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Abstract

These notes examine the problem of how to extend envelope theorems to infinite-horizon

dynamic mechanism design settings, with an application to the design of "bandit auctions."



1 The environment

To facilitate the exposition, we follow the same notation as in Pavan, Segal, and Toikka (2009)
(hereafter PST. While the environment considered here features a single agent, the results easily
extend to settings with multiple agents under the additional assumptions of independence of types
across agents and quasilinearity in payoffs discussed in Section 4 in PST (see also the application
to the design of profit-maximizing-auctions for experience goods in the next section).

Set-up. Time is discrete and indexed by t =1,2,...,T with T'€ NU {+o00}. In each period ¢
there is a contractible decision y; € Y;, whose outcome is observed by the agent. (In the application
considered in the next section we apply the model to a more general setup with multiple agents
where gy, is the part of the decision taken in period ¢ that is observed by the agent.) Each Y; is
assumed to be a measurable space with the sigma-algebra left implicit. The set of all possible
histories of feasible decisions is denoted by Y C Hle Y., with y denoting a generic element of Y.!
Likewise, the set of all feasible period-t histories of decisions is denoted by Y C HZ:1 Y.

Before the period-t decision is taken, the agent receives some private information 0; € ©; C R.
We implicitly endow the set ©,; with the Borel sigma-algebra. We refer to 6, as the agent’s current
type. The set of all possible type histories at period ¢ is then denoted by O = Hf—:l O,. An element
fof ©= Hrle O, is referred to as the agent’s type. For any sequence 6 and a fixed 4, we then let

16115 = sup 61

where 6 € Ry in case T' < oo while § € (0,1) for T' = oc.

The distribution of the current type 6; may depend on the entire history of types and decisions
(01711 € O x Y*L. In particular, we assume that the distribution of 6; is governed by a
history-dependent probability measure (“kernel”) Fy (-|0"~,4'~1) on © such that F} (A]-) : ©'~1 x

Y?~! — R is measurable for all measurable sets A C ©;.2 We denote the collection of kernels by
F=(F:0" xYy""!l - A(@t»le’

where for any measurable set A, A(A) denotes the set of probability measures on A. We abuse
notation by using F;(-|0'~1,5~1) to also denote the cumulative distribution function (c.d.f.) cor-
responding to the measure Fy(6'~!, 4*~1). Throughout, we assume that for all t, ©; = (0,,0;) C R
for some —oo < 0, < 0; < +o0.

Finally, let B(©) = {0 € O : ||0]|; < 400} the set of types whose norm is finite. We will assume

!By convention, all products of measurable spaces encountered in the text are endowed with the product sigma-
algebra.
?Throughout, we adopt the convention that for any set A, A° = {@}.



that, given the stochastic process that corresponds to the kernels F, for any mechanism and any
strategy of the agent in the mechanism, 6 € B(©) with probability one. With an abuse of notation,
we then simply let B(©) = ©.

The agent is a von Neumann-Morgenstern decision maker whose preferences over lotteries over

O x Y are represented by the expectation of a (measurable) Bernoulli utility function
U:9xY —R.

Although some form of time separability of U is typically assumed in applications, this is not needed
for our results. What is essential is only that the agent’s preferences be time consistent, which is
captured by the assumption that the agent is an expected-utility maximizer, with a Bermoulli
utility function that is constant over time.

An often encountered special case in applications is one where private information evolves in a

Markovian fashion, and where the agent’s payoff is Markovian in the following sense.
Definition 1 The environment is Markov if

M1 for allt, and all (071, y'1) € @1 x Y1 Fy(-|0"L, y*~1) does not depend on 02, and

M2 there exists functions <At Ol x Yt — R++>tT;11 and <Bt (O, x Yl — ]R>tT:1 such that for all
(0,y) €O XY,

T t—1
U(97y) = Z (H A’T (HTuyT)) Bt (gtayt) .

t=1 \r=1

Condition (1) guarantees that the stochastic process governing the evolution of the agent’s type
is Markov, while Condition (2) ensures that in any given period ¢, after observing history (Qt, ytfl),
the agent’s von Neumann-Morgenstern preferences over lotteries over future types and decisions
depend on the type history #° only through the current type 6;. In particular, it encompasses the
case of additive-separable preferences (A, (0,5, yt) =1 for all ) as well as the case of multiplicative-
separable preferences (B, (Ht, yt) =0forallt<T).

Mechanisms. A mechanism in the above environment assigns a set of possible messages to
the agent in each period. The agent sends a message from this set and the mechanism responds
with a (possibly randomized) decision that may depend on the entire history of messages sent up
to period ¢, and on past decisions. By the Revelation Principle (Myerson, 86), for any standard
solution concept, any distribution on © x Y that can be induced as an equilibrium outcome in any
“indirect mechanism” can also be induced as an equilibrium outcome of a “direct mechanism” in

which the agent is asked to report the current type in each period, and where, in equilibrium, he



finds it optimal to report truthfully.?
Let m; € ©; denote the agent’s period-t message, and let m! = (myq,...my).

A direct mechanism is a collection
Q=(0:0' x Y 5 AW,

such that for all ¢, and all measurable A C Y;, Q:(4]-) : © x Y*=1 — [0,1] is measurable. The

=1) stands for the probability that the mechanism generates y; € A C Y; given

notation Q;(A|mt,y
history (m!,y*~1) € ©f x Y1
Given a direct mechanism {2, and a history (Ht_l, m!~1 1) € O x @t x Y1 the following

sequence of events takes place in each period t:

1. The agent privately observes his current type 6; € ©; drawn according to F; (-]0t_1, yt_l).
2. The agent sends a message m; € Oy.

3. The mechanism selects a decision y; € Y; according to €;(-|m?,y'~1).

A (pure) strategy for the agent in a direct mechanism is a collection of measurable functions
o= <Jt Ol x et x Yyt @t>;r:1.
A strategy o is truthful if for all ¢t and all ((#°~1,6,),m!=1,y*~1) € ©F x @1 x Yt~
o (0171, 0,), mt~L 1) = 6.

This definition identifies a unique strategy; such a strategy has the property that the agent reports
his current type truthfully after any history, including non-truthful ones. Note that we are not
claiming here that it is without loss of generality to restrict attention to mechanisms with the
property that the truthful strategy (as defined above) is optimal at all histories. As explained
above, what the Revelation Principle guarantees is only that it is without loss of generality to
restrict attention to mechanisms where the agent finds it optimal to report truthfully conditional
on having reported truthfully in the past; this is equivalent to requiring that the truthful strategy
be optimal at all truthful histories.

In order to describe expected payoffs, it is convenient to develop some more notation. First we

define histories. For all t =0,1,..., let

Hy=(©x0"'xy"Hu (e xe' xy")u (e x e xy?),

3With a single agent, “in equilibrium” means conditional on having reported truthfully in the past.



where by convention Hy = {@}, and H; = 01 U (01 x ©1)U (01 x ©1 x Y7). Then Hy is the set of
all histories terminating within period ¢, and, accordingly, any h € H; is referred to as a period-t

history. We let

T
HzUm
t=0

it (1) (s.t,0) > (G.k 1), and (2) (69, m¥,g) = (0", h,§1). A history h = (6, m",y
truthful history if ' = m!.

denote the set of all histories. A history (8°, m!,y*) € H is a successor to history (6’ ,mF, ') € H
“ye Hisa

Fix a direct mechanism €, a strategy o, and a history h € H. Let u[Q, o]|h denote the (unique)
probability measure on © x © x Y—the product space of types, messages, and decisions—induced
by assuming that following history h in mechanism 2, the agent follows strategy o in the future.
More precisely, let h = (6°, m?, y*). Then u[Q, o]|h assigns probability one to (é,m,g) such that
(és, mt, %) = (0°,m', y*). Its behavior on © x © x Y is otherwise induced by the stochastic process
that starts in period s with history A, and whose transitions are determined by the strategy o, the
mechanism €2, and the kernels F'. If h is the null history we then simply write p[$2, o]. We also
adopt the convention of omitting o from the arguments of 1 when o is the truthful strategy. Thus
w[Q] is the ex-ante measure induced by truthtelling while p[Q]|h is the measure induced by the
truthful strategy following history h.

Given this notation, we write the agent’s expected payoff when following history A he plays
according to strategy o in the future as EAolM [T (é, 7)].* Now, given a direct mechanism €2, let

the agent’s value function V% : H — R be a mapping such that for all histories h € H,
VE(h) = sup B8, ).
Incentive compatibility at a generic history h is then defined as follows.

Definition 2 Let h € H. A direct mechanism <) is incentive compatible at history h (IC at h) if
B0, 7)) = V(R).

In words, 2 is IC at h if truthful reporting in the future maximizes the agent’s expected payoff
following history h. This definition is flexible in that it allows us to generate different notions of IC
as special cases by requiring IC at all histories in a particular subset. For example, ex-ante IC is
equivalent to requiring IC only at the null history. Or in a static model (i.e., if T" = 1), the standard

definition of interim incentive compatibility obtains by requiring €2 to be IC at all histories where

4Throughout we use “tildes” to denote random variables with the same symbol without the tilde corresponding
to a particular realization.



the agent knows only his type. In a dynamic model a natural alternative is to require that if the
agent has been truthful in the past, he finds it optimal to continue to report truthfully. This is
obtained by requiring 2 to be IC at all truthful histories.

The Principle of Optimality then implies that if Q is IC at h, then for u[Q]|h-almost all successors
R to h, Qis IC at h'. In particular, if Q is ex-ante IC , then truthtelling is also sequentially optimal
at truthful future histories h with probability one, and the agent’s equilibrium payoff at such
histories is given by V(h) with probability one. We will sometimes find it convenient to focus on

such histories, and they are the only ones that matter for ex-ante expectations.

2 Independent-Shock Representations

We now propose a way of characterizing the agent’s payoff in an incentive-compatible mechanism
based on the idea that the information the agent receives over time can be conveniently described as
a function of “shocks” that are serially independent. This approach complements the one illustrated
in the Pavan, Segal and Toikka (2009) in two ways: first, it permits us to accommodate the case
where T' = +00; second, even when restricted to the case T' < +o00, it permits us to identify a
different set of assumptions on the primitive environment that guarantee that the agent’s payoff in
any incentive-compatible mechanism satisfies a certain envelope condition.

We start by defining what we mean when we say that a process admits an independent-shock
representation. Next, we define in what sense this representation is “strategically equivalent” to
the original one and hence can be used to characterize incentive-compatible mechanisms. We then
proceed by showing how the formula for the (derivative of the) agent’s payoff function simplifies
when the agent is asked to report the shocks instead of his types and identify conditions on the
agent’s reduced-form payoff (i.e., his payoff expressed as a function of the shocks) that validate
this formula. Finally, we conclude by showing that any stochastic process admits a particular
independent-shock representation which we use to identify conditions for the primitive environment
that guarantee that in the corresponding independent-shock representation the agent’s reduced-
form payoff is “well-behaved” in the sense that it satisfies an envelope formula analogous to the
one derived in static settings. While these conditions differ from the ones identified in PST using
a backward-induction approach, the formula for the derivative of the agent’s payoff reduces to the

one in PST when expressed in terms of the primitive representation.

Definition 3 Fiz T € NU {+oo} and let & = (§;)L; denote a collection of random variables
with support £ = xthlé't C R and distribution G(-;y) and z = <zt (EEx Yl o ®t>f:1 denote a
collection of measurable functions of these variables and of the decisionsy. We say that (G, z),where

G = (G(;y) 1y €Y), is an independent-shock (IS) representation for the stochastic process that



corresponds to the kernels F' = <Ft el vyt S A (@t)>f:1 if
(i) for each t, each y'=' € Y'~L, there exists a probability measure Gy(-;3*~1) on & such that,
for any y G(+y) = x[L1Ge(y'™1); and

(ii) for any t, €=t € E71 and y' =1 € Y7L, the distribution of z; (84 y'1) given y'~! and &7t =

t—1
T=1"

=1 is the same as the distribution of 0; given y*~' and 01 = 2!~ (e" 1 yt2) = (2.(c™; ™))

Together, conditions (i) and (ii) say that, for any y, one can think of the agent’s primitive

information @ as being generated by the independent “shocks” &.

Example 1 Assume that 0; evolves according to an AR(k) process whose kernels are independent

of past decisions:
k
0= ¢0ij+et,
j=1
where 0y = 0 for any t < 0, ¢; € R for any j = 1,....k, and & is the realization of the random
variable &, distributed according to some c.d.f. Gy with strictly positive density over R, independent

from all €5, s # t. In this ezample, the functions z; do not depend on y and are given by

z1(e1) = €1
2(e%) = dre1 + &2
23(e%) = d1(p1e1 +€2) + Poe1 + 3 = ($1 + dy)e1 + dre2 + €3

M
z(eh) = 22:1 Z H Pl 1y | Ej-

MEN, IeENM+1j=]g<...<ljy=t m=1

Suppose now that the agent’s information 6 is generated by the independent shocks ¢ and let

z:E XY — O denote the function defined by

2(e5y) = (2 (€597 )AL

Assume further that the agent observes not only 6 but also the shocks €. The agent’s payoff can
then be expressed in terms of the shocks € and the decisions y by the function U:ExY >R
defined by

Ule,y) =U(2(g;9), ). (1)
Next, consider a (randomized direct) mechanism

~ T
O = <Qt NV (e N A(Yt)>t:1 :

6



in which the agent reports the shocks e instead of his primitive payoff-relevant information 6.
For any t any ! € Y'~! then let G’t(-\zt(ét;yt_l)) denote any regular conditional probability
distribution for the random vector & given the sigma-algebra Y(z!(2%;5'~1)) generated by the
random vector z!(g%;y?=1).5

The primitive representation (U, F') is equivalent to the representation (U ,G, Z) in the following

sense.

Lemma 1 (a) Given any ex-ante IC mechanism § for the primitive representation (U, F), there
exists an ex-ante IC mechanism for the corresponding independent-shock representation (U G, z)

such that, for any t, any measurable set A C Yy, and any (6%,y'1),
[ Ay G sy = ) = (Al ), @)

(b) Given any ex-ante IC mechanism Q for the independent-shock representation (U, G, z), there
exists an ez-ante IC mechanism Q for the primitive representation (U, F') such that, for any t, any

measurable set A CYy, and any (6',y'~1), (2) holds.

Hence any outcome (i.e., any joint distribution over © x Y) that can be sustained by having
the agent report the payoff-relevant information 6 can also be sustained by having him report the
shocks €, and vice versa. Note that Part (a) follows directly from the fact that if the mechanism

is ex-ante IC, then the mechanism Q defined by
Qe y' ™) = Q180T ey (3)

is also ex-ante IC. This mechanism de facto uses the same information as {2, in the sense that it
depends on ¢ only through z(e;y). Part (b) is also trivially satisfied. It suffices to construct €2 from
Q using the transformation defined in (2). To see that if € is ex-ante IC, so is €, it suffices to note
that (i) payoffs depend on the shocks e only thought z(e;y), (ii) € induces the same distribution
over ©® x Y as ), and (iii) any distribution over © x Y that the agent can induce given 2 could

also have been induced given Q.

2.1 Necessary conditions for Incentive Compatibility

Suppose now that the primitive environment (U, F') admits an independent-shock representation
(U, G, z) — we will show below that this is always the case. One can then use this representation
as an instrument to characterize the properties of incentive-compatible mechanisms. In particular,

as mentioned above, one can treat the shocks as the agent’s private information and then express

®Such a regular conditional probability distribution here exists since ' € R,



the (dynamics of the) agent’s equilibrium payoff in terms of the (derivative of the) value function

with respect to the shocks. To this aim, let

HE{(as,mt,y“)EgsxﬁtxY“ withTZsZtZuzs—l}

denote the set of all possible histories in the extensive form corresponding to the mechanism Q for
the IS representation. For any h € H, then let ﬂ[Q] |iz denote the (unique) probability measure over
E x € x Y induced by assuming that, following the history h in the mechanism Q, the agent reports
truthfully at any subsequent information set. Finally, let Vﬂ(ﬁ) denote the agent’s value function

in 0 evaluated at history h. We then have the following result.

Proposition 1 Fiz t and suppose that & = (g4,&) C R for some —o0 < g, < & < +o00. In
addition, suppose that there exists A; € Ry such that, for any (e_t,y) € E_4 x Y9 the function
U((-,a_t),y) : & — R is Ay-Lipschitz continuous and differentiable in .. Then after any history
ht=1 = (et=1, &7yt 1) the value function Vﬁ(st, IiLtfl) is Lipschitz continuous in €.
Furthermore,at any period-t history (¢, ilt_l) at which the mechanism ) is IC and the value func-

tion is differentiable in e,

OV (e, h1)
&et

oU (2, 7)

— BAQeeht
85,5

The proof of this result is quite simple and follows from arguments similar to those that establish
the envelope theorem in a static setting.

Condition (1) provides a convenient representation of how the agent’s payoff must vary with
the agent’s private information in an IC mechanism. In certain applications (e.g. the AR(k)
example described above), working directly with the reduced-form payoff U may facilitate the
characterization of the properties of optimal mechanisms. For the result in Proposition 1 to be
useful, it is however important to understand what properties of the payoff function U and of
the functions z corresponding to the kernels F' of the primitive representation guarantee that the
agent’s reduced-form payoff U is equi-Lipschitz continuous and differentiable in ;. This is what

we address next.” We start with an example which we believe is prominent in applications.

6Throughout7 the notation £_; stands for £_; = X,x:Ex.

"When T = 400, the properties of Frechet differentiability and equi-Lipschitz continuity are always meant to
apply with respect to the ||-||; norm. When, instead, T is finite, the specification of the norm is irrelevant, for all
norms are equivalent.



Assumption 1 There exists a collection of functions u = <ut (Ot x Yt - R>tT:1 and a collection of
scalars B = (By)L_; with B, € R, for allt and Zthl By < 400 such that: (i) for any (0,y) € OXY,

T
U0,y) = w8,y (5)
t=1

and (i) for any t any yt € Y, uy(-,y') is By-Lipschitz continuous and differentiable.

With a finite horizon, part (i) is trivially satisfied and Assumption 1 is equivalent to assuming
that the function U(0, y) is equi-Lipschitz and differentiable (as a multi-variate function) in . With
an infinite horizon, assuming that U admits the additive representation of (5) is clearly not without
loss of generality. However, such a representation is quite standard in applications. Note that, in
an infinite-horizon setting, the condition on the summability of the Lipschitz constants is satisfied
for example when for any ¢ > 1, u (6", y") = p'~tu(0y, y;) with u(-,y;) K-Lipschitz continuous and
differentiable and p € (0,1). We then have the following result.

Proposition 2 Suppose that assumption 1 holds. Fiz t and suppose that & = (g,,&;) C R for
some —o0 < gy <& < 400. In addition, assume that, for any T > t, there exists a Cyr € Ry such
that (a) for all (e7,,y7 1) € ET, x YT718 the function 2-((-,e7,);y" 1) : & — Oy is Cy ,-Lipschitz
continuous and differentiable, and (b) ZZ’:t Cir < +o00. Then, for any (e—t,y) € E-¢ X Y, the
function U((-,e_¢),y) : & — R is Ay—Lipschitz continuous and differentiable and its derivative is

given by

U (e,y) ur (2 7y “1),y7) Ozs(e%5y° )
Oet ZZ aEt '

s=t T=s

One can verify that the conditions on the functions z; assumed in the proposition are satisfied
for example when 6; evolves according to an AR(1) process with coefficient of linear dependence

|y | < 1.

The result in the previous proposition can be generalized as follows.

Assumption 2 The function U(-,y) : © — R is K—Lipschitz continuous and (Frechet) differen-
tiable in 0.

Proposition 3 Fiz t and suppose that, in addition to assumption 2, & = (g,,&) C R for some
—00 < g, <& < 400 and that there exists a scalar Q; € Ry such that, for any (e_4,y) € E_4 X Y,
the function z(-,e_4;y) : & — © is Qu— Lipschitz continuous and (Frechet) differentiable in e;. Then

8By £7, we mean £7, = X jen\{t},j<rEr-



there exists an Ay € Ry such that, for any (e_s,y) € E_y X Y, the function U((-,e_¢),y) : & — R is

Ai— Lipschitz continuous and differentiable and its derivative is given by

o0(e,y) _ i U (2(e5y), y) Ozs(e%y° 1)
Get 693 8815 '

s=t

The proof for this proposition follows directly from the chain rule of Frechet differentiability. As
mentioned above, when T is finite, then Frechet differentiability reduces to standard multivariate
differentiability. In this case, a sufficient condition for z(-,e_4;y) : & — O to be differentiable and
equi-Lipschitz continuous is that each z4((-,€%,);y*1) : & — O is differentiable and equi-Lipschitz
continuous in ¢, ¢t < s.

Comparing Proposition 3 to Proposition 2, it is immediate that the only difference between
the two emerges when T = oco. While Proposition 3 does not require U to take the additive
form of Assumption 1, it requires to check Frechet differentiability and equi-Lipschitz continuity
of U(,y) : © — R and z(-,e_4;y) : & — O. Proposition 2, on the other hand, presumes that
preferences admit the additive form of Assumption 1, but then requires to check differentiability
and equi-Lipschitz continuity of the single component functions z,((-,e7,);y" ') : & — ©; as
opposed to Frechet diifferentiability and equi-Lipschitz continuity of the entire infinite-dimensional

mapping z(-,e_4;y) : & — ©. The two propositions thus complement each other.

2.2 The canonical IS representation

While the results in the previous section apply to any IS representation, at this point one may
wonder which processes F' admit an IS representation and which ones admit an IS representation
for which the corresponding z function satisfies the properties of Propositions 2 and 3. We address
each of these questions in turn.

First, we show that any process admits a particular independent-shock representation, which
henceforth we refer to as the canonical representation. This representation is derived from the
kernels F as follows. Let & denote a (possibly infinitely dimensional) vector of independent random
variables, each uniformly distributed over (0, 1), independently from any other. Next, for any ¢,

any € € (0,1), any (671, y=1), let
Fl(elo™h g ™) = inf{6; : Fy(0:00" ",y ") > ¢}

denote the generalized inverse of the kernel F;. Now let z : £ XY — O be the mapping recursively

defined by

E7 N ey | FrNer), Fy MNea | FyMer), un), oyt W2 (6)

10



Applying the probability integral transform theorem recursively, one can then show that, given any
y=1 € Y71 and any 71 € (0,1)'7!, the distribution of z;(8%;y*~!) given y'~! and &1 = &1 is
the same as the distribution of 6; given y*~! and 0" = (F[ '(e1), Fy *(e2 | Fy * (1), 91), - '),
Hence, any process admits an independent-shock representation in which, for any ¢ and !,
Gy(+;y'71) is simply the uniform distribution over (0, 1) and where the functions z; : £t x Y~ — ©,
are the ones defined in (6).

Using the canonical representation, one can then identify conditions on the kernels F' that
guarantee that the corresponding z function, as defined in (6), satisfies either the properties of

Proposition 2, or those of Proposition 3. We start with the following two preliminary conditions.

Assumption 3 For any t > 1, any (071,y'™1) € O x YT the function F; (-] y*=1) is
differentiable.

Assumption 4 For any t > 2, any ¢ € (0,1) any y*~' € Y', the function F*(e|-,y*™") is
differentiable.

Together, these conditions guarantee differentiability of the components of the z function.

Lemma 2 Let (z,G) be the canonical IS representation for the process corresponding to the ker-
nels F. Assume that assumptions 8 and 4 hold. For any t > 1 and any ™ > t, the function
2 ((e7,); 91 : & — O, defined by (6) is differentiable with derivative

A~

7'—1) R
=TI} (e y I (7, y™ ), (7)

0z ((et,€74);y
86,5

where Ji(et,yt™1) =1 and

K
N s 4]
JI(ET YT = g l_IIl]f_1 for T >t,
KeN, IeNE+L: k=1
t=lo<..<lg=r

with
ft(gt ytfl) — aFt_l(Et ‘ Fl_l(gl)a F2_1(52 ‘ Fl_l(gl)vyl)a "'7yt_1)
t 9 — (95,5

and

8Fn_11(€m | F1_1(€1)7 Fz_l(EQ | F1_1(€1)7y1)7"'7ym_1)

jl”n(gm’ym_l) ael I

m > .

The proof follows again directly from the chain rule of differentiability. To apply the result in
Proposition 2 one then simply needs to guarantee that, in addition to be differentiable, the (inverse
of the) kernels be equi-Lipschitz continuous with appropriate bounds. Using the preceding lemma,

this in turn can be guaranteed by assuming that the following hold.

11



Assumption 5 Foranyt > 1, there exists a My € R, such that, for any (001, yt=1) € @ Ixyt—1,

the function F, '(-|0'1, yt=1) is My Lipschitz continuous.

Assumption 6 For any t,7, T > t, there exists a k] € Ry such that, (a) j{(eT,yT*I)‘ < kf for

any (e7,y™ 1), and (b) for anyt > 1, ZZ:Hl ki < 4o0.

It is easy to see that assumption 6 holds for example when, for any ¢, 7, 7 > t, the function

E-Ye | (0771,),y7 1) is N/ —equi-Lipschitz continuous in 6;, and

T

K
Z Z H Nll:,l < +o0 for any ¢ > 1. (8)

T=t+1 | KeN, [eNK+1: k=1
t=lp<..<lg=T
This condition is easily satisfied when T is finite. When T = oo, it is satisfied for example when 6

follows an AR(k) process with coefficients ’qﬁj‘ <1,j=1,...,k. We then have the following result.

Proposition 4 Suppose that assumptions 1, 3, 4, 5, and 6, hold. Fix the history ht=1 = (el ety
The value function VS (e, ﬁt_l) s Lipschitz continuous in €.
Furthermore, at any € at which Vﬁ(at, lAztfl) is differentiable and Q is IC at (e, ﬂtfl),

8VQ(€tailt_1) rt .t o t—1 a[Q e, he—1 . 7T (T ~T—1 aU(zT(gT;@T—l)7@T)
Tl ) ety | S e A .

T=t

Next, consider the result in Proposition 3. To apply this proposition one needs that the function
z(,e—4;y) + & — O be equi-Lipschitz continuous and Frechet differentiable in &;. These proper-
ties can in turn be guaranteed by assuming that, in addition to conditions 3, 4, 5, the following

conditions hold.
Assumption 7 For anyt any (c_4,0" 1, y) € E_y x O XY, the function Wi((-,e_¢), (01, -),y) :
(0,1) x O — O defined by Wi(e,0,y) =05 for all s <t —1 and

Wie,0,y) = F; (eg|0°7 4 Vs > ¢

is Frechet differentiable, where @i = HST:t Os.
Assumption 8 For any (,y) € € XY,

t—1

lim 0"
t—T
7=0

T (] < +oo
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Assumption 9 For any t, there exists a K; < oo such that, for all (g,y) € E XY,

sup 0™ | JT (T, " Y| < K.
>t
Assumption 7 is an assumption of equi-differentiability of the kernels F; (g4, y*71), s > t.
Assumption 8 is a “backward-looking” analog of assumption 6; note that this condition is satisfied
for example when, for any ¢, 7, 7 > t, the function F-*(¢ | (67;,-),5™~ ") is N/ equi-Lipschitz
continuous in 6, and
t—1 K
lim 67 [TV | < +e. (10)
=1 KeN, [eNK+1; k=1
t—r=lp<...<lg=t
Assumption 9, which is weaker than (in the sense of being implied by) assumption 6, is satisfied
for example when there exists scalars B > 0 and M > 0 such that (i) 6(B+ M) < 1 and (ii) for all
t>1, 7>t (g,y) € EXY,

| ES T}

Combining the above results, leads to the following proposition.

Proposition 5 Suppose that assumptions 2, 3, 4, 5, 7, 8, and 9 hold. Then the same conclusions

as in Proposition 4 hold.

Propositions 4 and 5 thus identify a set of conditions for the primitive environment (U, F)
that guarantee that, in any IC mechanism, the agent’s expected payoff, when expressed using the
canonical IS representation, satisfies the envelope formula of (1).

Note that, when applied to a finite-horizon setting, the conditions in the two propositions
coincide; these conditions then reduce to assuming that the payoff U be differentiable and equi-
Lipschitz continuous in # and that the (inverse of the) kernels F; *(e | #71,4~1) be differentiable
and equi-Lipschitz continuous both in the “quantile” e and in the past #*~!. Comparing these
conditions to those in Proposition 1 in PST (2009) one can see that while the assumptions in that
proposition rule out, for example, an atom at 6; = 9# that “shifts” with the past 6'! (e.g., fully
persistent types), such a possibility is accommodated by the assumptions in Proposition 5 above.
On the other hand, the assumptions in Proposition 5 rule out an atom at 6; = 9? whose measure
grows with 0°~! while such a possibility is allowed by the assumptions in Proposition 1 in PST
(2009). When applied to finite-horizon environments, the result in (4) thus provides an alternative
closed-form representation for the derivative of the value function that one can use, for example,
when the assumptions in Proposition 1 in PST (2009) are violated. The most significant advantage

of Proposition 5 however remains the fact that it also permits one to identify necessary conditions
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for IC in infinite horizon settings.

Finally note that, while the formula in (4) describes the dynamics of the value function in the
mechanism 2 in which the agent reports the shocks ¢ instead of his payoff-relevant types 6, the same
formula also permits one to express the derivative of the value function in the original mechanism
) in which the agent reports 0 instead of €. To see this, it suffices to proceed as follows. Take any
mechanism (2 for the primitive representation (U, F') and let Q be the corresponding mechanism
in the independent-shock representation that is obtained from 2 using (3). Because, for any y,
the agent’s payoff in Q depends on ¢ only through z(e;y), we have that, for any ¢, y*~! and &’ the
following identity holds:

Ve ey = VR () A E Ty ), . (11)

Therefore, at any point of differentiability of Ve in Et,

OVE(eh ey OVEE ey, A e Ty )y ) Om(ehyt Y
85t aet ast ‘

(12)

While conditions (11) and (12) hold for all independent-shock representations, when (G, z) is the

canonical IS representation of F)

6zt(6t; ytfl)

:ft t t—l.
a€t t(E’y )

Now suppose that the following two assumptions also hold.

Assumption 10 For all t, and all (', 41 € O x Y1, the c.d.f. F,(-|0'71, yt=1) is strictly

increasing on Oy.

Assumption 11 For all t and all ( Yyt~ 1) € O x Y1, the function F; (-|9t*1,yt*1) 18
absolutely continuous with density f; (0t|0t Loyt 1) >0 for a.e. 0, € Oy.

Combining (12) with (4), it is then easy to see that, when in addition to the assumptions in

Proposition 5, assumptions 10 and 11 also hold, then ff (el, 1) # 0 and

(e, ™) = I[(07,y")

and  J{ (", y" ) = J7(07,y" )|

0T =2T (eT;yT—1) 0T =2T (eT;yT 1)

where J}(0",y*"1) =1 and
JLOT, ) = Z H Ill: ) 0%,y 1) for 7 > t,

KeN, leNK+L: k=1
t=lp<...<lg=T
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with
OF(0m|0™ " y™ 1) /06,

Fn (0|01 ym—1)

The following is then an immediate implication of the aforementioned results.

™, ym ) = for I < m.

Proposition 6 Suppose that, in addition to the assumptions in Propositions 4 (or to those in
Proposition 5), assumptions 10 and 11 hold. Then the conclusions of Proposition 2 in PST (2009)
hold. That is, if Q is IC at the truthful history h'=' = (11,071 y¥=1), then

V0, h'™Y) is Lipschitz continuous in 0;, and for a.e. 0y,

- T n = 13

V2O h'Y) _ piennt) A g‘rfl)aU('gay) (13)
90, L 90

T=t '

Note that, while the conclusions in the two propositions are the same, the conditions in Propo-
sition 6 that validate (13) are somewhat different from those in Proposition 2 in PST (2009). To
better appreciate this, it is instructive to consider the case of a finite horizon. The key differences
between the assumptions in the two propositions are then the following. While (for generic non-
Markov settings) the backward-induction approach in PST (2009) requires the probability measures
F; (-|9t*1, ytfl) to be continuous in #'~! in the total variation metric, such an assumption is not
required under the IS approach in this paper. Furthermore, while the backward-induction approach
requires the (absolute value of) the derivative of the Kernels |0F;(6;|0°1,4*~1) /65| to be bounded
uniformly in (#~!,4*~!) by an integrable function B; : ©; — R, U {400} such an assumption is
not required under the IS approach. On the other hand, while the backward-induction approach
only requires the payoff U and each kernel F; to be partially differentiable in each 6y, the IS ap-
proach requires these functions to be totally differentiable (in 6 and g1 respectively). The two
propositions thus complement each other by identifying different sets of assumptions that validate

the dynamic payoff formula given in (13) as a necessary condition for incentive compatibility.

3 Bandit Auctions

To illustrate how the results in the previous section can be put to work, we now consider a multi-
agent quasilinear setting where buyers refine their valuations through consumption. For an illustra-
tion of how the multi-agent setting can be mapped into a single agent setting, we refer the reader to
Section 4 in PST. The purpose of this section is to illustrate how the independent-shock approach
outlined above can help characterize the properties of optimal mechanisms in infinite-horizon set-
tings.

Setup. There is an auctioneer and N > 1 bidders. In each period, ¢t =1,2,...T, with T' = +o00,
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the auctioneer has one indivisible, non-storable, object to sell. If he allocates the period-t object to
agent 4, he incurs a cost ¢;; € R. If the object goes unassigned, the auctioneer incurs no cost, and
the object perishes. We then let X, = {0,1}, X; = {:Et € HfV:O Xig: Zfio T = 1}, X = Hle X
and X! = H§:1 X+ denote the relevant sets of feasible allocations (Here i = 0 refers to the seller).

Each bidder 7’s Bernoulli function takes the form

o0

Ui(0,z,p) = Z §'[0i it — Dit),

t=1

whereas the auctioneer’s Bernoulli function takes the form

0(6,z,p) Z(St [Z Dit — 3Ui,tci,t]] )

where 0;; € ©;; and p; ; € R denote, respectively, the period-t valuation and the period-¢t payment
for agent i, 6; = (014, ...,0n+) € Hf\il ©;: and p; = (P14, ...,PNt) € RN a profile of valuations and
payments for period ¢, = (6;)L_; the complete state of the world, and p = (p;)L_; € RNT the
payments received by the auctioneer over time.

The stochastic process governing the evolution of each 0; ; is as follows. The first period valuation
0;1 is drawn from an absolutely continuous c.d.f. Fj strictly increasing over the interval ©;; =
(Qi’l,ém) C R with density f;1(0;1) > 0 if and only if 6;,; € ©;. For any ¢ > 1, the period-t
valuation 6; ; is given by

Oit = 0it—1 +eig,

where the shock ;¢ is drawn from the c.d.f. G;¢(-|z; t= 1) In other words,
Fiy(0i4]05 Y 2l = Gig(0ip — 0501 | 270
Given 2!~ !, the shocks g; = (€1,t,---,eN,¢) are independent across agents, i.e.
G(a'™) = X, Gi(Jat™)

Furthermore, for any ¢ = 1,..., N, given xT the shocks 5 = (&1, ...€i,7) are jointly independent,
i.e.

Gi(lei™) =} Gigl |2y

(2

In addition to the aforementioned properties, the family of distributions Gi,t(-|x’g_1) satisfies
the following conditions: (a) for any 2!~ such that x;;,—1 = 0, Gi4(-|z'™!) is a Dirac delta at

0; (b) for any ¢, 7, any a:t L and ] 1 such that Tip—1 = &ir—1 = 1land > ., 1 Tis = 22;11 Tis,
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Gi7t('|wf_1) = Gi,T(-\i'f_l); (c) for any :):f_l such that ;1 = 1, Gi,t(-\:pf_l) is absolutely continuous
with density strictly positive almost everywhere on R.

The first condition says that valuations do not change in the absence of consumption. The
second condition says that, conditional upon consumption in the preceding period, the distribution
of the shock ¢;; is time-homogeneous in the sense that it depends on mffl only through 22;11 Tis-
The last condition, which is not essential for the subsequent results, makes the analysis of IC
simpler by establishing that the support of 0;; is independent of 95_1. Given these properties, for
simplicity, hereafter we denote the distributions of the shocks by G ¢(-|zi -1, Zi;ll Tis)-
Remark 1 This kind of structure arises for example in a model with Normal learning. There 0 is
the posterior expectation of the true underlying valuation, and the impact of the k™ signal on the
posterior is the same regardless of the period in which it arrives. More generally, this specification

allows for learning by doing (or habit formation), for it does not require the mean of €, to be zero.
Summarizing, the key assumptions are the following.

1. Valuations are independent across bidders.
2. Valuations change only upon consumption.

3. The environment is Markov: payoffs are additively time-separable and, conditional on allo-

cations, the valuations follow a Markov process.

4. The valuation processes are time-homogenous: If bidder ¢ wins the auction in period ¢, then
the distribution of his period ¢ + 1 valuation depends only on his valuation in period ¢ and

the total number of times he has won in the past.

IS representation, and Necessary IC conditions. The structure of the payoffs and of the
process for the valuations suggest using a non-canonical IS representation where the distributions of
the shocks depend on past decisions. For any i = 1,..., N, any ¢t > 1, then let z;4(¢!, y!) = 22:1 Ei,s
where for any ¢, any t > 1, the shock €;; € £ ; = R are the same shocks described above. Because
the functions z;+(ef, y!) do not depend on y! = (:1:’;_1, pf_l), we simplify notation by denoting them
by zi4(g), with 2!(el) = (2;,5(¢%))._,. Each agent’s reduced form payoff then takes the form

Ui(e,z,p) = Ui(zF' (D), . p)

T
= Z 8 [zi(€5)wie — pid]
t=1

T t
= Z &t [(Z 52’,5) Tt — pi,t]
t=1 s=1

17



Note that the flow payoffs @; ¢ (¢!, z; ;) = (5t[(zz:1 si,s) xit — pit] is clearly differentiable in g; 1 with

Thus, by the Lebesgue dominated convergence theorem, U; is differentiable in €;,1 with

Uie,x,p) _ Zaung” Z&fa;t

85@1 —1 852 1
Furthermore, U; is equi-Lipschitz continuous in ¢;; since, for all (g, z,p),

8U (e,z,p)
a57,1

T
; xzt‘_l

From Proposition 1, we then have that, in any ex-ante IC mechanism Q, each bidder i’s value

function V{(g; 1) is Lipschitz continuous and for a.e. &;4,

aV (57, ]_) E’\ ‘821
85Z1 =E Zé Tit| -

Maximing virtual surplus, Gittins indices. Given a deterministic allocation rule y :=

<5<t (RN Xt>:il the virtual surplus takes the form

A |8 g S (e 1-FaG)) o
Lzl > (z £ - eus - 1Tl )xm(e >]
where 5\[)2] is the unique probability measure over £ induced by the allocation rule y, under
truthtelling by all agents.

At this point, it is convenient to switch back to the original representation with 6 as this makes

the Markov structure more explicit. We may then write the virtual surplus as

" e, — 1-— Fi,l(éi,l) ' ~t
25 Z < it 7]?@',1(@@1) ) Xz,t(9 )]

t=1 =1

EAX

Once again, the notation A [x] stands for the unique probability measure over £ induced by the

allocation rule x, under truthtelling by all agents.
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Now, given 61, we have a standard (/N +1)-armed bandit problem (i.e., N bidders plus a safe arm
with payoff 0 which corresponds to not selling) where the objective function is given by the above
virtual surplus. If the auctioneer were to maximize social surplus instead of profits the objective

function in the bandit problem would be

EAMA

i st i\[: (ézt - Ci,t) Xi,t(ét)] .

t=1 =1

The Gittins index for the safe arm is identically zero in both programs. The Gittins index for arm

¢ > 0 in the profit maximization problem at time 1 given ;1 is by definition

st (7. . 1=Fii(6i1)
Zt:15 (Hz,t Cz,t fl(ali’l)l ) )
ST | i
t—

Yia(6;1) = maxE

)

where 7 is a stopping time (i.e., it is not just a scalar, but a policy rule that conditions on history),
and the expectation is taken conditional on the first type being 60; 1 and the object being allocated

to bidder 7 in each period until the stopping time 7. We have

[T i 1-Fi1(0:,1)
> i—1 8" <9i,t — Cit — f1(91i,1)1 ) 0
ZT . 51‘, ’ 7,1
t=

i1 (1) = max B

o P (éi’t B ci’t) 10 1—Fi1(0i1)
= Imax i [ bl Rt b
T PO L ! fi1(0i1)
1~ Fyy(6:1)
E 7,1\V1e,1
— [ 91 _ ) ) ,
’7271( 71) fi,l(ei,l)

where 751(9@1) is the corresponding Gittins index in the efficient program. We can similarly
calculate (and relate) the Gittins indices in an arbitrary period ¢ following any bidder i history

(i.e., any sequence of allocations to bidder i and a corresponding sequence of types ). We have

1—F;1(6i1)
J1(0i1)

ST 0 (s — i

Vit(eilaeit7zz_:1lxiu) = max B ¢ _ ( - )
’ 7 ’ ’ T Zs:l 55
f1(0i.1)

t—1

| Oty X0 Tiu | —
E t—1

= %’,t(ei,t’ Y Tiu) —

(Again the expectation is conditional on the optimal stopping policy 7.) Given the Markov structure

t—1
%

the indices do not directly depend on 0;;11 ('yft doesn’t depend on ;1 either), and depend on x

only through the sum of its terms. It is well-known that a Gittins index policy is an optimal policy
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in a multi-armed bandit problem of the above form. This immediately implies the following result.

Proposition 7 Let x* be the allocation rule such that for all i, t, 6, and z*71,

@2 =1 = icarg max (051,05, 8 as).
X'L,t( ) gje{O,...,N}%’t( 51 V4t Hr=1 J,T)

Then x* mazimizes dynamic virtual surplus.

Obviously social surplus is also maximized by using an index policy.

Incentive compatibility. The efficient policy can be implemented for example with the Team

Mechanism. Consider then the profit maximizing policy.

Proposition 8 Assume that first period hazard rates are nondecreasing. Then the allocation rule

of Proposition 7 is sustained under an optimal mechanism.

The proof in the Appendix proceeds as follows. First we show that, because at any t > 2, x* is
efficient given the period-1 reports 0, (with the seller’s adjusted cost of serving bidder ¢ in period
t set equal to ¢;; — %15,61’3,1))’ there always exist a system of payments that induce each bidder to
report truthfully from period two onwards, at any period-t history, ¢ > 2, irrespective of whether
the history is truthful or not. Next, we use the fact x* is weakly monotone to show that there
exists a payment scheme p* that, in addition to the property described above, it also induces the
bidders to report truthfully in period 1. Lastly, we verify that under the mechanism Q* = [x, p*]
each bidder finds it optimal to participate and each type ¢, ; obtains a payoff equal to the outside
option. That the mechanism 2* is optimal then follows from the same arguments that establish

Proposition 5 in PST.

Appendix

Proof of Proposition 1.

Fix the history ht~! = h; = (et=1, 871 yt=1) and for any e, m; € &, let M[Q,&]\mt,st,ﬂt_l
denote the (unique) measure over £ x £ x Y that is obtained by assuming that, after history
he = (&, gt=t y*=1) is reached, in period ¢ the agent sends the message m; and then starting from

period ¢t + 1 onwards he follows an arbitrary strategy
0= <&t A WA A St>3:1.

The key observation here is that, because of the independence of the shocks, the restriction of the

measure [, &]|my, ¢, P on future shocks, current and future reports, and current and future
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decisions, i.e. on 41 X+ X Ep X & X - X Ep X Yy x - X Y, does not depend on the true shock
g;.) Formally, let P(my, flt_l,&) denote such restriction and 5€t ;-1 denote the Dirac measure at
(e, ﬁt_l) over past and current shocks, past reports, and past decisions, i.e. over &1 X - X & X &1 X

X &_1x Y1 x-xY;_1. Then the measure /L[Q, al|my, e, ht=1 on € x £ x Y can be decomposed as
5 A pt—1 Pt—1 -
ul§2, 6]lme, e, B =6 ey X P(my, 7, 6).
By implication,
Eu[ﬂ’énmhst’ht_l [U(é) g)i| - Ep(mt’ht_l7&) U(€t7 gt-‘rlu () gT) ytil) gt7 vy QT)

Now, because for any (¢_4,y) € £_; X Y the function U(-,a_t,y) is A;-Lipschitz continuous, we

have that, for any e;, ¢} € & any (e_¢,y) € E_y X Y,

ﬁ((gtvg—t)7y) - 0((5275—t)7y)
€t — €}

< A

pt—1

On the other hand, because P(m;, ht=1 &) is a probability measure, EX(m+:""""0) [4,] = A;. Hence

by the Lebesgue dominated convergence theorem,

P(me,ht=1.6) |Frt—1 ~ = = b=l =~ = P g Y
~ BPmeRTe) [U(6 1€ Ett1, - ETH Y ,yt,-,yT)] —EPmeh’ )[U( sE4Eti1, BT, YT ,yt,-,yT)]
/hm —
£y €t &t — &
. J ~ ~ Tlt—1 1 = t—1 ~ ~
— lim EP(mt,ht_l,a-)) U( 5t76t+17 75T7y ’yta -'7yT) - U(S e €+, HETHY T Ut -7yT)
gl —et gt — 8;
R T(t—1 = = t—1 ~ T(t—1 o = t—1 ~ ~
_ EP(m“ht_l,&) lim U(€ y €L Et41, 5 ETH Y 7yta'ayT) - U(€ y €4y Et4+1, - ETH,Y ayt)'ny)
e, —et Et — E;

_ Ep(mtjlt_l,&) 8U( 8t,8t+1,8,5T,y agtv-agT) e [_At7At]
&t

which implies that, for any plan of action &, the expected payoff R 8]lme, [U (5»@} is A4
Lipschitz continuous and differentiable in €;,. The result then follows from essentially the same

arguments that establish Theorem 2 in Milgrom and Segal (2002):!° the value function VQ(, ht=1)

9To be precise, it also does not depend on the true shocks experienced prior to period ¢; that is, it depends on the
history (e, fALtfl) = (Et,étfl, ytfl) only through the reported shocks &°~! and the past decisions y*~?.

""Theorem 2 in Milgrom and Segal (2002) establishes only that the value function is absolutely continuous; this
is because that theorem assumes that the payoff is differentiable with an integrable bound instead of differentiable
and equi-Lipschitz continuous. It is however immediate to see that the same arguments that establish Theorem 2 in
Milgrom and Segal also establish that the value function is equi-Lipschitz continuous under the stronger assumptions
considered here.
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is Lipschitz continuous in &; and at any history (at,ilt_l) at which Q is IC and VQ(‘,Bt_l) is
differentiable . R
OVR(er M)
8&5

oU(&,79)

— EAlleht
85t

where ,&[Q]\st, h'=1 is the measure over £ x £ x Y induced by assuming that, starting from period

t the agent follows a truthful strategy at all current and future information sets. m

Proof of Proposition 2. For any ¢ and any (¢!,y") € £ x Y, let
(e y') = w2 (ehy ™).y,

so that, under assumption 1,

T
Ule,y) = Ulz(59),y) = Y (e, yh).
t=1

The result follows from combining the following two lemmas below.

Lemma 3 Fiz t. Suppose that, for any ™ > t, there exists a Dy, € Ry such that (a) for all
(€74, y7) € ET, YT, the function G (-, €74, y") is Dy r-Lipschitz and differentiable, and (b) Zzzt D, <
+o00. Then there exists an A; € Ry such that, for any (e_t,y) € £_ X Y, the function U((-,&_¢),y)

is A¢-Lipschitz continuous and differentiable with

oU((e,e-0),y) ET: Otir (7, y7)
T=t

Oey Oey

Proof of the Lemma. Under the assumptions of the Lemma we have that

U((€t7€—tay) - U(<€£78—t 79 _ hm Z UT gta 7 )_ 1 ((82’5zt)7y7—)
— Et — Et

/
g, —€t &t — & st—>61 —

= Z lim 5ta5 t),yT) B aT((52751t)7y7)
€

L€t &t — 82

B 8UT 5t7 7 )
Z (%t

where the second equality is by the Lebesgue dominated convergence theorem, since, for any
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(e—t,y) € E_4 X Y, any ey, ¢ € &,

T
< ZDt,T < 4o00.

T=t

a‘f'((gh 521%)? yT) - aT((Eév 521&)7 yT)

£t — €}

>

T=t

Lemma 4 Suppose the assumptions in Proposition 2 hold. Then for all T > t there exists Dy € Ry
such that (a) for all (e7,,y7) € ET, x Y7, u-((-,€74),y") : & — R is Dy r-Lipschitz continuous and
differentiable with

i ((e1,674),y7) ZT: Our(27(e7,y" ). y7) Ozl y' )
Oey 00, Oey ’
and (b) Zfzt Dy < 400.
Proof of the Lemma. Fix (¢7,,47) € 7, x Y™ and let 27((+,¢7,);47 1) : & — R” denote the
vector-valued function defined by

2" ((e4,€7 )97 ) = (zs(ss;ysfl))zzl Ve € &

Because each component function z4 is differentiable in &; so is 27((-,€7;);47!). The function
Ur((-,€7¢),y7) : & — R defined by

Ur((e0,674),y7) = ur(27((1,67); 9™ 1), y7) Ver € &

is thus the composition of two differentiable functions and hence, by the chain rule, it is itself

differentiable and its derivative satisfies the formula in the statement of the lemma. Furthermore,

T

<y

I=t

azl(elv yl_l)
86t

our (27 (e, ™), y")

Thus @, ((-,€7,),y") is Lipschitz continuous with constant D; . = B; >, Cy;. Finally we have

T T T T T
Yo, = Y (BT 3 c) -y (37 zct,l)
T=t TftT =t . T=t =t

= <Z Cﬁl) ZBT < 400.
=t T=t
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Proof of Proposition 4. The proof consists in showing that assumptions 7?7, 7?7, 3, 4, 5, and
6 imply that the mapping z satisfies the properties of Proposition 2. Once this is established, the
result follows from Proposition 2.

Part (1). Using Lemma 2, for any ¢ > 1 any (ef,y*71) € & x Y=L,

ff(et,yt‘l)‘ < M, (15)

8zt(5t; ytfl)
651;

(where the inequality follows from assumption 5). Furthermore, for any 7 >t > 1 any (7,y" 1) €
ET % YT*].7

= By Iy )| < Mk (16)

8,27(57; yT—l)
8€t

(where the inequality follows from assumptions 5 and 6).

The function z,((-,e7,);y" %) : & — O is thus Cp,-Lipschitz continuous with constant Cj .
equal to the RHS of (15) if 7 = ¢ and to the RHS of (16) if 7 > t. That Y7_, C;, < +oo follows
directly by assumption 6. =

Proof of Proposition 5. The proof shows that under the assumptions in the proposition the
mapping z satisfies the properties of Proposition 3. Once this is established, the result then follows
from Proposition 3.

For simplicity, we prove the result here for ¢ = 1. Similar arguments establish the result for any
arbitrary ¢t > 1. Part (1) establishes (Frechet) differentiability of z(-,e_1;y) : &1 — ©O. Part (2)
establishes equi-Lipschitz continuity.

Part (1): Differentiability. Frechet differentiability of z(-,e_1;y) : & — © is established
using the implicit function theorem (IFT) for Banach spaces. We simplify notation by treating z
as a function of €1 only. That is, fix (¢_1,y) and drop it and let ¢ := ;. Furthermore, to simplify
the derivation, assume that £& = R. It is immediate to see that the formula in (4) can be obtained
from the results below by multiplying everything by I 1(e1) = dFl_l(al) /de.

For any t > 1, also let

F(0171) o= F N )0t ),

1

where ¢; and y'~! are fixed and hence dropped. Notice that, given (f;)¢>2, 2 : R — O is defined
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implicitly as the solution to the system:

5—91 =0
fo(61)—02 = 0

ft(Otfl)—Ht = O

Equivalently,

e—2z(e) =

0
f2(z1(g)) —22(e) = 0

[N e) —ze) = 0

Motivated by this observation we endow R x © with the norm ||k, o = sup; &’ ||, where t =
0,1,2,... with hg € Rand h_g € ©. (That is, ||-||gye is just like the norm ||-||; except that ¢ starts
from 0 rather than 1.) This turns R x © into a Banach space (recall that [|f||; < oo for all 6 € ©).
Also note that while the results here assume that £ = R and that © = R$° where R$° is the set of
all real sequences x € R*® such that ||z||; < oo, all the subsequent results extend to the case that
&1 G R and that © G RY).

We then define T: R x © — © by

e— 01
f2(61) — 02
T(e,0) = :
fi(01 -6,

So z is now implicitly defined as the unique solution to
T(e,2(e)) =0.

By the IFT for Banach spaces if
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(1) T(e,2(g") =0 all £ € R;

(2) T is Frechet differentiable;

(3) 8 — DT(e,2(2))(0,0) is a Banach space isomorphism from © onto O,

then z is Frechet differentiable in a neighborhood of ¢ (Above the bounded linear operator
DT (e,z(e)) is the derivative of T at (g, z (¢)).)

Condition 1 is true by construction. As for 2 and 3, define f; : R — ©1 by setting fi(e) = e.
Let f = (f1, f2,...) : R x © — O. We then have

T(e,0) = f(e,0) — 6.

Throughout we adopt the convention of indexing an element x of R x © starting from zero so that
x = (zg,1,...) with 29 € R and z_¢ € ©.

Simply writing out the definitions we have the following preliminary observation.

Lemma 5 Let f be Frechet differentiable at (¢,0). Assume that each f; : 71 — R, t > 2, is
differentiable. Then the derivative of f at (¢,0) is the bounded linear operator Df(,0) : Rx© — ©
defined by

&
Vfa(0) - aly

Df(e,0)a =

vft(gt—l) . at51

where, for each t > 1, V f;(6'1) denotes the gradient of f; at 'L,

]
Proof. Proof of the Lemma. The proof is standard and hence omitted.

Note that the assumption that f is Frechet differentiable is guaranteed by Assumption 7, while
that each f; : ©'~1 — R, ¢t > 2, is differentiable is guaranteed by Assumption 4. We then have the

following result. m

Lemma 6 Assume that f is Frechet differentiable at (¢,0). Then T is Frechet differentiable at
(€,0), and its derivative at (e, ) is the bounded linear operator DT'(e,0) : R x © — O defined by

DT (z,0)h = Df(z,0)h — h_y.

Proof. Proof of the Lemma. Note first that 7' maps from a Banach space into a Banach space.
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Since T'(e,6) = f(e,0) — 0, the obvious candidate for its Frechet derivative is
DT (e,0)h = Df(e,0)h — h_o,

which is clearly linear. In order to show that DT'(e,0) is a bounded operator, note that for all

heRx 0O,

DT (e, 0)hll; < [[Df(e;0)hlls+ [holls

< Bllhllgxe + hlrxe
= (14 B)|hllgxe
< +o0

since B < 400 and h € O, which implies that ||h||p,go < +00. The existence of the constant B
follows from the fact that the Frechet derivative of f is by definition a bounded operator. It remains

to show that DT'(e, ) is the derivative of T at (¢,0). We have

i |T((e,0) +h) —T(e,0) — DT'(,0)h||;

0 <
h—0 Hh”]Rx@
. 1£((,0) +h) =0 —h_o— f(,0) +0 — Df(c,0)h + h_o||5
h—0 HhHRXQ
0) + h) — 0) — Df(e,0)h
— lim ||f((57 ) + ) f(E’ ) f(sﬂ ) ”5 — 07
h—0 1hllgxe

where the last equality follows by the assumed Frechet differentiability of f. B
We now turn to Condition (3). Let j§ denote the (inverse) impulse response functions, as
defined in the main text and note that, with the notation used in this proof, for any 7 < t,
0f(271(e) _ OF (a2 (e),y )

. 5t t—1y -1
a0, = a0, =1 ((e,e ),y ).

Because (¢_1,y) is fixed, we then let It(e) := I*((e, et 1), 5" 1) and

K
7 2l
ro= X e
KeN, leNK+1: k=1
t=lp<--<lg=T

with J!(g) = 1. We then have the following result. m
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Lemma 7 Let f be Frechet differentiable. Fixe € R. If

t—1
lim o7
t—T

T:

)] <,

then 0 — DT'(e, z(€))(0,0) is a Banach space isomorphism from © onto ©.

Proof. Proof of the Lemma. Fix ¢ and then drop it from all I and J functions. By Lemma
6, T is Frechet differentiable at (e, z(¢)) with derivative DT (e, z(¢))a. We show first that 6 —
DT(e, 2(¢))(0,0) is onto. Fix v € ©. By Lemmas 5 and 6 we have

0— 61
120, — 0,
DT(E,Z(€))(0,0) :Df(5,2(8))(0,0) —0=
Zi;ll jées — 0,
Hence to find the preimage of u, we define 0 recursively by
91 = —ui, (17)
t—1
gt = —Ut + ZI;HS for ¢ > 1.
s=1

It remains to show that if u € O, that is, if |ju||; < oo, then 6 so constructed has [|f||; < oo, and

hence 6 € ©. We first use the above recursion to show by induction on ¢ that

¢
Ht = — Z jlt'LLl
=1
For ¢t = 1 this is clearly true. Suppose it holds for all 7 < t. We have
t—1 t—1 k t
Op=—u+ Y 110k = —Jluy = > I " Jfu == Jhuy,
k=1 =1 =1 k=1
which establishes the claim. Hence for all t,
Ji

t t—1
0 10:] < 37 68 |JE| o il < 3 o7 ||l
k=1 7=0
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implying that
t—1

101l < ||U||551t1PZ5T jtt—T :
=0

We claim that if lim; oo Y025 07 |JE_, Jt .

side is finite. This can be seen as follows. Since f is Frechet differentiable, D f(e, z(¢)) is a bounded

< o0, then sup, Zt;:lo o7 < oo and the right-hand

operator. Thus there exists B < co such that for all « € R x O, all ¢t > 2,

Bllallgye 2 [IDf(e, 2(¢))all; = &

t—1

Tt
g Iog|.
s=1

Now choose « such that 317 > 2 : a; = 1 and as = 0 for s # 7. Then the above inequality implies
that for all £ > 7,

fi < B < .

Jt Jt__|is finite. Hence

the sup can be infinite only if it is approached as t — oco. But the limit is finite by Assumption 9.

< oo forall t and all 7 < ¢. Thus for all ¢ the sum Zf-_:lo 0"

By implication

We finish the proof by showing that 6 — DT(e, z(¢))(0, 6) is an isomorphism. Recall that every
one-to-one bounded linear operator from a Banach space onto a Banach space is an isomorphism
(see, e.g., Corollary 1.6.6. in Megginson’s "An Introduction to Banach Space Theory"). Above
it was shown that  — DT(e, z(€))(0,6) is onto, and it is obviously bounded. Hence it suffices
to show that 6 — DT(e,2())(0,0) is one-to-one. Let 6, § be such that DT'(e,2())(0,0) =
DT(g,2(€))(0,6"). By inspection of the first line in the formula for DT'(e, 2(¢))(0,6) above, we
have 1 = ). But then the second line gives 03 = 65, and so on. Thus 6 = 6" and hence
0 — DT'(e, 2(€))(0,0) is one-to-one as desired. W

The property in Lemma 7 that lim; .7 Zf__:lo o7 jf_T ()
Lemmas 5-7 together with the IFT thus establish Frechet differentiability of z(-,e_1;y) : &1 — O.

< o0 is guaranteed by Assumption 8.

Part (2): Lipschitz continuity. Next we address Lipschitz continuity of z. Let Jp =
(J&,J2,...,Jt..). (Recall that J =1.) m

Lemma 8 Let ¢ € R. Under the assumptions in the Proposition, the Frechet derivative of z at €,

Z'(e) : R — O, is given by

Proof. Proof of the Lemma. Fix e. Since z is Frechet differentiable at €, there exists a bounded

linear operator 2’(¢) : R — © such that

e+ @) = 5(e) — (ally _
a—0 ’Od‘

0.
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We will show by induction on ¢ that z'(¢)ar = Ji(¢)a. Note first that the operator o — Ji(e)a is

obviously linear. It is bounded, since for all a € R,

N

Jl(s)ozH(S = sgp St )jf(s)a’ < o] sgpiz:;y

j;_T(s)‘ < +00

where the last inequality follows from the proof in the previous lemma. Now, by induction, suppose
that, for all 7 < t, z, : R — O, is differentiable at e with 2 (g) = J7 (¢). Note that for t = 2 this is
trivially true since fi(e) is linear. Next note that 2!=1 := (z1,...,2_1) : R — ©!~! is differentiable
at ¢ with gradient Vzt=1(g) = (Ji(e),...,JI 7 (¢)). Since

0 = Ji NP+ ) —2(6) = Z(e)als > ' lim |2¢(e + @) = 21(e) — zi(€)a
a0 ol a=0 |cv|

>0,

2z is differentiable at ¢ with derivative z;(¢). Furthermore, f; is differentiable by Assumption 4 so

that by the chain rule

Aoy =t er) =500

o [ e @) - )]

a—0 ‘Oz’
t—1

A1) .

=1
t—1

= > Ie)Jie)
T=1

= Jie).

where the last two equalities follow by the definitions of I and J. This establishes the inductive
step and concludes the proof. B

Assumption 9 then guarantees that there exists K; < oo such that for all ¢,
CIES

That z is Lipschitz continuous then follows from Lemma 8 together with Proposition 2 on p. 176
of Luenberger (1969). =

Proof of Proposition 6. The initial steps of the proof are in the main text. Here we simply
prove that, under the assumptions in the proposition, the formula in (4) reduces to the one in (13).

First note that, under the assumptions in the proposition, from the implicit function theorem
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applied to the identity
F;I(FS(stsfl’ ysfl)wsfl’ ysfl) — 03

for any 0, € O, s > t, any (05 1,y 1), Fy(0s]0°1,y° 1) is differentiable in #*~1. Next note that
the implicit function theorem applied to the identity

Fs(F_1<55’95_1, ys—l)ws—l’ ys—l) = ¢

S

implies that, for any t < s, ,, (0571, 4571,

aFS(es | esflyys—l)

OF e l0°0y) _ O okl oty
B0, Fs0s 10"y D)y ey 1oy
It follows that
) OF ey | 0°7 1, y%)
ety = ———2 ’
t ( Y ) 00, 95— L=ps—1(gs—1;ys—2)

OFy(0, | 6571, 45~ 1) /08,
fs(0s | 0571 ys—1)
= 0,05y

Hsflzzs—l(ss—l;ys—2)

gs:z3(ss;ys—1)

and hence that

A

Ty = By 00,

By the definition of independent-shock representation, we then have that

Ve ey, 2 Ty R) Y

00,
A Lo [X T(zT.~T—1\ =T
Rl ZJZ(ZT(éT;yT_l),yT_l)aU(Z (Ea’ey 1 )]
T=t T
T ~
_ O () [Z VAR et
T=t T

which is the same formula as in (13). m

Proof of Proposition 8. First note that, because the environment is quasilinear and Markov (in

the sense of Definition 1), whether or not a bidder finds it optimal to report truthfully at any given

t—1

private history (95, mf_l, T, pf_l) depends only on his current type 60;;, the history of messages

he sent mf and the number of times he consumed in the past, 22;11 Tis-
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Second note that, starting from period two onwards, and irrespective of whether the period-one
announcements were truthful or not, the allocation rule x of Proposition 7 coincides with the one
that maximizes the sum of the bidders’ continuation payoffs and of the seller’s adjusted continuation

payoff, where the latter is obtained by replacing each cost ¢;; with the cost

1—Fii1(miq)

)

Ji(mi1)

Cit = Cit —

Furthermore, because each player’s continuation payoff (including the seller’s adjusted continuation
payoff) depends only on his own types and decisions, it is immediate to see that truthtelling at any
period-t history, ¢ > 2, can be obtained by using for example the Team Mechanism payments of

Athey and Segal:
Pl (0) == D uin (x"(6),0) (18)
j=0,....,N
J#i
for all i = 1,..., N, all t > 2, where u;; (X*t(é?t),ﬁt) = 9',tx;’t(9t) if j # 0 and oy (X*t(Gt),Gt) =
=30 Gax(0) i = 0.
To establish incentive compatibility at ¢ = 1, we use the analog of the weak monotonicity result
of Proposition 8 in PST (note that, while the result there is for the case where 7T is finite, it is

immediate to see that the same arguments apply to the case T' = oo0). We start with the following

result.

Lemma 9 Let x* be the allocation rule of Proposition 7. Then for all i and 0;

st [, (vt ) )

t=1

is nondecreasing m; 1.

Proof of the Lemma. To prove the lemma, it is convenient to note that, without loss, we
can think of the valuation process of bidder i as being generated as follows. First, 0;1 is drawn
according to Fj;. Next, a sequence 1; = (1;;)72; is drawn according to the product measure
X2 1Gi(-|1,k). Then we take the innovation term following the k™ time 7 wins the object to
be ;. Now, while the distribution of 6 (and even that of ¢) depends on m;; through x, the
distribution of n = (ny,...,ny) is independent of m, ;.

Fix 4, 0,1, m; and m%l > m; 1. We establish the result by showing, by induction on k, that
for any realizations of 6_; 1 and of  and for all k, if bidder i’s k™ win comes in period ¢ given mi1,
then it comes at some s < t given m§71. To this end, fix an arbitrary realizations 6_; ;1 and 7. Let

k =1 and suppose to the contrary that given m; 1 bidder 4’s first win comes in period ¢, and given
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m} ; it comes in period s > ¢. (If bidder i never wins given m; 1, then ¢ = +oo and the claim is

trivially true.) Note that, since (01,7) is fixed, the allocations are the same in both cases in periods
1,...,t — 1. Hence also the other bidders’ realized Gittins indices in period ¢ are the same in both
cases. Since ¢ wins at ¢, his Gittins index ;1 (m;1) must be the highest. But given the hazard
rate assumption and the form of the process for 6;, the index =, ;(m; 1) is nondecreasing in m; ;.
Hence ¢ must also win at ¢ with m;l, a contradiction.

Next, suppose that the claim is true for some k& > 1. Assume to the contrary that the k + 1"
win given m; 1 comes in period ¢, and given m, 1 it comes in period s > t. Note that during periods
1,...,t — 1 bidder ¢ wins k times in both cases. Also, since (#1,7) is fixed, the remaining t — 1 — k
wins go to the same bidders in both cases. In particular, since the Gittins index only depends
on the first message, the most recent valuation, and the number of times the bidder has won the
object, it must be that the other bidders’ period-t Gittins indices are the same in both cases. Now,
since (0;1,7;) is fixed, bidder ’s realized period ¢ valuation 6;; is the same in both cases since in
each case he won k times prior to period t. Thus we know that his period-¢t Gittins indices in the

two cases satisfy

_Z:gr:t 5 (éi,s —Cis
>0

B 1- Fi,l(mg,ﬂ
fl(m§,1)

7i7t(m;,17 Oit, k)= mbeE ) | Oit, k

L ) O B e 1Y)

D 07! fi(mgq)

= 7i,t(m;l,17 Oit k),

> max
T

where the inequality is by the hazard rate assumption. Thus, if ¢ wins at ¢ given m; 1, he must also
win at ¢ given m/ ;. But this contradicts s > ¢.H

Now, consider the payment scheme such that p;t is as in (18) for all ¢ > 1, while for t = 1

[ee] B B o0 B ei,l .
Py (0:1) = BAX 10 [Z Biixi(0") — szitwt)] - /9 DX (z,2) dz,
t=1 t=2 Zi1

where -
DZ[X*} (2,2) = EADCT10:,1,mi 1 [Z 6tXi,t ((mi,l,é:,_l) 7@'5_1)]
t=1
From the same arguments as in Proposition 8 in PST, one can then verify that, under the mechanism
OF = [x*,p*], the agent finds it optimal to report truthfully at all histories and to participate in
period one. One can also check that each bidder’s expected payoff when his period-one type is the

lowest, i.e., at 6;1 = 0, is zero. That the mechanism 2 is optimal then follows from the same
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arguments that establish Proposition 5 in PST. m
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