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Dynamic Mechanism Design: Robustness
and Endogenous Types
Alessandro Pavan

This article was prepared for an invited session at the 2015 World Congress
of the Econometric Society. Through a unifying framework, I survey recent
developments in the dynamic mechanism design literature and then introduce
two new areas that I expect will draw attention in the years to come: robustness
and endogenous types.

1 I N T RO D U C T I O N
Long-term contracting plays an important role in a variety of economic problems including trade, employment, regulation, taxation, and finance. Most
long-term relationships take place in a “changing world,” that is, in an environment that evolves (stochastically) over time. Think, for example, of (a)
the provision of private and public goods to agents whose valuations evolve
over time, as the result of shocks to their preferences or learning and experimentation, (b) the design of multi-period procurement auctions when firms’
costs evolve as the result of past investments, (c) the design of optimal tax
codes when workers’ productivity evolves over time as the result of changes
in technology or because of learning-by-doing, (d) the matching of agents
whose values and attractiveness is learned gradually over time through private
interactions.
Changes to the environment (either due to exogenous shocks, or to the gradual resolution of uncertainty about constant, but unknown, payoffs) are often
anticipated at the time of initial contracting, albeit rarely jointly observed by
the parties. By implication, optimal long-term contracts must be flexible to
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Finally, I thank Laura Doval, Jonas Mishara-Blomberger, and Bela Szabadi for excellent research
assistance.

1

2

Alessandro Pavan

accommodate such changes, while at the same time provide the parties with
incentives to share the information they receive over time.
Understanding the properties of optimal long-term contracts is important
both for positive and for normative analysis. It permits one to address questions
such as: How does the provision of quantity/quality evolve over time under
profit-maximizing contracts? How do the dynamics of the allocations under
profit maximization compare to their counterparts under welfare maximization? In particular, when do distortions due to profit maximization decrease
over time and vanish in the long run? In what environments does the private
observability of the “shocks” (i.e., the changes to the environment subsequent
to the signing of the initial contract) play no role? When is the nature of
the shocks (i.e., whether they are transitory or permanent) relevant for the
dynamics of the decisions under optimal contracts?
The last fifteen years have witnessed significant interest in these questions.
Important contributions have been made in extending mechanism design tools
to economies in which information evolves over time and a stream of decisions
is to be made.1
In this article, I first provide a brief overview of the recent dynamic mechanism design literature. I then introduce a simple yet flexible framework that
I use in the subsequent sections to review some of the recent contributions.
Finally, I discuss two new areas that I expect will attract attention in the near
future: robustness and endogenous types.
1.1

Brief Review of the Dynamic Mechanism Design Literature

This section builds on a recent overview that I prepared with Dirk Bergemann
for the Journal of Economic Theory Symposium Issue on Dynamic Contracts
and Mechanism Design (Bergemann and Pavan, 2015).
An important part of the dynamic mechanism design literature studies how
to implement efficient allocations in dynamic settings with evolving private
information. The pioneering contributions in this area are Bergemann and
Välimäki (2010) and Athey and Segal (2013). The first paper constructs a
dynamic pivot transfer scheme under which, in each period, all agents receive
their expected marginal flow contribution to social welfare. The scheme guarantees that, in each period, all agents are willing to remain in the mechanism
and report truthfully their incremental information, regardless of their beliefs
1 Mechanism design has been used in static settings to examine a variety of problems including:

auctions (Myerson, 1981; Riley and Samuelson, 1981; Cremer and McLean, 1988; Maskin and
Riley, 1989); nonlinear pricing (Mussa and Rosen, 1978; Wilson, 1993); bargaining (Myerson
and Satterthwaite, 1983; Ausubel and Deneckere, 1989, 1993); regulation (Baron and Myerson, 1982; Laffont and Tirole, 1986); taxation (Mirrlees, 1971); political economy (Dasgupta
et al., 1979; Acemoglu et al., 2011); public goods provision (Vickrey, 1961; Clarke, 1971;
Groves, 1973; Green and Laffont, 1979); organization design (Cremer, 1995), and voting (Gibbard, 1973, 1977; Satterthwaite, 1975). The reader is referred to Börgers (2015) for an excellent
overview of the static mechanism design literature.

Dynamic Mechanism Design: Robustness and Endogenous Types

3

about other agents’ past and current types (but provided they expect others to report truthfully).2 The scheme can be thought of as the dynamic
analog of the various Vickrey–Clarke–Groves (VCG) schemes proposed in
static environments. The paper by Athey and Segal (2013), instead, proposes
a transfer scheme under which each agent’s “incentives payment,” at each
period, coincides with the variation in the net present value of the expected
externality the agent imposes on other agents, with the variation triggered
by the agent’s own incremental information. The proposed scheme can thus
be thought of as the dynamic analog of the type of schemes proposed by
d’Aspremont and Gérard-Varet (AGV) for static settings. Relative to the
dynamic pivot mechanism of Bergemann and Välimäki (2010), the Athey and
Segal (2013) mechanism has the advantage of guaranteeing budget balance in
each period. Contrary to Bergemann and Välimäki (2010), however, it need
not guarantee that agents have the incentives to stay in the mechanism in each
period.3
A second body of work investigates properties of profit-maximizing mechanisms in settings with evolving private information. Earlier contributions
include Baron and Besanko (1984), Besanko (1985), and Riordan and Sappington (1987). For more recent contributions, see, among others, Courty
and Li (2000), Battaglini (2005), Eső and Szentes (2007), Board (2007), and
Kakade et al. (2013).
Pavan, Segal, and Toikka (2014) summarize the above contributions and
extend them to a general dynamic contracting setting with a continuum of
types, multiple agents, and arbitrary time horizon. The model allows for serial
correlation of the agents’ information and for the dependence of this information on past allocations. The approach to the design of optimal mechanisms
in Pavan, Segal, and Toikka (2014) can be thought of as the dynamic analog
of the approach pioneered by Myerson (1981) for static settings, and subsequently extended by Guesnerie and Laffont (1984), Maskin and Riley (1984),
and Laffont and Tirole (1986), among others. This approach consists in first
identifying necessary conditions for incentive compatibility that can be summarized in an envelope formula for the derivative of each agent’s equilibrium
payoff with respect to the agent’s type. This formula in turn permits one to
express transfers as a function of the allocation rule and thereby to express
the principal’s objective as virtual surplus (i.e., total surplus, net of handicaps that control for the cost to the principal of leaving the agents information
rents). The second step then consists in maximizing virtual surplus across all
possible allocation rules, including those that need not be incentive compatible. The final step consists in verifying that the allocation rule that solves
the relaxed program, along with the transfer rule required by the necessary

2 The formal solution concept capturing the above properties is periodic ex-post equilibrium.
3 See also Liu (2014) for an extension of the Bergemann and Välimäki (2010) mechanism to a

setting with interdependent valuations.
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envelope conditions, constitute a fully incentive-compatible and individuallyrational mechanism. This last step typically involves “reverse-engineering,”
i.e., identifying appropriate primitive conditions guaranteeing that the allocation rule that solves the relaxed program satisfies an appropriate monotonicity
condition.
The approach in Pavan, Segal, and Toikka (2014) – reviewed in Section 4,
below – adapts the above steps to a dynamic environment. The cornerstone
is a dynamic envelope theorem that yields a formula for the evolution of
each agent’s equilibrium payoff and that must be satisfied in any incentivecompatible mechanism. This formula combines the usual direct effect of a
change in the agent’s current type on the agent’s utility (as in static mechanism design problems) with novel effects stemming from the effect that a
change in the current type has on the distribution of the agent’s future types.
These novel effects, which are specific to dynamic problems, are summarized by impulse response functions that describe how a change in the current
type propagates throughout the entire type process. A second contribution of
Pavan, Segal, and Toikka (2014) is to show that, in Markov environments,
the aforementioned dynamic envelope formula, combined with an appropriate integral monotonicity condition on the allocation rule, provides a complete
characterization of incentive compatibility. The integral monotonicity condition is the dynamic analog of the monotonicity conditions identified in static
problems with unidimensional private information but multidimensional decisions (see, among others, Rochet, 1987; Carbajal and Ely, 2013; and Berger
et al., 2010). This condition requires that the allocations be monotone in
the reported types “on average,” where the average is both across time and
states, and is weighted by the impulse responses of future types to current
ones.
As in static settings, the Myersonian (first-order) approach yields an implementable allocation rule only under fairly stringent conditions. An important
question for the dynamic mechanism design literature is thus the extent to
which the predictions identified under such an approach extend to environments where global incentive-compatibility constraints bind. This topic is
addressed in two recent papers, Garrett and Pavan (2015) and, Garrett, Pavan,
and Toikka (2016).4 These papers do not fully solve for the optimal mechanisms. Instead, they use variational arguments to identify certain properties
of the optimal contracts. More precisely, they use perturbations of the allocation policies that preserve incentive compatibility to identify robust properties
of the dynamics of the allocations under optimal contracts. I review this
alternative variational approach in Section 5, below.5
4 See also Battaglini and Lamba (2015).
5 The notion of robustness considered in these papers is with respect to the details of the type

process. Robustness with respect to the agents’ higher-order beliefs is the topic of a by now
rich literature well summarized in the monograph by Bergemann and Morris (2012). The type
of problems examined in this literature are typically static. For some recent developments to
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Another body of the literature studies the design of efficient and profitmaximizing mechanisms in dynamic settings where the agents’ private information is static, but where agents or objects arrive stochastically over time.
A recent monograph by Gershkov and Moldovanu (2014) summarizes the
developments of this literature (see also Bergemann and Said, 2011; Board
and Skrzypacz, 2016; Gershkov et al., 2014; and Said, 2011, 2012). Most of
the papers in this literature assume that the agents’ information is stationary.
Instead, Garrett (2016a, 2016b), Hinnosaar (2016), and Ely et al. (2016) combine dynamics originating from stochastic arrivals with dynamics generated
by evolving private information. A recent new addition to this literature is
Akan et al. (2015); the paper studies a sequential screening environment à la
Courty and Li (2000), but in which different agents learn their valuations at
different times, with the timing of learning correlated with the agents’ initial
valuations.6
Dynamic mechanism design has also been applied to study optimal insurance, taxation, and redistribution in the so-called “New Dynamic Public
Finance” literature. For earlier contributions, see Green (1987), Atkenson and
Lucas (1992), and Fernandes and Phelan (2000). For more recent contributions, see Kocherlakota (2005), Albanesi and Sleet (2006), Farhi and Werning (2013), Kapicka (2013a), Stantcheva (2014) and Golosov et al. (2016).
In all the papers above, the evolution of the agents’ private information is
exogenous. In contrast, the evolution of the agents’ information is endogenous in the experimentation model of Bergemann and Välimäki (2010), in the
procurement model of Krähmer and Strausz (2011), in the sponsored-search
model of Kakade et al. (2013), in the bandit-auction model of Pavan, Segal, and
Toikka (2014), in the matching model of Fershtman and Pavan (2016), and in
the taxation model of Makris and Pavan (2016). This last paper is reviewed in
Section 6, below; it considers a dynamic taxation problem in which the agents’
productivity evolves endogenously as the result of learning-by-doing.
Related is also the literature on dynamic managerial compensation. Most
of this literature studies optimal compensation schemes in a pure moral hazard setting (see, for example, Prendergast, 2002 for an earlier overview;
Sannikov, 2013 for a more recent overview of the continuous-time contracting
literature; and the references in Board, 2011 for the subset of this literature
focusing on relational contracting). The part of this literature that is most
related to the dynamic mechanism design literature is the one that assumes
that the manager observes shocks to the cash flows prior to committing his
dynamic environments, see Aghion et al. (2012), Mueller (2015), and Penta (2015). Another
strand of the literature studies screening and moral hazard problems in settings in which the
principal lacks information about the type distribution, the set of available effort choices, or
the technology used by nature to perturb the agent’s action. See, for example, Segal (2003),
Frankel (2012), Chassang (2013), Garrett (2014), Carroll (2015), and the references therein.
6 See also Krähmer and Strausz (2016) for a discussion of how the analysis of sequential screening in Courty and Li (2000) can be reconducted to a static screening problem with stochastic
allocations.
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effort (as in the taxation and in the regulation literature); see, for example,
Edmans and Gabaix (2011), Edmans et al. (2012), Garrett and Pavan (2012),
and Carroll and Meng (2016). This timing is also the one considered in the
variational-approach paper by Garrett and Pavan (2015) reviewed in Section 5,
below.
Most of the analysis in the dynamic mechanism design literature is in discrete time. One of the earlier papers in continuous time is Williams (2011).
For a discussion of the developments of the continuous-time dynamic adverse
selection literature and its connection to discrete time, see the recent paper by
Bergemann and Strack (2015a) and the references therein.7
The dynamic mechanism design literature typically assumes that the
designer can commit to her mechanism, with the dynamics of the allocations originating either in evolving private information or in the stochastic
arrival and departure of goods and agents over time. A related literature
on dynamic contracting under limited commitment investigates the dynamics of allocations in models in which the agents’ private information is
static but where the principal is unable to commit to future decisions.
For earlier contributions to this literature, see, for example, Laffont and
Tirole (1988), and Hart and Tirole (1988). For more recent contributions, see
Skreta (2006, 2015), Battaglini (2007), Galperti (2015), Maestri (2016), Gerardi and Maestri (2016), Liu et al. (2015), Strulovici (2016), and the references
therein. A particular form of limited commitment is considered in Deb and
Said (2015). In that paper, the seller can commit to the dynamic contract she
offers to each agent, but cannot commit to the contracts she offers to agents
arriving in future periods. Partial commitment is also the focus of a recent
paper in continuous time by Miao and Zhang (2015), in which both the principal and the agent can walk away from the relationship at any point in time
after observing the evolution of the agent’s income process.
Another assumption typically maintained in the dynamic mechanism design
literature is that transfers can be used to incentivize the agents to report their
private information (and/or to exert effort). A few papers investigate dynamic
incentives in settings with or without evolving private information, in which
transfers are not feasible. An early contribution to this literature is Hylland
and Zeckhauser (1979). More recent contributions include Abdulkadiroğlu and
Loertscher (2007), Miralles (2012), Kováč et al. (2014), Johnson (2015), Li
et al. (2015), Frankel (2016), Johnson (2015), and Guo and Hörner (2016).
Related is also the literature on information design. For a survey of earlier
contributions see Bergemann and Välimäki (2006). For more recent developments, including dynamic extensions, see Gershkov and Szentes (2009),
Rayo and Segal (2010), Kamenica and Gentzkow (2011), Gentzkow and
Kamenica (2015), Bergemann and Morris (2016), Ely et al. (2016), Doval
and Ely (2016), Ely, Garrett, and Hinnosaar (2016), and the references
7 See also Prat and Jovanovic (2014), Strulovici and Szydlowski (2015), and Williams (2015) for

recent contributions.
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therein. Hörner and Skrzypacz (2016) offer a useful survey of these recent
developments. The canonical persuasion model assumes that the designer (the
sender) can choose the information structure for the receiver at no cost. In contrast, Calzolari and Pavan (2006a, 2006b), consider models in which a principal
first screens the private information of one, or multiple agents, and then passes
a garbled version of this information to other agents, or other principals. The
design of optimal disclosure rules in screening environments is also the focus
of Bergemann and Pesendorfer (2007), Eső and Szentes (2007), Bergemann
and Wambach (2015), and Nikandrova and Pancs (2015); all these papers study
the design of optimal information structures in auctions.
Finally, dynamic mechanism design is related to the literature on information acquisition in mechanism design (see Bergemann and Välimäki
(2002, 2006) and the references therein for earlier contributions, and Gershkov and Szentes (2009), and Krähmer and Strausz (2011) for some recent
developments).
2 SI M P L E DY NA M I C SC R E E N I N G M O D E L
In this section, I introduce a simple dynamic screening model that I use in the
next four sections to illustrate some of the key ideas in the dynamic mechanism
design literature.
The principal is a seller, the agent is a buyer. Their relationship lasts for
T ∈ N ∪ {∞} periods, where T can be either finite or infinite. Time is discrete
and indexed by t = 1, 2, . . . , T. Both the buyer and the seller have timeadditively-separable preferences given, respectively, by


δ t−1 ( pt − C(qt )) and U A =
δ t−1 (θt qt − pt )
UP =
t

t

where qt ∈ Q ⊂ R denotes the quantity exchanged in period t, θt ∈ t
denotes the buyer’s period-t marginal value for the seller’s product, pt denotes
the total payment from the buyer to the seller in period t, δ ≥ 0 denotes
the common discount factor, and C(qt ) denotes the cost to the seller of providing quantity qt .8 The function C(·) is strictly increasing, convex, and
differentiable.
Let F ≡ (Ft ) denote the collection of kernels describing the evolution of
the buyer’s private information, with F1 denoting the initial distribution over
1 and, for all t ≥ 2, Ft (· | θt−1 ) denoting the cdf of θt given θt−1 . Note that
the above specification assumes the process is Markov and exogenous.
The sequence of events is the following.
●

At t = 0, i.e., prior to entering any negotiations with the principal,
the buyer privately learns θ1 .

8 The results for a static relationship can be read from the formulas below for the dynamic

environment by setting δ = 0.
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●

At t = 1, the seller offers a mechanism ϕ = (M, φ). The latter
consists of a collection of mappings
φt : M1 × · · · × Mt → Q×R

●

●

●

specifying a quantity–price pair for each possible history of messages
T
and
m t ≡ (m 1 , . . . , m t ) ∈ M1 × · · · × Mt , with M ≡ (M)t=1
T
φ ≡ (φt )t=1 . A mechanism is thus equivalent to a menu of long-term
contracts. If the buyer refuses to participate in ϕ, the game ends and
both players obtain a payoff equal to zero. If the buyer chooses to
participate in ϕ, he sends a message m 1 ∈ M1 , receives quantity
q1 (m 1 ), pays a transfer p1 (m 1 ), and the game moves to period 2.
At the beginning of each period t ≥ 2, the buyer privately learns θt .
He then sends a new message m t ∈ Mt , receives the quantity qt (m t ),
pays pt (m t ) to the principal, and the game moves to period t + 1.
···
At t = T + 1 the game is over (in case T is finite).

Remark The game described above assumes that the principal (here the seller)
perfectly commits to the mechanism ϕ. It also assumes that at any period t ≥ 2
the buyer is constrained to stay in the relationship if he signed on in period
1. When the agent has “deep pockets,” there are, however, simple ways to
distribute the payments over time so that it is in the interest of the buyer to
remain in the relationship at all periods, irrespective of what he did in the
past.9
The principal’s problem consists in designing a mechanism that disciplines
the provision of quantity and the payments over time. Because the principal
can commit, the Revelation Principle10 applies and one can without loss of
optimality restrict attention to direct mechanisms in which Mt = t all t
and such that the agent finds it optimal to report truthfully at all periods. For
simplicity, hereafter, I drop the message spaces and identify such a mechanism
directly with the policies χ = q, p that it induces, where, for any t ≥ 1,
qt : t → Q is the period-t output policy and pt : t → R the payment
policy, with t = 1 × · · · × t .11 The principal designs χ so as to maximize



t−1
t
t
δ ( pt (θ ) − C(qt (θ )))
E
t
9 See also Krähmer and Strausz (2015a) for a discussion of interim vs ex-post participation

constraints in sequential secreening models.
10 See, among others, Gibbard (1977), Green and Laffont (1979), Myerson (1979, 1986).
11 A similar notation will be used hereafter to denote sequences of sets. For example, At =
A1 × · · · × At with generic element a t = (a1 , . . . , at ).
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δ

t−1

(θt qt (θ ) − pt (θ )) | θ1 ≥ 0 for all θ1 ∈ 

δ

s−t

(θs qs (θ ) − ps (θ )) | θ

t

t

(IR-1)

t


E




s

s

t

s≥t



≥E




δ

s−t

(θs qsσ (θ s ) −

psσ (θ s ))

|θ

t

for all t, θ t ∈ t , and σ,

s≥t

(IC-t)
where σ denotes an arbitrary continuation strategy for the game that starts in
period t after the agent has reported truthfully at all previous periods. For any
s ≥ t, any θ s ∈ s , qsσ : s → Q and psσ : s → R are the state-contingent
policies induced by the continuation strategy σ under the mechanism χ =
q, p . Hereafter, unless otherwise specified, the expectation operator E [·] is
T
with respect to the entire type sequence (θs )s=1
under the kernels F.
Note that the above constraints require that the buyer finds it optimal to participate in period 1 and report truthfully “on path,” i.e., conditional on having
reported truthfully in previous periods. Because the environment is Markov,
holding fixed the agent’s reports at each period s < t, the agent’s incentives in
period t ≥ 2 are invariant in the agent’s true type θs , s < t. Hence, the above
(IC-t) constraints guarantee that the agent finds it optimal to report truthfully
at all histories, not just “on-path.”
3 T WO - P E R I O D D I S C R E T E E X A M P L E
To illustrate the trade-offs that determine the dynamics of allocations under
optimal mechanisms in the simplest possible way, consider the following environment in which T = 2, 1 ≡ {θ̄, θ }, θ > 0, θ ≡ θ̄ − θ > 0, and
2 ≡ {θ − θ, θ , θ̄ , θ̄ + θ }. That is, the buyer has either a high or a low valuation in period 1. In period 2, he then experiences a shock that either raises his
valuation by θ, leaves his valuation unchanged, or reduces his valuation by
θ . To simplify, also assume that the principal’s production cost is quadratic,
with C(q) = q 2 /2, all q.
The probability that the buyer is a high type in period 1 (equivalently, the
proportion of high types in the cross-section of the population) is Pr(θ1 = θ̄ ) =
ν. Conditional on θ1 , the transition probabilities are as follows: Pr(θ̄ + θ |θ̄) =
x̄, Pr(θ̄ |θ̄) = ᾱ, Pr(θ |θ̄) = 1 − x̄ − ᾱ, Pr(θ̄ |θ) = x, Pr(θ |θ) = α, and
Pr(θ − θ |θ ) = 1−x −α. Figure 1 illustrates the situation under consideration.
As usual, the game is solved backwards. Let U2A (θ2 ; θ̂1 , θ̂2 ) ≡
θ2 q2 (θ̂1 , θ̂2 ) − p2 (θ̂1 , θ̂2 ) denote the agent’s period-2 flow payoff when the true
period-2 type is θ2 and the agents reported (θ̂1 , θ̂2 ) in the two periods. Note
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Figure 1 Evolution of Agent’s Type.

that the flow period-2 payoff U2A (θ2 ; θ̂1 , θ̂2 ) does not depend on the agent’s
true period-1 type, θ1 .
Next, let V2A (θ1 , θ2 ) ≡ U2A (θ2 ; θ1 , θ2 ) denote the agent’s period-2 flow payoff under truthful reporting (because it is irrelevant whether or not the period-1
report coincides with the true period-1 type, I am replacing θ̂1 with θ1 to
facilitate the notation).
Incentive compatibility in period 2 then requires that, for all θ1 ∈ 1 , all
θ2 , θ̂2 ∈ 2 ,
V2A (θ1 , θ2 ) ≥ U2A (θ2 ; θ1 , θ̂2 ).
Because the flow payoffs θt qt − pt satisfy the increasing differences property,
it is well known, from static mechanism design, that incentive compatibility in period 2 requires that, for all θ1 ∈ 1 , the output schedules q2 (θ1 , ·)
be nondecreasing in θ2 and the payments p2 (θ1 , ·) satisfy the following
conditions:




θq2 θ1 , θ̄ ≤ V2A (θ1 , θ̄ + θ ) − V2A (θ1 , θ̄ ) ≤ θq2 θ1 , θ̄ + θ
(1)




A
A
θq2 θ1 , θ ≤ V2 (θ1 , θ̄ ) − V2 (θ1 , θ ) ≤ θq2 θ1 , θ̄
(2)




A
A
θq2 θ1 , θ − θ ≤ V2 (θ1 , θ ) − V2 (θ1 , θ − θ ) ≤ θq2 θ1 , θ , (3)
both for θ1 = θ̄ and for θ1 = θ . Along with the monotonicity of the output schedules q2 (θ1 , ·) , the above constraints are not only necessary but also
sufficient for period-2 incentive compatibility.
Next, let


U1A (θ1 ; θ̂1 ) ≡ θ1 q1 (θ̂1 ) − p1 (θ̂1 ) + δE V2A (θ̂1 , θ2 ) | θ1
denote the payoff that a buyer with initial type θ1 expects from reporting θ̂1
in period 1 and, then, reporting truthfully at t = 2. Observe that the same
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period-2 incentive-compatibility constraints (1)–(3) that guarantee that it is
optimal for the buyer to report truthfully in period 2 after having reported truthfully in period 1 also guarantee that it is optimal for him to report truthfully
after having lied in period 1. Also, note that the expectation in the above definition of U1A (θ1 ; θ̂1 ) is over θ2 given the true period-1 type θ1 . Finally, let
V1A (θ1 ) = U1A (θ1 ; θ1 ) denote the payoff that the buyer expects over the entire
relationship under a truthful strategy in both periods, given his period-1 type
θ1 . The following is then a necessary condition for incentive-compatibility at
t = 1:
V1A (θ̄ ) ≥ V1A (θ) + θq1 (θ) + δ{x̄ V2A (θ, θ̄ + θ )




+ ᾱ − x V2A (θ, θ̄ ) + 1 − ᾱ − x̄ − α V2A (θ , θ )


− 1 − α − x V2A (θ, θ − θ )}.

(4)

Importantly, note that the right-hand side of (4) is written so as to highlight
the extra payoff (or, equivalently, the informational rent) that a period-1 high
type enjoys relative to a period-1 low type. The term θq1 (θ) is the familiar
term from static mechanism design capturing the extra utility that the high type
derives from the period-1 quantity q1 (θ ) supplied to the period-1 low type.
The term in curly brackets is the novel effect specific to the dynamic setting. It
captures the discounted expectation of the second-period continuation payoff
V2A (θ 1 , θ2 ) that follows the reporting of a low type in period 1, but where the
discounting combines the time factor, δ, with terms that capture the differences
in the transition probabilities between the period-1 high and low types.
Now observe that the period-1 IC constraint (4) can be conveniently
rewritten as


V1A (θ̄ ) ≥ V1A (θ) + θq1 (θ) + δ x̄ V2A (θ, θ̄ + θ ) − V2A (θ , θ̄ )



+ x̄ + ᾱ − x V2A (θ , θ̄ ) − V2A (θ , θ )
(5)




+ 1 − α − x V2A (θ, θ ) − V2A (θ , θ − θ ) .
It is then evident from (5) that it is not the level of the continuation payoffs
V2A (θ, θ2 ) that determines the expected surplus that the high type can guarantee
for himself over and above the one of the low type, but the “rate” by which such
continuation payoffs change with the period-2 type θ2 . Also, note that the terms
in the round brackets in (5) are the differences in the survival rates across the
two period-1 types. That is,
x̄ = Pr(θ2 ≥ θ̄ +

θ |θ̄) − Pr(θ2 ≥ θ̄ +

θ |θ)

x̄ + ᾱ − x = Pr(θ2 ≥ θ̄ |θ̄) − Pr(θ2 ≥ θ̄ |θ)
1 − α − x = Pr(θ2 ≥ θ |θ̄) − Pr(θ2 ≥ θ |θ).
To reduce the informational rent of the period-1 high type, the principal
can then either distort downwards the period-1 output provided to the period-1
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low type, q1 (θ ), or the various differences in the period-2 continuation payoffs across adjacent period-2 types, following a report θ of a low type in
period 1. Incentive compatibility in period 2, however, imposes lower bounds
on such differentials, as one can see from (1)–(3). Consider then a relaxed
program in which the following constraints are neglected: (a) the period-1 participation constraint of the high type; (b) the period-1 incentive-compatibility
constraint of the low type; (c) all period-2 incentive compatibility constraints
in the contract for the period-1 high type (that is, (1)–(3) for θ1 = θ̄ ); (d) all
period-2 upward adjacent incentive-compatibility constraints in the contract
for the period-1 low type (i.e., the right-hand inequalities in the constraints
(1)–(3) for θ1 = θ ). Formally, the relaxed program can be stated as follows:



⎧
max E θ1 q1 (θ1 ) − C(q1 (θ1 )) + δ θ2 q2 (θ1 , θ2 ) − C(q2 (θ1 , θ2 ))
⎪
⎪
χ = q,p
⎪

⎪
⎪
⎪
−V1A (θ1 )
⎪
⎨
subject to V1A (θ ) ≥ 0, (5) and
Pr :


⎪
V2A (θ, θ̄ + θ ) − V2A (θ, θ̄ ) ≥  θq2 θ , θ̄
⎪
⎪
⎪
⎪
⎪
V A (θ, θ̄ ) − V2A (θ , θ ) ≥ θq2 θ , θ 
⎪

⎩ 2A
V2 (θ, θ ) − V2A (θ , θ − θ ) ≥ θq2 θ , θ − θ .
Now suppose the process is stochastically monotone (in the sense that the
distribution of θ2 given θ1 = θ̄ first-order-stochastic dominates the distribution
of θ2 given θ1 = θ), which is the case if and only if x̄ + ᾱ − x ≥ 0. The
following result is then true:
Proposition 1 Suppose the process is stochastically monotone. Then any
solution to the relaxed program is such that all constraints in Pr bind, and
is characterized by the following output schedules:12
q1 (θ ) = q1F B (θ );
q2 (θ , θ2 ) = q2F B (θ , θ2 ), ∀θ2 ∈ 2 ;
q1 (θ ) = max{q1F B (θ ) −

ν
1−ν



θ ; 0};
 

ν
1−ν

θ ; 0};

x̄+ᾱ−x
ν
q2 (θ, θ ) = max{q2F B (θ , θ ) − 1−ν
θ ; 0};
α


ν
q2 (θ , θ − θ ) = max{q2F B (θ , θ − θ ) − 1−ν
θ ; 0},
q2 (θ, θ̄ ) = max{q2F B (θ , θ̄ ) −





x̄
x

where q1F B (θ1 ) = θ1 , and q2F B (θ1 , θ2 ) = θ2 are the first-best output schedules
(i.e., the schedules that would be implemented under complete information).
The solution to the relaxed program Pr coincides with the solution to the full
program if and only if the schedule q2 (θ, ·) is nondecreasing in θ2 .
12 Not surprisingly, the output schedules that solve the relaxed and the full programs are not

uniquely defined at (θ, θ −

θ ) and (θ , θ̄ +

θ ), for these histories have zero measure.
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Hence, the solution to the relaxed program entails no distortions in either
period in the output provided to the period-1 high type and downward distortions in either period in the output provided to the period-1 low type.
Importantly, the distortions in the output provided to the period-1 low type
need not decrease over time or be monotone in the period-2 type.
Corollary 1 The output schedule q2 (θ, ·) that solves the relaxed program is
nondecreasing in θ2 (and hence part of an optimal contract) if and only if




 
ν
ν
x̄ + ᾱ − x
x̄
ν
≤2−
.
≤1−
−
1−ν
1−ν
α
1−ν
x
Distortions are weakly higher in period 2 than in period 1 if and only if
1≤

x̄ + ᾱ − x
x̄
≤ .
α
x

Because the above two sets of conditions are not mutually exclusive, distortions
under optimal contracts need not be monotone in type or in time.
The example also illustrates the importance of not restricting attention to
oversimplified processes. Suppose, for example, that one were to assume that
the agent’s marginal value for the principal’s product takes only two values, θ
or θ̄ , in each period. In the context of our example, this amounts to imposing
that x̄ = 0 = 1 − α − x. In this case, q2 (θ , θ̄ ) = q2F B (θ, θ̄ ) whereas
q1 (θ ) = max{q1F B (θ ) −

ν
1−ν

q2 (θ, θ ) = max{q2F B (θ , θ ) −



θ ; 0};


ν
1−ν

ᾱ+α−1
α



(6)
θ ; 0};

q2 (θ, θ̄ ) = q2F B (θ , θ̄ ).
In this case, as soon as the agent’s type turns high, he receives first-best output.
Furthermore, distortions in the output provided to the the period-1 low type
decrease monotonically over time. As shown in Battaglini (2005), these properties extend to arbitrary horizons, as long as the process takes only two values,
and remains stochastically monotone.
A central question for the dynamic mechanism design literature is then
what properties of the process governing the evolution of the agents’ private
information are responsible for the dynamics of the distortions under optimal
contracts. A conjecture in the earlier literature is that distortions should decline
over time when the correlation between the initial type, θ1 , and the subsequent
ones, θt , declines over time. To see the problem with this conjecture, consider
the same example above in which the type process takes only two values in
each period. However, assume now that θ̄ is an absorbing state so that ᾱ = 1.
It is easy to see from the formulas in (6) that, while in this case distortions
decrease in expectation over time, they remain constant as long as the agent’s
type remains low. Furthermore, even the property that distortions decline in
expectation should not be taken for granted. Suppose, for example that the
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agent’s type follows a random walk. In the example above, this amounts to
assuming that θ2 = θ1 + ε with ε ∈ {− θ, 0, + θ } and with the distribution
over ε independent of θ1 so that x̄ = x and ᾱ = α. Then use the formulas in
Proposition 1 to verify that the distortions in the contract of the period-1 low
type remain constant over time. As I discuss further in the next section, this
property extends to arbitrary horizons and to general random walk processes.
Hence, despite the fact that, when the process is a random walk, the correlation between the agent’s period-1 type and his period-t type declines with t,
distortions remain constant over time.
Another observation that the example offers is that the volatility of the
shocks, or their persistence, need not matter for the dynamics of distortions.
To see this, suppose that ᾱ = α = 1, in which case the agent’s type is
constant over time. Clearly, this is a special case of the random walk case
discussed above, where the volatility of the period-2 shocks is zero. Then,
again, distortions are constant over time. In fact, as shown first in Baron
and Besanko (1984), when types are constant over time and payoffs are
time-additively-separable, as assumed here, the optimal allocations can be
implemented by offering the same static contract in each period.
Another polar case of interest is when types are independent over time. In
the context of this simple example, this amounts to assuming that x̄ = 1 − α −
x = 0 and that ᾱ = x. In this case there are no distortions in the second period
allocation, irrespective of the first-period type.
It should be clear from the discussion above that, as in static problems,
distortions in optimal contracts are driven by the familiar trade-off between
efficiency and rent-extraction, evaluated from period 1’s perspective. That is,
from the perspective of the period at which the participation constraints bind.
It should also be clear that neither the correlation between the initial type and
his future types, nor the agent’s ability to forecast his future types (as captured,
for example, by the inverse of the volatility of the forecast error) is what determines the way the principal solves the above trade-off intertemporally. The
question is then what specific properties of the process governing the evolution
of the agents’ private information are responsible for the dynamics of distortions under optimal contracts? I will provide a formal answer to this question
in the next section, after developing an approach that permits one to extend the
analysis to a broader class of processes (and of contracting problems). Before
doing so, it is, however, instructive to rewrite (5) as follows:




V1A (θ̄ ) − V1A (θ )
= q1 (θ ) + δE I2 (θ , θ2 ) · q2 θ, θ2 | θ1 = θ , (7)
θ
where
I2 (θ , θ2 ) =

Pr(θ̃2 > θ2 |θ̄) − Pr(θ̃2 > θ2 |θ)
Pr(θ̃2 = θ2 |θ)

.

(8)

The function I2 (θ , θ2 ) in (8) captures the different probability the two period-1
types assign to having a period-2 type above θ2 , normalized by the probability
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that the period-1 low type assigns to having a period-2 type equal to θ2 . As it
will become clear below, these functions are the discrete-type analogs of what
Pavan, Segal, and Toikka (2014) refer to as “impulse response functions.”
As in static mechanism design, the surplus the principal must grant to the
period-1 high type to induce him to report truthfully originates from the surplus that this type can guarantee himself by mimicking the period-1 low type.
Contrary to static mechanism design, though, such surplus combines the difference in the period-1 utility of consuming the quantity q1 (θ ) sold to the low
type with the difference in the continuation payoffs. The latter are in turn determined by the quantities supplied in the second period to the period-1 low type
(which are responsible for the period-2 informational rents) scaled by the different probabilities the two period-1 types assign to being able to enjoy such
rents, as captured by the impulse response functions.
4 M Y E R S O N I A N A P P ROAC H
The example in the previous section illustrates some of the key ideas in the
design of optimal dynamic mechanisms. It also shows the importance of not
over-simplifying the model when it comes to the predictions the theory delivers for the dynamics of the distortions under optimal contracts. In particular,
the example shows the importance of accommodating for more than two types.
As in other contexts, working with a large but finite number of types is more
tedious than working with a continuum of types. The literature has thus investigated ways of extending the analysis of mechanism design with a continuum
of types to dynamic settings. The approach is similar to the one pioneered by
Myerson (1981), but adapted to account for the gradual resolution of uncertainty and for the possibility of a stream of decisions. I revisit some of the key
results of this approach in this section.
There are a few difficulties in extending the Myersonian approach to
dynamic settings. The first is in identifying primitive properties (on payoffs and
type processes) under which it is a necessary condition for incentive compatibility that each agent’s equilibrium payoff satisfies, at each period, an envelope
formula analogous to the familiar one
 θ
q(s)ds
(9)
V A (θ ) = V A (θ ) +
θ

for static environments.
A second difficulty is in identifying appropriate dynamic monotonicity conditions on the allocation rule that, when paired with the envelope formulas for
the equilibrium payoffs, guarantee that the agents have the incentives to report
truthfully at all histories.
The difficulty in identifying primitive conditions implying that the envelope
representation of the equilibrium payoffs is a necessary condition for incentive
compatibility comes from the fact that (a) the policies in the mechanism cannot be assumed to be “smooth,” for this may affect the characterization of the
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optimal mechanisms, and (b) one cannot use directly the conditions justifying the envelope theorem in static models (e.g., Milgrom and Segal, 2002),
for the latter require each agent’s payoff to be smooth in the agent’s type
across all possible strategies and, in dynamic settings, such a property cannot
be guaranteed, at least not for arbitrary mechanisms.
Importantly, these difficulties are conceptual, not technical. In particular,
the difficulty in guaranteeing that each agent’s payoff is smooth in the initial type, across all possible continuation strategies, is akin to the difficulty
in establishing revenue equivalence in multiagent static settings with correlated information. Similarly, the difficulty in identifying appropriate dynamic
monotonicity conditions is akin to the difficulty in identifying minimally sufficient conditions in static screening problems with multidimensional types and
allocations.
In this section, I describe the approach in Pavan, Segal, and Toikka (2014)
to address such difficulties. The exposition here is informal. I refer the reader
to the original paper for details.
4.1

Incentive Compatibility, Envelopes, and Payoff Equivalence

In order to identify primitive conditions (on payoffs and type processes) implying that the equilibrium payoffs must satisfy an envelope representation akin
to the one in static models, across all possible mechanisms, Pavan, Segal, and
Toikka (2014) use a state representation of the evolution of the agents’ private
information similar to the one in Eső and Szentes (2007) – see also Eső and
Szentes (2015).13 That is, let θt = Z t (θ1 , ε) where ε is a vector of random
T variEt ,
ables, independent of θ1 , drawn from some distribution G over E ≡ t=1
with each Et ⊂ R. Any stochastic process can be described this way. For example, given the kernels F ≡ (Ft ), for any t ≥ 2, one can let Ft−1 (εt |θt−1 ) ≡
inf{θt : Ft (θt |θt−1 ) ≥ εt } with each εt drawn from a Uniform distribution
over (0, 1), independently of θ1 and of any εs , s = t. The random variable Ft−1 (εt |θt−1 ) is then distributed according to the cdf Ft (·|θt−1 ). One can
then let Z t (θ1 , ε) = Ft−1 (εt |Z t−1 (θ1 , ε)), with Z t−1 (θ1 , ε) ≡ (Z τ (θ1 , ε))t−1
τ =1
constructed inductively starting from Z 1 (θ1 ) ≡ θ1 .14 The above representation is referred to as the canonical representation of F in Pavan, Segal, and
Toikka (2014). While the canonical representation is a valid representation
for all processes, it is sometimes convenient to work with alternative state
representations. For example, suppose that θt evolves according to an AR(1)
process, so that θt = γ θt−1 + εt . Then a natural state representation is
θt = Z t (θ1 , ε) = γ t−1 θ1 + γ t−2 ε2 + · · · + γ εt−1 + εt .
13 These papers use the state representation as a tool to study optimal disclosure policies as

opposed to a tool to identify primitive conditions validating the envelope theorem.
14 This construction is standard; see the second proof of Kolmogorov’s extension theorem in

Billingsley (1995, p.490).
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A similar state representation can be used to describe the agent’s private
information at any period t as a function of his period-s type history θ s ≡
(θ1 , . . . , θs ), s < t, and subsequent shocks. Thus, for any s ≥ 1, any t > s, let
Z (s),t (θ s , ε) denote the representation of θt as a function of θ s and independent
shocks ε that, along with θ s , are responsible for θt . Hereafter, the index s is
dropped from the subscripts when s = 1 to ease the exposition (that is, for any
t, any (θ1 , ε), Z t (θ1 , ε) ≡ Z (1),t (θ1 , ε)).
Next, let · denote the discounted L-1 norm on R∞ defined by y ≡
∞
t
t=0 δ |yt |.
Definition 1 The process is regular if, for any s ≥ 1, there exist a function
C(s) : E → R∞ satisfying E[||C(s) (ε) ||] ≤ B for some constant B independent of s, such that for all t ≥ s, θ s ∈ s , and ε ∈ E, Z (s),t (θ s , ε) is a
differentiable function of θs with ∂ Z (s),t (θ s , ε)/∂θs  ≤ C(s),t−s (ε).15
In words, a process is regular if it admits a state representation where the
Z (s),t functions are differentiable with bounded derivatives (but where the
bounds are allowed to vary with the state).
Given the above notation, the impulse response of θt to θs is then defined as
follows:16


∂ Z (s),t (θ s , ε)
I(s),t (θ t ) ≡ E
| Z (s),t (θ s , ε) = θ t ,
∂θs
where the expectation is over the shocks ε given θ s . Again, when s = 1, to
simplify the notation, drop the index (s) from the subscripts so that by It (θ t ) ≡
I(1),t (θ t ) all t > 1 all θ t . Finally, for all s ≥ 1, all θ s , I(s),s (θ s ) ≡ 1. For
example, when θt follows an AR(1) process, the impulse response of θt to θ1
is simply It (θ1 , ε) = γ t−1 . More generally, the impulse response functions are
themselves stochastic processes capturing how variations in types at any given
period propagate through the entire process. For example, when
θt = Z t (θ1 , ε) = θ1 × ε2 × · · · × εt
the period-1 impulse response functions are given by It (θ1 , ε) = ε2 × · · · × εt .
When the process is Markov and the kernels Ft (θt |θt−1 ) are continuously differentiable in (θt , θt−1 ), the canonical representation introduced above yields
15 For any ε, the term C
(s),t−s (ε) is the (t − s)-compoment of the sequence C s (ε).
16 Special cases of the impulse response functions (and of the ICFOC conditions below) have

been identified by Baron and Besanko (1984), Besanko (1985), Courty and Li (2000), and
Eső and Szentes (2007), among others. In particular, Baron and Besanko (1984) refer to these
functions as to “the informativeness measure.” For reasons discussed in detail in Pavan, Segal,
and Toikka (2014), we favor the expression “impulse response functions” to highlight that
the information that early types contain about future ones is not the precise property of the
type process responsible for the dynamics of distortions under optimal contracts – recall the
discussion in the previous section.
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the following expression for the impulse responses:


t

∂ Fτ (θτ |θτ −1 )/∂θτ −1
−
.
I(s),t (θ ) =
f τ (θτ |θτ −1 )
t

τ =s+1

Note that, when s = 1 and t = 2, the impulse response function of θ2 to θ1
is then given by
I2 (θ1 , θ2 ) = −

∂[1 − F2 (θ2 |θ1 )]/∂θ1
∂ F2 (θ2 |θ1 )/∂θ1
=
,
f 2 (θ2 |θ1 )
f 2 (θ2 |θ1 )

which is the continuous-type analog of the discrete formula in (8). For
the analogs of such formulas in continuous time, see Bergemann and
Strack (2015a).
The advantage of the state representation when it comes to identifying primitive conditions under which the dynamic analog of the envelope representation
of the equilibrium payoffs is a necessary condition for incentive compatibility
is that it permits one to focus on a subset of possible continuation strategies
for the agent that are indexed by state variables, the shocks, that are orthogonal to the initial private information. To see this, let T = 2 and assume
the agent observes the shocks ε in addition to his types (Notice that (θ1 , θ2 )
remains a sufficient statistic for (θ1 , θ2 , ε) when it comes to the agent’s payoff). Because there are only two periods, then, without loss of generality, ε
can be assumed to be unidimensional. Given
 any
 mechanism χ = q, p , then
construct an auxiliary mechanism χ̃ = q̃, p̃ in which the agent is asked
 to
report θ1 in period 1 and the shock ε in period 2. The mechanism χ̃ = q̃, p̃
is obtained from χ = q, p by letting (q̃1 (·), p̃1 (·)) = (q1 (·), p1 (·)) and then
letting q̃2 (θ1 , ε) = q2 (θ1 , Z 2 (θ1 , ε)) and p̃2 (θ1 , ε) = p2 (θ1 , Z 2 (θ1 , ε)), where
Z 2 (θ1 , ε) is the function describing the state representation of the process
introduced above. Then let



U A (θ1 ; θ̂1 , σ ) ≡ θ1 q̃1 (θ̂1 ) − p̃1 (θ̂1 ) + δE Z 2 (θ1 , ε)q̃2 (θ̂1 , σ (ε)) − p̃2 (θ̂1 , σ (ε))|θ1

denote the payoff that the initial type θ1 expects from reporting the message θ̂1 in period 1 and then following the reporting strategy σ (ε) in period
2, where σ (ε) is the report the agent makes in period 2 when the period2 shock is ε, and where the expectation is over the shocks ε, given θ1 .
Once the agent’s behavior is indexed this way, fixing (θ̂1 , σ ), a variation
in θ1 no longer triggers a variation in the agent’s reports. This is convenient, for it bypasses the problem alluded to above of guaranteeing that the
agent’s payoff be differentiable in the true type θ1 for all possible reporting
strategies.17
17 Notice that if, instead, one were to index the agent’s reporting plan by (θ̂ , σ ) with the period1

2 report σ (θ2 ) now depending on θ2 , as opposed to the orthogonalized innovation ε, then a
variation in θ1 , by triggering a variation in the period-2 report, would possibly lead to nondifferentiability of U A (θ1 ; θ̂1 , σ ) in θ1 .
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The construction above, in turn, can be used to validate the envelope theorem. Provided U A (θ1 ; θ̂1 , σ ) is differentiable and equi-Lipschitz continuous
in θ1 , the value function sup(θ̂1 ,σ ) U A (θ1 ; θ̂1 , σ ) is then Lipschitz continuous
in θ1 (this follows from the same arguments as in Milgrom and Segal (2002)’s
atemporal analysis).18 Now, if the mechanism χ = q, p is incentive compatible in the primitive environment, then reporting θ̂1 = θ1 in period 1 and
then reporting the shocks ε truthfully in period 2 (that is, following the strategy σtr uth(ε) = ε) must be optimal for the agent in the auxiliary mechanism
χ̃ = q̃, p̃ . The envelope theorem then implies that a necessary condition for
incentive compatibility of χ = q, p is that, under χ = q, p , V1A (θ1 ) is
Lipschitz continuous with derivative equal to


d V1A (θ1 )
∂ Z 2 (θ1 , ε)
= q1 (θ1 ) + δE
q̃2 (θ1 , ε)
dθ1
∂θ1
 s=2


s−1
s
s
=E
δ Is (θ )qs (θ ) | θ1 ,

(10)

s=1

where the last equality uses the definition of the impulse response functions
along with the relation between the policies χ = q, p and the policies
χ̃ = q̃, p̃ . Note that the above envelope formula is the continuous-type analog of Condition (7) in the discrete case. As mentioned above, this formula
is a necessary condition for incentive compatibility; it must hold in order for
the agent to prefer reporting truthfully in both periods than lying in period
1 and then reporting the orthogonalized shocks truthfully. To obtain a complete characterization of incentive compatibility, one first extends the above
envelope formula to arbitrary horizons and then combines it with appropriate
monotonicity conditions on the allocation rule q guaranteeing that one-stage
deviations from truthful reporting are suboptimal. When applied to a Markov
environment (such as the one under consideration here), this approach yields
a complete characterization of incentive compatibility, as shown in Theorem 1, below (for a general treatment in richer environments with an arbitrary
number of agents and decision-controlled processes, see Pavan, Segal, and
Toikka, 2014).19
18 The differentiability and equi-Lipschitz continuity of U A in θ in turn can be guaranteed by
1

assuming differentiability and equi-Lipschitz continuity of the Z 2 functions with appropriate
bounds on the expected NPV of the quantity schedules. See Pavan et al. (2014) for details.
19 Here, I assume that the principal is restricted to offering contracts such that, for any t ≥ 1,


s−t I
s
s
t ≤ K for some K ∈ R
any θ t , E
++ arbitrarily large. This
(s),t (θ )qs (θ ) | θ
s≥t δ
restriction, which is stronger than needed, is used to validate the representation of the equilibrium payoffs in the theorem below. Note that the restriction is vacuous if one assumes bounded
inpulse responses (in the sense of condition F-BIR in Pavan, Segal, and Toikka, 2014) and
bounded output.
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For all t, all θ t ∈ t , all θ̂t ∈ t , let



t
s−t
s
s
t
δ I(t),s (θ )qs (θ−t , θ̂t ) | θ .
Dt (θ ; θ̂t ) ≡ E

(11)

s≥t

Theorem 1 (Pavan, Segal, and Toikka, 2014) Suppose the process F is
regular. The mechanism χ = q, p is incentive compatible if and only if, (a)
for all t ≥ 1, all θ t−1 , Vt A (θ t ) is equi-Lipschitz continuous in θt with



∂ Vt A (θ t )
s−t
s
s
t
=E
δ I(t),s (θ )qs (θ ) | θ a.e. θt ∈ t , (ICFOC)
∂θt
s≥t
and (b), for all t ≥ 1, all θ t−1 , all θt , θ̂t ∈ t ,
 θt
[Dt ((θ t−1 , x); x) − Dt ((θ t−1 , x); θ̂t )]d x ≥ 0.
θ̂t

(Int-M)

Note that the result in Theorem 1 is not specific to quasilinear settings.
Conditions (ICFOC) and (Int-M) characterize the entire set of implementable
allocations also in settings in which payments are either absent, or agents’
payoffs are not linear in the payments (see also the discussion in Section 6,
below). Also observe that, in quasilinear settings, there always exist payments
p that guarantee that the (ICFOC) conditions are satisfied at all histories (see
Pavan, Segal, and Toikka, 2014 for the construction of such payments, and
Corollary 2, below, for a discussion of the extent to which such payments are
unique). In such quasilinear environments, (ICFOC) imposes restrictions on
the payments p, while the integral monotonicity conditions (Int-M) impose
restrictions on the output schedule q.
Sketch of the proof. The formal arguments supporting the claim that
(ICFOC) is a necessary condition for incentive compatibility are in Pavan,
Segal, and Toikka (2014). For a heuristic intuition, see the discussion for the
case T = 2 preceding the theorem. Here I focus on the necessity of the integral
monotonicity conditions (Int-M) and on the fact that (ICFOC) and (Int-M),
jointly, imply incentive compatibility. For this purpose, fix t and θ t−1 and
drop θ t−1 to ease the exposition. Let Ut (θ̂t ; θt ) denote the agent’s continuation payoff when his period-t type is θt , he reports θ̂t in period t, and then
reports truthfully at all subsequent periods. Observe that Ut (θt ; θt ) = Vt A (θt ).
Incentive compatibility then requires that , for all θ̂t ∈ t ,
θ̂t ∈ arg max Ut (θ̂t ; θt ) − Vt A (θt ) .
θt

Next, note that (ICFOC) implies that, for θ̂t fixed, the function gt (·; θ̂t ) :
t → R given by gt (θt ; θ̂t ) ≡ Ut (θ̂t ; θt ) − Vt A (θt ) is Lipschitz continuous
with derivative equal to
gt (θt ; θ̂t ) = ∂Ut (θ̂t ; θt )/∂θt − d Vt A (θt )/dθt

Dynamic Mechanism Design: Robustness and Endogenous Types

21

for almost all θt . If the mechanism χ = q, p is incentive compatible,
then reporting truthfully from period t + 1 onwards must be optimal for
the agent after reporting truthfully in period t. Because the environment is
Markov (that is, payoffs separate over time and the process governing the evolution of the agent’s type is Markov), then reporting truthfully from period
t + 1 onward must also be optimal after any deviation in period t. Consider
then a fictitious environment in which the agent’s period-t report is exogenously fixed at θ̂t . Incentive compatibility of the mechanism χ = q, p in
the primitive environment implies incentive compatibility of the same mechanism in the fictitious environment. The same arguments that establish the
necessity of condition (ICFOC) in the primitive environment then also imply
that, in the fictitious environment, Ut (θ̂t ; θt ) must be equi-Lipschitz continuous in θt with ∂Ut (θ̂t ; θt )/∂θt = Dt ((θ t−1 , θt ); θ̂t ) for almost all θt . Because
d Vt A (θt )/dθt = Dt ((θ t−1 , θt ); θt ), one then has that
 θ̂t
 θ̂t 
∂gt (x; θ̂t )
Dt ((θ t−1 , x); θ̂t )
dx =
gt (θ̂t ; θ̂t ) − gt (θt ; θ̂t ) =
∂θt
θt
θt

−Dt ((θ t−1 , x); x) d x.
(12)
Hence, θ̂t ∈ arg maxθt gt (θt ; θ̂t ) only if (Int-M) holds. This establishes that
(ICFOC) and (Int-M) are jointly necessary. To see that they are also jointly
sufficient, observe that, when these conditions are satisfied, no single one-stage
deviation from truthful reporting is optimal (to see this, note that (ICFOC)
and (Int-M) imply that Ut (θ̂t ; θt ) ≤ Vt A (θt ) all θt , θ̂t ∈ t all t, all θ t−1 ).
Along with the facts that (a) payoffs are continuous at infinity, and (b) the
environment is Markov, the above result then implies that all other deviations
are also suboptimal.20 QED
In a Markov environment, the combination of integral monotonicity (Int-M)
with the envelope representation of the equilibrium payoffs (ICFOC) thus fully
characterizes incentive compatibility. That the environment is Markov implies
that the agent’s incentives in any period depend only on his current true type
and his past reports, but not on his past true types. In turn this implies that,
when a single departure from truthful reporting is suboptimal, then truthful
reporting (at all histories) dominates any other strategy. Importantly, note that
every environment can be “Markovized” by expanding the state space (e.g., by
letting the state be equal to ωt = θ t all t). In this case, Myerson’s (1986) revelation principle takes the form of Doepke and Townsend’s (2004) revelation
principle – without loss of generality, one can restrict attention to mechanisms
in which the agent reports ωt = θ t at each period. When the agent is asked to
report ωt = θ t in all periods, it is always without loss of generality to consider
20 Recall that the Markov assumption implies that, when no single deviation from truthful report-

ing is profitable at any truthful history (i.e., conditional on having reported truthfully in the
past) then single deviations from truthful reporting are also suboptimal at all other non-truthful
histories.
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mechanisms in which the agent reports truthfully at all periods, irrespective of
his past behavior. This property, however, does not necessarily make the characterization of incentive compatibility easier. The advantage is that it allows
one to focus on “strongly truthful” strategies (that is, strategies prescribing
truthful reporting at all histories); The disadvantage is that one needs to deal
with incentive compatibility on a multidimensional state space. In certain environments, the dimensionality of the state space is irrelevant, so “Markovizing”
the state space is the way to go (this is the case, for example, when implementing efficiency using VCG/AGV-type of mechanisms, or when maximizing
profits in environments in which virtual surplus takes the form of an additive or
multiplicative transformation of the true surplus, as in Kakade et al., 2013 or in
Fershtman and Pavan, 2016). Working with this alternative state representation
is also useful in environments in which the agent possesses private information
not only about the realizations of a process but also about the process itself
(which amounts to assuming that the agent’s private information is multidimensional, with a component that is fully persistent – see, e.g., Boleslavsky
and Said, 2013).
Static versions of the integral-monotonicity conditions appeared in the literature on implementability (see Rochet, 1987 or Carbajal and Ely, 2013 and
the references therein). This condition generalizes the more familiar monotonicity conditions typically encountered in static settings with supermodular
payoffs, unidimensional types, and unidimensional decisions by which an allocation rule is implementable if and only if it is monotone. As the above integral
monotonicity condition reveals, what is required by incentive compatibility in
more general settings is that the derivative of the agent’s payoff with respect to
his true type be sufficiently monotone in the reported type. In particular, note
that (Int-M) holds in the dynamic environment under examination if the NPV
of expected future output, discounted by impulse responses



s−t
t
s
t
δ I(t),s (θ )qs (θ−t , θ̂t ) | θ ,
E
s≥t

is nondecreasing in the current report θ̂t . Even if payoffs are supermodular,
as in the environment under consideration here, output need not be monotone
in each of the reported types (a property referred to in the literature as strong
monotonicity). It suffices that it is sufficiently monotone, on average, where the
average is both over states and time.
The sufficiency results in the literature are typically based on stronger
notions of monotonicity (see, for example, Battaglini, 2005, or Eső and
Szentes, 2007) with the exception of the mean-preserving-spread case of
Courty and Li (2000). However, there are interesting environments where the
optimal allocation rule fails to be strongly monotone (that is, where the nonmonetary allocation in certain periods fails to be increasing in either the current
or past reports), and/or where the kernels naturally depend on past decisions,
or fail first-order stochastic dominance. For instance, the optimal allocation
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rule in Pavan, Segal, and Toikka (2014)’s bandit auction, as well as the optimal
matching rule in Fershtman and Pavan (2016) fail to be strongly monotone and
yet they satisfy integral monotonicity.
The above result has two important implications, which are summarized in
the next two corollaries.
Corollary 2 (payments equivalence) Let χ = q, p and χ̄ = q, p̄ be
any two mechanisms implementing the same non-monetary decisions q. There
exists a constant K such that for F-almost every θ T
T


δ t pt (θ t ) =

t=1

T


δ t p̄t (θ t ) + K .

t=1



Corollary 3 (irrelevance result) Let χ̃ = q̃, p̃ be an incentive-compatible
mechanism for the environment in which the agent is asked to report the
orthogonal shocks ε starting from t = 2. Suppose now the principal can
observe the shocks ε. In any mechanism χ̃  = q̃, p̃ implementing the
same non-monetary decisions q̃, there exists a constant K such that, for any
θ1 ∈ 1 ,

 T

 T


t
t 
δ p̃t (θ1 , ε) = E
δ p̃t (θ1 , ε) + K .
E
t=1

t=1

The first result is a strong version of revenue-equivalence that says that
any two mechanisms implementing the same non-monetary decisions yield
the same revenues, not just in expectation, but in each state of the world. The
result is obtained by using inductively the necessary envelope conditions in
(ICFOC) at all histories. In other words, in each state of the world, the NPV of
the payments is pinned down by the quantity schedule q and the payoff of the
lowest period-1 type, Vt A (θ 1 ). This stronger version of payment-equivalence
is particularly relevant for settings in which the utility the agent derives from
the payments is not linear, as in most managerial compensation and taxation
models (see, e.g., Farhi and Werning, 2013, Garrett and Pavan, 2015, and
Makris and Pavan, 2016). For a discussion of how the above result extends
to settings with multiple agents, see Pavan, Segal, and Toikka (2014).
The second result says that the observability of the shocks is irrelevant for the principal’s payoff. The two results are obviously related in
the sense that they both follow from the necessary conditions for incentive
compatibility summarized by the envelope representation in (ICFOC). For a
discussion of how the irrelevance result in the above corollary extends to certain environments combining adverse selection with moral hazard, see Eső and
Szentes (2015). For a discussion of how this result may fail when the agents’
initial type is drawn from a discrete distribution, see Pavan (2007) and Krähmer
and Strausz (2015b).
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4.2

Full and Relaxed Programs and the First-Order Approach

The results discussed above can be used to arrive at properties of optimal
dynamic mechanisms. In particular, the complete characterization of the set
of incentive compatible rules χ = q, p in the previous theorem implies that
the principal’s full program can be stated as follows:
⎧
 t−1

max E
( pt (θ t ) − C(qt (θ t ))
⎪
tδ
⎪
⎪
χ = q,p
⎪
⎪
⎪
⎪
subject to
⎪
⎪
⎨ V A (θ ) ≥ 0 all θ ,
1
1
1
P:
A t
⎪ ICFOC-(t): Vt A (θ t−1 , θt ) abs. cont. in θt with ∂ Vt (θ ) = Dt (θ t ; θt ) a.e. θt ,
⎪
∂θ
⎪
t
⎪
⎪
⎪
all t, all θ t−1 ,
⎪
⎪
⎪
⎩ Int-M: θt [Dt ((θ t−1 , x); x) − Dt ((θ t−1 , x); θ̂t )]d x ≥ 0 all t, all (θ t , θ̂t ),
θ̂
t

with the functions Dt (θ t ; θ̂t ) as defined in (11). Solving the above problem
can still be tedious. The approach followed in most applied papers consists in
solving a relaxation of the above program, in which all the envelope conditions
ICFOC-(t), for t > 1, all the integral-monotonicity conditions, and all the
participation constraints but the one for the lowest period-1 type are dropped.
Dropping all these constraints leads to the following relaxed program:
⎧
 t−1

max E
( pt (θ t ) − C(qt (θ t ))
⎪
tδ
⎪
⎪
χ
=
q,p
⎪
⎨
subject to
r
P :
⎪
V1A (θ ) ≥ 0,
⎪
⎪
⎪
⎩ ICFOC-(1): V A (θ ) abs. cont. with d V1A (θ1 ) = D (θ ; θ ) a.e.
1

1

dθ1

1

1

1

Once the solution to the relaxed program is at hand, by “reverse engineering,” one then identifies primitive conditions (on the process F and, in more
general settings, on the utility functions) guaranteeing that the remaining constraints are also satisfied. This approach is often referred to as “first-order
approach.”
Using ICFOC-(1), and integrating by parts, one can rewrite the principal’s
objective as “Dynamic Virtual Surplus”




t
t
t
1 (θ1 )
δ t−1 θt − 1−F
I
(θ
)
q
(θ
)
−
C(q
(θ
))
−V1A (θ ). (DVS)
E
t
t
t
f 1 (θ1 )
t

Hence, in any incentive-compatible mechanism, irrespective of whether or not
the mechanism solves the relaxed program, the principal’s payoff takes the
form of Dynamic Virtual Surplus. The latter combines the sum of the principal and the agent’s gross payoffs with handicap terms that account for the cost
to the principal of leaving information rents to the agents. In a dynamic setting, such handicaps combine the familiar term from static mechanism design,
[1 − F1 (θ1 )]/ f 1 (θ1 ), with the impulse response functions It (θ t ) that link the
period-t type to the period-1 type. While the period-1 inverse hazard rate
[1 − F1 (θ1 )]/ f 1 (θ1 ) controls for the importance the principal assigns to rentextraction relative to efficiency, the impulse responses It (θ t ) control for the
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effect of distorting period-t output on the agent’s expected rent, as perceived
at the moment of contracting, i.e., in period 1.
In the context of the simple screening problem under examination here,
the Dynamic Virtual Surplus function can be maximized history by history.
Assume, for example, that C is quadratic and that Q = R+ , as in the discrete
example in the previous section. The allocation rule that maximizes (DVS) is
such that, for any t, any θ t
qt (θ t ) = max θt −

1−F1 (θ1 )
t
f 1 (θ1 ) It (θ ); 0

.

(13)

These optimality conditions are the continuous-type analogs of the conditions
in the discrete-type example in the previous section. In particular, they imply
t )
(a) “no-distortion at the top” (that is, qt (θ t ) = qtF B (θ t ) if θ1 = θ̄ , all t, all θ−1
and (b), in case impulse responses are positive (which is always the case when
the process satisfies first-order stochastic dominance), downward distortions
for all histories for which θ1 < θ̄ and It (θ t ) = 0. As in the example in the
previous section, the dynamics of distortions are then driven by the dynamics of the impulse responses of future types to the initial ones. The smaller
the impulse responses, the smaller the distortions. Furthermore, if impulse
responses decline, on average, over time, so do the distortions.
The formula in (13) provides useful information about how the principal distorts the provision of output over time. However, the formula is valid
only insofar as the solution to the relaxed program satisfies all the remaining
constraints of the full program. It is easy to see that, when output is nonnegative and the process satisfies first-order stochastic dominance, the solution
to the relaxed program satisfies the remaining participation constraints for all
period-1 types above the lowest one. In fact, ICFOC-(1) implies that
⎡
⎤
 θ1

E⎣
δ t−1 It (θ t )qt (θ t ) | x ⎦ d x ≥ V1A (θ )
V1A (θ1 ) = V1A (θ) +
θ

t≥1

for all θ1 > θ . Also, note that the remaining ICFOC-(t) constraints for
t > 1 neglected in the relaxed program can always be satisfied by letting the
payments be equal to

 θt 
 t
t
s−t
s
s
t−1
pt θ = θt qt (θ ) −
E
δ I(t),s (θ )qs (θ ) | (θ , x) d x
⎡
+ δE ⎣


θ

θt+1

⎡
E⎣

θ



s≥t

⎤

⎤

δ s−t−1 I(t+1),s (θ s )qs (θ s ) | (θ t , x)⎦ d x | θ t ⎦ .

s≥t+1

Finally, note that the remaining (Int-M) constraints are satisfied if the quantity schedule q that solves the above relaxed program is sufficiently monotone,
in the sense that
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E




δ

s−t

I(t),s (θ

s

t
)qs (θ−s
, θ̂t )

|θ

t

s≥t

is nonincreasing in θ̂t all t all θ t . Using (13), one can easily verify that, when
the cost is quadratic and output is nonnegative, these conditions are trivially
satisfied if, for example, the agent’s type follows an AR(1) process (in which
case, It (θ t ) = γ t−1 ) and the period-1 distribution F1 is log-concave. Interestingly, note that, in this case, the volatility of the shocks εt is irrelevant
for the dynamics of the distortions. I refer the reader to Pavan, Segal, and
Toikka (2014) for other examples where the solution to the relaxed program
solves the full program and for a more detailed discussion of how the dynamics of the impulse responses drive the dynamics of the distortions when the
output schedules in the optimal contracts are the ones that solve the relaxed
program.
5

RO BU S T P R E D I C T I O N S : VA R I ATI O NA L A P P ROAC H

As mentioned in the Introduction, the predictions about the dynamics of distortions under optimal contracts identified in the literature are confined to
environments in which the output schedules coincide with those that solve the
relaxed program (equivalently, to settings in which the “first order approach”
is valid). In this section, I illustrate an alternative approach, which does not
permit one to fully characterize the optimal schedules, but offers a way of
identifying certain predictions for the dynamics of the average distortions that
do not rely on technical assumptions on the stochastic process governing the
evolution of the agents’ private information or the cost function made to validate the first-order approach. The first paper to follow such an approach is
Garrett and Pavan (2015), in the context of managerial compensation. That
paper is discussed in Section 6, below. The exposition in this section follows
from Garrett, Pavan, and Toikka (2016), where the environment is similar to
the one under consideration here.
For simplicity, assume t =  = [θ, θ̄ ], for all t, and then denote by
B() the Borel sigma-algebra over . For any A ∈ B(), any t ≥ 1, then let
P t (A; θ ) denote the probability that θt ∈ A given that θ1 = θ.
Definition 2 The type process F is ergodic if there exists a unique (invariant)
probability measure π on B() whose support has a nonempty interior such
that for all θ ∈ ,


(14)
sup  P t (A; θ ) − π(A) → 0 as t → ∞.
A∈B()

Definition 3 The type process F is stochastically monotone if, for all t ≥ 2,
θ  > θ ⇒ Ft (· | θ  )  F O S D Ft (· | θ ).

Dynamic Mechanism Design: Robustness and Endogenous Types

Definition 4
t, s > 1.

27

The type process F is stationary if F1 = π and Ft = Fs , all

The above properties are “economic properties” as opposed to technical
conditions meant to validate certain first-order conditions. For example, ergodicity captures the idea that the probability the agent assigns to his type reaching
a certain level in the distant future is invariant in his current type. Likewise,
the property that F is stochastically monotone captures the idea that an agent
who, in the present period, assigns a higher marginal value to the principal’s
product than another agent, expects to derive a higher value also in the next
period. Finally, stationarity captures the idea that, at the time of contracting,
the process has already evolved for long enough to have converged to the
invariant distribution. The nature of these conditions is very different from,
say, the log-concavity of the period-1 distribution F1 , or the monotonicity of
the impulse response functions It (θ t ) in the realized types, which are technical conditions assumed in applications to validate the first-order approach (via
reverse engineering), but which do not have a strong economic appeal.
The aim here is to identify predictions about the dynamics of distortions
under optimal contracts that do not hinge on the validity of the first-order
approach. In general, solving the full program is hard, if not impossible. The
idea in Garrett, Pavan, and Toikka (2016) is that various properties of optimal contracts can be identified without fully solving for the optimal contracts.
To see this, suppose that χ = q, p is an optimal mechanism. Then use the
results in the previous section to observe that any perturbation q of the output
schedule q that preserves (Int-M) along with any adjustment p of the payment
schedule p that preserves (ICFOC)
and the period-1 participation constraints

yield a mechanism χ  = q , p that is individually rational and incentive compatible. For the original mechanism χ = q, p to be optimal, it must be that
any such perturbation is unprofitable. One can then use such perturbations to
identify properties of the optimal mechanisms.21
To illustrate, assume the period-1 participation constraints bind only at the
bottom, i.e., only for θ1 = θ (note that this is always the case when the process
is stochastically monotone and output is nonnegative). For a moment, assume
also interior solutions. A simple perturbation that preserves (Int-M) is to add a
constant a ∈ R to the entire period-t output schedule qt (θ t ). Then, use the fact
that, under any incentive-compatible mechanism, the principal’s payoff must
coincide with Dynamic Virtual Surplus (DVS), to verify that a necessary condition for the optimality of the output schedule q is that the derivative of Dynamic
Virtual Surplus (DVS) with respect to a evaluated at a = 0 must vanish. In the
context of the economy under consideration here, the above requirement is
fulfilled if and only if




t
1 (θ1 )
I
(θ
)
= E C  (qt (θ t )) .
(15)
E θt − 1−F
t
f 1 (θ1 )
21 The existence of optimal mechanisms is proved in Garrett, Pavan, and Toikka (2016).
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The left-hand side in (15) is the average marginal benefit of expanding the
period-t output uniformly across the period-t histories. The benefit is in virtual
terms to account for the effect of higher output on the surplus the principal must
leave to the agent at the time of contracting (recall that the impulse responses
It = I(1),t are the ones with respect to the period-1 types). The right-hand
side is the average marginal cost. Optimality requires that the average periodt distortion be equal to the average period-t handicap, where the former is
given by
E[period-t distortion] ≡ E[θt − C  (qt (θ t ))]
whereas the latter is given by
E[period-t handicap] ≡ E



1−F1 (θ1 )
t
f 1 (θ1 ) It (θ )



.

The optimality condition in (15) is thus the analog of the optimality condition
(13) describing the solution to the relaxed program, but with the condition
required to hold only in expectation as opposed to pathwise.
To derive predictions about the dynamics of the average distortions, one
then investigates the dynamics of the average handicap.
Theorem 2 (Garrett, Pavan, and Toikka, 2016)
regular and ergodic. Then


1 − F1 (θ1 )
t
It (θ ) → 0 as t → ∞.
E
f 1 (θ1 )

Assume the process F is

Moreover, if F is stochastically monotone, convergence is from above. If, in
addition, F is stationary, then convergence is monotone in time.
Hence, the dynamics of the average handicaps are entirely driven by three
economic properties of the type process: ergodicity, stationarity, and stochastic monotonicity. When output is interior and participation constraints bind
only at the bottom, the above result thus implies that, when the process is
ergodic, average distortions vanish in the long run. If, in addition, the process is
stochastically monotone, average distortions vanish from above, meaning that
the average distortion is positive (equivalently, output is distorted downward
relative to the first best). Finally, if, in addition, the initial distribution coincides with the invariant distribution, then convergence is monotone in time,
meaning that the average period-t distortion is larger than the average period-s
distortion, for any s > t. The above predictions can be generalized as follows.
Definition 5 Given the output process q, period-t output is strictly interior if
there exists εt > 0 such that
min Q + εt ≤ qt (θ t ) ≤ max Q − εt

for all θ t .

The output schedule q is strictly interior if the above condition holds for all t.
It is eventually strictly interior if the condition holds for all sufficiently large t.
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Definition 6 Given the output process q, the period-t distortions are downwards if θt ≥ C  (qt ) almost surely. Distortions are eventually downward if the
above condition holds for all sufficiently large t.
Theorem 3 (Garrett, Pavan, and Toikka, 2016) Suppose F is regular and
ergodic. (a) If q is eventually strictly interior, then limt→∞ E[θt −C  (qt )] = 0.
p
(b) If distortions are eventually downward, then qt → qtF B .
Hence, if output is eventually strictly interior (which is necessarily the case
when Q = R, that is, when the principal can either buy or sell output to
the agent, as in certain trading models), then distortions eventually vanish in
expectation. When, instead, Q = R+ , that is, when the principal can sell to,
but not buy from the agent, then
lim sup E[θt − C  (qt )] ≤ 0.
t→∞

In this case, long-run average distortions are either zero or upward. Together,
the above results imply that, if convergence to the first best fails, it must be
because, eventually, within the same period, certain types over-consume, while
others are completely excluded, and this pattern must occur infinitely often.
Part (b) in Theorem 3 in turn implies that, when distortions are eventually
downward, as is always the case when F is strongly monotone and the optimal
schedules solve the relaxed program, then convergence to the first-best is not
just in expectation but in probability.
Importantly, note that the variational approach briefly described in this section (and which is still in its infancy) is different from the one in the earlier
literature, and which is extensively used in the new dynamic public finance literature. The earlier approach perturbs the agent’s compensation over multiple
periods, holding fixed the agent’s expected payoff at any history (thus trivially preserving incentive compatibility). Such an approach yields an inverse
Euler equation that links average compensation over consecutive periods (see,
e.g., Rogerson, 1985). It does not permit one, however, to identify predictions
about the dynamics of the non-monetary allocations (e.g., output or effort). The
new approach, instead, perturbs the agent’s continuation payoff across different type histories. As such, the new approach builds on Theorem 1, above, to
identify perturbations of the non-monetary allocations that preserve incentive
compatibility.
6 B E YO N D T H E QUA S I - L I N E A R C A S E
The results reviewed above are for environments in which the utility the players derive from the numeraire is linear. In such environments, the way the
principal distributes the payments over time is irrelevant. For certain applications, this is clearly not a desirable assumption. For example, both in the
managerial compensation literature as well as in the optimal taxation literature
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it is customary to assume that the agent’s utility over the payments he receives
from the principal, or over his consumption, is nonlinear. In this section, I
show how the above results must be adapted to accommodate for non-quasilinear payoffs. In the context of the environment examined thus far, such an
extension
be accommodated
 by letting the agent’s payoff be equal to
Tcould
δ t−1 θt qt − v A ( pt ) for some concave function v A (·). It is easy
U A ≡ t=1
to see that this enrichment does not affect the characterization of incentive
compatibility, which continues to be determined by Conditions (ICFOC) and
(Int-M) in Theorem 1. The point where the analysis departs from the discussion above is in the characterization of the optimal policies. When one of the
two players’ payoff is non-quasi-linear (that is, in the absence of transferable
utility), the optimal policies cannot be obtained via simple point-wise maximization of the Dynamic Virtual Surplus function. Furthermore, the first-best
allocations cannot be described in terms of the usual equalization of marginal
cost of production to marginal value, for one must take into account the nontransferability of the principal’s cost to the agent (or, equivalently, of the
agent’s utility from consuming the good to the principal).
In this section, I show how the Myersonian and the variational approaches
discussed in the previous sections must be adapted to accommodate for these
complications. To facilitate the connection to the pertinent literature, I consider a slightly different environment that is meant to capture, in reduced form,
the non-quasi-linear applications typically considered in the literature. To this
purpose, suppose that the principal’s and the agent’s payoffs are now given by
UP ≡

T


T





δ t−1 yt − ct and U A ≡
δ t−1 v(ct ) − ψ(yt , θt ) .

t=1

t=1

In the case of managerial compensation, one can interpret yt as the cash flows
the manager generates for the firm, ct as the agent’s period-t consumption,
and ψ(yt , θt ) as the disutility the agent derives from generating cash flows yt
when his period-t productivity is θt . In a procurement/regulation model, yt can
be interpreted as the gross surplus the regulated firm generates to society, ct as
the period-t compensation paid by the regulator to the firm, and ψ(yt , θt ) as
the cost incurred by the firm when its period-t efficiency parameter is θt . In the
case of nonlinear income taxation, one can interpret yt as the income produced
by the worker in period t, ct as the period-t consumption (i.e., the net-of-tax
disposable income), yt − ct as the tax collected by the government, and θt
as the worker’s effective wage (or productivity). In the first two applications,
the principal’s problem consists in maximizing the ex-ante expectation of U P
subject to the usual incentive compatibility and participation constraints. In the
case of optimal taxation, the planner’s dual problem consists in maximizing tax
revenues subject to the usual IC constraints and the constraint that

q(V A (θ1 ))d F1 (θ1 ) ≥ κ,
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for some κ ≥ 0, where the function q(·) captures the nonlinear Pareto weights
that the planner assigns to different period-1 types (see also the discussion in
the next section).
Here, I focus on the case of managerial compensation. As in Garrett and
Pavan (2015), assume that
ψ(yt , θt ) =

1
(yt − θt )2 and θt = γ θt−1 + εt
2

with εt drawn from an absolutely continuous distribution G t with mean zero,
independently across t. The difference et = yt − θt should be interpreted as
the agent’s period-t effort. For simplicity, assume T = 2. Both (θ1 , θ2 ) ∈
1 × 2 and (e1 , e2 ) ∈ R2 are the manager’s private information. Instead, the
cash flows y ≡ (y1 , y2 ) are verifiable, and hence can be used as a basis for
the manager’s compensation. The function v : R → R is strictly increasing,
weakly concave, surjective, Lipschitz continuous, and differentiable. The case
where v is linear corresponds to the case where the manager is risk-neutral,
while the case where v is strictly concave corresponds to the case where he is
strictly risk-averse. Let w ≡ v −1 and ψ y (yt , θt ) ≡ ∂ψ(yt , θt )/∂ yt .
That productivity follows an autoregressive process (in which case the
impulse responses of period-2 types, θ2 , to period-1 types, θ1 , are constant and
equal to γ ) simplifies the exposition, but is not essential for the results. The
perturbations considered in Garrett and Pavan (2015) preserve incentive compatibility under more general processes in which impulse responses are neither
constant nor monotone. I will refer to γ = 1 as to the case of “full persistence” (meaning that, holding effort fixed, the effect of any shock to period-1
productivity on the firm’s average cash flows is constant over time). To ease
the comparison to the results in the previous section, I describe a mechanism
χ = y, c in terms of its cash flows and compensation policy. I refer the
reader to Garrett and Pavan (2015) for a discussion of how one can alternatively
describe a mechanism in terms of recommended effort policy and a payment
scheme (with the latter defined also for off-path cash flow observations).
The result below parallels the one in Theorem 1, above, for the case
of transferable utility by providing a complete characterization of incentive
compatibility. Let θ ≡ (θ1 , θ2 ) and for any (θ ; y) , let
W (θ ; y) ≡ ψ(y1 (θ1 ), θ1 ) + ψ(y2 (θ ), θ )
 θ1



+
ψ y (y1 (s), s) + γ E ψ y (y2 (s, θ2 ), θ2 ) | s ds

+

θ1

θ2
θ2


ψ y (y2 (θ1 , s), s)ds − E

θ2

θ2

(16)


ψ y (y2 (θ1 , s), s)ds | θ1 .

Theorem 4 (Garrett and Pavan, 2015) The mechanism χ = y, c satisfies all incentive-compatibility and participation constraints if and only if the
following conditions jointly hold: (A) for all θ ∈ ,
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v (c1 (θ1 )) + v (c2 (θ )) = W (θ ; y) + K

(17)

where K ≥ 0 is such that


E W (θ ; y) − ψ(y1 (θ ), θ1 ) + ψ(y2 (θ ), θ ) | θ1 +K ≥ 0 ∀θ1 ∈ 1 ; (18)
and (B)(i) for all θ1 , θ̂1 ∈ 1 ,
 θ1

 

 
ψ y y1 (θ̂1 ), s + γ E ψ y y2 (θ̂1 , θ2 ), θ2 | s ds
θ̂1



≤

θ1

θ̂1





ψ y (y1 (s) , s) + γ E ψ y (y2 (s, θ2 ), θ2 ) | s ds,

(19)



and B(ii) y1 (θ1 ) + γ E y2 (θ1 , θ2 ) | θ1 is nondecreasing in θ1 and, for all θ1 ∈
1 , y2 (θ1 , θ2 ) is nondecreasing in θ2 .
Condition (A) is the strong form of payoff-equivalence alluded to in
Corollary 1, above: in each state θ, the utility the agent derives from the compensation he receives from the principal is uniquely pinned down by the policy
y, up to a scalar K ≥ 0 chosen to guarantee participation. Such compensation
must provide the agent a payoff, net of the disutility of effort,
v (c1 (θ1 )) + v (c2 (θ )) − ψ(y1 (θ1 ), θ1 ) − ψ (y2 (θ ), θ2 )
equal to his period-1 expected payoff
 θ1



V A (θ1 ) = V A (θ 1 ) +
ψ y (y1 (s), s) + γ E ψ y (y2 (s, θ2 ), θ2 ) | s ds
θ1

(20)
augmented by a term

 θ2
ψ y (y2 (θ1 , s), s)ds − E
θ2

θ2
θ2


ψ y (y2 (θ1 , s), s)ds | θ1 ,

that guarantees that the manager has the incentives to report truthfully not only
in period 1 but also in period 2. Note that the expectation of this last term
vanishes when computed based on period-1’s private information, θ1 . Part (A)
thus imposes a restriction on the compensation scheme and is the analog of
condition (ICFOC) in Theorem 1, above, applied jointly to t = 1 and t = 2.
Note that the surplus that type θ1 expects over and above the one expected
by the lowest period-1 type θ 1 is increasing
 effort that the firm asks of
 in the
managers with initial productivities θ1 ∈ θ 1 , θ1 in each of the two periods.
This surplus is necessary to dissuade type θ1 from mimicking the behavior
of these lower types. Also note that the scalar K in (17) corresponds to the
expected payoff V A (θ 1 ) of the lowest period-1 type. Using (20), it is easy to
see that, when the effort requested is nonnegative, then, if θ 1 finds it optimal to
accept the contract, so does any manager whose initial productivity is higher.
This property, however, need not hold in case the firm requests a negative effort
from a positive-measure set of types.
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Next consider condition (B). This condition is the analog of the integral
monotonicity Condition (Int-M), above, applied to the environment under
examination. It imposes restrictions on the cash flow policy that are independent of the manager’s felicity function, v. In particular, Condition (B)(ii)
combines the familiar monotonicity constraint for the second-period cash
flows from static mechanism design (e.g., Laffont and Tirole, 1986) with a
novel monotonicity constraint that requires the NPV of the expected cash
flows, weighted by the impulse responses (which here are equal to one in
the first period and γ in the second period) to be nondecreasing in period-1
productivity.
Garrett (2015) show how the above results can be used to derive implications for the dynamics of distortions under optimal contracts. Because
the environment features non-transferable utility, distortions are captured by
wedges, as in the public finance literature.
Definition 7 (wedges) For each t = 1, 2 and each θ = (θ1 , θ2 ), the (local expost) distortions in the provision of incentives under an (incentive-compatible)
mechanism χ = y, c are given by the wedge
Dt (θ ) ≡ 1 −

ψ y (yt (θ ) , θt )
v  (ct (θ ))

(21)

between the marginal effect of higher effort on the firm’s cash flows and its
marginal effect on the compensation necessary to preserve the manager’s
utility constant.
As discussed above, the approach typically followed in the literature to
identify optimal policies is the following. First, consider a relaxed program
that replaces all incentive-compatibility constraints with Condition (17) and
all individual-rationality constraints with the constraint that K = V A (θ 1 ) ≥ 0.
Second, choose policies (y1 , y2 , c1 ) along with a scalar K so as to maximize the firm’s profits subject to the aforementioned constraints. However,
recall that Condition (17) alone is necessary but not sufficient for incentive
compatibility. Furthermore, when the solution to the relaxed program yields
policies prescribing a negative effort over a positive-measure set of types,
satisfaction of the participation constraint for the period-1 lowest type θ 1
does not guarantee satisfaction of all other participation constraints. Therefore, one must typically identify auxiliary assumptions on the primitives of
the problem guaranteeing that the policies that solve the relaxed program are
implementable.
The approach in Garrett and Pavan (2015) consists, instead, in using variational techniques analogous to those used in the previous section to arrive
at properties of the optimal contracts, without fully solving for the optimal
contracts. First, one uses the result in the previous theorem to express the
principal’s profits as
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E[U P ] = E y1 (θ ) + y2 (θ ) − c1 (θ1 ) − v −1 (W (θ ; y) + K − v(c1 (θ1 ))) .
(22)
One then proceeds by identifying “admissible perturbations” to implementable
policies such that the perturbed policies remain implementable (i.e., continue to satisfy the conditions for incentive compatibility, as in the previous
theorem). Finally, one uses such perturbations as test functions to identify
properties of optimal policies.22
Through the above variational approach, Garrett and Pavan (2015) establish a series of results relating the dynamics of the expected wedges to (a) the
agent’s risk aversion, and (b) the persistence of the productivity process.
Theorem 5 (Garrett and Pavan, 2015) Suppose the densities of the type
process F are bounded.23 Fix the level of persistence γ < 1 of the manager’s
productivity, and assume that the manager’s preferences over consumption in
each period are represented by the function vρ (·), with lower values of ρ indexing lower degrees of risk aversion.24 Then there exists ρ̄ > 0 such that, for
any ρ ∈ [0, ρ̄], under any optimal contract |E [D2 (θ )]| < |E[D1 (θ1 )]|, with
sign (E [D2 (θ )]) = sign (E[D1 (θ1 )]) .
The result says that, for small degrees of risk aversion, average distortions
decline over time, when the agent’s type is less than fully persistent. While the
result in the proposition focuses on the dynamics of distortions, the same properties apply to expected effort. Precisely, expected effort increases over time.
Importantly, note that the result is established without imposing restrictions on
the utility function v and the period-1 distribution F1 necessary to validate the
first-order approach.
The intuition for why, for low degrees of risk aversion, distortions decline,
on average, over time is best illustrated in the case of positive effort (for the
case where effort takes on negative values, see Garrett and Pavan, 2015). Asking the manager to exert higher effort requires increasing the surplus that the
firm must leave to the manager to induce him to reveal his productivity (this
surplus is over and above the minimal compensation required to compensate
22 For certain results, the perturbations in Garrett and Pavan (2015) consist in adding nonnegative

constant functions α(θ1 ) = a > 0 and β(θ ) = b > 0, all θ, to the original cash flow policies
y1 (θ1 ) and y2 (θ ) and then adjusting the compensation policy c so that the payments continue
to satisfy the conditions in the previous theorem. For other results, instead, they consider perturbations that preserve not only incentive compatibility but also the agent’s expected payoff
conditional on his period-1 type θ1 . This is obtained by considering joint perturbations of y1
and y2 of opposite sign.
23 Formally, there exist a, b ∈ R
++ such that, for almost all θ1 ∈ 1 , θ2 ∈ 2 (θ1 ), a <
f 1 (θ1 ) , f 2 (θ2 |θ1 ) < b, where 2 (θ1 ) = Supp[F2 (·|θ1 )].
 
24 Formally, let v
ρ ρ≥0 be a collection of functions vρ : R → R with the following properties:
(i) for each ρ > 0, vρ is surjective, continuously differentiable, increasing, and strictly concave,
with vρ (0) = 0 and vρ (0) = 1; (ii) v0 is the identity function; (iii) vρ converges to one,
uniformly over c as ρ → 0.
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the manager for his disutility of effort). In this case, the firm distorts downward
the effort asked of those managers whose initial productivity is low to reduce
the rents it must leave to those managers whose initial productivity is high.
When productivity is not fully persistent, these distortions are more effective
in reducing managerial rents when introduced in earlier periods than in later
ones. Distortions are therefore smaller at later dates. The correction is most
pronounced when productivity is least persistent. Indeed, as one approaches
the case where productivity is independent over time (i.e., when γ is close to
zero), the expected effort the firm asks of each manager in the second period
is close to the first-best level (here e F B = 1).
The levels of risk aversion for which the result in the previous proposition
holds (i.e., how large one can take ρ̄) depends on the persistence γ of the
initial productivity θ1 . For a fixed level of risk aversion, if γ is close to 1, i.e.,
if the agent’s productivity is highly persistent, then dynamics opposite to those
in the previous theorem obtain: distortions increase, on average, over time, as
illustrated in the next theorem.
Theorem 6 (Garrett and Pavan, 2015) Assume the agent is strictly riskaverse.
(a) Suppose productivity is fully persistent (i.e., γ = 1). Then distortions
weakly increase over time, i.e., for almost all θ1 ,
E [D2 (θ ) | θ1 ] ≥ D1 (θ1 ).

(23)

(b) Suppose densities and cash flows are uniformly bounded 25 and that, for
γ = 1, the
 inequality in (23) is strict. There exists γ̄ < 1 such that, for all
γ ∈ γ̄ , 1 , (23) holds as a strict inequality.
Again, to ease the discussion, suppose that the effort asked by the firm in
each period is strictly positive and that distortions are nonnegative (the result
in the proposition also applies to the case where the effort asked of certain
types as well as the distortions are negative). When the manager is risk-averse,
incentivizing high effort in period 2 is more costly for the firm than incentivizing the same effort in period one. This is because high effort requires a
high sensitivity of pay to performance. When done in period 2, such a sensitivity exposes the manager to volatile compensation as a result of the manager’s
own private uncertainty about his period-2 productivity. Since the manager
dislikes this volatility, he must be provided additional compensation by the
firm. To save on managerial compensation, the firm then distorts, on average, period-2 incentives more than in period 1. Note that, when the agent’s
type is fully persistent (i.e., γ = 1), distortions increase over time, for any
strictly concave v. The result extends to persistence levels that are sufficiently
high.
25

Formally, suppose there exists b ∈ R++ such that, for all θ1 ∈ 1 , θ2 ∈ 2 (θ1 ),
f 2 (θ2 |θ1 ) < b. In addition, suppose there exists M ∈ R++ and γ  < 1 such that, for all
γ ∈ [γ  , 1], the optimal cash flow policy yt (θ ) is uniformly bounded (in absolute value) by M.
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Figure 2 Differential between period-2 and period-1 distortions: γ = 0.95,
η = 0.05, η = 0.25 and η = 0.5.

The above two results are illustrated in the two figures for the special case in
which the optimal policies coincide with those that solve the relaxed program
and the agent’s utility function is isoelastic (i.e., v (c) = (c1−η − 1)/(1 − η)).
Figure 2 fixes
 the level of persistence to γ = .95 and shows how the difference Eθ̃|θ1 D2 (θ̃ ) − D1 (θ1 ) between the period-2 distortions and the period-1
distortions is affected by the degree of managerial risk aversion, η. As indicated in the two theorems above, higher degrees of risk aversion imply a higher
differential between period-2 distortions and period-1 distortions. In particular, when η = .05 (that is, when the manager is close to being risk-neutral)
the expected period-2 distortions are smaller than the period-1 distortions, for
all but the period-1 very highest types. For higher degrees of risk aversion,
instead, expected period-2 distortions are smaller than period-1 distortions over
a smaller set of period-1 types θ1 .
Figure 3, instead, fixes the coefficient

 of relative risk aversion to η = 1/2
and depicts the difference Eθ̃|θ1 D2 (θ̃ ) − D1 (θ1 ) between period-2 distortions and period-1 distortions for three different levels of persistence, γ = .9,
γ = .95, and γ = 1. When productivity is perfectly persistent (γ = 1), the
difference is strictly positive for all θ1 . When, instead, γ = .95, or γ = .9, the
difference continues to be positive, but only for sufficiently high values of θ1 .
That, for low values of θ1 , the difference is negative reflects the fact that, for
these types, period-1 effort is small. The firm can then afford to ask of these
types a higher period-2 effort without having to pay them significant additional
compensation.
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Figure 3 Differential between period-2 and period-1 distortions: η = 1/2,
γ = 0.9, γ = 0.95 and γ = 1.

7 ENDOGENOUS TYPES
Most of the dynamic mechanism design literature assumes that the process
governing the evolution of the agents’ private information is exogenous. For
many problems of interest this is a reasonable assumption. However, there are
important applications in which accommodating for an endogenous process
is essential. Consider, for example, the sale of experience goods. The buyers’
valuations evolve over time as the result of the buyers’ experimentation. The
dynamics of the allocation of the good then determine the evolution of the buyers’ valuations. Similar problems emerge in the presence of habit formation,
addiction, and learning-by-doing.
The general model of Pavan, Segal, and Toikka (2014) is flexible enough
to accommodate for endogenous (that is, decision-controlled) processes. That
paper also offers an application to the design of dynamic auctions for the sale
of experience goods. The authors show that the profit-maximizing mechanism
takes the form of a sequence of bandit auctions where in each period the seller
allocates the good (in limited capacity) to the bidders whose virtual Gittins
index is the highest. The virtual index is the same as in the multi-arm bandit
literature, but adjusted by a handicap that controls for the cost of informational rents. Interestingly, the optimal allocation rule is not strongly monotone,
as a higher report at present, by inducing the agent to consume, may trigger
a reduction in consumption in future periods in case the result of the experimentation is negative. Despite such complications, the paper shows that the
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allocations sustained under the virtual index policy are sufficiently monotone
in expectation, thus permitting the construction of payments that implement
the desired allocations. The application thus illustrates the broader point that,
in dynamic problems, it is important not to impose ad-hoc strong monotonicity
requirements on the allocation rule as a way of facilitating incentive compatibility. Many dynamic problems naturally call for allocation rules that are not
strongly monotone, and yet implementable.
Two other recent papers on dynamic experimentation with private information are Kakade et al. (2013) and Fershtman and Pavan (2016). The former
paper considers a dynamic allocation problem similar to the one in the bandit auction application in Pavan, Segal, and Toikka (2014). The approach,
however, is slightly different. The authors confine attention to a family of
problems in which payoffs are sufficiently separable (either additively, or multiplicatively) in the agents’ initial types. Such separability, in turn, permits
the authors to propose an implementation of the virtual index rule based on
payments that are similar to those in the dynamic pivot mechanism of Bergemann and Välimäki (2010). The “trick” in the proposed mechanism is to
have the agents re-report in each period their initial type. Such re-reporting
“Markovizes” the environment by guaranteeing that, when the payments are
the virtual VCG payments, and the allocation rule is virtually efficient both
on- and off-path, each agent finds it optimal to stay in the mechanism and
report truthfully at any history, as long as he/she expects all other agents
to do the same. This is because, under the virtual VCG mechanism, when
payoffs are sufficiently separable in the first component, each agent’s continuation payoff at any history is proportional to the agent’s contribution to
the aggregate virtual surplus in the continuation game. Arguments similar to
those in the literature on the implementation of efficient rules (see, e.g., Vickrey, 1961; Clarke, 1971; and Groves, 1973 for static settings, and Bergemann
and Välimäki, 2010 and Athey and Segal, 2013 for dynamic settings) then
imply that it is in each agent’s own interest to induce a virtually efficient allocation in each continuation game, which can be accomplished by (a) correcting
possible period-1 lies and then (b) reporting the current and future innovations
truthfully.
An approach similar to the one in Kakade et al. (2013) is also used in
Fershtman and Pavan (2016) in the design of dynamic matching auctions.
That paper considers the problem of a platform (a matchmaker) controlling the interactions between two sides of a market. Each side is populated
by agents whose value for interacting with agents from the opposite side
is their own private information and evolves over time, either as the result
of shocks that affect the attractiveness of individual interactions, or as the
result of gradual resolution of uncertainty about fixed but unknown payoffs.26
26 The paper also considers the possibility that valuations vary (stochastically) over time because

of preferences for variety, by which the attractiveness of each individual match decreases with
the number of past interactions.
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The paper accommodates for preferences that combine elements of vertical
differentiation (certain agents value interacting with all other agents more than
others) with elements of horizontal differentiation (the relative attractiveness
of any pair of agents from the opposite side may vary across individuals and
can change over time).27 It also accommodates for constraints on the number of possible matches that can be maintained in each period. The analysis
identifies the properties of welfare- and profit-maximizing mechanisms and
shows how the optimal matching dynamics can be sustained via “matching
auctions.” In such auctions, agents from each side first select a membership
status in each period (a higher status grants preferential treatment in the auctions). They then bid for each possible partner from the opposite side. Each
bilateral match is then assigned a “score” that combines the involved agents’
reciprocal bids for one another, the agents’ membership status, and the number of past interactions between the two agents. The matches with the highest
nonnegative score are then implemented, up to capacity. The payments are
designed so as to make each agent’s continuation payoff proportional to the
agent’s contribution to the continuation weighted surplus. Depending on the
designer’s objective, the latter may coincide with total welfare, with the platform’s profits, or, more generally, with a combination of the two. The payments
are similar, in spirit, to those in the Generalized Second Price (GSP) auction
used in sponsored search, but adjusted to take into account (a) the cost of
leaving the agents information rents, and (b) the value of generating information that can be used in later periods. Importantly, in equilibrium, all agents
find it optimal to remain in the mechanism after all histories and bid truthfully their myopic values for all partners, despite their own private value for
experimentation.
The paper also compares matching dynamics under profit maximization
with their counterparts under welfare maximization. When all agents derive
a nonnegative value from interacting with any other agent, profit maximization involves fewer and shorter interactions than welfare maximization. In
particular, when the capacity constraint is not binding, under profit maximization, each pair of agents is matched for an inefficiently short period of time.
When, instead, the capacity constraint is binding, certain matches last longer
under profit maximization than under welfare maximization. In each period,
however, the aggregate number of interactions, is higher under welfare maximization than under profit maximization. Importantly, the paper shows that
the above conclusions need not extend to markets in which certain agents
dislike certain interactions. In this case, in each period, profit maximization
may involve an inefficiently large volume of matches. The above conclusions
have implications for government intervention in matching markets, an area
that is attracting significant attention both from policy makers and market
designers.
27 Static matching design with vertically and/or horizontally differentiated preferences is exam-

ined in Gomes and Pavan (2016a, 2016b).
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7.1

Taxation Under Learning-by-Doing

Allowing for endogenous types (that is, for decision-controlled processes
governing the evolution of the agents’ private information) not only opens the
door to novel applications, it may also change some of the results established
by confining attention to exogenous processes. This possibility is illustrated in
a recent paper by Makris and Pavan (2016). They consider a dynamic model
of income taxation over the life cycle, where the agents’ productivity evolves
endogenously over time as the result of learning-by-doing.28
Learning-by-doing (hereafter LBD) refers to a situation where, by working harder in the present period, a worker increases (stochastically) his
future average productivity (or wages). One can think of LBD as investment
in human capital that occurs “on the job,” that is, through the production
process (as opposed to, say, through training that occurs outside the working
process).29
Makris and Pavan (2016) study the effects of LBD on the dynamic provision
of incentives under optimal tax codes. They consider a fairly general Markovian setting with endogenous types, non-quasilinear payoffs, and (imperfect)
type persistence, that embeds most models in dynamic public finance and
certain models in the dynamic managerial compensation literature (e.g., the
two-period model in Garrett and Pavan, 2015, discussed in the previous section30 ). In particular, the paper focuses on the effects of LBD on the dynamics
of wedges (that is, distortions relative to the first-best benchmark, introduced
to limit information rents). LBD affects the cost of incentives (equivalently, the
expectation of future information rents) through two channels. The first one is
by changing, for given future information rents, the distribution of future types.
The second one is through its effect, for given distribution of future types,
on future information rents via its effect on the impulse response functions.
These effects are absent under an exogenous type process. They are also absent
in models where the agents’ productivity is endogenous, possibly because of
past investment in human capital, but where the agents’ private information
is exogenous (e.g., Kapicka and Neira, 2014; Best and Kleven, 2013; and
Stantcheva, 2016). Importantly, these effects may overturn some of the conclusions established in the literature assuming an exogenous type process.
For example, the paper shows that LBD may result in wedges (equivalently,
28 Related models of dynamic taxation with and without human capital accumulation include

Krause (2009), Best and Kleven (2013), Farhi and Werning (2013), Kapicka (2013a, 2013b),
Golosov, Troshkin, and Tsyvinski (2015), Kapicka and Neira (2014), Stantcheva (2016), and
Heathcote et al. (2014).
29 A vast literature in labor economics documents the effect of labor experience on wages. See,
for instance, Willis (1986), Topel (1991), Jacobson et al. (1993), Altuğ and Miller (1998), and
Dustmann and Meghir (2005).
30 For a related model of dynamic managerial compensation where the principal may fire the
agent and replace him with a new hire and where each new relationship is affected by
shocks to managerial productivity that are privately observed by the managers, see Garrett
and Pavan (2012).
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marginal tax rates) that are decreasing over the life cycle, in the same environment in which the opposite dynamics obtain under an exogenous process (see,
e.g., Farhi and Werning, 2013 and Garrett and Pavan, 2015).
Furthermore, LBD can contribute to higher wedges (equivalently, higher
marginal taxes) at all productivity levels. Finally, LBD can contribute to a
higher progressivity of the wedges, that is, to an increase in wedges that is
more pronounced at the top of the current-period type distribution than at the
bottom. Interestingly, in the presence of LBD, marginal taxes may be increasing in earnings in the same environments in which optimal tax codes have been
shown to be regressive abstracting from LBD effects. I illustrate these possibilities below in a simplified version of the model considered in Makris and
Pavan (2016).
7.1.1

The Environment

The economy is the same as in the simple two-period model of Section 6,
above, except for the fact that the agents’ period-2 productivity is drawn from
a distribution F2 (θ1 , y1 ) that depends on period-1 output y1 . The dependence
of F2 on y1 is what captures LBD effects. These effects in turn may originate either in past “effort/labor supply,” or directly in past “output.” While the
notation in this section is for an economy in which T = 2, some of the key
formulas and results will be described for arbitrary time horizons.
Denote by F2 (θ2 |θ1 , y1 ) the cdf of the kernel F2 (θ1 , y1 ). For any θ2 ∈ 2 ,
F2 (θ2 |θ1 , y1 ) is assumed to be nonincreasing in (θ1 , y1 ). Next, let λ[χ ] denote
the endogenous ex-ante probability distribution over  under the rule χ =
y, c (as in the previous section, the rule χ comprises output and consumption
policies that specify the evolution of the relevant allocations, as a function of
the history of the agent’s productivity). Finally, let λ[χ ]|θ1 , y1 denote the distribution over , starting from (θ1 , y1 ), and λ[χ ]|θ1 = λ[χ ]|θ1 , y1 (θ1 ), where
y1 (θ1 ) is the output generated in period one by an agent of productivity θ1 .
To make some of the formulas below easier to read, I will denote by
t
Eλ[χ ]|θ [·] the expectation over , under the endogenous process λ[χ ], starting
from θ t , y t (θ t ).
The principal designs the rule χ so as to maximize the ex-ante expected
value of her payoff subject to the rule being incentive compatible and satisfying
the constraint

(24)
q(V A (θ1 ))d F1 (θ1 ) ≥ κ.
As in the previous section, the function q(·), which is assumed to be increasing and (weakly) concave, captures the nonlinear Pareto weights the principal
assigns to the agent’s expected lifetime utility. This formulation captures, in
reduced form, various problems considered in the literature. For example,
in a taxation economy, the principal is a government maximizing tax revenues under the constraint that the agent’s lifetime utility be above a minimal
level (equivalently, in the dual of this problem, the government maximizes the
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agents’ lifetime utility subject to a budget constraint). In this problem, the function q captures the planner’s inequality aversion (see, for instance, Farhi and
Werning, 2013, and Best and Kleven, 2013).
In this section, I consider the simplest possible version of this problem
where the agents are risk-neutral (using the notation from the previous section, this amounts to assuming that v A (ct ) = ct , for all ct ) and the principal
has a Rawlsian’s objective (which amounts to replacing the constraint in (24)
with the simpler constraint that V A (θ 1 ) ≥ κ). I also assume that the disutility
of effort takes the familiar isoelastic form
 1+φ
yt
1
,
(25)
ψ(yt , θt ) =
1 + φ θt
which implies that both the elasticity of the disutility of effort and the elasticity
of the marginal disutility of effort with respect to the agent’s productivity are
constant and equal to
ψ

θ (yt , θt ) ≡ −

θt ψ yθ (yt , θt )
θt ψθ (yt , θt )
ψ
= 1 + φ = θ y (yt , θt ) ≡ −
,
ψ(yt , θt )
ψ y (yt , θt )

with φ parametrizing the inverse Frisch elasticity.31 Because these restrictions
are not important for the qualitative results, in the discussion below I will specialize the notation to the above functional form only when presenting some
numerical results. For a more general treatment of the problem in which (a) the
agents live, and work, for arbitrarily long horizons, (b) agents are risk-averse,
(c) the planner has smoother aversion to inequality (captured by arbitrary q
functions), (d) the agents’ productivity evolves according to a general type
process, I refer the reader to Makris and Pavan (2016). In addition to generalizing the insights discussed below, the paper also shows how the dynamics of
allocation under optimal tax codes can be derived through a recursive approach
that explicitly accounts for the endogeneity of the agents’ private information.
7.1.2

The First-Best Benchmark

In order to appreciate how LBD affects the level, progressivity, and dynamics
of the wedges, consider first the allocations that solve the principal’s problem, in the absence of information frictions, when the process governing the
evolution of the agents’ productivity is endogenous. Let

∂
{y2 (θ ) − ψ(y2 (θ ), θ2 )} d F(θ2 |θ1 , y1 (θ1 )) (26)
L D F B;χ (θ1 ) ≡ δ
∂ y1
denote the effect of a marginal change in period-1 output on the expected sum
of the principal’s and the agent’s continuation payoffs, under the policy χ ,
evaluated at history (θ1 , y1 (θ1 )).
31 As in the previous section, the notation ψ (y , θ ) and ψ (y , θ ) stands for the partial derivay t t
θ t t
tive of the ψ function with respect to θt and yt , respectively, whereas ψ yθ (yt , θt ) stands for

the cross derivative.
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Proposition 2 (Makris and Pavan, 2016) The first-best rule χ ∗ = y∗ , c∗
satisfies the following optimality conditions (at all interior points with λ[χ ∗ ]probability one) 32
∗

1 + L D F B;χ (θ1 ) = ψ y (y1∗ (θ ), θ1 ) and 1 = ψ y (y2∗ (θ ), θ2 ).

(27)

The principal thus equalizes the marginal benefit of asking the agent for
higher output (taking into account, in period one, the effect from LBD) with
its marginal cost. When the agent is risk-neutral, the latter is simply the cost
of increasing the agent’s compensation by an amount equal to the agent’s
marginal disutility of effort. As to the marginal benefit, observe that the sum of
the principal’s and of the agent’s continuation payoffs is increasing in θ2 (recall
that ψ y (y2 , θ2 ) is decreasing in θ2 ). Because LBD shifts the distribution in a
∗
first-order-stochastic-dominance way, L D F B;χ (θ1 ) ≥ 0. Hence, LBD naturally induces the principal to ask for a higher output in period 1 compared to
the level she would ask in the absence of LBD.
As shown in Makris and Pavan (2016), under risk aversion, the above optimality conditions must be paired with other optimality conditions that require
the equalization of the marginal utility of consumption between any two consecutive histories. Furthermore, with more general objectives (that is, with less
extreme preferences for redistribution than in the Rawlsian case assumed here),
optimality also requires equalizing across period-1 types the “weights” the
principal assigns to the agent’s period-1 marginal utility of consumption.
7.1.3

Dynamics of Wedges (or Marginal Distortions) under
Second-Best Policies

In contrast to the previous section, here I follow the First-Order Approach
(FOA) by considering a relaxed program in which the incentive compatibility constraints are replaced by the envelope conditions requiring that, for all
t, all θ t−1 , the agents’ equilibrium continuation payoff under χ be Lipschitz
continuous in θt , with derivative equal, for almost all θt ∈ t , to

 T

∂ Vt A (θ t )
λ[χ ]|θ t
τ −t
τ
τ −1 τ −1
τ
= −E
δ I(t),τ (θ , y (θ
))ψθ (yτ (θ ), θτ ) .
∂θt
τ =t
(28)
The discussion of the various channels through which LBD affects the dynamics of distortions below should therefore be understood as being conditional
on the First-Order Approach being valid. Note that the assumption that each
Ft (θt |θt−1 , yt−1 ) is nonincreasing in θt−1 implies that the impulse responses
are nonnegative, and hence that each agent’s expected lifetime utility is nondecreasing in θt . In particular, that V1A (θ1 ) is nondecreasing in θ1 implies that
32 Here I focus on the optimality conditions for the output schedule. The optimality conditions for

consumption are discussed in Makris and Pavan (2016).
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the taxation problem with a risk-neutral agent and a planner with a Rawlsian
objective under examination here is formally equivalent to a managerialcompensation problem with interim individual-rationality constraints (where
ensuring the participation constraint of the period-1 lowest types implies that
all other types’ participation constraints are also satisfied, as discussed above).
As in the previous section, to limit the agents’ information rents, the principal distorts production downwards. In the presence of LBD, the distortions in
labor supply are captured by labor wedges, defined as follows:
Definition 8 (wedges with LBD) The period-t “wedge” or “marginal distortion” (equivalently, the “effective marginal income tax rate” in the taxation
problem) under the rule χ is given by 33
W1 (θ ) ≡ 1 −

ψ y (y1 (θ ), θ1 )
and W2 (θ ) = 1 − ψ y (y2 (θ ), θ2 ).
1 + L D F B;χ (θ1 )

The definition parallels the one in the previous section, adjusted for the
presence of LBD. Recall that efficiency requires that the marginal disutility
of extra period-t output be equalized to the social marginal benefit, where, in
period one, the latter takes into account both the extra output collected by the
principal, 1, and the effect of higher period-1 output on the principal’s and
the agent’s joint future surplus, as captured by the term L D F B;χ (θ1 ) introduced above. The wedge is the discrepancy between the ratio of marginal cost
and marginal benefit of higher period-t output under the first-best allocation,
1, and the corresponding ratio at the proposed allocation. Importantly, in the
case of an endogenous process, such discrepancy is computed holding fixed
the rule χ that determines future allocations, so as to highlight the part of
the inefficiency that pertains to the period under consideration. As is standard
in the public finance literature, hereafter I will focus on the dynamics of the
following monotone transformation of the wedges
Ŵt (θ ) ≡

Wt (θ )
1 − Wt (θ )

and refer to Ŵt (θ ) as to the relative period-t wedge. In a taxation problem, the
wedge is directly related to the period-t marginal tax rate; that is, the sensitivity
of current taxes to current income, holding fixed past incomes and all future tax
schedules (with the latter allowed to depend on the entire history of reported
earnings). One can easily verify that the relative period-t wedge Ŵt (θ ) satisfies


F B;χ
1 + L Dt
(θ ) = 1 + Ŵt (θ ) ψ y (yt (θ ), θt ).
(29)
33 Obviously, y and W naturally depend on θ = (θ , θ ) only through θ . The reasons why
1
1
1 2
1

these functions, in the formulas below, are allowed to depend on the entire type history θ is
just to economize on notation by introducing homogeneity in the arguments across different
periods.
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One can thus also think of the relative wedge as the rate by which the principal
inflates the agent’s marginal disutility of labor to account for the effects that
higher output has on informational rents.
Finally, let
h 2 (θ, y) ≡

1 − F1 (θ1 )
ψ(y2 , θ2 )
ψ
I2 (θ, y1 )θ (y2 , θ2 )
.
f 1 (θ1 )
θ2

This function is the analog in the taxation environment under consideration here of the “handicap” function I2 (θ )ψ y (y2 , θ2 ) [1 − F1 (θ1 )] / f 1 (θ1 ) in
the managerial-compensation model in the previous section. It measures the
welfare losses of asking the agent to produce higher output at history θ =
(θ1 , θ2 ).
The second-best allocation rule χ satisfies the following optimality conditions (at all interior points with λ[χ ]-probability one):


ψ
θ y (y2 (θ ), θ2 )
1 − F1 (θ1 )
I2 (θ, y1 (θ1 ))
1 = ψ y (y2 (θ ), θ2 ) 1 +
(30)
f 1 (θ1 )
θ2
1 + L D F B;χ (θ1 ) = ψ y (y1 (θ ), θ1 )


ψy
1 − F1 (θ1 ) θ (y1 (θ ), θ1 )
∂ λ[χ ]|θ1 ,y1 (θ)
× 1+
+δ
E
[h 2 (θ, y(θ ))]
f 1 (θ1 )
θ1
∂ y1
(31)
The first optimality condition is essentially the same as in Mirrlees (1971),
but adjusted for the impulse responses. At each period-2 history θ = (θ1 , θ2 ),
the optimal choice of y2 (θ ) is obtained by equalizing the marginal benefit of
asking the agent for higher output, the left-hand side in (30), with the marginal
cost. The latter combines the cost of reimbursing the agent for the higher disutility of effort, ψ y (y2 (θ ), θ2 ), with the marginal cost of increasing the rents left
to all period-1 types whose productivity is above θ1 . The latter cost is given by
ψ

 y (y2 (θ ), θ2 )
∂
1 − F1 (θ1 )
I2 (θ, y1 (θ1 )) θ
h 2 (θ, y(θ )) =
ψ y (y2 (θ ), θ2 ).
∂ y2
f 1 (θ1 )
θ2
The optimality condition in (31), instead, combines the above static effects
with the dynamic effects that a higher y1 has on the principal’s payoff, net of
the agents’ informational rents. As discussed above, holding fixed the period-2
policies, as specified in χ = y, c , the term L D F B;χ (θ1 ) captures the effect
on total surplus of shifting the agent’s period-2 productivity towards higher
levels. The interesting novel effects here are those captured by the term
1 − F1 (θ1 ) ∂ λ[χ ]|θ1 ,y1 (θ)
∂ λ[χ ]|θ1 ,y1 (θ)
E
[h 2 (θ, y(θ ))] =
E
∂ y1
f 1 (θ1 ) ∂ y1


ψ
θ y (y2 (θ ), θ2 )
× I2 (θ, y1 (θ1 ))
ψ y (y2 (θ ), θ2 ) .
θ2
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Recall that the term h 2 (θ, y(θ )) captures the welfare losses coming from the
information rents the principal must leave to the agents to induce them to report
truthfully in period 2. Asking the agents to work harder in period one has
two effects on such expected losses. The first one comes from the change in
the distribution of θ2 , holding the handicap function h 2 (θ, y(θ )) constant. The
second comes from the direct effect that a higher period-1 output has on the
period-2 handicap h 2 (θ, y(θ )) via the endogenous impulse response of θ2 to
θ1 , holding the period-2 type distribution constant.
In most cases of interest, the period-2 handicap (equivalently, the period-2
information rent) h 2 (θ, y(θ )) is increasing in θ2 . In this case, the first effect
contributes to higher expected welfare losses. The sign of the second effect
in turn depends on whether the impulse response of θ2 to θ1 is increasing or
decreasing in y1 . When period-1 type and period-1 output are complements in
the determination of the period-2 type, impulse responses are increasing in y1 ,
in which case the second effect also contributes to a positive effect of LBD
on expected future welfare losses. The opposite is true when period-1 type and
period-1 output are substitutes in the determination of the period-2 type. In this
case, this second effect operates against the first one in alleviating the positive
effects of LBD on expected future rents.
The above results can be used to interpret the dynamics of wedges under
optimal contracts. To this purpose, let
ψ

ŴtR N (θ t ) ≡

 y (yt (θ t ), θt )
1 − F1 (θ1 )
It (θ t , y t−1 (θ t−1 )) θ
f 1 (θ1 )
θt

and
(θ1 ) ≡

δ ∂∂y1 Eλ[χ ]|θ1 ,y1 (θ) [h 2 (θ, y(θ ))]
ψ y (y1 (θ1 ), θ1 )

.

From (29), (30) and (31), one can see that
Ŵ1 (θ1 ) = Ŵ1R N (θ1 ) + 1 (θ1 ) and Ŵ2 (θ ) = Ŵ2R N (θ ).
The functions ŴtR N (θ t ) represent the relative wedges that the principal would
select at each type history θ t if the process governing the evolution of the
agents’ productivity determined by the rule χ were exogenous (when the
agents are risk-neutral and the principal’s objective is Rawlsian, as assumed
here). Because there are no LBD effects in the last period (here t = 2), naturally, Ŵ2 (θ ) = Ŵ2R N (θ ). The function 1 (θ1 ), instead, captures the effects
of LBD on the period-1 wedge. As explained above, it summarizes all the
effects of changing the period-1 output on the expected informational rents
the principal must leave to the agents in period 2 to induce them to report θ2
truthfully.
Makris and Pavan (2016) show that the above decomposition holds more
generally; that is, it extends to environments in which the agents are riskaverse, the principal’s inequality aversion is less than Rawlsian, and there are
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arbitrarily many periods. In particular, continue to denote by ŴtR N (θ t ) and
t (θ t ), respectively, the relative wedge in the absence of LBD and the effect
of LBD on the period-t wedge in the case the agents are risk-neutral and the
principal’s objective is Rawlsian. Then let R At (θ t ) be a correction that applies
when the agents are risk-averse and/or the principal’s inequality aversion is
less than Rawlsian.
Theorem 7 (Makris and Pavan, 2016) At any period t ≥ 1, with λ[χ ]probability one, the relative wedges are given by


Ŵt (θ t ) = R At (θ t ) ŴtR N (θ t ) + t (θ t ) .
Theorem 7 is established using a recursive solution to the principal’s problem that controls for the endogeneity of the type process. The value of the
theorem is in highlighting the different forces that contribute to the determination of the dynamics of the wedges. The theorem also unifies the various
special cases examined in the literature.
To see how the endogeneity of the type process shapes the dynamics of the
wedges in the simplest possible way, consider the following specification often
assumed in the taxation and in the labor economics literature. The period-2
productivity is given by
ζ

θ2 = z 2 (θ1 , y1 , ε2 ) = θ1 y1 ε2 ,

(32)

where ζ ≥ 0 parametrizes the intensity of LBD (the case of no LBD corresponds to ζ = 0) and where ε2 is a shock drawn from a distribution G. The
specification in (32) implies that the impulse responses of θ2 to θ1 are invariant in y1 and are given by I1 (θ ) = 1 and I2 (θ ) = θ2 /θ1 , all θ = (θ1 , θ2 ).
This specification has the advantage of isolating the effects of LBD coming
from the shift in the distribution of period-2 productivity (the other channel by
which LBD affects the expectation of the period-2 rents via its direct effect on
the impulse response functions is mute under the above specification). A second advantage of this specification is that it implies that the period-2 wedges
are invariant in ζ , which facilitates the comparison to the case without LBD.
In particular, one can use the results above to verify that, when the disutility of
effort takes the isoelastic form in (25) and LBD takes the multiplicative form
in (32),
Ŵ1R N (θ1 ) = Ŵ2R N (θ ) = (1 + φ)

1 − F1 (θ1 )
f 1 (θ1 )θ1

and

1 (θ1 ) = δ

θ1
y1 (θ1 )

φ

1 − F1 (θ1 ) ∂ λ[χ ]|θ1 ,y1 (θ1 )
E
f 1 (θ1 ) ∂ y1



y2 (θ )
θ2

1+φ 
.
(33)
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Hence, when [1 − F1 (θ1 )]/θ1 f 1 (θ1 ) is nonincreasing in θ1 , as typically
assumed in the taxation literature, Ŵ1R N (θ1 ) and Ŵ2R N (θ ) are nonincreasing
in θ1 and independent of θ2 . That is, in the absence of LBD, marginal taxes are
constant over time and decreasing in earnings. Instead, with LBD, wedges are
given by
Ŵ1 (θ t ) = Ŵ1R N (θ1 ) + 1 (θ1 ) and Ŵ2 (θ ) = Ŵ2R N (θ ).
As shown in Makris and Pavan (2016), in this economy, as well as in most cases
considered in the literature, the period-2 handicap is increasing in θ2 (equivalently, y2 (θ )/θ2 is increasing in θ2 ). As a result, 1 (θ1 ) > 0. The following is
then true:
Proposition 3 (Makris and Pavan, 2016) Consider the two-period economy
described above. (i) For all θ1 , the period-1 wedge in the presence of LBD is
strictly higher than the corresponding period-1 wedge in the absence of LBD;
(ii) Under LBD, in each state of the world, period-1 wedges are strictly higher
than period-2 wedges; (iii) There exits a function  : 1 → R such that the
progressivity of the period-1 wedge at productivity level θ1 is higher under
LBD than in its absence if and only if (θ1 ) ≥ 0.
As an illustration, suppose θ1 is drawn from a Pareto distribution (in which
case, θ1 f 1 (θ1 )/[1 − F1 (θ1 )] = λ for all θ1 ), as assumed in the earlier taxation
literature. In the absence of LBD, the wedges are constant over time and across
types and are given by Ŵ1 (θ1 ) = Ŵ2 (θ ) = (1 + φ)/λ, for all θ = (θ1 , θ2 ).
Instead, in the presence of LBD, Ŵ1 (θ1 ) > Ŵ2 (θ ) = (1 + φ)/λ with Ŵ1 (θ1 )
strictly increasing in θ1 . Furthermore, one can verify that, whenever the period1 wedge in the absence of LBD, Ŵ1R N (θ1 ), is nonincreasing in θ1 , as is the case
here, the solution to the relaxed program also solves the full program, implying
that the properties above are truly features of optimal tax codes. This situation
is illustrated in Figure 4. The figure depicts the period-1 wedge Ŵ1 (θ1 ) for four
different levels of LBD, ζ = 0, 0.2, 0.4, 0.6. As the figure illustrates, stronger
LBD effects (here captured by higher levels of the parameter ζ ) call for higher
and more progressive wedges.34
The intuition is the one anticipated above. LBD affects the cost of future
incentives (equivalently, expected future information rents) through two channels. The first one is by changing the distribution of future types, for given
future handicaps (recall that the latter measure future welfare losses due to
asymmetric information). The second channel is through its direct effect on
future handicaps for given distribution of future types. As mentioned above,
34 The parameter eta = 0 in the Figure’s caption indicates that the results are for the case of

risk-neutral agents. Also note that the figure assumes φ = 2, i.e., a Frisch elasticity of 0.5, as
in Farhi and Werning (2013), Kapicka (2013a), and Stantcheva (2016). Finally, the parameter
r ho = 1 in the figure’s caption indicates that the skill-persistence parameter has been set equal
ρ
to one, as in the rest of this section (i.e., θ2 = θ1 y1z ε, with ρ = 1).
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Figure 4 The Risk-Neutral, Rawlsian, Pareto case.

this second channel is absent under the specification in (32). More generally,
this second channel adds to the first one in amplifying the effects of LBD on
expected future rents when impulse responses of future types to current ones
are increasing in output.
To reduce the effects of LBD on expected future rents, the principal induces
the agents to work less in the early periods of their career, which explains why
LBD contributes to higher wedges. Because the effects of LBD on expected
future rents are most pronounced in the early periods, LBD also contributes to
wedge dynamics whereby wedges decline over time.
Finally, to see why LBD may contribute to the progressivity of the wedges,
note that the benefit of distorting downwards labor supply in the present period
so as to economize on future information rents is stronger for higher types,
given that these are the types that expect, on average, larger rents in future
periods. This is indeed the case, for all θ1 , when θ1 is drawn from a Pareto
distribution. More generally, Makris and Pavan (2016) show that this is true, in
the simple economy under consideration here, at any open interval of period-1
types at which θ1 f 1 (θ1 )/[1 − F1 (θ1 )] is almost constant, as in the upper tail of
the Pareto Lognormal distribution typically assumed to calibrate the model to
US earnings data.
The next four figures illustrate that the properties discussed above hold
more generally. In particular, Figure 5 illustrates the effects of LBD on the
period-1 wedge Ŵ1 when θ1 and the second-period shock ε2 are drawn
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Figure 5 The Risk-Neutral-Rawlsian-Paretolognormal case.

from a Pareto Lognormal distribution with the same parameters as in Diamond (1998). As the figure shows, stronger LBD effects (here parametrized
by a higher level of ζ ) are responsible for higher period-1 wedges and for
more progressivity at all income percentiles, and in particular at high percentiles (the lowest blue curve corresponds to the economy without LBD of
Diamond, 1998).
Similar results obtain when the agents are risk-averse and/or the planner’s
aversion to inequality is less extreme than in the Rawlsian case. Figure 6
depicts the wedges in the case the agents’ utility over consumption is CRRA
for four different levels of the coefficient of relative risk aversion, namely
for η = 0, 0.2, 0.5, and 0.8 (recall that η = 0 corresponds to the case of
risk-neutral agents). The distribution of θ1 and ε2 is Pareto-lognormal and the
principal’s objective is Rawlsian, as in Figure 5 (higher curves correspond to
higher degrees of risk aversion, whereas higher levels of the zeta parameter
correspond to stronger LBD effects).
As the figure illustrates, risk aversion contributes to an amplification of the
period-1 wedge and to more progressivity. The reason is that, when the agent
is risk-averse, the cost of compensating him for his marginal disutility of effort
is higher as it now takes ψ y (θt , yt )/v  (ct ) units of consumption. Hence, risk
aversion, by itself, contributes to higher wedges. What the figure illustrates is
that the increase in the cost of compensation also amplifies the effects of LBD
on the level and progressivity of the wedges. This is because, by increasing
the cost of future information rents, risk aversion also increases the benefits of shifting the distribution of future types towards levels that command
lower informational rents, and, as in the risk-neutral case, this effect is most
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Figure 6 The CRRA Rawlsian Pareto Lognormal case.
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Figure 8 Effects of LBD in CRRA Utilitarian Pareto Lognormal case.

pronounced at the top of the period-1 type distribution where the expectation
of future rents is the highest.
Similar results obtain for less extreme forms of inequality aversion on the
planner’s side. Figure 7 reports the results for the case of a planner with utilitarian objective function – the parameters are as in Figure 6. Once again,
risk aversion contributes to an amplification of the effects discussed above,
at all levels of LBD. Furthermore, fixing the degree of relative risk aversion
to η = 0.5, stronger LBD effects contribute to higher wedges and to more
progressivity, as highlighted in Figure 8 (higher curves correspond to stronger
LBD effects).

8

CONCLUSIONS

Dynamic mechanism design has proved useful to conduct positive and normative analysis in environments in which information arrives over time
and a sequence of decisions is to be made. The approach pioneered by
Myerson (1981) for static design problems can be extended to dynamic environments. An important tool of this approach is an envelope representation of
the agents’ equilibrium payoffs summarizing necessary local incentive compatibility conditions. The key difference with respect to static problems is the
presence in the envelope formula of “impulse response functions” capturing
the marginal effects of current types on future ones. In quasilinear settings,
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the envelope formula pins down the transfers, for given non-monetary allocation rule. In Markov environments, this formula, jointly with appropriate
integral monotonicity conditions on the non-monetary allocation rule, provides a complete characterization of incentive compatibility (Pavan, Segal, and
Toikka, 2014).
The approach typically followed in applications to solve for optimal mechanisms consists in disregarding the integral monotonicity conditions and solving
a relaxed program in which only the necessary conditions captured by the
envelope formulas of the equilibrium payoffs are imposed. This approach,
often referred to as the First-Order-Approach (FOA), offers the convenience
of bypassing the difficulty of dealing with ironing and bunching, which are
notoriously cumbersome even in static settings.
An important question for this literature is the extent to which the predictions identified by restricting attention to settings in which the FOA is valid
extend to broader settings. An approach recently introduced in Garrett and
Pavan (2015) consists in identifying perturbations of the non-monetary policies that alter payoffs while preserving integral monotonicity. When applied
to policies that are incentive compatible, such perturbations preserve incentive
compatibility. The perturbations can then be used to identify certain properties of the dynamics of allocations under optimal contracts, without solving
for the optimal contracts. For example, in the dynamic managerial compensation model of Garrett and Pavan (2015), such a variational approach permits
one to study how risk aversion and type persistence jointly interact in shaping the dynamics of average distortions. In ongoing work, Garrett, Pavan,
and Toikka (2016) apply a similar variational approach to study the long-run
average dynamics of optimal screening contracts.
Most of the dynamic mechanism design literature assumes the agents’ private information is exogenous. In many problems of interest, however, types
are endogenous. For example, valuations are endogenous in experimentation
settings, and productivity is endogenous in the presence of learning-by-doing.
Endogenous processes bring novel effects that qualify (and, in certain cases,
overturn) the conclusions obtained assuming exogenous types. For example, in
a taxation environment, learning-by-doing may change the predictions the theory delivers for the level, the dynamics, and the progressivity of the marginal
tax rates, under optimal tax codes (Makris and Pavan, 2016).
A lot of work remains to be done. One direction is to extend the analysis
to settings with partial commitment and/or realistic political economy constraints. The literature on limited commitment has made important progress in
recent years (see, for example, Skreta, 2015; Liu et al., 2015; Maestri, 2016;
Strulovici, 2016; and Gerardi and Maestri, 2016). However, this literature
assumes information is static, thus abstracting from the questions at the
heart of the dynamic mechanism design literature. I expect interesting new
developments to come out from combining the two literatures.
Most of the dynamic mechanism design literature assumes time-varying
information, but a constant population. A conspicuous literature in Operation
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Research assumes constant information but a dynamic population. This latter OR literature has been extended in recent years to accommodate for
private information (see, for example, the recent manual by Gershkov and
Moldovanu, 2014). Combining time-varying information with population
dynamics is likely to bring new insights on the structure of optimal contracts and on the dynamics of distortions due to asymmetric information (see
Garrett, 2016a, 2016b).
The last few years have also witnessed a renewed interest in information
design (see, e.g., Bergemann and Välimäki, 2006; Calzolari and Pavan, 2006a,
2006b; Eső and Szentes, 2007; Li and Shi, 2015; and Bergemann and
Wambach, 2015 for models of endogenous disclosure in mechanism design,
and Kamenica and Gentzkow, 2011; and Ely et al., 2016, among others,
for persuasion in other strategic environments; see also Hörner and Skrzypacz, 2016, for an excellent overview of this literature). I expect interesting
results to emerge from dynamic mechanism design models in which part of
the endogeneity of the information comes from persuasion.
Lastly, most of the recent developments in the dynamic mechanism design
literature have been primarily theoretical. Rich data sets have become available
in the last few years about various dynamic contracting environments (insurance, health, consumer recognition, etc.). Most of the empirical contracting
literature has confined attention to static problems and only in recent times has
started examining dynamic settings (see, for example, Handel, Hendel, and
Whinston, 2015; and Einav et al., 2010, 2013). The empirical literature, however, assumes stationary private information. I expect interesting developments
will come from this empirical literature as soon as it starts accommodating for
time-varying private information.
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