one that can save several days of work: the order of the termsin
equation (A-3) matters, otherwise the contraction mapping does not work (rather than getting closer
to the solution the series will get further away).

Finaly, since computing exponents and logarithms is computationally demanding the
contraction mapping, defined by equation (A-3), can be solved by solving for the exponent of the
vector 0. |.e., define W, = exp(éSjt) and solve
h+1 h Sjt

Wie =W ’

%t(p.t’xt’8 Pns’ez)

t=1,..,T, h=0,..H,

where the starting value isw? =exp(8%) andst =log(w,") is the same as the solution to the
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contraction mapping, defined by equation (A-3). Thisgreatly reduces the number of exponents and
logarithms computed.
Sep 3: Finally we can compute the error term. For all the models previously described it is
defined by
®=0-X0,,

where 6 isthe JxT-dimensional vector computed in Step 2, X; isthe design matrix defined in Step

0, and 0, is the vector of linear parameters. This is interacted in a straightforward way with the

instrument matrix to form the moment conditions, which are used to compute the obj ective function
o(0)ZD1Z'w(0),

where @ is a consistent estimate of E[Z'ow'Z] .

Like many GMM estimation problems, the computation of the objective function requires
knowledge of the weight matrix, which in general requires knowledge of the true value of the
parameters (or a consistent estimate thereof.) There are several solutions to this problem. First,
assume homoscedastic errors and therefore the optimal weight matrix is proportional to Z’Z, thus,
the need to know the true parameter valuesis eliminated. Second, we can compute an estimate of
0, say 6, using ®=Z 'Z, and then use this estimate to compute a new weight matrix
E[Z'o(0)w(0)'Z],, which in turn is used to compute a new estimate of 6.

An additional option is to continue iterating between the estimates of 6 and @ until
convergence. Hansen, Heaton and Y aron (1996) examine this option and al so examine the estimate
based on simultaneously minimizing the average moments and the weight matrix. Although these
approaches has some appeal, it isnot clear in what sense they are optimal, or which is better. Both
these approaches, as well asthe previous one, arefirst-order asymptotically equivalent. Asshown
by Hansen, Heaton and Y aron (1996), for linear GMM problems, neither method dominatesinfinite
samples. Therefore, | seeno justification to use continuous updating in non-linear GMM problems,
like the one here, where the computational costs are large.

Sep 4: Search for the value of 0 that minimizesthe objective function. For the Logit model
this can be done analytically (itisalinear GMM problem.) For the full mode we need to perform
anon-linear search over 0. The timerequired for this search can be reduced by using thefirst order
conditions, with respect to 6,, to express 6, asafunction of 6,, i.e.,

0, = (X,Z071Z/X) X, Zd71Z2/5(6,),

where X; is the design matrix and Z is the instrument matrix. Now, the non-linear search can be
limited to O.,.

One of two search methods is usually used, either the Nelder-Mead (1965) non-derivative
"simplex" search method, or aquasi-Newton method with ananalytic gradient (seePresset al., 1994,
and referencestherein.) Thefirst ismore robust but is much slower to converge, while the latter is
two orders of magnitude faster, yet is sensitive to starting values. If the initial values are extremely
poor the algorithm would reach regions where the objective is not defined. Thisisespecialy true
if the variables are scaled differently, i.e., one characteristic will range from 1 to 5 while another
from 0O to 250.

A useful trick isto set the value of the objective function to a high number (say 10E+10) if
one of its componentsis not defined. Thisallowsthe algorithm to deal with situationsinwhich the
objective function is not defined. Poor starting values, different scaling of the variables, and the
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non-linear objective would cause this to happen. This usually happens in the first few iterations,
especialy if the parametersare not properly scaled. Anaternativeway of dealing with thisproblem
isto decrease theinitia step size (i.e., the step taken in the direction determined by the negative of
thegradient.) Therecommended practiceisto start with the non-derivative method and switch to the
gradient method once the objective has been lowered to reasonable levels.

Themainincreasein speed using the gradient method comesfrom using an anal ytic gradient
function. Using a gradient computed from finite differences results in relatively less increase in
speed, while maintaining all the problems of the gradient method. In order for the gradient to be
well defined everywhere, the simul ated market shareshaveto be smooth functionsof the parameters.
The smooth simulator discussed above has this property, while the naive frequency simulator does
not.

In order to compute the gradient of the objective function, the derivative of the function
computed in Step 2 has to be computed. The mean valuations of the J brands in each market are
implicitly defined by the system of J equations givenin (A-2). By the Implicit Function Theorem
(see, for example, Simon and Blume, 1994, Theorem 15.7 pg 355) the derivatives of the mean value
with respect to the parameters are

33, 33, ds,, ds,) * [ 9sy ds,,
8921 892L 00 1t 00 It 8921 892L
(A-4) Dé, = o = - : co
085 085 Sy, Sy, Sy, sy,
8921 892L 00 1t 00 It 8921 892L

where 0,, i=1,...,L denotes the i’'s element of the vectod, which contains the non-linear

parameters of the model. The share function defined by the smooth simulator is given in equation
(A-1). Therefore, the derivatives are
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Substituting this back into equation (A-4), we obtain the derivative of the function computed in Step
2.

The gradient of the objective function is
2xD3/*Z+D 147 5.



Oncethisis programed it is easy to check by comparing the results to the gradient computed using
finitedifferences. If such acomparisonismade, then thetolerancelevelsin Step 2 haveto be set low
(10E-8), and not allowed to vary (see discussion above.)
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