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Abstract

To be sustainable without external enforcement, social norms, contracts, and other agree-
ments must not only deter violations but also withstand proposals to move to other norms,
contracts, or agreements. We introduce contestable norms, which achieve both objectives, ana-
lyze their efficiency, stability, design, and conceptual foundation, and characterize their payoffs.
Contestable norms may be inefficient even when agents have arbitrarily frequent opportunities
to interact and challenge the incumbent norm, to an extent that is determined by the amount of
conflict inherent in agents’ strategic environment. The analysis sheds new light on the efficient

institution hypothesis and the renegotiation paradox.
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1 Introduction

Consider a group of individuals following an inefficient social norm. If these individuals can propose
and collectively decide on changing the norm, will the group necessarily adopt a more efficient norm,

or can large inefficiencies persist?
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This question is at the heart of the Coase theorem (Coase (1960)), which states that, in the absence
of any frictions on their ability to bargain, individuals should achieve efficient outcomes. Build-
ing on this theorem, economists have formulated and explored the efficient institution hypothesis
(North and Thomas (1973)), which postulates that in the absence of transaction costs, agents
should converge to efficient institutions. According to the literature that developed from this idea,
inefficiencies can persist only if agents face direct transaction costs, asymmetric information, or

infrequent interactions (Acemoglu (2003) and Acemoglu, Johnson, and Robinson (2005)).

This paper concerns a mechanism affecting social norms and other agreements that involves none
of the above frictions, whose gist is as follows: Consider the case of two coworkers embroiled in
an uncooperative interaction that reduces their utility. Suppose that these agents are completely
isolated from any third-party influence, that they maximize their individual utility, and that they
face no communication friction, impatience, or asymmetric information whatsoever. Would they

necessarily agree to adopt a more cooperative norm between them?

The answer, it turns out, depends on how proposals to improve the current norm are perceived
by these agents, as well as on the nature of their interaction. Suppose, first, that cooperating is
the unique Pareto efficient strategy, as in the coordination game of Figure [[a), which represents
agents’ payoffs m; and my in the game. Then, any proposal to cooperate should be accepted: the

agent on the receiving end of such a proposal would gain nothing from rejecting it.

Now suppose instead that the coworkers’ relationship in each period is captured by the setting of
Figure [[(b), and that the current equilibrium is Pareto inefficient, giving each worker an average
payoff of 0.5. What happens if one of the agents, Ann, proposes to switch to a tit-for-tat equilibrium
that sustains full cooperation, so that both agents achieve a payoff of 17 The decision to accept the
proposal now depends on what happens if the other agent, Bob, rejects the proposal. If rejection
triggers a continuation that gives Bob a payoff of 2 and Ann a payoff of 0, say, Bob will reject the
proposal and Ann’s proposal will backfire. Anticipating this, Ann will abstain from making such a

proposal and, if the interaction between the workers is symmetric, so will Bob.
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(a) Coordination game (b) Game of conflict

Figure 1: Payoffs sustainable by contestable norms (green area)

Examples abound in which unanimously beneficial proposals can backfire on the proposers, whether
these proposals are formal or informal. In a legislative context, for instance, a bill may be rejected
in favor of an amendment, which the instigator of the bill dislikes more than the status quo. A
rebellion against an oppressive regime may trigger political change that is worse for the instigators
of the rebellion than the previous regime. Individuals faced with an inefficient tradition may be
perceived, if they suggest abandoning the tradition, as disrespectful, blasphemous, or treasonous,
and end up losing their status, possession, or freedom, while those who reject the challenge and

“defend” the tradition are rewarded above and beyond what they would gain from abandoning it.

In these examples, inefficient norms may persist in the absence of standard frictions, such as
informational asymmetries or exogenous transaction costs. Any prediction about norm efficiency
must take into account how proposals are perceived, and how these perceptions affect individuals’
ncentives to make and accept such proposals. This observation underscores a distinctive aspect
of norms, which concerns how they reward and punish proposals. In the coworkers’ example, a
norm must not only specify rules governing how the coworkers respond to misbehavior, such as a

tit-for-tat response, but also how proposals to change these rules affect their future interactions.

This higher-order aspect of norms, which concerns “rules about rules” or, more precisely, rules
about how to change rules, is a necessary component of any interaction, whether it is explicit—as
in the case of constitutions, which stipulate rules by which they can be amended—or implicit. For

instance, proposals to ban an inefficient tradition may systematically be ignored which is one

'A well-documented example concerns the tradition of footbinding in China: several bans of this tradition were
attempted across the centuries, to no avail until the early twentieth century. See, e.g., Gamble (1943) and Guiso,

Sapienza, and Zingales (2006).



particular way of handling proposals, or they may depend on a country’s political stability, which

affects the likely durability of these proposals, should they be accepted

To analyze these questions formally, we consider a standard repeated game augmented with a
proposal stage, which works as follows. At the end of each period, an agent may be selected at
random to send a message, interpreted as a proposal to change the continuation equilibrium, or
norm, of the gamell Other agents then send a binary message, interpreted as an acceptance or
rejection decision. We are interested in equilibria of this augmented repeated game that obey the
following refinement: if enough agents accept a proposal, the continuation equilibrium implements
the proposal; if the proposal is rejected, this triggers a different continuation equilibrium, which
also satisfies the refinement. We call these equilibria contestable norms and study the payoffs that
are sustainable by such norms as the interaction between agents become arbitrarily frequentH and

the frequency of proposals, ¢, becomes arbitrarily large per unit of time.

We find that contestable norms may be inefficient. However, this inefficiency is not unrestricted:
we establish sharp bounds on the amount of inefficiency that depends on the underlying structure

of agents’ interactions and provide a more nuanced version of the efficient institution hypothesis.

The set of sustainable payoffs greatly depends on the amount of conflict between players in the
game, as illustrated in Figure[Il More precisely, this set is determined by a single payoff vector (one
payoff for each agent) such that all feasible payoffs above this vector can be sustained. This set is
illustrated by Figure [2 for two different stage games. We denote by v the minmax payoff vector
and by P; and P, the highest individually rational payoff vectors for agents 1 and 2, respectively
Green areas represent the set of payoffs achievable by contestable norms for various stage games as
the proposal frequency ¢ becomes arbitrarily large, and orange areas contain all additional payoffs
achievable by contestable norms for fixed g. For all ¢ large enough, agent 1’s payoff in a contestable
norm is guaranteed to exceed his payoff from P, (or fall short by a vanishingly small amount), and

vice versa for agent 2.

We find that the inefficiency of contestable norms can increase as one enriches the set of feasible

*For example, Poyker (2018) finds that efforts to abandon female genital mutilation in African countries are
weaker in countries with unstable regimes, whose rules are more likely to be overturned. Interpreted from our
theory’s perspective, the stability of political regimes affects how individuals perceive the value of proposing changes

to traditions and, hence, whether such proposals are put forward.
3Formally, a norm is an equilibrium of the repeated game with negotiation (i-e., the repeated game that includes

in each period a message exchange). See Section [2] for the definition.
“We consider the set of implementable payoffs as the duration between periods goes to 0 and agents’ discount

factor between consecutive periods goes to 1.
5A payoff vector is individually rational if it gives each agent at least his minmax payoff.
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Figure 2: Necessary and sufficient conditions for various configurations

payoffs. For example, the prisoner’s dilemma of Figure [[(b) may be viewed as an enriched version
of the pure-coordination game of Figure [[{a), in which the Pareto frontier has been expanded on

both sides of the symmetric efficient point.

Additional action profiles giving high payoffs to some agents and low payoffs to other agents may
help sustain inefficient norms by creating new ways of rewarding the former agents at the expense
of the latter ones, should they propose a new norm. Such action profiles increase the potential
for conflict between agents and affect their strategic environment. A higher scope for conflict—in a

sense made precise by our analysis—thus reduces the minimal efficiency of social norms.

A particularly striking instance of this result concerns the introduction or removal of monetary
transfers between agents!” By nature, a monetary transfer benefits one agent at the expense of
another, and thus creates an ideal way of introducing disagreements across agents. Consider again
the coordination game of Figure [[{a) and suppose that one adds to this game the possibility of
making transfers across agents. This transforms the boundary of the game as in Figure[Il(b). Thus,
the set of contestable norms goes from a unique efficient norm to a much larger set that includes
very inefficient norms. Intuitively, the introduction of money allows agents to deter proposals by
fining anyone who makes a proposal and rewarding the rejector above and beyond what he would
gain from accepting the proposal. Reciprocally, removing money can improve the efficiency of
social norms by reducing the scope for conflict between agents: when moving from Figure [(b)
to Figure [[l(a), agents’ utility improves unambiguously regardless of what equilibrium was played

before the move.

9

In the context of our repeated game, “money” should be interpreted as a good that is perfectly transferable

across agents and enters their utility quasi-linearly.



Norm design

Social norms may be interpreted in a broader context, in which some individuals are not active
players of the game and benefit from the inefficiency that arises from the perspective of the active
players. The active players, whose interactions are explicitly modeled, are part of a larger society
or organization and exert externalities on unmodeled agents. Potential applications include bidders
in an auction (the auctioneer, owner of the good, and/or citizens affected by the outcome of the
auction are the inactive players), firms in a cartel, members of a criminal organization, or citizens

that the social planner wishes to control, as in the case of a dictatorship.

From the perspective of norm design, our results have several consequences. First, social per-
ceptions about proposals to change a norm can matter as much as the norm itself. Second, the
introduction or suppression of actions that increase the potential conflict across agents affects the
set of norms that can be sustained. The rules that enforce a Pareto-inefficient norm have the
virtue of being self-sustaining in the sense that the designer does not need to intervene once the
game has started. The designer’s role then consists in setting rules at the beginning of the game,
specifying how players should interpret deviations in actions and proposals, and possibly adding ac-

tions that creates scope for conflict between the agents. We discuss several applications in Section 6l

Stability vs. efficiency

Social responses to proposals have an impact that goes beyond the question of efficiency. They also
affect the stability of social norms, and their very existence. To see this, consider a constitution that
excludes all amendments. Under such a constitution, proposals are dismissed, and the constitution

is perfectly stable (ignoring, for the sake of the argument, any revolution or coup).

Now consider a constitution which can be amended according to some majority rule. If this majority
rule is very permissive (say, a simple majority), the constitution may be repeatedly challenged.
Building on this logic, we construct games in which contestable norms based on the simple majority
rule fail to exist. More generally, increasing the acceptance threshold required for a proposal to pass
has the effect of increasing the set of contestable norms. This is intuitive: constitutions that put

more restrictions on the process leading to successful constitutional amendments are more stable.

However, as the set of contestable norms increases, so does their potential inefficiency. This illus-
trates a tradeoff between stability and efficiency: norms that are more permissive (proposals are
easier to pass) should be expected to be more efficient but less stable. This tradeoff occurs even in
environments with two players: as the frequency of proposals increases, the set of contestable norms

shrinks and becomes more efficient, but may become empty as the frequency becomes arbitrarily



large. More precisely, we show that while contestable norms are always guaranteed to exist with
two players when the proposal frequency per unit of time is fixed at some level ¢ > 0 and the time
interval between periods, €, goes to zero, they may fail to exist if the proposal frequency is inversely
proportional to €. The analysis thus identifies the “right” amount of negotiation frictions under

which contestable norms are guaranteed to exist.

The Concept of a Norm

In addition to its substantive implications, this paper emphasizes several theoretical aspects of
norms. First, they are self-enforcing objects, since they must deter norm deviatorsH Second,
norms evolve Our modeling approach unifies these two aspects by treating norms as subgame-
perfect equilibria of an augmented game. Norms are thus doubly dynamic: they can evolve as a
result of actions (for example, a player’s failure to cooperate in some period could trigger a new
norm in which not only players no longer cooperate, but proposals to cooperate are deterred), or

proposals.

As soon as one recognizes the possibility that norms can be challenged by proposals, one must
also recognize that proposals are richer objects than mere rules of actions: they also specify how
proposals themselves are perceived. Of course, how proposals are perceived could itself be subject
to proposals. A subtle, but necessary implication of considering “meta-rules” about how society
reacts to changes in existing rules, is that the meta-rules themselves could be subject to negotiation:
should there be “meta?-rules” governing how proposals to change meta-rules are dealt with? How

about “meta’-rules” about proposals to change meta-rules?

We show that any attempt to close the infinite regress by considering a ‘proposal space’ that is
the limit of proposal hierarchies is bound to fail. Intuitively, such a proposal space would consist
of proposals describing how to handle any subsequent proposal, and would thus have to contain
its power set, which is ruled out by Cantor’s impossibility theorem (see, e.g., Mendelson (1997)).
Fortunately, the infinite regress can be addressed by treating proposals solely on the basis of the
continuation payoffs that they imply, in a way that parallels the recursive approach of Abreu,
Pearce, and Stacchetti (1990). This consideration explains our focus on norm payoffs rather than
other procedural aspect of norms. However, we also provide an alternative formulation of norms

which coarsens them into a finite set of elements and categorizes proposals so as to circumvent

"This feature is common is many concepts of norms found in the literature, from economic history (Greif (1994))
to game theory (Kandori (1992)). In sociology, “norms” are social expectations that guide behavior, regardless of
whether this behavior is individually optimal. Our use of the term is closer to the various meanings that it takes in

economics, and to the concept of “convention” that is sometimes used in sociology (Granovetter (2017)).
8This aspect plays a key role in evolutionary studies of norms, as noted in the literature review below.



Cantor’s theorem (Appendix [B]).

1.1 Related Literature and Interpretation

There is a very large literature on the efficiency and evolution of social norms, which provides per-
spectives from a wide variety of disciplines that include sociology, anthropology, political science,
law and economics, economic history, and evolutionary game theory. Elster (1989) describes nu-
merous examples of inefficient social norms. FEconomic historians have documented many inefficient
cultural traits and traditions that persist across decades and centuriesH As a specific example of
a social norm that seems inefficient from the perspective of the agents involved in the norm, but
which benefits a third party, Burawoy (1979) documents industries in which workers follow a norm
in which producing high quality work is viewed as a sign of masculinity among workers, and notes

that this norm among workers may be benefit their employer more than it does the workers.

There exist several concepts of efficiency, and one may wonder whether footbinding, infibulation,
“toxic masculinity” and other inefficient traditions are merely inefficient from the standpoint of
some welfare aggregate, such as utilitarian welfare, or also in a Pareto sense, which is the concept

of efficiency emphasized in this paper.

Our results provide several perspectives on this distinction. First, if a tradition or institution harms
all but a few beneficiaries, why aren’t these beneficiaries compensated in exchange for abandoning
the inefficient tradition or institution? What mechanism prevents such a change? This paper
provides precisely such a mechanism Second, whether a norm is Pareto inefficient or merely
inefficient for some welfare aggregate is ultimately an empirical question. In this regard, our results
show that one may not conclude that a norm is Pareto efficient simply because it has withstood
the test of time, even in the absence of any standard friction: we show that the transition process
required to implement a Pareto improvement may be impeded by how proposals are perceived
within the norm and by what consequences are triggered when the proposals are rejected. Third,
we show that whenever several Pareto-efficient norms exist, there must also exist sustainable norms
that are Pareto inefﬁcient It follows that if an enduring tradition, institution, or norm seems

inefficient relative to another sustainable norm for some notion of welfare, then either the first norm

9Recent work includes Becker (2018), who studies the persistence of female genital mutilation.
1071 fact, we show that money or another transferable resources can exacerbate the inefficiency problem by creating

more scope for disagreement across agents.
1 Geometrically, the set of implementable payoffs takes the form of a positive orthant intersected with the set of

feasible payoffs. This implies that it generically includes a set of positive Lebesgue measure in the payoff space and,

hence, Pareto-inefficient points.



is Pareto inefficient, or there exists another norm that is Pareto inefficient and sustainable

Our analysis presents some resemblance with slippery-slope arguments. In a slippery-slope argu-
ment, a moderate reform that is preferred to the status quo is not implemented because doing so
could trigger a more radical reform that a blocking coalition dislikes relative to the status quo. As
a result, the status quo may persist even when it is Pareto dominated by the moderate reform. In
such a setting, Pareto-improving outcomes cannot be sustained as a dynamic equilibrium (i.e., the
moderate reform is unstable), otherwise they would be implemented In this paper, by contrast,
Pareto-improving outcomes are sustainable by some norms. However, other norms discourage pro-
posals to implement these Pareto improvements by triggering, when rejected, outcomes (akin to
the radical reform in the slippery-slope argument) that harm the proposer and reward the rejecters

above and beyond their gain from accepting the proposal.

Another perspective on norms comes from biology (Maynard Smith and Price (1973)) and is the
object of evolutionary game theory (Sandholm (2010)). According to this perspective, a norm
is typically viewed as a way to play a one-shot game—as opposed to a self-enforcing equilibrium
between forward looking individuals—which evolves in the absence of communication as individuals
adjust their actions to improve their immediate payoffs. There typically exist evolutionarily stable
inefficient norms because individuals cannot coordinate their efforts to move to a Pareto-improving

equilibrium.

Our perspective is closer to studies of a “political Coase theorem” (Acemoglu (2003)), which aims
to understand whether institutions, norms, and other agreements are bound to become efficient
when agents can bargain over outcomes. Importantly, in this literature failures of a political Coase
theorem are obtained in settings that do not presume the existence of exogenous commitment or
enforcement institutions. On the contrary: because they aim to provide foundations for existing
institutions, these studies require any commitment capacity to emerge endogenously from agents’

interactions and beliefs.

Starting with Farrell (1983), most of the literature on renegotiation in repeated games (Pearce
(1987), Bernheim and Ray (1989), Farrell and Maskin (1989), and Abreu and Pearce (1991) )4 does

2Indeed, either one of these two norms that is Pareto inefficient, or they are both Pareto efficient, in which case

there must exist a third norm that is sustainable and Pareto inefficient.
13See, e.g., Acemoglu, Egorov, and Sonin (2012) for the stability of inefficient policies in a dynamic context.

Although commitment is sometimes offered as a solution, Roesler, Shelegia, and Strulovici (2018) show that this
solution may be ineffective: by allowing society to commit to dynamic policies, one increases the set of alternatives
that society must choose from, and in fact one does so in such a way that Condorcet cycles emerge among dynamic

policies precisely when some commitment policy would improve upon the equilibrium policy without commitment.
1See also DeMarzo (1988), Asheim (1991), Bergin and MacLeod (1993), Abreu, Pearce, and Stacchetti (1993),



not model renegotiation by an explicit proposal protocol across players. Instead, renegotiation is
captured by solution concepts that involve efficiency comparisons between various equilibria. In
Farrell and Maskin, an equilibrium is renegotiation-proof if it is not Pareto dominated by any other

equilibrium in a relevant classﬁ

Several papers study settings in which players explicitly bargain over how to play a one-shot game,
including Farrell (1987), Rabin (1994), and Arvan, Cabral, and Santos (1999), and Santos (2000).
Miller and Watson (2013) study a repeated game in which players bargain over relational contracts.
They consider explicit and general protocols of renegotiation in each period. Like Santos (2000),
they assume that in case of a disagreement, the continuation of the game is independent of the events
that occurred during the unsuccessful bargaining stage, such as the identity of the proposers and
the nature of the proposals made during that stage. This No-Fault Disagreement axiom, together
with the availability of unlimited transfers across players leads to efficiency (see Section [T.1]). We

explore the consequences of their axiom in Appendix

Busch and Wen (1995) and Abreu and Pearce (2007) have derived explicit or implicit inefficiency
results in models featuring players who can frictionlessly negotiate over continuation plans and
have the ability to commit to efficient long-term plans. Such commitment is ruled out here, which
makes inefficiency results harder to obtain: In order to sustain an inefficient norm, agents must
have access to continuations that deter them from proposing more efficient norms. When exoge-
nous commitment is available, such continuations are de facto accessible. In our setting, however,
these continuations must be contestable and cannot be taken for granted, which makes the general
construction of contestable norms (inefficient or otherwise) more challenging in our setting. In fact,
when exogenous commitment is available, folk theorems can be obtained even for payoff structures

in which contestable norms fail to exist.

Benoit and Krishna (1993), Blume (1994), and Ray (1994).
5 Abreu and Pearce (1991) consider a different criterion for renegotiation-proofness that involves the comparison

of the worst continuation payoffs of the equilibria being compared. They do not model the process of changing the

norm.
16)\ore generally, the literature on relational contracts has sometimes considered the possibility that inefficient

agreements be renegotiated. In this literature, the availability of unlimited transfers together implies that the relevant
relational contracts are renegotiation-proof. See, e.g., Kletzer and Wright (2000), Levin (2003). As noted, this result

need no longer hold once renegotiation is modeled explicitly.

10



2 Setting

Our baseline model aims to capture all the ideas discussed in the Introduction as simply as possible.
It features two agents, which may be viewed as two individuals or two homogeneous groups, and a
simple protocol of negotiation, in which at most one challenge (a proposal to change the continuation

play) is made in each period.

We consider a repeated game with renegotiation, in which each period features an action stage
followed by a renegotiation stage. In each period, one player (at most) gets to make a proposal,
which may be accepted or rejected before moving to the next period. Section [l extends the analysis
to more agents, and Appendix [E] considers more general protocols of proposals, showing that the

main results are unaffected by this generalization.

For i € {1,2}, player i’s stage-game action, a;, lies in a finite set denoted .A;. The vector a = (ay, as)
determines the current-period payoffs u(a) = (uj(a),us(a)). A distribution «; over A; is a mized
action for i, and a = (o, ag) denotes the vector of mixed actions for both players. Players put a

weight € € (0,1) on the current period, which corresponds to a common discount factor § =1 —¢.
Each period consists of the following stages:
1) Players observe the realization z of a public randomization device taking values in [0, 1];

2) They simultaneously and privately choose a mixed strategy a; € A(A;), i € {1,2} Condi-
tional on the realization z of the public randomization device, players choose their mixed actions

independently of each other;

3) The vector a of actions is observed, and the period’s payoffs are realized;

"Tn accordance with current practice, we allow players to use privately mixed strategies. This feature distinguishes
our analysis from some of the earlier work on renegotiation. For example, Farrell and Maskin (1989) assume that
players can observe each other’s mixed strategies, rather than just the realized actions. This distinction can severely
affect the set of weakly renegotiation-proof (WRP) equilibria, the concept introduced by Farrell and Maskin. Ap-
pendix [K] provides an example in which all Pareto-efficient WRP equilibria (which are known to exist) are destroyed
and the repetition of an inefficient stage-game Nash equilibrium is the only WRP equilibrium when mixing is private.
Intuitively, when players observe each other’s mixed strategy, without loss of generality there is a single continuation
payoff vector, conditional on players’ mixed strategies. When mixtures are unobservable, however, there must be
a continuation vector for each possible outcome of the mixture, chosen so as to make each player indifferent across
all actions in the support of his mixed strategy. Moreover, all of these vectors must belong to the renegotiation-
proof set. This is problematic because some of these continuations may have Pareto-ranked payoffs, violating weak
renegotiation-proofness. Bernheim and Ray (1989) rule out mixing altogether, focusing their analysis on pure-strategy

equilibria.

11



4) With probability p < 1, one of the players is given an opportunity to send a message from a set
M, whose cardinality weakly exceeds the cardinality of the continuum. Each player has the same
probability £ of being chosen!'] The chosen player may conceal his opportunity to send a message

by remaining silent, or mix between sending a message and remaining silent;

5) If i sent a message, player —i decides whether to accept it, possibly mixing between acceptance

and rejection. The resulting decision D_; equals 1 if —i accepts the message and 0 if he rejects it

The public history of a period consists of a realization z of the randomization device; an action
vector a; a (possibly empty) message m; sent by one of the players, denoted by i, and if i sent a
nonempty message m,;, an acceptance decision D_;. In addition, each player privately observes the

mixing probability used for each of his decisions.

We focus on public equilibria of this game, which we will sometimes call norms to indicate that
they concern the enlarged game, and we let S denote the set of all norms. Since messages can
always be ignored regardless of whether they were accepted, the set of players’ expected payoffs
across all norms contains the set V(§) of continuation payoffs of the underlying repeated game
without renegotiation. Moreover, the reverse inclusion still holds, as any norm in S can be repli-
cated without renegotiation: During the renegotiation stage, players’ behavior may affect their
continuation payoffs in the next period. Before the renegotiation stage, players consider these con-
tinuation payoffs as random variables, which depend on which player gets a chance to propose,
and (mixed) equilibrium strategies. Since the cardinality of players’ continuation payoffs coincides
with the cardinality of outcomes of the public randomization device, the randomization device can
simulate the outcome of renegotiation, yielding the same distribution over continuation payoffs in

the next period. This proves the following lemma.
LEMMA 1 The set of continuation payoffs implemented by all the norms in S coincides with V (9).

Our main concept is an equilibrium refinement applied to norms.

Let H™ denote the set of all finite public histories in which no off-path proposal was accepted in

the past, and which end after an action stage

18When players have different probabilities of making a proposal, the sufficient conditions are unchanged and the
necessary conditions entail a payoff lower bound on each player that increases with this player’s proposal probability,

consistent with the intuition that a higher proposal probability means increased bargaining power. See Appendix [Cl
9The paper’s main results hold as stated when the renegotiation stage includes multiple rounds of negotiation.

See Appendix [E]
20Formally, let H denote the set of all finite public histories ending after an action stage: The elements of H take the

form h = (20,20, Mo,ig, Do,—ig; - - - » Zt, &t, Mg iy, D¢, —i,, Zt+1, at+1) for some period ¢ + 1, where my;, = Dy, i, = 0

12



DEFINITION 1 A norm is contestable if the following hold for every history h € H™:

1. Message Richness Fach message m € M is assigned a norm in S, and the payoff vectors
implemented by these norms cover all of V(5) 2
2. Binding Acceptance If a message is proposed and accepted immediately following h, the

norm assigned to it is played from the next period onward.

Definition [I] thus requires that all accepted on-path proposals as well as the first accepted off-path
proposal be implemented. Put differently, Definition [l means that i) as long as players have not
rejected the rule stipulating that any accepted proposal is played, they obey the rule, and ii) the
only way for them to depart from the rule is to make and accept an off-path proposal that violates
the rule

Under a contestable norm, players can credibly propose, accept, and thus implement, any alternative
norm. However, a player on the receiving end of any Pareto-improving off-path proposal finds it
optimal to reject it. We emphasize that, under a contestable norm, any accepted proposal is binding
even if the proposal itself is not contestable. Indeed, an accepted proposal governs not only how
players respond to each other’s actions but also how they respond to each other’s proposals. It
is perfectly admissible, for instance, for players to agree at some point to ignore all subsequent
proposals—regardless of the response to these proposals—just as they may agree to ignore specific

deviations in the underlying game.

Contestable norms have a set-theoretic formulation provided in Section[d We define a convention as
a set of norms, and introduce a notion of stability for conventions. A norm is contestable if and only
if the convention consisting of all continuations of the norm—those that follow histories at which
no off-path proposal was accepted—is stable, with a reciprocal statement provided in Section Ml
We also introduce a notion of a “credible” proposa and show that restricting the contestability
refinement to “credible” proposals yields the same necessary and sufficient conditions as those

obtained when all proposals are included in the refinement.

when no one proposed in period t. Then H ™ consists of all histories h € H with the following property: For every
period t' covered by h for which m = my ;,, is nonempty, either m is in the support of i;/’s on-path proposals, given

the history h truncated after the action stage of period t’, or Dy, —;,, =0, that is, —iy rejects m.
21This condition is always achievable: By assumption, M has at least the cardinality of the continuum. Therefore,

each payoff vector v in V(4) can be mapped to some message m, by assigning to m a norm that implements v.
220f course, off-path proposals do not necessarily imply a rejection of this rule.
23 A proposal is credible relative to a convention of norms if any subsequent deviation from the proposal, whether

at the action or the proposal stage, triggers a continuation norm in the convention.
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3 Main Result

Our main objective is to study, for each level of renegotiation frictions, the set of payoffs achieved

by contestable norms as the players’ discount factor § goes to 1.

To achieve this objective, we adjust the probability p of a renegotiation opportunity in each period
so that it is proportional to the period’s weight ¢ = 1 — §. This normalization has the following
interpretation: If € represents the duration of each period and p = ¢e for some parameter ¢ > 0,
then the probability that a proposal opportunity arises within one unit of time, that is, within
K = 1/ periods, is 1 — (1 — p)¥ =1 — (1 — ge)'/¢ ~ ¢q. The parameter ¢ thus stands for the
frequency of proposal opportunities per unit time. This normalization is useful for capturing a

non-degenerate effect of renegotiation frictions

Given g > 0, a payoff vector X is sustainable at frequency q if there is a threshold £(X) > 0 such
that for all € € (0,¢(X)), X is implemented by some contestable norm associated with discount
factor § = 1 — ¢ and renegotiation frequency q. We let V(gq) denote the set of all payoff vectors
which are sustainable at frequency ¢, and we let V = Ng>0V (¢). Every payoff vector X in V is

implementable regardless of the renegotiation frequency and is said to be sustainable.

Let v; denote i’s minmax payoff in the stage game and let P; denote the feasible payoff vector
that gives ¢ his maximal payoff among all payoff vectors above the minmax. If several such vectors
exist, the vector whose payoff for —i is the lowest is chosen. The weak individually rational Pareto
frontier—consisting of vectors which are not strictly Pareto dominated—is a piecewise linear curve

joining P} and Ps.

24Theorem [ implies that if the probability p of a per-period renegotiation opportunity is fixed independently of
€, the necessary condition for contestability reduces to the sufficient condition described by the theorem, which is
independent of p. With p independent of ¢ = 1 — 4, letting § go to 1 essentially eliminates any renegotiation friction,
regardless of p, as any failure to renegotiate an inefficient norm in the current period will be followed by an opportunity
to renegotiate which comes arbitrarily soon. Moreover, the exploding renegotiation frequency which results from this
assumption also creates an instability as 6 goes to 1: For each p > 0, there are examples for which contestable
norms fail to exist as § goes to 1, as described in Appendix[Gl Our example features an inefficient stage-game Nash
equilibrium as well as Pareto-efficient equilibria which require the threat of harsh off-path punishments, in order to
sustain efficient on-path behavior. When renegotiation opportunities arrive at a fixed rate p > 0 per period and §
goes to 1, the expected length of punishments becomes too short for the Pareto-efficient vectors above the stage-game
Nash equilibrium to be implementable—the gain from a deviation in action is proportional to e = 1 — ¢ (the weight
put on the current period), while the duration of any punishment is of order pe (i.e., until it is renegotiated), and is
thus smaller than the deviation gain, for judiciously chosen payoffs. The inefficient stage-game Nash equilibrium is

not contestable either, as it is destroyed by any Pareto-efficient proposal.
25 As usual, player —i is allowed to use a mixed strategy to minmax i.
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Figure 3: Necessary and sufficient conditions for fixed ¢

For any payoff vector A, let m;(A) denote the i*® component of A. In the statement of the following
theorem, v; = m(P») denotes the first component of P, and vy = mo(P;) denotes the second

component of P;.

THEOREM 1 The set of sustainable payoffs satisfies the following conditions:

1. (Sufficiency) If
7TZ(A) > v; fori e {1, 2} (1)
or if A= P = Py, then A is sustainable.
2. (Necessity) If A € V(q), then

mi(A) > v, + 2;1(1(%- — ;) (2)

fori € {1,2}. If A is sustainable, the inequalities in ({{I) must hold as weak inequalities for

both players.

Condition (Il thus fully characterizes (up to its boundary) the set of sustainable payoffs. The

sufficient and necessary conditions are respectively derived in Appendices [A.1] and

26 Appendix [A ] focuses on the case Py # P,. If Pi = P, players have perfectly aligned interests, as they both
want to implement P; and the construction is trivial. When P; = P», the necessary condition selects this vector as
the unique outcome as renegotiation frictions become negligible. If the weak Pareto frontier lies strictly above the
minmax values, and consists of a segment giving a constant payoff to one of the players—a degenerate case—then

every payoff on the frontier is sustainable.
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Figure [3] illustrates Theorem [I] for a fixed q. The green region represents the payoff vectors known
to be sustainable, and the orange region represents the additional vectors which may be sustainable.
When ¢ = 0 (no renegotiation), the orange region extends all the way to the minmax vector v and
we recover the Folk Theorem. As renegotiation frictions become arbitrarily small (¢ — +00), the
orange region disappears, as the necessary and sufficient conditions become identical (up to their

boundary).

One consequence of Theorem [I] is that V(g) is nonempty for all ¢ > 0, and hence is the set of
sustainable payoffs. In particular, our concept of contestability provides a well-defined counterpoint
to the standard Folk Theorem when renegotiation is introduced into repeated games, allowing us
to compare the impact of renegotiation across different strategic situations of the stage game, from
perfectly aligned interests to extreme misalignments, and to establish for a large class of games the
possibility of sustaining inefficient norms, even when ¢ is arbitrarily close to 1 and players could

frictionlessly and credibly propose and agree on Pareto-improving proposals 2

As Figures [1] and 2l illustrate, the impact of renegotiation hinges on the alignment structure of the
stage game. As the game becomes less cooperative, there is more scope for disagreement among
the players, which can be used to implement a larger set of feasible payoffs. Strategic renegotiation
thus does not destroy the implementability of Pareto-efficient payoffs, but it does not prevent
Pareto-inefficient ones either, and the severity of the inefficiency which may be sustained increases

as players’ interests become more divergent.

3.1 Comparative statics: bargaining frictions and discounting

In standard repeated games with public randomization, it is well known that the set of imple-
mentable payoffs gets larger as & goes to one. This property does not hold with renegotiation.
For example, suppose that the stage game has an inefficient Nash equilibrium that violates the
necessary conditions given in Theorem [ for ¢ = % For small ¢, Theorem [I] implies that this Nash
equilibrium payoff, and an open neighborhood around it, is not sustainable. As ¢ goes to 1, how-
ever, there is a norm under which players follow this Nash equilibrium in the first period (before
possibly renegotiating to a Pareto-superior continuation). Since the current-period weight is arbi-
trarily close to 1, players’ payoffs are arbitrarily close to those of the inefficient Nash equilibrium,

which cannot occur if the value of € lies below a certain threshold.

27Tt should be noted that for fixed e, there need not exist any contestable norm, just as strongly renegotiation-proof
equilibria (Farrell and Maskin (1989)) and externally consistent norms (Bernheim and Ray (1989)) may fail to exist
for fixed discount factors. Indeed, we have constructed a family of counter-examples for a fixed € > 0 and all values

of ¢ > 0.

16



Although discount-factor monotonicity is violated in the presence of renegotiation, a different kind
of monotonicity arises here, namely, with respect to negotiation frictions: The more opportunities
players have to renegotiate their norm, the smaller the set of sustainable payoffs. This result holds

for all values of the discount factor and is proved in Appendix [E]

PROPOSITION 1 For every fized € € (0, 1), the set of sustainable payoffs is decreasing in q.

4 Equivalent notions of stability

This section provides set-theoretic formulations of contestable norms, and then shows that our
necessary and sufficient conditions are unchanged if only a subset of “credible” proposals is taken

seriously.

4.1 Stable Conventions

We introduce a set-theoretic notion of norms, which facilitates the comparison of our concept with
existing notions of renegotiation-proofness (e.g., Farrell and Maskin (1989) and Bernheim and Ray
(1989)).

DEFINITION 2 A subset C C S of norms is a convention if for any s € C as long as no off-path

proposal was accepted, the continuation of s belongs to the convention C 3

The definition implies that if players start with a norm in a convention, then all on-path proposals
(whether they are accepted or rejected), as well as rejected off-path proposals, have their continua-
tions in the convention. In particular, deviations in actions are punished within the convention, as
long as no off-path proposal to leave the convention has been accepted. One may informally view
C as a “social norm:” it describes the set of continuations which players perceive as consistent with
“business as usual.” A convention can be abandoned only when some player makes an off-path
proposal outside of it that is accepted by the other player. The following notion of stability requires
that such proposals be taken seriously by the players.

DEFINITION 3 A convention C is stable if, in any period starting with a norm in C, the properties

of Message Richness and Binding Acceptance from Definition [1 are satisfied.

28 Continuations of s are always defined at the beginning of the corresponding period.
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Since all on-path continuations of norms in C must all belong to C—by definition of a convention—
stability implies that any Pareto-improving proposal lying outside the convention is rejected with
probability 1; for if it were accepted, stability would require that the proposal be implemented.
Stability thus requires that no player ever has an incentive to make proposals outside of the
convention—hence the terminology. Intuitively, stability is achieved by rewarding a player on the
receiving end of a deviating proposal whenever he rejects it. Crucially, however, this continuation,

which rewards the rejector and deters the proposer, must lie within the convention.

As anticipated, convention stability is equivalent to contestability in the following sense.

PROPOSITION 2 A norm is contestable if and only if it is part of a stable convention.

The proof of this equivalence is straightforward: First, any norm belonging to a stable convention
must be contestable, since all continuations of on-path proposals and rejected off-path proposals lie
in the convention, and thus subject to the stability condition. For the reverse direction, take any
contestable norm and consider the set consisting of this norm together with all of its continuations
at the beginning of periods following histories for which no off-path proposals has been accepted.

This set forms a convention, by construction, which is stable, by contestability of the norm.

Closed vs. open conventions

The conventions defined above are open in the sense that they allow players to depart from the
convention when an off-equilibrium proposal is accepted. This possibility is absent from earlier
studies of renegotiation-proof equilibrium. However, these perspectives can be reconciled: we show

that convention stability can be recast in terms of a purely set-theoretic definition.

DEFINITION 4 A subset C of S is a closed convention if for any s € C, any continuation of s

belongs to C.

The only difference with Definition [2]is that continuations belong to the convention even when off-
path proposals are accepted. To offset this change, our earlier definition of stability is translated

into the language of set-theoretic analysis.

DEFINITION 5 A closed convention C is stable if it satisfies the following property: Consider any
norm of C and history at which i gets a chance to make a proposal, and let U; denote i’s continuation
payoff. Then, for any proposal with payoff vector U which gives i a payoff m;(U) > U;, there is a
payoff vector U’ of C such that m_i(U") > n_;(U) and m;(U") < U;.
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THEOREM 2
1. For any closed convention C¢, there exists an open convention C° which has the same payoff set,

and vice versa.

2. For any stable closed convention C€, there exists a stable open convention C° which has the same

payoff set, and vice versa.

4.2 Credible proposals

Stability requires that players implement any accepted proposal. When players are used to a
convention C, one may wonder why players should take all proposals seriously, particularly when
these proposals lie outside of the convention. It turns out that Theorem [ITs necessary and sufficient

conditions are identical if one restricts proposals to a much smaller subset of “credible” proposals.

DEFINITION 6 Given a convention C, a norm is C-credible (or just “credible”, when there is no
confusion) if any off-equilibrium play (action, proposal, or acceptance decision) triggers a contin-
uation that belongs to C (for the appropriate stage within the period). A continuation payoff is

C-credible if it is implemented by a C-credible norm.

Starting with a norm belonging to some convention C, a credible proposal is such that any future
deviation triggers a reversal to the convention. For example, if a convention includes a “punishment”
norm that gives low payoff to both players, the convention can support many credible norms by
imposing that any deviation trigger the punishment norm. Since the players may deviate at different
stages of any period, after a deviation they will play the next stage according to the convention
In addition, any subsequent deviation (namely, accepting an off-path proposal) may trigger a norm

which does not belong to the convention.

DEFINITION 7 A convention C is credibly stable if:

1. Message C-Richness Fach m € M is associated with a norm of S, and each C-credible
payoff is implemented by an C-credible norm associated with some message;
2. C-Binding Acceptance If a message is accepted, whose associated norm is C-credible, the

associated norm is implemented.

29For example, if a player deviates during the action stage, the players will then engage in renegotiation under the
rules prescribed by the convention. If a player deviates during the renegotiation stage by sending the wrong message
or making the off-path acceptance choice, then in the next period the players will choose their actions according to

the convention.
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Definition [7 is clearly more permissive than Definition [B] because it imposes the refinement over a

smaller set of proposals. However, we have the following result.

THEOREM 3 The set of points sustained by credibly stable conventions obeys the mecessary and

sufficient conditions of Theorem [1.

The proof is straightforward: first, any stable convention is credibly stable since the latter must
sustain fewer proposal challenges than the former. Our construction for the sufficiency condition
thus still applies. Second, the proposals used in Appendix [A.2] to derive the necessary conditions
of Theorem [ are credible, as shown in this appendix. The necessary conditions are thus identical

for stable and credibly stable conventions.

5 Arbitrary number of players

The analysis so far has focused on two players, a common restriction to study renegotiation in
repeated games Extending the analysis to more players raises new conceptual issues. Can
proposals be targeted toward a subset of individuals? What happens if only a subset of the players

accepts the proposal?

This section explores some of these issues, allowing for an arbitrary number, n, of players. After
a player has made a proposal, other players vote on accepting the proposal. We assume that the

vote is simultaneous and show in an extension that sequential voting does not alter our conclusions

(Appendix [1.2)).

The setting builds on the two-player setting, modified as follows. At the proposal stage, each player
i has the same probability £ (p < 1) of being chosen to send a message. The renegotiation friction
parameter q is still defined by p = ge. This player may choose to conceal his opportunity to send a
message. If i sends a message, other players vote on whether to accept it, resulting in a vector of

acceptance votes D_,, € {0,1}"!

With multiple players voting on a proposal, we consider the supermajority rule: a proposal is
accepted if at least L players support it, with L € {|N/2],...,N — 1} Each fixed value of L

30E.g., Farrell and Maskin (1989), Benoit and Krishna (1993), and Santos (2000). Abreu, Pearce, and Stacchetti

(1993) focus instead on symmetric equilibria.
31As in the two-player case, if no message is sent the identity of a sender is arbitrarily chosen and the empty

message is assumed to be rejected by everyone else.
32The lower bound N/2 is natural to interpret the voting as a supermajority rule, but not necessary for the analysis.

The upper bound N — 1 corresponds to the unanimity rule, keeping in mind that the proposer is not voting over his
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defines a concept of contestable norm refinement, as in the two-player case. Let H T denote the set
of all finite public histories ending after an action stage such that no off-path proposal has been

accepted by the supermajority.

DEFINITION 8 A norm is contestable if the following holds for any history h € H*:

1. Message Richness Fach message m € M is assigned a norm of S. The payoff vectors
associated to these norms cover the set V(0);
2. Binding Acceptance If a message is accepted by at least L voters, the norm assigned to it

1s played from next period onward.

As with with most of the literature on voting, we assume that if a proposal fails the vote, the

continuation is independent of the exact number, or identity, of the voters who voted to reject it

DEFINITION 9 A contestable norm s is simple if, for any history h € H™, when player i makes a
proposal m;, there are two continuations, depending on whether m; passes or fails the supermajority

vote.

In the analysis that follows, we focus to fix ideas on the unanimity rule (L = N — 1). This rule is
easier to interpret (since no player is “forced” to espouse a new norm that he has not chosen), but
the analysis of other supermajority rule is qualitatively the same. As usual with voting games, we

eliminate weakly dominated strategies.

AssuMPTION 1 A player votes in favor of the proposal if it gives him a strictly higher payoff than

its continuation payoff in case of a rejection.

We also assume that the individually-rational payoff set has full-dimension, which guarantees that
the Folk Theorem holds for the underlying repeated game (Fudenberg and Maskin (1986)).

The key to characterizing contestable norms is to determine each player i’s worst possible punish-
ment if he makes an unprescribed proposal. Suppose that i makes a proposal with corresponding
payoff vector C, and let V denote the set of payoff vectors across all continuations of our candidate
contestable norm, s, following histories at which no off-path proposal has been accepted by the su-

permajority. (All payoffs in V are estimated at the beginning of a period.) If s is contestable, C' will

own proposal.
33The case in which continuations can depend arbitrarily on the voting profile in considered in Appendix [IT1]
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be implemented if all players accept i’s proposal. If anyone rejects the proposal, norm simplicity
implies that there is a single payoff vector in V, D(C), which will be realized. If D(C') gives m;(C)
or more to at least one player j # i, this player will refuse the implementation of C', and the norm

implementing D(C') will be played.

Following any proposal with payoff C' by player 4, the worst punishment in V for player ¢ minimizes

i’s payoff over the set{*}
D(C,V)={D(C)eV:3j#i:mj(D(C)) >m;(C)}.
Let m;(C,V) denote i’s payoff under this worst punishment.

Viewing m;(C, V) as a function of C, one can then find the proposal with a continuation C(V) which
maximizes i’s payoff at the worst punishment: C(V) = arg maxc{m;(C,V)}, and the corresponding
payoff, m;(V), for i. The payoff C'(V) may be viewed as follows. The most efficient way of preventing
player i from making a non-prescribed proposal is by implementing his worst punishment. Antici-
pating this, if player ¢ deviates from his prescription, he may as well choose the optimal proposal,
which gives the payoft C'(V).

These observations lead to two iterative procedures starting from the set F of strictly individually-
rational payoffs in the stage game, which are described in Appendix [l and shown to converge and
generate distinct sets Vy and Vg that capture necessary and sufficient conditions for a payoff to be
sustainable. The resulting sets Vy and Vg are both positive orthants, whose vertices give lower
bounds on players’ payoffs (calculated at the beginning of period) under both procedures, and are
denoted Tpin,i(Vs) and mpn,i(Vn), for any player i. The payoff 7,y i(Vn) satisfies the following

condition:
nv; + qmi(Vn)

n+q )

7"'min,i(VN) =
Similarly, we have 7 i(Vs) = m(Vs).

We can now state the main result of this section. Let P denote the Pareto frontier of the feasible
payoffs in the stage game and, for each i, P_; denote any individually-rational payoff vector of P
which minimizes ¢’s payoff. Also let R denote the open positive orthant whose vertex is the vector
(mi(P-;))_,. In the two-player case, this set characterized the sufficient conditions for sustainable
payoffs. With n > 2 players, we show that R still consists of sustainable payoff vectors, though

it might not include all of them. The theorem is stated for the case in which the Pareto frontier

34For the existence of a worst punishment, the set V) needs to be closed. Our construction will satisfy this condition.
35Intuitively, each player i can guarantee to get his worst punishment when having a chance to propose, thus one

can remove sufficiently low continuation payoffs from the set F sequentially for all players.
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supports a non-zero range of payoffs for each player

THEOREM 4 i) Any sustainable payo lies in Vn; i) generically, any payoff in the interior of Vs

is sustainable; ii) any payoff in the interior of R is sustainable.

Theorem [ implies that sustainable payoffs always exist: due to the full dimensionality condition,
the interior of R is non-empty. In addition, fixing players’ action sets Ay, ..., Ay, any stage game
is characterized by the set of payoff vectors {u(a)}, a € A; x ... x Ay; that set can be represented
as a vector in a Euclidean space (with dimensionality equal to the total number of different action
profiles times the number of players). For an open dense set of that Euclidean space, that is, for
“generic” games, any payoff in the interior of Vg is sustainable. As in the two-player case, the sets
defined by the necessary and sufficient conditions converge to each other as renegotiation frictions
vanish (see Appendix [[3). Moreover, these two sets are non-decreasing, according to the inclusion

order, in the number L that determines the supermajority rule.

PROPOSITION 3 The sets Vg and Vy converge to each other as q goes to infinity. The sets are

non-decreasing in L.

When players respond sequentially to a proposal, the same result obtains

Since more permissive voting rules (i.e., lower L) reduce the set of contestable norms, it is natural
to ask when this set is nonempty—we already know that it is the case when unanimity is required to
accept a proposal. In Appendix [I.3] we provide various examples showing that contestable norms

may or may not exist when proposals are decided according to the simple majority rule.

6 Applications and interpretation: a novel mechanism for misco-

ordination and inertia

Theorem [I and the inefficiencies that it allows, hold even though i) the game has complete infor-

mation; ii) agents’ discount factor is arbitrarily close to 1; iii) agents can exchange messages at

36When the feasible set has a unique Pareto-efficient point, this point is the only sustainable payoff. When at
least two players have multiple payoffs on the Pareto frontier, the set of sustainable payoffs is always a non-empty
full-dimensional orthant. When all points of the Pareto frontier give the same payoff to all but one player, any payoff

on the Pareto frontier is sustainable.
37Sustainable payoffs are defined as in the two-player setting.
383ee Appendix [I21 Sequential and simultaneous voting are in fact equivalent under the assumption, standard in

the voting literature, that a player votes for the proposal if it gives him higher expected payoff than rejecting it.
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arbitrarily high frequency, and these messages of are unambiguously understood by all agents as

proposals to implement specific norms; and iv) accepted agreements are binding.

Inefficient payoffs are sustained by rules which discourage proposals, including Pareto-improving
ones, and that may be viewed as part of a social norm among the players. Although such a social
norm seems undesirable from the perspective of the players, it may be interpreted in a broader
context, in which the designer of the norm is not an active player of the game and benefits from

the inefliciency that arises from the perspective of the players.

In particular, the agents who are explicitly modeled may be part of a larger society or organization

that exerts externalities on other economic, unmodeled agents.

Potential applications include bidders in an auction, firms in a cartel, members of a radical organi-
zation, or simply citizens which the social planner wishes to control, as in the case of a dictatorship.
In these applications, high payoffs for these players mean that they are colluding, polluting, shirk-
ing, or, more generally, adversely affecting individuals who are included in the social planner’s

objective.

Viewed from this perspective, the rules which enforce a Pareto-inefficient norm have the virtue of
being self-sustaining, in the sense that the social planner does not need to intervene once the game

has started. There is no need for external monitoring or punishment.

Consider, for instance, a regulator who wishes to prevent collusive pricing in an oligopolistic mar-
ket. Of course, if the firms can be given self-sustaining rules that prevent collusion, such a design is
cheaper for the regulator than explicitly monitoring the firms and administering the punishments.
Likewise, the manager of an administrative office who is facing high costs of monitoring his em-
ployees may wish to create a social norm between them which makes the employees to exert high
effort and under which an employee’s proposal to shirk is rebuked by other employees and thwarted
without requiring the manager’s intervention. The designer’s role consists of setting the rules at the
beginning of the game, specifying how players should interpret deviations in actions and proposals.
Once this common understanding is reached, the designer completely withdraws from the game,
and the players enforce the rules themselves by punishing one another if one of them ever deviates

from these rules.

Of course, proposal-deterring norms do not have to be designed by anyone. The players may simply
be trapped in a norm with this feature—perhaps what remains of an unmodeled evolution of past
behavior. An example may be “acting tough” and discouraging any suggestion to “soften up” even

when doing so would in fact lead to a Pareto improvement.
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Suppose that the designer of a norm can also make new actions available to the players (such as
snitching on one another, as in the prisoner’s dilemma). If he or she introduces actions that increase
the misalignment between the players increases the maximal inefficiency of sustainable outcomes,
and thus potentially also the (unmodeled) payoff of the norm’s designer. From a designer’s per-
spective, creating actions which benefit only one player but not others facilitates the deterrence of

collusive proposals.

We sketch two applications below, in which norms are Pareto inefficient from the players’ perspective
but beneficial to some social planner whose sole involvement in the game may be to design the norm

governing players’ interactions.

Cournot competition

Consider two symmetric firms which, under Cournot competition, produce more than the monop-
olistic output. These firms could achieve a higher profit by each producing half of the monopolistic
output. However, proposals to move away from the current equilibrium may be subject to a norm
that treats any such proposal as corrupt behavior. The firm on the receiving end of such a proposal
could reject it, triggering a continuation in which, say, the rejector produces the Stackelberg leader’s
output in each period and the proposer produces the Stackelberg follower’s output. These outputs
give the proposer a lower payoff than that in the competitive equilibrium, and his competitor a

higher payoff than half of the monopoly’s proﬁt

Political inertia and dictatorship

Consider an authoritarian regime facing the risk of a revolution. In this regime, citizens may be
exploited through high taxes, expropriation, and other channels. Faced with this situation, various
citizen factions may attempt to persuade others to start a revolution (an off-path proposal). If the
proposal is accepted, the authoritarian regime falls, which (ideally) increases the well-being of all
the citizens. However, the regime may impose a norm that thwarts this threat by rewarding anyone
who reveals the plot and punishing its instigator. Importantly, all rewards and punishments are
administered by the citizens, without the dictator getting involved or even monitoring them. This
provides a novel, completely endogenous explanation for the stability of dictatorships, even when
citizens could credibly coordinate to overthrow the regime. It exposes the limits of attempts to

coordinate when the norm in place anticipates such attempts.

39The punishment for the proposer, that is, the Stackelberg equilibrium, is inefficient. However, it suffices to

incentivize a rejection to the proposal and thus deter a Pareto-improving proposal.
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The dynamic nature of social norms

Our analysis emphasizes the dynamic nature of social norms, particularly with regard to how
“innovative” proposals are perceived. For instance, starting from a Pareto-inefficient norm, a first
proposal to increase cooperation and increase both players’ payoffs may be perceived as acceptable
and actually implemented. To be sustained, however, this cooperation may require the threat
of off-path punishment stages. During the punishment stages the kind of cooperation originally

proposed is no longer acceptable.

7 Conclusion

This paper provides a model of contestable norms in which proposals to overturn these norms are
explicitly considered as part of an enlarged dynamic game. Contestable norms are equilibria of this
enlarged game: they prescribe not just which actions to take but which proposals to make and how
to react to any proposal to change the incumbent norm. We characterize the set of contestable norm
payoffs as agents’ discount factor goes to 1. Our model is simple in at least three respects: i) the
protocol of negotiation, which consists of a one-shot proposal/acceptance stage in the stage game;
ii) the concept of contestable norms, which is a single, straightforward equilibrium refinement; and
iii) the characterization of the set of sustainable payoffs, in terms of a simple orthant intersected
with the set of individually rational payoffs. Our results results are unchanged if the negotiation
protocol is expanded, or if the refinement is restricted to a set of credible proposals. Finally, no
assumption was imposed on the payoffs of the stage game beyond a standard full-dimensionality

condition for the set of feasible payoffs when there are three or more agents.

7.1 Relation to Models of Bargaining over Equilibria

When renegotiation is viewed as a strategic interaction, renegotiation-proof equilibria may con-
tain Pareto-ranked continuations. This happens when Pareto-improving proposals are deterred by
punishing the proposer and rewarding the rejector beyond the proposal. This idea also underlies
the results of Santos (2000), who considers players bargaining over which equilibrium to play in a
one-shot game, as well as Miller and Watson’s (2013) Theorem 1, which shows that renegotiation
has no restrictive power when it must satisfy only their “Internal Agreement Consistency” Axiom.
That theorem and ours differ in two important ways. First, their argument requires unbounded
transfers: To punish a proposer, say player 1, one requires him to make a very large transfer to

player 2 in the next period. If the weight of a single period is €, the transfer must be of order %,
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hence the necessity of unbounded transfers as € goes to zero. These large transfers permit player
I’s continuation value to jump immediately from some punishment payoff v9 to a higher continu-
ation value v, which is easy to implement. Second, in each period the transfer stage takes place
before the action stage (and, in particular, is distinct from it). If player 1 deviates by making a
smaller transfer than prescribed, it suffices to have him minmaxed by the other player and reset

the continuation value to ) for the next period in order to punish this deviation.

When stage-game payoffs are bounded, as in our setting, the continuation value of a player cannot
jump by an e-independent amount. The equilibrium construction must thus keep track of continua-
tion values and make sure that they are implementable at all stages and following all deviations. In
the absence of a separate transfer stage, moreover, if player 1 deviates in action when implementing
vY, his continuation value must fall below v{. Implementing this lower value may be difficult or even
impossible. In fact, it is this impossibility which creates new restrictions on the set of sustainable

payoffs and destroys the Folk Theorem obtained in Miller and Watson’s Theorem 1.

7.2 Extensions

Two important assumptions were maintained throughout the paper: First, the agents’ physical
environment does not change over time. Second, all proposals and decisions are public. The first
restriction is made for convenience: one could apply our framework and concepts to dynamic games
in which payoffs evolve over time. A crude way of conceptualizing within our model is to assume
that the analysis starts in some period, labeled ‘1’, which immediately follows some unexpected,
one-time payoff shock affecting agents’ payoffs. Agents may thus have inherited a norm at time 1
that resulted from past interactions, and which may have been efficient, say, for the previous payoffs
but become inefficient after the payoff shock The restriction to publicly observed proposals and

agreements, which becomes relevant when there are three or more agents, is much more significant.

With an arbitrary number of agents, several new questions emerge: Could a subset of agents make
a partial agreement, possibly at the expense of other agents? What would this imply for other
agents’ strategies? Could such agreements be private and gradually discovered by the remaining
agents? Exclusive negotiations of this kind are common, for instance when agents are divided
into relatively homogeneous groups within which negotiation is easier or when they are engaged in
specific relationships such as those that arise in supplier chains. They may also arise in commu-

nity enforcement models, in which matching parties may engage in local renegotiation to alleviate

40For example, suppose that players face a coordination game with two actions, A or B. At time 0 a payoff shock
occurs. Both actions are equilibria of the underlying game before and after the shock; coordinating on A was played

and was Pareto efficient until time 0 while coordinating on B becomes efficient after the payoff shock.
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punishments (Ali, Miller, and Yang (2016)). When agreements are public, these questions relate
to the study of coalition formation and coalition-proof equilibria (Bernheim, Peleg, and Whinston
(1987)). Even if agents can make meaningful private agreements, such agreements may generate
asymmetric information among players and create well-known challenges to analyze the formation
and behavior of subsequent coalitions, as pointed out by Crémer (1996) and, in the context of
auctions, by McAfee and McMillan (1992), and Caillaud and Jehiel (1998). See also Che and Kim
(2006) for a more recent treatment of this issue. Understanding how private or partial agreements
of this kind affect the entire group and shape social norms seems a particularly interesting direction

for future.
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A Proof of Theorem [

A.1 Saufficient Conditions

We construct, for any payoff vector (hereafter, “point”) A satisfying (Il) and e sufficiently small
a norm s € § which implements A and is contestable at all frequencies ¢ > 0. The construction
is based on points A; and A, such that A; gives ¢ his worst possible payoff among all contestable
continuations of s (that is, continuations following histories at which no off-path proposal was
accepted ) When i’s continuation payoff is at an e-independent distance above his payoff from
A;, it is easy to incentivize him to follow any prescribed action, since any deviation provides a
maximal gain of order € and can be punished by implementing A;. One challenge is to choose A; so
that 7 is adequately incentivized near A;. The second important points of the construction are Dy

and Do, which serve to deter off-path proposals. These points are chosen to be Pareto efficient, and

41Unless stated otherwise, points refer to expected payoffs at the beginning of the current period.
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set so that any relevant off-path proposal by ¢ may be deterred by having —i reject the proposal and
have D; be implemented instead. D; must therefore be chosen so that —i is sufficiently rewarded,

and ¢ punished, for any proposal that ¢ may entertain.

Preliminaries
Since the message space has the cardinality of the continuum, we can without loss of generality

identify it with the set V() of feasible payoff vectors, a full dimensional subset of R?

We interpret each message X € V(§) as a proposal to move to a continuation whose expected payoff
is X. For any point X implemented by some contestable continuation of the candidate norm s, let

5% denote the corresponding continuation

To distinguish players’ expected payoffs at each stage of each period, we introduce the following
notation. Given a subset £ of norms, let U (£) C R%*—or just U, when there is no confusion—denote
the set of expected payoffs for the players across all possible norms in £, computed before public
randomization. V is defined identically but computed after the realization of the randomization
device z. U is thus included in the convex hull of V. Finally, let W consist of continuations
payoffs after actions and payoffs are observed and incurred in the current period, but before the
proposal stage. Each element of VW is a convex combination of three expected payoff vectors
corresponding to the following events: player 1 gets to make a proposal, player 2 does, or no one
does. Because elements of W define continuation payoffs excluding the current period, to make them
commensurate with payoffs in U, we evaluate them at the next period (i.e., ignoring the discount
factor between the two periods). With this convention, payoffs in W are convex combinations of

elements of U.

Elements of U, V, and W are points of two-dimensional sets. Recall that for any payoff vector X,

we let 7;(X) denote the i*" component of X.

Proof
For each player i, there are two configurations to consider, depending on whether ¢’s minmax payoff
v; s less than or equal to m;(P—;). We first consider the case in which both players are in the former

configuration.

Case 1: v, = m(P) and vy = ma(Py). Consider any point A satisfying (I). For e small
enough, the points A; and As with coordinates (71, m2)(41) = (v; —1—6%,71'2(14)) and (71, 7m2)(Ag) =
(m(A), vy + 6%) are individually rational and such that w1 (A1) < m1(A) and m9(As) < m2(A). The

21f M’s cardinality exceed the cardinality of the continuum, we assign the minmax payoff to all superfluous

messages.
43There is only one continuation for each payoff X considered below, so s* is well defined.
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Figure 4: Construction of a self-sustaining norm

norm s4! implementing A; is constructed as follows (52 has a similar construction):

1) Action stage: player 2 minmaxes player 1, possibly mixing between several actions {ag;};. Player

1 best responds by a pure action a1 minmaz achieving his minmax payoff.

1a) If no deviation in action is observed, the continuation payoff vector Bi; € W is a function of 2’s
realized action, as;, and is chosen so that i) 2 is indifferent between all actions as; used to minmax
1, ii) 1’s continuation payoff is independent of j (so the vectors {B1;}; all lie on the same vertical
line as shown on Figure M), and iii) the promise-keeping condition is satisfied for both players. In
particular,

m(A1) = evy + (1 — )mi(Byy) (4)

for all indices j corresponding to some action as; in 2’s minmaxing distribution. In particular, the

points By; all lie within an e-proportional distance of Aj.

1b) If 2 deviates in action (i.e., chooses an action outside of the mixture used to minmax 1), the
continuation payoffs jump to the point As, mentioned above, which gives 2 her lowest possible
payoﬁ For small €, this punishment suffices to incentivize 2 because any deviation gain is of

order ¢ whereas my(Ay) is arbitrarily close to 2’s minmax payoff, causing 2 an e-independent loss.

1c) If 1 deviates in action, disregard this. Such a deviation is suboptimal since 1 was prescribed to

“More precisely, players start implementing the payoff Bz, which is the analogue of the point Bii, following the

implementation of As.
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best respond to being minmaxed by 2.

2) Proposal stage: the norm s implementing By is as follows: if either 2 gets a chance to make

A1 9 is prescribed to remain silent. If 1 gets

a proposal, or no player does, the play returns to s
a chance to make a proposal, he proposes a continuation s¢ whose corresponding payoff vector

Cy; lies on the line going through A; and Bj; and is chosen so as to satisfy the promise-keeping

condition
B P P
T (B1j) = <1—§) 771(A1)+§7TI(01]‘) (5)
Player 2 is prescribed to accept proposal s¢17. The points {C1;}; give the same payoff to 1,

independently of j. Their implementation is described in 3) below.

2a) If 1 proposes any continuation other than 5@ that improves his payoff, he is punished by a

continuation sP1—triggered if player 2 rejects 1's proposal—chosen such that i) 71 (D1) < 71(C1;)

and ii) 2 prefers mo(D1) to her payoff under 1’s proposal 5@, Precisely, D; is defined as the point

of the Pareto frontier that gives 1 a payoff of

(A7) —;7T1(C1j) (6)

As explained shortly, 1’s payoff at C; is of order /e above what 1 gets at A; or By;. If 1 proposes
a plan that makes him worse off than s, 2 accepts it if only if improves her payoff. Of course,

such a proposal never arises in equilibrium.

2b) If 2 deviates by making a proposal or rejecting 1’s offer to move to Cyj, players jump to

Do

the continuation s”2, which punishes 2’s deviation (in the former case, sP2 is assigned as the

continuation arising when 1 rejects 2’s proposal). No proposal simultaneously gives 1 more than

his payoff at sP2 and 2 more than his payoff from s*1.

€1 is implementable because it gives 1 a payoff of order /¢ above what

3) Next periods: the norm s
Ay and By give him. A deviation in action by 1 brings a gain of order € and is punished by a drop
of order /¢ in 1’s continuation payoff, and is thus suboptimal, for & small enough. s“ can be
implemented by a deterministic sequence of actions keeping players’ continuation payoffs within a
distance K¢ from C1;. The rules implementing this sequence are simple: play a deterministic action
profile keeping continuation payoffs e-close to C'1; and do not allow any proposal. If 1 deviates in

Dy

actions, jump to one of the continuations s%17; if he deviates in proposals, jump to sP1 if 2 rejects

this offer. A similar rule is applied for player 2, who has even more to lose from a deviation.

4) The point D; also gives 1 a payoff of order /e above A; and Bjj. sP1 can therefore be

implemented similarly to s©17. Again, any proposal is ignored.
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minmax

for Player 1

Figure 5: Construction details

The construction is represented on Figure @l The magnitudes of payoff differences between the

points involved in the construction are indicated on Figure Bl

We verify the claim that all Cy;’s lie at a \/e-proportional distance to the right of A;. From (@)
and (B, we have

m1(Ar) = vy + (1 — e)mi(By) = evy + (1 — ¢) [(1 - ‘12—5) mi(A1) + %m(clj)]

Ignoring the terms of order €2 and higher, this implies that

m(Ay) = e, + (1 _ (1 n g) s) m1(A) + %mclj).

Subtracting 71 (A7) from both sides and dividing by ¢ yields

D=

e =m(A) — v, = g (m1(Cy) — 1 (AL)), (7)

which shows the claim.

The direction of each vector A;C4;, which is also AyBj;’s direction, depends only on 2’s action,
az;; it does not change when e goes to 0. This shows that, for € small enough, Cy; is a feasible

payoff and m5(C1;) exceeds ma(Az) by an e-independent value.

As noted, the system of actions and proposals implementing s%i’s, sPii’s and s%’s and sPi’s is
incentive compatible in actions and in proposals. To conclude the construction, observe that A

gives each player i a payoff higher than A;, by an amount that is independent of . One may
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therefore implement A by a deterministic sequence of actions, chosen so that the continuation
payoffs stay within a distance Ke of A Deviations in actions are punished by moving to sB11
or P21 depending on the deviator’s identity. Deviations in proposals are similarly punished by

moving to s or s2.

To verify that the norm is contestable, notice that whenever 1 gets to make a proposal (at any
of continuations considered in the construction), his payoff is at least m(D1). Since D; is on the
Pareto frontier, any proposal giving 1 strictly more than 71 (D7) must give 2 less than 79(D1). This

means that sP! can serve as a punishment in case 1 makes such a proposal.
Remaining cases: v; < m1(P2) and/or v, < ma(P))

The construction is almost identical in other cases. The only difficulty is that the difference 71 (A;)—
v, is now bounded below away from zero, whereas it was previously of order /. This may lead to
situations in which the points C'; constructed above are no longer feasible and/or give 2 a payoff
lower than m2(Az). The difficulty is easily addressed by adding, for each j, a point E; lying on the
segment [A;By;]—and thus also on the line (A;C};)—such that if player 2 gets a chance to make
a proposal, or if nobody does, players’ continuation payoffs jump to E;;. The promise keeping
condition (&) becomes

m1(By;) = (1—2) 7T1(E1j)+§771(01j) (8)

Choosing Fy; close enough to By; ensures that C; lies within a distance /e of Bj; and, hence,
of Aj. This guarantees that C; is feasible and does not drop below m3(As3), so that the rest of
the argument for the first case can be applied. To implement s, we use public randomization to

implement it as a probabilistic mixture of s4! and s,

A.2 Necessary Conditions

The interesting case is when v; < 7;(P—;): otherwise, Theorem [I] predicts only that i’s payoff must
be individually rational. We derive the necessary condition for player 1; the same argument can be

applied to player 2.

Suppose that 71 (Py) > v; and, by contradiction, that there is a point A € V(q) such that 71 (A) <
vy =v; + 2L+q(7r1 (P2) — vy): one can construct, for any ¢ small enough and per-period probability

p = ge of proposal opportunity, a contestable norm s that implements A.

431t is possible to show that each of A, A;, and Az can be implemented so that players’ continuation payoffs
eventually converge to a Pareto-efficient point. Under this “redemptive” implementation, if players switch to a

Pareto-inefficient element following a deviation, they will eventually forgive and forget past deviations.
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Let C7 denote 1’s infimum payoff over all continuations of s following histories at which it is 1’s
turn to make a proposal and no off-path proposal has yet been accepted. Since the Pareto point
P, is a possible proposal payoff/*” and since it Pareto dominates all payoffs with 7 < m(P), C;
must satisfy m (Ps) < Ch.

We now contradict this inequality. Let N denote the set of continuations of s at the beginning
of all periods following histories at which no off-path proposal has been accepted. Also let A1 =
infy ey m(V), By = infyrapyy m(W), and Dy = infygyary m1(U), and consider any sequence
{Vk} € V(N) such that m (Vi) — k100 A1. For any Vj there is an action that implements it in
the first period of the corresponding continuation. However, if player 1 deviates, he can guarantee
himself an immediate payoff of at least v;, and the worst punishment for him after deviation gives
him at least B;. Therefore, m1(Vy) > ev; + (1 — ¢)B;. Since this inequality holds for all Vj we
obtain, taking the limit:

Ay >evi+(1—¢e)By 9)

Since any element of U(N) lies in the convex hull of V(N), and player 1 can always conceal his
opportunity to propose, we have C; > Dy > A;. Consider now a sequence {W}} € W(N) such that
m1(Wg) — Bi. Any element Wy is a weighted average of an expected payoff vector EU, ,% whenever
1 gets a chance to make a proposal, an expected payoff vector EU, ]3 when it is 2’s turn to make a

proposal, and a payoff vector U, ,? in case no one gets to make a proposal:
p p
Wi = L(BU}) + L(BUR) + (1 - n)(UF) (10)

We note that EU} is a mixture of elements of U (N) resulting from 1’s mixture over proposals and

2’s mixture over her acceptance decision. Similarly, EU,? is a mixture of elements of U(N).

Since all elements Uy’s belong to U(N'), we have m (EU?) > Ay and 71(U?) > A;. Equation (I0)
thus implies that
7T1(Wk) > (1 — g)Al + gﬂ'l(EU]i)
Recalling that C7 denotes 1’s infimum payoff when he gets to make a proposal, we get
m(Wi) > (1 — g)A1 + gol.
Taking limits, By > (1 — £)A; + 5C, or

B >(1- %)Al + %501. (11)

46By the Folk Theorem, P> can be implemented by an equilibrium of the repeated game without renegotiation.
P> can thus also be implemented as a norm of the enlarged game in which all proposals are ignored, i.e., treated as

cheap talk.
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Combining (@) and (II)), we conclude that A; > ev; + (1 —¢)[(1 — 5)A; + £C]. Ignoring terms
of order £? in the right-hand side of this equation, A; > ev; 4 (1 — [1+ £]e) A1 + % C1. Subtracting
A on both sides of the last equation and dividing by €, we obtain

0> —[1+ %]Al + g()l (12)

From A; < mi(A), C1 > 71 (P2), and m(A) < v = vy + ﬁ(m(Pg) —v;), we get

0<L)1—[1+g]141+g01
2 2
which contradicts (I2]). This shows the necessary condition for player 1.

An identical reasoning for player 2 shows the second necessary condition. This proves the result

for P; # P,. A similar reasoning applies when P = P;.

Credible proposals Section [ has introduced the concept of C-credible proposals, and claimed
that the necessity conditions were unaffected if the proposals involved in the definition of stability
were restricted to being credible. To prove this claim, it suffices to verify that the proposal to move
to P», used just above to derive the necessary condition, is C-credible. The norm implementing
P; is constructed as follows: players are prescribed to play, in all periods, the pure action profile
with payoff P,, and to abstain from making any proposal. Any deviation, whether in action
or in proposal, triggers the continuation implementing A—which is supposed to exist, by the
contradiction hypothesis. Clearly, player 2 cannot benefit from deviating as she is getting her
highest possible payoff in the game. Moreover, the difference 71 (P2) — m1(A) is by assumption
bounded below by 22Tq(771(P2) — vy), which is e-independent. Therefore, 1 cannot benefit from
deviating either: a deviation in action may create an immediate gain of order e, but triggers a
drop in continuation payoffs that is e-independent and dominates the gain. A deviation in proposal

yields the payoff vector A, which again is detrimental to 1.
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B Messages as arbitrary norms: A conceptual difficulty

In the main text, we defined the negotiation stage through an exogenously given set of messages,
and then assigned a norm to each message, requiring that each payoff vector of the feasible set be
assigned a message. One may wonder if it is possible to assign a message to each norm, rather
than to each payoff. This requirement is much stronger since there are potentially many equilibria
that yield the same payoff. Moreover, this creates a circularity problem, because if one enlarges
the message space, this changes the underlying game (since more messages can be sent) and thus

the set of equilibria.

To be specific, suppose that the description of each period, in Section 2 is modified as follows.

Steps 1-3 and 5 are unchanged, but Step 4 is replaced by the following step:

4’) With probability p < 1, one of the players is chosen to propose a new plan for continuation of
the game. Each player has the same probability of § being chosen. The chosen player may conceal

his proposal opportunity by remaining silent, or mix between making a proposal or staying silent.

The object of a proposal is an infinite-horizon plan m from the set M of all possible plans, defined

as follows

A plan in period t describes players’ strategy for the infinite repetition of the stage-game described
above, from period t + 1 onwards. These decisions (actions, proposals, and acceptance mixtures)
are history-dependent. The setting being time invariant, it is convenient to define recursively the

set M of plans. A plan m € M in period t is described by the following elements:

a) For each realization z of the public randomization device, a pair & = a[m](z) of mixed actions

that players should play in period ¢ + 1;

bl) For each player i, a distribution g; = f;[m](z,a) € A(M U @) over proposals, where the
outcome () means that i abstains from making a proposal (unbeknownst to player —i). We assume
that distributions have a finite support over plans The proposal distribution can depend on the
realization z of the public randomization device and on the pair a of observed actions. Because
p < 1, not observing any proposal from either player is always consistent with “on-path” behavior.

The realized proposal is denoted p;;

b2) A probability ¢_; = q—;[m](z, a, ;) that —i accepts i’s proposal (whenever u; # 0)), which may

depend on z, a, and pu;;

We will in fact impose a uniform upper bound on this support, as explained below.



b3) If no one has made a proposal, the acceptance stage is skipped. To economize on notation,
we assume that some player i is, even in that case, conventionally selected (randomly or deter-
ministically) as the proposer and let p; = ) and D_; = 0. (So, —i’s conventional response is to

systematically “reject” a non proposal.)

¢) A continuation plan my; = myq1[m](z,a,i, u;, D_;) € M for period t 4+ 2 onwards, as a function

of z, a, i, u;, D_;, where i indicates the identity of the last proposer

While the above definition seems natural, it turns out to be too permissive for the set of plans to be
well-defined: there does not exist a set of plans so large as to contain all the possible continuation
prescriptions allowed above. In particular, in the above construction, a plan must specify an
acceptance decision for each possible proposal. Therefore, each plan m must specify—among other
things—a function which maps each element of M (the proposal) to a binary decision (acceptance).
This implies that the set M of plans must contain, in order to include all possible prescriptions,
its power set 2M. Such a set does not exist, since any set has a strictly lower cardinality than its

power set, by Cantor’s Power Set Theorem (see, e.g., Mendelson (1997)).

C Asymmetric proposing probabilities

It is easy to extend the analysis to a protocol in which one of the players has a higher probability
factor ¢; of proposal than the other player. The sufficient conditions are unchanged in this setting,
but the necessary conditions become tighter for the player whose proposal probability is higher,
which translates into a higher minimal guaranteed payoff for that player across all contestable
norms. To see this clearly suppose that v; < m(FP2) and vy < m2(P1), so that renegotiation
potentially benefits both players relative to minmax payoffs, and consider the case in which 1 can
make frequent proposals while 2 never gets a chance to make a proposal (i.e., ¢; is arbitrarily large
while g2 = 0). Then, 2’s minimal guaranteed sustainable payoff collapses to her minmax payoff,
while 1 is guaranteed to get a payoff of at least m1(FP2). More generally, player i’s minimal payoff,
given by (), is calculated using the probability ¢; that he gets an opportunity to make a proposal,
and is independent of the other player’s probability of getting that opportunity. As ¢; increases,

player i’s guaranteed continuation payoff increases as well, and vice versa.

2(Clearly, this plan must be independent of i whenever pu; = (J, so that the convention chosen for the proposer in

the absence of any actual proposal is indeed irrelevant. This restriction is applied throughout.



D Truthful norms

For any number of players and any norm there is a payoff-equivalent norm, which is ¢ruthful in the
sense that any on-path proposal is always accepted and implemented. Indeed, when some player
i gets a chance to make a proposal, he can make any number of proposals in equilibrium, the
expectation of which is some continuation payoff C. We alter the norm by prescribing player ¢ to
make only one proposal with payoff C'. The altered norm prescribes all other players to accept
the proposal and C to be implemented regardless of the acceptance decision. The payoff C can be

implemented using public randomization.
If ¢ deviates and proposes a Pareto improvement relative to C', everyone is prescribed to reject it.

With two players, the new norm prescribes to have the same rejection continuation as in the original
norm. The incentive to accept the proposal is unaffected by the transformation, so the other player

is incentivized to reject an off-path proposal.

With more than two players rejecting the off-path proposal is an equilibrium. When the norm
is simple (see Section []) and players vote for the payoff-improving proposal, as in Assumption [T,
player i is still prescribed to propose C. If player ¢ makes an off-path proposal which gives him
more than 7;(C), for each such a proposal there is at least one player j # i who rejects it, as

otherwise this off-path proposal would be made and accepted in the original norm.

E General renegotiation protocols

The benchmark model can be extended to allow multiple rounds of renegotiation within each period
without affecting the main results. We consider a multi-round renegotiation environment similar to
Miller and Watson (2013), adopting their notation. In each period, with probability ¢;c player i can
make a proposal to player j, which initiates a stochastic alternating-offer renegotiation protocol.
The renegotiation rounds are numbered as [ € {1,2,...},with | = 1 being the original proposal of
player i. If at any round the proposal is accepted, the players stop renegotiation and move to the
next period; otherwise the players continue renegotiation. Conditional on reaching the round [ > 1,
player i is selected to be the proposer with probability p;;. Conditional on rejecting the proposal
in [-th round, the renegotiation breaks with probability 5; € [0,1], with [[;2,(1 — 8;) = 0. The
values of p;;, I > 1, and of 3, [ > 1, are assumed to be independent of made proposals, and of the

identity of the original proposer, and are the same across different time periods.

The presence of multiple rounds of renegotiation affects the set of equilibria in the repeated game



with renegotiation. Nevertheless, Definition [I has straightforward extensions applied to each round
of renegotiation and Theorem [I] continues to hold as stated. It is equally easy to show for en-
vironment of Section [ below, where the continuation of a failed proposal is independent of the

proposer, that Theorems [§ and [0] also continue to holdH

THEOREM 5 Theorem [0 extends to multi-round renegotiation.

The proof for sufficient conditions in Theorem [ still holds, since player ¢ can be punished for
making an unprescribed proposal by moving to the continuation which gives the highest possible
payoff to the player j, which makes all the future rounds of renegotiation meaningless. The proof
for the necessary conditions in Theorem [I] also holds, since when player ¢ gets a chance to propose,
he can guarantee to move to the above continuation, in both the one-round and the multi-round

cases.

F Comparative statics

Consider any ¢ > ¢’ and any norm s that is contestable at some frequency q. We will show the

existence of a norm s’ that is contestable at frequency for ¢’ and payoff-equivalent to s.

Under the new norm s’, any payoff A achieved by s following any history ending before the action
stage is implemented using the same mixed actions and the same subsequent continuations as pre-
scribed by s. Consider now any vector payoff B, calculated before the proposal stage, implemented

B €1 which arises

by some continuation s” of s. s is a mixture of three continuation equilibria: s
when 1 gets a chance to make a proposal and is calculated after the proposal stage; s which arises

if 2 gets to make a proposal; and s, which arises if no one gets to make a proposal.

At frequency ¢/, B is implemented as follows: players are prescribed to make exactly the same
proposals (with the same prescribed punishments if someone made an off-path proposal). For B
to still to be the weighted average of the continuations occurring after the three proposal events,
we change the continuation payoff in case no proposal is made: the new continuation payoff in this

C

case, C’, has to lie on the line between B and C. The new continuation s is achieved using public

3Concerning Theorem [§] even in the multi-round case renegotiation ends in one round, with a continuation payoff
being on the Pareto frontier. Moreover, with each player ¢ having a non-zero bargaining power (equivalent to m; > 0),
the proof of Theorem [@in Section [ 1] does not require the property of n-stability, since the Pareto-improving proposal

will lie in the interior of the Pareto set of stable norm.



randomization, as it lies in the triangle (C,Cy,C3). This construction gets us close to the desired

norm s’.

However, one also needs to make sure that players are correctly incentivized to make a proposal,
when they get an opportunity to do so, rather than to conceal this opportunity. This is the case
if m1(C1) > m1(C) and ma(C2) > ma(C), i.e., if each player gets at least as high a payoff when he
makes a proposal as when he remains silent. When one moves point C' to C’, these incentives might

get violated, and the construction above must be adjusted as follows.

The new continuation payoff when no proposal is made, C’, lies in between C' and B. Suppose
that it violates 1’s incentives to make his prescribed proposal: m1(C”) > m1(C4). Since, in the old
norm, we had m1(C1) > m1(C), such a violation is possible only if 71 (C2) > 71(C1). In this case, we
modify the prescribed proposal for player 1 by moving point C; towards Cs. As this happens, the
value of m1(C7) increases and the value 71 (C’) decreases (to keep B the weighted average). When
these values become equal, the incentives for player 1 to make a proposal start holding again. With
the new continuation payoff C| for player 1’s proposal and renewed continuation payoff in case of
no proposal C”, player 1 is incentivized to make the prescribed proposal. One then can check that
both new points can be implemented: the payoff C] lies between C; and Cs and therefore can be
implemented using public randomization, while point C” lies within the triangle (C,Cy,C3) and

can therefore also be implemented.

The same procedure is applied to player 2. The modified continuation payoffs can be implemented
using public randomization device. The new norm s’ therefore has the same set of payoffs as the

old norm s at any stage, and it is contestable at frequency ¢'.

G Non-vanishing probability of proposal

The sufficient conditions of Theorem [l rely on the probability p of a player being able to make a
proposal being proportional to e: p = ge. As explained intuitively at the beginning of Section [3]
when p is independent of €, one can no longer guarantee the existence of sustainable payoffs for all
stage games. This section establishes the result formally: for p € (0, 1], there exists a stage game

which has no sustainable payoffs when the discount factor § is sufficiently close to 1.

An example of such a game is given by the matrix below, with some payoffs expressed in terms of

a large constant M.



OM,-2M | -2M,-2M | -2M,-2M | -1,7 12M | 0,0
OM,2M | -2M,-2M | -2M,-2M | M,-2M | -2MM | 0,0
OM,2M | -2M,-2M | -2M,-2M | -2MM | M-2M | 0,0
7-1 OMM | M2M | -2M,-2M | -2M,-2M | 0,0
OM1 | M2M | 2MM | -2M,-2M | -2M,-2M | 0,0
0,0 0,0 0,0 0,0 0,0 0,0

The minmax values of players are v; = vy, = 0, as seen from the last row and the last column. The
set of Pareto efficient payoffs is a part of a line which goes through points (—1,7) and (7, —1), and
is a segment between (0,6) and (6,0): any other stage game payoff gives strictly less total payoff
of the players, 1 + ms.

LEMMA 2 For any p > 0, there exists M such that for all € small enough, no contestable norm

exrists.

Proof. The proof proceeds by contradiction. Suppose there exists a contestable norm and let V
denote the set of payoff vectors implemented by all continuations of the norm that follow histories
at which no off-path proposal has been accepted. Consider the payoff vector ()2 € V that gives the
highest payoff to player 2 in V, and suppose that mo(Q2) > 0. If player 1 gets a chance to propose,
1 gets at least m1(Q2). Therefore the infimum A; of 1’s payoff over all elements of V satifies

Ay >exvy+(1—¢e)(p*m(Q2) + (1 —p) * Ay)

because 1 is gets at least minmax payoff v; during the action stage, and can guarantee himself a

payoff m(Q2) when he makes a proposal.

When implementing ()2, the expected per-period payoff of player 2 must be strictly positive, since
Q)2 gives the maximal payoff to 2 in V. Player 2 can only choose one of the columns from the second
to the fifth. Moreover, player 2 cannot play a mixed strategy (over at least two of the columns from
the second to the fifth), as any pure action in the mixture should give player 2 a strictly positive

payoff, which is impossible as shown below:

Let player 1 choose the rows from the first to the third with a total probability of 3, and choose
the fourth and the fifth rows with the total probability of +. If player 2 chooses either the second
or the third column, 2’s expected payoff is at most X1 = —2M 3 + M-, while if 2 chooses either
the fourth or the fifth column, 2’s expected payoff is at most Xo = M — 2M~. Since both payoffs
X1, X5 cannot both be strictly positive, 2 cannot mix between at least one of the second and the

third columns, and at least one of the fourth and the fifth columns.



Let player 1 choose the fourth row with probability 3’, and the fifth row with probability +/. If
player 2 chooses the second column, 2’s expected payoff is at most X| = M3’ — 2M~', while if 2
chooses the third column, 2’s expected payoff is at most X5 = —2M ' + M~'. Since both payoffs
X1, X}, cannot be strictly positive at the same time, 2 cannot mix between the second and the third

columns.

Let player 1 choose the first row with probability &, the second row with probability ﬁ, and the
third row with probability 4. If 2 chooses the fourth column, his expected payoff is at most
X, =74 —2M ﬁ + M#, while if he chooses the fifth column, his expected payoff is at most Xy =
—2Mé&+ MjB—2M#4. The sum of the two payoffs is negative X1+ Xy = (7—2M)é&— M3 — M4 < 0,
if M > 10. In particular, the payoffs Xl,ffg cannot both be strictly positive and, hence, player 2

cannot be mixing between the fourth and the fifth columns.

Thus, when implementing (s, player 2 has to choose one of the columns from the second to the
fifth as a pure strategy. Respectively, player 1 is able to deviate and get a payoff of at least M.

Thus, 1’s continuation payoff has to satisfy:

T(Q2) 2 e*x M + (1 —e)(p+m(Q2) + (1 —p) x Ay).

Indeed, if player 1 deviates and gets M in the current period, during the renegotiation stage player

1 can secure the payoff 7;(Q2) if given a chance to propose, and otherwise gets at least A;.

Combining the above inequalities yields

p(M —m1(Q2)) < (1 —p)(A1 —vy),

which is impossible for M large enough. Therefore, there is no contestable norm for which 2 gets
a strictly positive payoff. By symmetry, the same holds for player 1. The only possible contestable
norm that remains is for both players to always minmax each other and get zero in each period.
However, this norm is not robust to a proposal to move to a babbling norm with payoff (3, 3), which

is implementable by the Folk Theorem as long as € is small enough. |

Although, existence may be an issue when p fixed, this need not be the case. In particular, if the per-
period payoff of a deviator is sufficiently low during the punishment phase, this will be suffice to de-
ter deviations, even if the probability of renegotiation is large. There are many stage games for which
there exist sustainable payoffs at all frequencies of renegotiation. An example of such a game, in

which Pareto inefficient punishment is needed to support on path behavior, is given by the following

-14,0 | 0,0 | 0,6
matrix: -14,0 | 0,0 | 5,0
-14,1 | 2,1 1 0,0




The Pareto frontier of this game consists of all the payoffs which lie between the points (0,6) and
(5,0). All these payoffs are sustainable as § becomes sufficiently large, even if the value of p remains
fixed.

PROPOSITION 4 There exists g9 € (0,1) such that Ve < eq, any payoff on the Pareto frontier of the

game is sustainable for any value of p € [0,1].

Proof. The proof of this proposition follows the construction of Appendix [A.Il In order to
implement Pareto-efficient payoff ) = (0,6), player 2 has to choose the third column, while player
1 has to choose the first row. However, 1 may be tempted to choose the second row and get a
payoff of 5. In order to implement @, therefore, there must be a Pareto-inefficient punishment for
player 1, sufficiently harsh to deter 1 from making this deviation, despite being able to propose a
Pareto improvement with positive probability in each period. This is achieved as follows: when
implementing @), if player 1 deviates and chooses the second row instead of the first one, he gets an
immediate benefit of 5¢. Player 1 is punished by moving continuation payoff to point B = (—5.5¢, 1).
At this stage, if player 1 gets a chance to renegotiate, he proposes point C' = (0.5¢, 1), otherwise
the play moves to point A = ([-5.5 — 615—52]5, 1), which gives player 1 a continuation payoff of at
least —11.5¢. Point A is implemented by choosing the third row and the first column with a payoff
(—14,1), and at the renegotiation stage player 1 would have a continuation payoff of at least e.

With this construction, point () deters any off-path proposals by player 1. |

H Concept equivalence: Proof of Theorem 2l

1. Any closed convention C¢ is an open convention as well, so the first statement is trivially true.
Now consider any open convention C°. To construct a payoff-equivalent closed convention C¢, we
modify each norm s of C° as follows: s’s rules on and off the equilibrium path are kept unchanged
except when a player, say i, sends a message m; which is off the equilibrium path. In this case,
because C° is an open convention, the continuation if —i accepts the proposal need not lie in C°.
Following such a proposal, players are instead prescribed to behave as if ¢ had remained silent.
The new rules define a norm: when playing the original norm s, ¢ was not sending the message m;
anyway, so removing this option does not affect equilibrium behavior and payoffs. By construction,
the set of modified norms form a closed convention C¢, and because each norm of C° has been

modified into a single payoff-equivalent norm of C¢, the conventions are payoff equivalent.



2. We start with the observation that if two conventions C¢ and C° have the same payoff sets, then

any proposal that is credible according to either convention is credible according to the other one.

We now consider any stable open convention C° and construct the corresponding closed convention
C¢ as in Part 1. To show that C¢ is stable, consider any norm s of C¢, history at which player ¢
gets to propose, and credible proposal U such that m;(U) is strictly greater than ¢’s continuation
payoff U;. From the above observation, U is also credible for C°. If the proposal U gives player
—1i a lower payoff that U does, then the payoff U’ = U satisfies Definition If the proposal U
Pareto dominates U , then for the norm § of C° corresponding to s, and the same history, —i must
reject U with positive probability (for otherwise 7;(U) would coincide with U;). Let U’ denote
the continuation payoff if —i rejects U. By stability of C°, —¢ knows that if he accepts U it will
be implemented. Since it is weakly optimal for —i to reject U, it must therefore be the case that
7_;(U") > w_;(U). Moreover, it must also be the case that m;(U’") < U;, for otherwise it would
be strictly optimal for ¢ to deviate by proposing U, and s would not be a part of an open stable

convention C°. Using this U’ in Definition [B], this implies that C¢ is stable.

Next, consider any stable closed convention C¢. To construct a payoff-equivalent stable open con-
vention C°, we simultaneously modify all norms of C¢. The modification proceeds in two steps,
using a recursive representation norms. A norm may be viewed as a prescription of actions, pro-
posals and acceptance decisions for the next period (each depending on what happened in earlier
stages), along with a continuation norm resulting from these stages applied to the period after next.
In Step 1, we modify the prescriptions for time ¢ + 1, and still use norms of C¢ as continuation
norms. The purpose of this step is to make a prescription compatible with the requirement that
if a Pareto-improving, credible proposal is made and accepted, then it has to be played. In Step
2, we replace these continuation norms of C¢ by those built in Step 1, to guarantee that the rule
applies at all periods, ensuring that credible norms which are accepted are implemented, so that

Definition [ holds at all periods.

Consider any norm s of C¢. We modify s as follows. For the modified norm 3, the action stage and
on-path proposals are prescribed exactly as in SH Now consider a history at which ¢ makes any

proposal U which is not prescribed by s but which is C%credible. If —i accepts the proposal, we

4 Another modification of s is needed when ¢ proposes on path a continuation § that lies outside of C¢, which
—i is supposed to accept, and which is followed by a continuation s’ in the convention C¢ (as it should, since the
convention is closed). This sequence of moves is replaced by ¢ directly proposing s’ and having it accepted by —i.
The modified profile is also a norm, as is easily checked. More generally, any norm of the game may be turned into
a payoff-equivalent “truthful” norm of the game, i.e., one in which any proposal that is made and accepted on the

equilibrium path is implemented, as explained and proved in Appendix [Dl



construct § by prescribing that players implement this proposalH If the proposal gives i a strictly
higher payoff than his continuation payoff U;, then by stability of C¢, there must exist a payoff
vector U’ corresponding to some norm s’ of C¢, which gives player —i at least as much as U, and
which gives player ¢ at most U;. We prescribe playing the norm corresponding to U’ in case player
—1 rejects the proposal. If U does not improve upon #’s continuation payoff, we prescribe playing
the continuation corresponding to any of i’s on-path proposals in case —i rejects U. Finally, if ¢

makes a non-credible proposal, the proposal is ignored as if ¢ had stayed silent.

We now verify that § is a norm that yields the same payoff as s. Since § prescribes the same actions
as s, players are incentivized to follow the prescription. If ¢ gets a chance to make a proposal,
any proposal prescribed by s (and hence §) yields the same continuation payoff as in s. If player 4
makes a credible, off-equilibrium proposal that improves upon his on-path payoff, then player —i
is incentivized to reject it, and i’s continuation payoff is weakly lower than his on-path payoff. It
is never optimal for ¢ to make a credible proposal that is lower than his on-path payoff, regardless

of —i’s acceptance decision. Finally, we replace all continuation norms by their modified versions.

There remains to verify that the set consisting of all modified norms forms a stable open convention,
denoted C°, which is payoff equivalent to C¢. First, we notice that continuations outside of C°
may arise only when a player makes an off-path proposal (which, by construction, also has to be
credible) which is accepted by the other player. Thus, C° is an open convention. By construction,
each element of C° corresponds to exactly one element of C¢, which yields the same expected payoff.
Therefore, the conventions are payoff equivalent. As observed earlier, this implies that they have the
same set of credible proposals. This, in turn, implies that any Pareto-improving, credible proposal

of C° that is accepted is played and, hence, that C° is stable.

I Proofs of Section [5 (Arbitrary number of players)

We define the sequential constructions mentioned in the main text, which both start from the
set F of strictly individually-rational payoffs in the stage game, i.e., the payoffs which would be
implementable without renegotiation as § goes to 1. We then consider the minimal payoffs m;(F),
i € {1,...,n} that each player i could guarantee himself when given a chance to make a proposal if
any payoff in F could be chosen as a punishment. We will build two decreasing sequences of sets,
starting from F, which will generate separate necessary and sufficient conditions for a payoff to be

sustainable.

5 At this point, we do not know yet that the proposal is C°-credible. We only know that it is C°-credible. However,

the norm C° that we are constructing will be payoff equivalent to C¢ and hence have the same set of credible proposals.
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To derive sufficient conditions, the k** set in the sequence, ]-"'g, is reduced by removing all the
payoffs below ;(F. '§), to form the k + 1-th set in the sequence, starting with ]-"g = F. We will show

that this process converges to a stable set which defines sufficient conditions.

To derive necessary conditions, the k" set in the sequence, F: ﬁ,, is constructed inductively as follows.
Let Tpin,i (F ]]‘{,) denote the lowest expected payoff for player ¢ at the beginning of a period, among all
payoff vectors in F' ]]‘f, This value is lower than the continuation payoff m;(F ]'f,) that ¢ can guarantee

himself when he gets a chance to make a proposal. We have

qe qe
Tonin i (FR) 2 €01 4 (1= ) [ Tm(FR) + (1= T manin o (FR)
Indeed, as in the two-player case, i gets at least v; as his current payoff, and can guarantee himself
mi(F %) if he has a chance to make a proposal. As ¢ goes to 0, one can express the value i i (F%)
as: (7t
nv; + qmi( SN
(FRky> =2 I N 13
szn,z( N) = n+q ( )
At each step the set ]:J]i, is being reduced by removing the payoffs below (I3)). Iterations of this

procedure converge to a steady set, as we show in the Appendix.

PROPOSITION 5 Both procedures converge to steady sets.

1.1 Proof of Proposition

We fix one of the two procedures and let F denote the set corresponding to the k-th step in the
sequential reduction of the set F under this procedure. We first show that points on the relative
Pareto frontier P(Fy) of Fj are never removed by the procedure. Suppose, contrary to the claim,
that some point A € P(F)) was removed by the procedure. Then there would be a player i such
that m;(A) < m;(Fk). If A was prescribed as a punishment payoff for any proposal of player 4, then
for i’s optimal proposal with payoff C' € Fj, the punishment payoff A would not be credible as it is
removed at the k-th step. That is, any j # i has 7;(A) < 7;(C). Since A lies on the Pareto frontier
of Fj, this means that m;(C) < m;(A): C gives i a lower payoff than m;(Fj), which contradicts
C’s assumed optimality. One could simply prescribe both continuations to have C' as their payoff

vector, and this would give ¢ a lower payoff than m;(Fj).

When evaluating the worst punishment D(C, Fy) for player i for making a (non-prescribed) proposal
with payoff C', the optimal proposal (that is, the one which gives the highest payoff to player i from
the worst punishment) always lies on the Pareto frontier. Indeed, consider a proposal with payoff

C, which is not Pareto-optimal, and another proposal with payoff C’, which Pareto dominates C.
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The set D(C, Fy) of possible punishment payoffs is strictly larger than the set D(C’, Fy), since the
latter set gives every player j # 4 a higher lower-bound on his payoff. This implies that the proposal
C' gives player i a worst punishment payoff m;(C’, F,) at least as high as the proposal associated
with payoff C.

Since no point on the relative Pareto frontier of F is removed in the sequential reduction, the set of
optimal proposals (in terms of evaluating the worst possible punishment) for any player ¢ remains
the same along the sequence. However, the set of possible punishments keeps decreasing at each
step, which weakly increases, as a result, the minimal value m;(F) with k. (Recall that m;(F}) is
i’s minimal payoff if he gets a chance to make a proposal). At each step, the set Fy is characterized
by the n lower bounds of the players’ payoffs {mmin,i(Fk)}icq1,....n}- These lower bounds are weakly

increasing at each step, which implies that the procedure converges to a stable point.

1.2 Proof of Theorem [

Necessity

Suppose that A lies outside of Vy and, for any € > 0 small enough, there exists a contestable
norm s(e) such that A lies in the set V(e) of payoff vectors across all continuations of s(¢) following
histories at which no off-path proposal was accepted by the supermajority. The sets V(e) must
satisfy inequality (I3]) (replacing F ]]‘f, as an argument of this inequality), up to an e-term. Consider
the limit of V(e) as € goes to 0. This limit payoff set contains A and satisfies inequality (I3]), which
implies that A should have not been removed from any of the sets F ]’% However, this implies that

A belongs to Vi, a contradiction.

Sufficiency: R

We first prove that any point in R is sustainable. Consider any point A with m; > m;(P-;) for
any ¢. As in the two-player case, one can find n points A; such that for j # i m;j(4;) = m;(A)
and m;(4;) = m(P—;) + v/. We build a contestable norm s, in which for each 4, the point A;
gives ¢ his lowest payoff across all continuations, following histories at which no off-path proposal

Ai associated with payoff vector A;, player i is being

was accepted. In the continuation norm s
minmaxed. Since players other than ¢ may have to use mixed strategies, this generates a set B
of continuation payoffs, following the action stage, which depend on the realization of actions of
players other than 7. Any continuation B € B is implemented as follows: if ¢ can make a proposal,
he is prescribed to propose some continuation with payoff C; other players are prescribed to remain

silent; in the absence of any proposal, the continuation returns to si. As in the two-player case,
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one can guarantee (possibly using the public randomization), that the distance A;C is of order /e.

Since the Pareto frontier is connected, so is its truncation to points for which i’s payoff lies above
m;(P—;). One can therefore find a connected subset S. of the frontier consisting of all points giving,
for each i, a payoff greater than or equal to 7;(A;) + Ke, where K is a constant chosen large enough

that players are incentivized not to deviate in actions.

Continuation norms with payoffs in S; are constructed in such a way that each player i gets at

least m;(A;) + Ke in all subsequent continuations.

When implementing A;, players are already incentivized to follow the prescribed actions. If i makes
a non-prescribed proposal, then by construction of S, there exists a continuation with a payoff @);
in S. that gives i a lower payoff than C. Indeed, the lower bound for 7; at the set S is m;(A;) + Ke,
while 7;(C) — m;(4;) is of order /e.

Sufficiency: General Conditions

The proof is similar to that of the two-player case. For any point A € Vg with m; > Tpini(Vs),
consider the set of points A; € Vg such that for any i m;(4;) = mmini(Vs) + Ve and m_;(4;) =
m_;(A). The points A; have a smaller i-th coordinate than A provided that ¢ is small enough. We
also assume without loss of generality that m;(A;) — m;(A4;) >> /e for any j # i.

We build a contestable norm s such that A; gives the lowest payoff to player ¢ across all continuations
following histories at which no off-path proposal was accepted. At s?i, player 4 is minmaxed. Since
players other than ¢ may have to mix their actions, we construct a set of continuations with
payoffs B € B, corresponding to the observed actions of players —i. For any continuation norm
sB associated with some payoff B € B, i is prescribed to make a proposal with some payoff vector
C, and all other players are prescribed to remain silent. As with the two-player case, C' can be
assumed to lie at a distance of order /¢ from A;. When implementing the continuation norm s¢
associated with C, players are prescribed to follow a deterministic sequence of actions such that
the continuation payoff remains within an e-distance from C'. Players are prescribed not to make

any proposals.

The initial point A is also implemented by deterministic actions and no proposals. Moreover, each
point in the positive orthant starting at the vertex with i** coordinate m;(4;) + Ke for each i is
implemented by a contestable continuation norm of s in such a way that m; > m;(4;) + Ke: s4i is

a severe enough punishment for ¢ that it is suboptimal for him to deviate in action.

The norm s can be shown to be generically contestable. The only new issue concerns #’s incentives
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to deviate in proposal. We have reduced (increased the lower bounds on payoffs) the initial set Vg
by an order of \/e. The orthant defined by m; > m;(A;)+ Ke for all i is part of the set of contestable
continuations, but some points lying below this orthant are removed from the original set Vg. As a
result, the value ;(.), which 4 can guarantee if having a chance to propose, can now be larger. Our
goal is to show that, nevertheless, generically the value of m;(.) is smaller than m;(C), and therefore

player i is incentivized to propose s°.

When building a set Vg by sequentially removing payoffs with m,i,.:(.) < m;(.), the initial set of
individually-rational payoffs gets reduced. If for player i the final value of 7y, i(Vs) is strictly
larger than his minmax payoff v;, then the value of m;(A;) — v; is of order €°. This means that the
distance A;C can be made of ci-order. At the same time, the set Vg (and, respectively, the value

m;(.)) were changed by an order of /e, guaranteeing that m;(.) < m;(C).

If player i’s payoff mpmini(Vs) equals to minmax v;, this means that i’s payoff was not increased
when building the set Vg. Put it differently, one can consider a hyperplane of the set Vg with
m; = v;, and find the maximum payoffs of other players 7;, j # i on that hyperplane. The n — 1-
dimensional payoff vector {7j};-; cannot lie within the interior of Vg (otherwise, player i could
make a proposal dominating {7;},-; and thus guaranteeing himself a payoff higher than v;). When
the set Vg is reduced by (an arbitrarily small) y/z-order, player i can gain incentives to make an
off-path proposal, only if the vector {7;};; lies exactly on the Pareto frontier of Vg. However, this

possibility is non-generic.

1.3 Proof of Proposition [3

Intuition. A) Let L = N —1, that is, the voting rule is unanimous. The sets Vg and V{,—necessary
conditions depend on ¢, hence the superscript—are both obtained from F by sequentially increasing
the lower bounds on each player’s payoff when he gets a chance to make a proposal. Vg is obtained

by removing payoffs below 7;(-) at each step, while V]q\, is obtained by removing payoffs below

nitqmi(.)
n-+q

converge to each other. As we show below, this implies that Vi, converges to the set Vs as g goes

. When ¢ goes to infinity, the sets of payoffs removed at each step of these procedures

to infinity.

The set of sufficient conditions, Vg, can be characterized by two sets of lower bounds for each player
i: m;(Vs) is the lower bound on 4’s payoff when he gets a chance to make a proposal and i i (Vs)
is the lower bound for his payoff at the beginning of a period. Vg was constructed in such a way
that m;(Vs) < Tmin,i(Vs).
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To capture this intuition, we first show by induction that Vg is the largest set S of individually
rational payoffs whose Pareto frontier is equal to P(V) and such that m;(S) < Tpmin,i(S) for any
1. Consider such a set S. The sequence of sets F. ]5? converging to Vg starts with ]:g = F, the set
of all individually rational points. This implies that m;(S) > m;(F2), since F2 contains S and,
hence, the set of punishments if ¢ makes an unprescribed proposal is higher with ]:g than with S,
resulting in a lower bound ;. We now show the induction hypothesis: if m;(S) > m;(F%), then the
same condition holds for k + 1. Due to the way the payoffs are cut at step k, one has for each
i, wmin,i(}'gﬂ) = max{Tmini(FL), m:(FE)} < mi(FE), which does not exceed 7;(S) < Tmin.i(S).
Since the lower bound myn, i (F, g“) is lower than 7,y ;(S), the set F, l§+1 contains S, and one has

that m;(S) > ﬂ(}']gﬂ). By induction, the limit set Vg contains R.

Let Vy denote the limit of V]qV as q goes to infinity. We wish to show that Vy = Vg. Consider
the sequences {}'Zli;q}g';’% resulting from the procedure applied, for any fixed ¢, to derive necessary
conditions for this value of g. Due to the way points are removed at each step, it is easy to check that

]:]]f,’ql C ]:]If,’q whenever ¢’ > ¢; by the same logic, it is straightforward to check that Vg is contained
nitqri(Vy)
n-+q
this inequality holds at each step k of the procedure. Taking the limit as ¢ goes to infinity, the

in Vy. To prove the reverse inclusion, note for each ¢ and 7, we have wmin,i(V]qV) > , as
limiting set Vv must satisfy for each i 7;(Vn) < Tpmin,i(Vn). From the previous paragraph, this

implies that Vg contains Vy, which concludes the proof.

B) Any other supermajority rule, L € {|N/2],..., N —2}, would lead to a different function m;(.),
since the set of punishment for each off-path proposal would be smaller, compared to the case of
L = N — 1. However, the proof works the same. In addition, higher values of L lead to (weakly)
larger sets Vi, Vg: Those sets are obtained from sequential procedure of removing payoffs, starting
from the set of all individually rational payoffs, and higher values of L shrink the set of removed

payoffs at each step.

J Multiplayer agreements: Voter-dependent continuations, sequen-

tial voting and non-unanimity rules

J.1 Voter-dependent continuations

Suppose, first, that continuation payoffs can depend arbitrarily on the voting decision of each
player—except if everyone agrees on a proposal, in which case contestability dictates that the

proposal is implemented. With this high degree of flexibility, norms may be constructed so that all
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negotiation proposals are dissuaded and the Folk Theorem obtains.

THEOREM 6 For any feasible payoff vector m with m; > v; for all i, 7 is sustainable.

To understand this result, we recall that in the underlying repeated game without negotiation, any
strictly individually-rational payoff vector can be implemented for € small enough by minmaxing
any player i who deviates in actions, and switch to minmaxing any player 7 # i who deviates
when minmaxing player ¢. The same idea can be applied when negotiation is feasible, by deterring
it as follows: if a player, ¢, proposes another continuation, everyone else is prescribed to reject
the proposal and to start minmaxing player i. If another player, j, deviates from the prescribed
rejection by accepting i’s proposal, and all other players reject it, then players are prescribed
to minmax j instead of 7. If two or more players accept i’s proposal, it is implemented, which
guarantees that the norm satisfies our contestability refinement. This prescription guarantees that
it is always suboptimal for a player to unilaterally accept a proposal and, consequently, that it
is also suboptimal to make any proposal. Unless some additional restrictions are imposed on the
continuation payoffs, allowing for the possibility of renegotiation with three or more players thus

has no more predictive power on the set of equilibria and payoffs than the standard Folk Theorem.

To prove Theorem [ formally, observe that since v € F, the standard Folk Theorem implies that
for € small enough v can be achieved by an equilibrium of the underlying repeated game. This
equilibrium can be embedded into a norm of the repeated game with renegotiation. According
to this norm, no proposal is ever prescribed at any stage of the game. If a player ¢ ever makes
a proposal, other players are prescribed to reject it and the continuation payoff corresponds to
punishing player i, as if ¢ had deviated in action in the underlying equilibrium. If only one player
j # i accepts i’s proposal, the continuation corresponds instead to the punishment equilibrium for
j. If at least two players accept the proposal, it is implemented. These prescriptions guarantee

that any unilateral deviation in action, proposal, or acceptance decision is suboptimal.

J.2 Sequential voting in case of no restrictions

Sequential voting permits more than two continuation payoffs, depending on the sequence of accep-
tance decisions of the players. The set of sustainable payoffs is qualitatively similar to the earlier

analysis with simple norms but more permissive.

PROPOSITION 6 Suppose that each proposal is decided by sequential voting. Then, sufficient and

necessary conditions analogous to those of Theorem [j] obtain, which are characterized by upper
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orthants. Moreover, the set characterized by each of these two conditions is larger than the corre-

sponding set obtained with simple norms and simultaneous voting.

Sequential voting with many continuations thus provides more predictive power than simultaneous
voting with voter-dependent continuations, but less predictive power than the simultaneous-voting

specification with only two continuations.

Proof. [Sketch] Consider for simplicity the case of three players: player 1 makes a proposal and
player 2 responds first, followed by player 3. Depending on responding players’ votes, there are
four possible continuations, one of which is equal to 1’s proposal and arises when 2 and 3 accept

the proposal.

The ability to punish 2 for accepting player 1’s proposal is constrained by the following issue: if 2
accepts the proposal, 3 will reject it only if the punishment for player 2 gives him at least the same
payoff as 1’s proposal, which will be implemented if he accepts it. This puts a lower bound on 2’s

punishment payoff, which is higher than the minmax vs.

As a result, 1’s punishment for making an off-path proposal is also limited. Since fewer punish-
ments are available, fewer norms are contestable: sequential voting has more predictive power than
simultaneous voting. By nature of the arguments used to derive necessary and sufficient conditions,
these conditions are characterized by upper orthants, even if players randomize their acceptance
decision. Since allowing only two continuations—as simple norms do with simultaneous voting—is
a special case of the more numerous continuations allowed by sequential voting, it follows that sim-
ple norms have more predictive power than the contestable norms obtained with sequential voting.
[ |

J.3 Non-unanimity rules

Theorem [ implies that when unanimity is required for the proposal to pass, there always exist
sustainable payoffs. This section shows two results: a) for N > 2 players, sustainable payoffs may
not exist under non-unanimity rules; and b) in symmetric games, sustainable payoffs exist for any

supermajority rule, that is, for any L > | N/2]

PROPOSITION 7 For any N > 2, there exist an N -player stage game and a threshold ¢ such that
in the related repeated game with renegotiation with voting rule L = N — 2, there do not exist

sustainable payoffs at frequency q, for all ¢ > q.

SRecall that L is the number of votes required in addition to the proposer for the proposal to pass.
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In general, therefore, the existence of contestable norms is guaranteed only under the unanimity
rule. In the stage game that we construct, we show that if proposals can pass even when there is a
negative vote, then each player, when she has a chance to propose, can guarantee herself too high

a continuation payoff, which destroys stability of contestable norms.
Proof.

We first describe counterexamples for N > 5 and then the small modifications needed for N = 3
and N = 4.

Players are numbered as {1, ..., N}. In the stage game, each player has N actions denoted ay, ..., an.
If all N players choose the same action aq, the payoff vector is 77 = [X,0,10,10—z,10—¢1 z, ..., 10—
¢n—42] where X = 10(1 — ), ¢; = (2N)! for j € {1,..,N — 4}, and z = ﬁ(ﬂv)ﬁ' If
all players choose ag, the payoff vector T5 is obtained by cycling clockwise the payoffs from T7:
Ty = [10 — ¢n—42,X,0,10,10 — 2,10 — ¢12,...,10 — ¢pn_32]. In general, if all players choose a;,
then the payoff vector T; is obtained by cycling payoffs from T, with player i getting payoff X. In
particular, the payoff vector Ty = [0,10,10 — 2,10 — ¢ 2, ..., 10 — dn_42, X].

If N — 1 players choose a;, and player j chooses a different action, then j gets the payoff he would
have gotten at T; less z/2 and other players get their payoff from 7;. In all other cases players get a
payoff vector T equal to (T} +...+Tx)/N. Note that the stage game satisfies the full dimensionality

condition.

The setting is as in the main text with L = N —2, which means that a proposal is accepted if it gets
at most one negative vote. Note that due to the monotonicity result of Proposition Bl nonexistence

for L = N — 2 implies nonexistence for all L < N — 2.

The strategy in which all players choose a; forms a Nash equilibrium of the stage game and, hence,
of the repeated game. Therefore, the corresponding payoff T; constitutes a valid payoff proposal
for the repeated game with renegotiation. We show that player ¢ = 1 can guarantee to get at least
X — z/2 by proposing T;. More precisely, there does not exist a punishment vector which would
give 1 a payoff less than X — z/2 and which would be preferred to T} by at least one player among
players 3, ..., N (implying that only player 2 may reject T} if it is proposed by 1). First, let us show
that any Pareto-efficient payoff P, which gives player 1 a payoff strictly less than X, would make
all players 3,..., N worse off compared to T7. Without loss, P can be thought of as a weighted
average of vectors 1o, ..., Ty, with weights ps,...,pny summing up to 1. Note that out of vectors

Ty, ...,Tn_1, the minimal payoff that 1 gets is 10 — ¢_42 at T5. Thus, since P gives player 1 a
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payoff less than X, one has:

(1—pN)X(10—(25N_4Z)+pNX0<X

or
1 1
10—y X 10 <—N—1 ~ oNe ) aNE 1 1
DN = = Py Ve
10 — dn-— 1 AN2 —1~ 2N

where the last inequality holds for N > 2. However, if py > ﬁ, each player 3,..., N gets strictly
less from P than from Ti: First, T} gives player 3 a maximal stage-game payoff of 10. Next, T}
gives player 4 a payoff of 10 — 2, while T gives player 4 a payoff 10 — ¢12. Since Ty is given a
weight of py > ﬁ by payoff P, and the maximal stage-game payoff is 10, P gives player 4 at most
pN (10 — ¢12) + (1 — py) X 10 < 10 — Z2N = 10 — z. Similarly, any player j € {5,..., N — 1} gets a
payoff of 10 — ¢;_42 = 10 — (2N)/=* x z from Ty, and at most py (10 — ¢j—32) + (1 —pn) x 10 <
10— & 21)\, xz=10—(2N)/~* x z. Fmally, player N gets a payoff of 10 — ¢pn_g x 2 =10 — W

from 71, and a payoff of X =10(1 — 5 N sn—) from T. That is, player N gets a payoff from P of at

most py x 10(1 — 55—) + (1 — pn) * 10 < 10 — W, which is less than what N gets at T7.

Thus, if 1 proposes 17, then there does not exist a Pareto-efficient payoff P that gives 1 a payoff
strictly less than X and that makes at least one of the players 3, ..., N weakly better off. Since the
set of feasible payoffs lies between the hyperplanes defined by u; + ... + uy = X 4+ (10 — z) + (10 —
$12)+ ..+ (10— ¢pn_4z) and by ug +...+uny = X + (10— 2) + (10— ¢12) + ... + (10 — pn—_42) — 2/2,
there does not exist a feasible payoff vector that would give player 1 a payoff lower than X — z/2
and that would make at least one of the players 3, ..., N weakly better off. Therefore, player 1 is
guaranteed to get at least X — z/2 when he gets a chance to propose. Moreover, for all large enough
g and small enough ¢, the continuation payoff of player 1 cannot lie too much below X —z/2 because
1’s opportunities to propose are very frequent. Therefore, 1’s continuation payoff is at least X — z
for any sustainable payoff. By the same argument, any player’s payoff must be at least X — z in a
contestable norm with ¢ large enough. However, this is impossible as it Would imply that the sum of
players’s payoffs is at least N (X —2) = 10N —10~ — Nz = 10(N—1)— — Nz, whereas the sum
of players’ payoff in the stage game is bounded above by X +(10—z)+ (10—¢1z)+...+(10—¢N_4)z <
X +10(N —2) — ¢12 = 10(N — 1) — 3% — N2z, which is smaller.

For N = 3, a similar counterexample exists with 77 = (4,0,5) and a punishment for an individual
deviation in action of 1/100. In a contestable norm with ¢ large, each player can guaranteed himself
a payoff close to 4 but the total average payoff across players is bounded above by 3. For N =4 |
we use T = (10,0, 15,14) and a punishment of 1/100. Each player has a guaranteed payoff close
to 10 but the average payoff across players is bounded above by 9.75. |
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The non-existence result in Proposition [7] was obtained for games that are asymmetric. If one
restricts attention to symmetric games, then the existence of sustainable payoffs is restored for all
supermajority rules. An N-player stage game is symmetric if the set of actions is the same for all
players i: A; = A and for each action profile a = (ay,...,ayn) it holds that if one permutes the

actions in a, the payoffs of players uj(a), ..., u,(a) are permuted in the same way.

PROPOSITION 8 For any N -player symmetric stage game, N > 2, and supermajority rule L >
|N/2], the set of sustainable payoffs is non-empty.

Proof.  Since the set of sustainable payoffs is nondecreasing in L by Proposition [3] it is enough
to prove existence for two cases: when N =2k + 1 and L = k+ 1 and when N = 2k and L = k.
In both cases, letting m denote the minimal number of votes against the proposal needed for the

proposal to fail, we have m = k.

Fixing a symmetric game throughout, we show the existence of a payoff vector such that no player
i can propose an alternative vector that would be accepted and would make ¢ strictly better off.
Let Q denote the set of feasible payoffs satisfying the following conditions: each player gets at least
his minmax payoff, and m players get some identical payoff z (where z can vary across elements
of Q). Let @ denote the subset of Q for which the common payoff = of the m players is maximal,
and let z,, denote this maximal value. Note that, due to symmetry of the game, x,, may also be
defined as the solution from the problem of maximizing the m-th largest payoff across all players
subject to each player getting at least his minmax. Payoff vectors in Q' are such that m players
get Z,,,, while the remaining N — m players have payoffs lying in some interval [y, Y], where y is

weakly above the minmax.

We now show that for any proposal of player 7, that gives at least minmax to each player, one can
always find a credible punishment for 7 such that ¢ gets y, and each other player gets at least y.
Suppose that ¢ proposes a payoff vector P to other players. The payoffs in P can be ordered in an
ascending sequence: wy < wg < ... < wy_1 (excluding i’s own payoff). Note that the payoff w,,
cannot exceed x,,, since there are at least m payoffs w,, < ... < wpn_1 that are weakly higher than
Wm,. Thus, if one considers a punishment vector in which players who were offered w; < ... < wy,
get x,, each, player i gets y, and all other N —m — 1 players get the same payoff that lies in [y, Y],

this punishment is attractive to the former m players, and the proposal is rejected.

Put differently, the payoff vector, in which m players get a payoff of x,, each, and the other N —m
players get a payoff of at least y each, is resistant to proposals: when a payoff vector gives each
player at least y, one can always incentivize enough players to reject any proposal, and hence, deter

any proposal. Moreover, any such a vector can be implemented (precisely, or in the limit as e
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converges to zero) as a sustainable payoff as we now demonstrate.

If z,, = y, then the symmetric payoff vector (x, ..., %) is sustainable: either (x,,,..., ) is a
stage-game Nash equilibrium and it is trivially implemented, or there must exist an inefficient
symmetric Nash equilibriumB which may be used to deter deviations in action: if anyone deviates
from the strategy implementing (2, ..., Z;), players switch to the inefficient Nash equilibrium
until someone proposes to resume implementation of (2, ..., ,,). For any fixed ¢ > 0, this threat

suffices to deter deviations as € becomes arbitrarily small.

Consider now the case x,, > y, and suppose first that the set Q' is not a singleton, and that Y > y.
We consider the following punishment for (any) non-prescribed proposal: m players get x,, each,
while the other N —m players (including the proposer) get a payoff 3 each, with Y > ¢/ > y. This
payoff vector (lying strictly above the minmax) can be implemented: if any player i deviates in
action, ¢ gets minmaxed until ¢ gets a chance to propose to return back to this vector. Moreover,
any payoff vector in which each player gets at least ¢/ can be implemented as well. As € goes to

zero, y' can be chosen arbitrarily close to y.

Suppose now that Y = y: if m players have a payoff of x,,, each, all other players get exactly y (which
could be the minmax payoff). Let us fix some (small) positive n > 0 and note that if m players have
payoffs of x,, —n each, it is possible to find a payoff W = y+ Kn such that N —m —1 players get each
a continuation payoff of W, and one player gets (y + W)/2. Indeed, since the game is symmetric,
one can equalize payoffs across all N players. Let F = (2, — 0y ecoy @y — 1, (y + W) /2, W, ..., W).

We focus on the case n = 2k, which is the “hardest” one in the sense that the number of required
votes to reject the proposal is the same as with n = 2k + 1, but in the latter case there is more
freedom to choose punishment. Given a discount factor 1 — €, one can look at the set of all SPEs,
and find the “critical” SPEs which maximize the m-th highest continuation payoff. This payoff is
arbitrarily close to x,,, within z,, — Ae for some A independent of . We denote this payoff by X,,
and note that X, converges to x,, as € goes to zero. All other N —m players get a payoff close to

y. Let ;0 denote the highest of their payoffs.

Since the game is symmetric, one can consider another equilibrium, referred to as S-equilibrium
which is obtained from “critical” equilibria by mixing payoffs across players (with the help of a
randomization device), and has the following payoff vector: one player gets X,,, one player gets
(y+ W)/2, while all the other players get the same payoff Z, where Z lies strictly between X,,, and
Yiow (and also between z,, and y). We have y < yjon, < (y+W)/2 < W < Z < zpy—1 < Xy < Ty

"The existence of a symmetric Nash equilibrium is a well known result for symmetric game.

21



We show that for each unprescribed proposal of player i, there is a punishment which gives player
i a payoff of (y + W)/2. Indeed, if player i makes a proposal, he cannot make the m-th highest
proposal to other players strictly higher than X,,. If that m-th highest proposed payoff is exactly
X, then player ¢ has to propose a “critical” SPE, that is, player ¢ proposes a payoff vector in which
m players get X,, each, with N —m — 1 other players getting a payoff close to ;.. The credible
punishment takes the form of an S-equilibrium: it gives X,,, to one player (who votes against the
proposal), (y+W)/2 to player i, and Z to all the other players (out of which N —m —1 vote against
the proposal). Moreover, the same punishment works if the m-th highest payoff in ¢’s proposal is at
least x,, —n (if n is much smaller than the difference between x,, and y). If m-th highest proposal
of player i is below z,, — 7, then one can use the punishment payoff F constructed earlier, in which
m players get a payoff of x,, — n each (and vote against the proposal), player i gets (y + W)/2,
while all other players get a payoff of W.

Thus, for any possible proposal of player i, there is a punishment, in which ¢ gets (y + W)/2,
less than what other players get by an amount proportional to n and independent of . Since
(y + W) /2 exceeds y (and, respectively the minmax) by an e-independent amount, one can sustain
a contestable norm in which any player’s payoff is at least (y + W)/2. If a deviation in action
occurs, the deviator is minmaxed until he gets a chance to propose and return to having (y+W)/2

for himself. In the event of an off-path proposal, the deviator gets precisely (y + W)/2. |

K Observable mixed strategies

We have assumed throughout the paper that when a player randomizes across several actions or
proposals, only the outcome of this randomization is observed by the other player. In particular,
players’ continuation values cannot directly depend on their choice of mixed strategy. Our results
do not change if instead we assume that mixed strategies are observable. For sufficient conditions,
this fact is straightforward because our construction is clearly compatible with players observing
more information. For necessary conditions, payoff lower bounds were computed using only that
any player can guarantee himself at least his minmax payoff during the action stage and at least
some particular payoff during the proposal stage which satisfies the responder. These lower bounds

do not change when mixing is observable.

The observability of mixed strategies does affect, however, the set of weakly renegotiation-proof

(WRP) equilibria defined by Farrell and Maskin (1989), as follows. An SPE o is weakly-renegotiation

1

proof if there do not exist continuation equilibria o', 0% of ¢ such that o strictly Pareto dominates
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o2. If a payoff vector arises as players’ continuation payoff following some history of a WRP

equilibrium, we will also say that these payoffs are WRP.

Assuming that mixing probabilities are observable, Farrell and Maskin obtained a sufficient condi-
tion for any feasible payoff to be WRP in the context of two-player repeated games. To formulate
this condition, they define ¢;(a) = mazy mi(a,,a—;) as the cheating payoff of player ¢ when he

chooses a best response to the (mixed) action a_;, and establish the following result.

PROPOSITION 9 Let m = (71, m2) denote a feasible payoff. If there exist (mized) action pairs o =
(o, ab) (for i =1,2) such that c;(a') < m;, and T_;(') > 7_;, then the payoff = is WRP if § is

sufficiently close to one.

Moreover, with observable mixed strategies the set of WRP payoffs generically contains Pareto-

efficient payoffs, as shown in Evans and Maskin (1989).

THEOREM 7 Given the players’ action spaces A1 and As, for a generic choice of payoff functions,

if players are sufficiently patient, then there exists a WRP equilibrium that is Pareto-efficient.

We now prove the existence of a symmetric stage game in which all Pareto-efficient payoffs above the
minmax satisfy the requirement of the above proposition, but cannot be WRP if mixing probabilities
are unobserved, even if the stage game payoffs are slightly perturbed. The definition of WRP is
the same as before, except that equilibrium strategies now depend only on the history of realized
actions rather than on the history that included mixed strategies. The stage game is identical to

the one described in Appendix [Gl with M = 100, and is reproduced here for convenience:

OM,-2M | -2M,-2M | -2M,-2M | -1,7 12M | 0,0
OM,2M | -2M,-2M | -2M,-2M | M,-2M | -2MM | 0,0
OM,2M | -2M,-2M | -2M,-2M | -2MM | M-2M | 0,0
7-1 OMM | M2M | -2M,-2M | -2M,-2M | 0,0
OM,1 | M2M | -2MM | -2M,-2M | -2M,-2M | 0,0
0,0 0,0 0,0 0,0 0,0 0,0

As noted in Appendix [G the minmax values of players are v; = v, = 0, as seen from the last
row and the last column. The set of Pareto efficient payoffs is a part of a line which goes through
points (—1,7) and (7, —1), and is a segment between (0,6) and (6,0): any other stage game payoff
gives strictly less total payoff of the players, m; + m2. Let’s show that none of those Pareto efficient
payoffs can be a part of WRP given low enough ¢ (arbitrarily patient players), even if players have

access to a public randomization device. In fact, only the minmax payoff of (0,0) is WRP:
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COUNTER-EXAMPLE 1 With unobservable mixed strategies, (0,0) is the unique WRP payoff.

Suppose, by way of contradiction, that there is a point A that is the continuation payoff of some
WRP equilibrium ¢ and such that ma(A) > 0 (the case of 71 (A) > 0 is similar). Consider the payoff
vector A’ corresponding to player 1’s lowest payoff and, hence, player 2’s highest payoff among all
continuation payoffs of o before public randomization/d When implementing A’, player 2 cannot
choose either the first or the last column, since there column give him at most zero, regardless of
1’s strategy; this would imply that 2’s continuation payoff in the next period satisfies mg > mo(A'),
contradicting our choice of A’. Therefore, 2 chooses among columns located between the second
and fifth.

Since A’ gives 1 his lowest possible payoff, when implementing A’ player 1 cannot get a period
payoff higher than 71(A’), even if he always plays a stage-game best response. Otherwise, the
promise-keeping constraint would have to prescribe a continuation giving 1 a payoff lower than
m1(A’). If 2 chooses a pure strategy (among the columns from the second to the fifth), player 1 can
guarantee himself a payoff of M = 100, which is greater than what 1 gets from any individually-
rational payoff. Moreover, as shown in Appendix[Gl there is no mixed strategy which gives player 2
a strictly positive payoff for each of 2’s actions. Thus, point A is not WRP. The only WRP payoff is
the minmax payoff (0,0). Moreover, even if one slightly perturbs the stage game payoffs, there will
be no WRP equilibrium which provides the players with payoffs that are significantly higher than
the minmax. By contrast, with observable mixed strategies and sufficiently patient players, one
could implement any Pareto efficient payoff strictly above the minmax. Any Pareto efficient payoff

I corresponds to 1 choosing the fourth row and 2 mixing between

satisfies Proposition [9 where «
the first and second columns with equal probability, and a? corresponds to 1 mixing between the

first and second rows with equal probability and 2 choosing the fourth column.

L. Contestable norms in the absence of proposer-specific punish-

ments

One virtue of explicitly modeling the renegotiation process is to incorporate the logic of modern
repeated games analysis into renegotiation: just as arbitrary continuation equilibria may follow from

observed actions in a repeated game, here arbitrary continuations may follow rejected proposals.

8Since o is WRP, 1’s lowest continuation payoff is achieved for 2’s highest continuation payoff. The proof can be

easily adjusted if o’s payoff extrema are not achieved.
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The paper has explored one consequence of this generality, which is that even good proposals may

be deterred, and Pareto dominated equilibria be sustained as a result.

While in the applications discussed earlier this flexibility seemed reasonable or even desirable, in
other environments it is natural to ask what equilibria may be sustained when proposers cannot
be punished. Indeed, such a restriction is imposed in a number of models of explicit negotiatio
and sometimes formalized as a “No-Fault Disagreement” (NFD) axiom. The axiom requires the
continuation equilibrium following a rejected proposal to coincide with the default continuation in
case no proposal was made. This appendix shows how our results are modified when this refinement
is added.

In order to keep the language of the analysis as close as possible to the existing literature, this section
adopts the “stable convention” terminology of Definitions [2] and [3] instead of the contestability

refinement m

DEFINITION 10 A stable convention C is forgiving if for any equilibrium s in C, for any i and my,

S+1[S](Z, a, i) my, 0):8+1[8](Z7 a, ia ®7 0)

Our concepts are modified as follows. A payoff vector A is said to be forgivingly g-sustainable if for
all € small enough, there is a forgiving stable convention containing an equilibrium which expected
payoff is equal to A. A is forgivingly sustainable if it is forgivingly g-sustainable for all ¢’s large

enough.

The main result in this case is given by the novel necessary conditions, which are much more
restrictive that those of Theorem[I} the continuation payoffs must lie within a distance O(%) of the
convex hull of the (individually-rational) Pareto frontier. More precisely, for each feasible payoff
vector A, let p(A) denote the signed distance from the line (P, P), counted positively if A lies
below (P P), and negatively otherwise, as indicated by Figure 6

Let p denote the maximum value of p among all feasible payoff vectors.

THEOREM 8 If A is forgivingly q-sustainable, then p(A) < Fﬁq'
One may also wonder whether all the feasible payoffs lying above the line (P, P;) can be achieved in
this case. The next result provides a positive answer which is independent of negotiation frictions.

To establish this result, we slightly modify the definition of stability, as follows: deviating proposal

9See Santos (2000) and Miller-Watson (2013). A similar idea appears in Farrell (1987), Rabin (1994), and Arvan,

Cabral, Santos (1999) for the case of simultaneous announcements.
0The concepts used in this appendix can be readily re-expressed in terms of contestability.
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P>

A:p(A)>0

Figure 6: Signed distance from (P Ps)

Figure 7: Sustainable payoffs without proposer-specific punishments

which is accepted needs to be implemented only if it improves the proposer’s payoff by more than

a constant 1 > 0, arbitrarily small but fixed, over his equilibrium payoff without the deviation

DEFINITION 11 A convention C is n-stable if a) each message m € M is assigned a norm in S,
and the payoff vectors implemented by these norms cover all of V(§), and b) the following holds:
consider any norm of C and history at which i gets a chance to make a proposal and let U; denote
i’s continuation payoff. Then, whenever i proposes a norm s € S giving him at least U + n, and

—i accepts it, p is implemented.

THEOREM 9 Assuming n-stability, any payoff vector A strictly above the segment (P Py) is forgiv-

ingly sustainable.

" Using the refinement in Theorem [§ affects the corresponding bound by a factor 7.
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Figure 8: Construction of a convention with NFD (payoffs)

The role of 7 is to prevent off-path proposals whose payoffs lie near the boundary of the convention’s

payoff set, as detailed in the proof of the theorem.

L.1 Proof of Theorem 9 (Sufficient Conditions)

Notation: throughout the analysis, for any payoff vector X achieved by some norm of C, we will

denote by X¢ the corresponding norm.

Consider two feasible Pareto points, Q1 and @2, lying at an arbitrarily small but strictly positive
distance from P, and P, respectively, and illustrated by Figure 7. It suffices enough to show that
for any € small enough, there exists a forgiving stable convention C which includes @1 and @7 as
equilibrium payoffs, that is, convention has elements QY, Q5. By public randomization, this will
imply that this convention can also be made to contain all payoffs above the segment [@Q1, Q2]. The
argument below focuses on the case in which P, and P; are determined by the minmax payoffs,
which is the harder one

We construct a convention which continuation payoffs just after the public randomization stage
(before the action stage) consist of the Pareto frontier contained between 1 and Q2 and of two
additional points, A; and As, respectively lying within e-proportional distance from (1 and Q2, as
indicated on Figure 7. We describe the implementation of A(f and Q(f; Ag and Qg have a symmetric

implementation.

While @, is taken as given, the location of A; depends on ¢, and is determined by the following

121, say, m (P2) > w1, it suffices to set Q1 = P» in our construction and use it as as the best proposal for player 2.
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Figure 9: Construction of a convention with NFD (implementation)

conditions
T1(41) = m(Q1) — Ke

7T2(A1) :Fg(Ql) —LE, (14)

for constants K and L which will be determined ulteriorly.

To implement A{, players are prescribed to minmax each other. The continuation payoff B after
the action stage is a function of the players’ realized actions, a; and as: B = Bf(aj,as). The
implementation is illustrated by Figure @ For any action a; of player ¢ the continuation payoff

mi(B(as,a;)) does not depend on a;.

Given that player 2 has minmaxed player 1, let Fuq(ay) denote 1’s expected payoff for the period,
as a function of his chosen action, a;. 1’s continuation payoff, 71 (B(a1,a2)), satisfies the promise-
keeping condition

m1(A1) = eFBui(a1) + (1 — e)m(B(a,a2)).

A similar relation holds for 2’s continuation payoff. By appropriately choosing players’ continuation
payoffs B(aq, a2)(a1,a2)€ A, the construction can make players indifferent between taking any action

in the game.

Moreover, if the constant K appearing in is large enough, then for any action profile (a1, as),
1

one necessarily has 71(B(ay,a2)) < m1(Q1))

Consider any of the continuation payoffs B(a1, a2) c4 after the action stage—henceforth re-

(a1,a2)

ferred to as ‘B’ for simplicity. B is a weighted average of three continuation payoffs corresponding

to the following events: player 1 makes a proposal, player 2 makes a proposal, no one makes a

3Indeed, the distance between A and B(az1, a2) is proportional to e, with a coefficient bounded above by the highest

absolute value of the payoff of the stage game.
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proposal. Let C' denote the continuation payoff in case no one makes a proposal (this payoff is

computed before the public randomization taking place in the following period).

For the convention to be forgiving, any rejected proposal results in payoff C. This implies that if
player 1 gets to make a proposal, in equilibrium he proposes the element with a Pareto-efficient
payoff C; which gives 2 her default value m5(C'), making player 2 to accept the proposal in equilib-

rium.

The situation is different if player 2 gets to make a proposal. BC gives player 1 a lower payoff than
Q%, and player 2 is prescribed to propose an element Q(f, which achieves her highest payoff in the

convention and also gives player 1 a higher payoff than C¢ does.

As shown on Figure [ at element B€ if player 1 gets a chance to make a proposal, he proposes C’lc,
if 2 gets a chance to make a proposal, she proposes Qf. B is thus a weighted average of C, C and
Q1. Given any point B, one can find a default option C' such that B is indeed the right weighted

average, given the probabilities of proposal for each player.

We will verify at the end of this proof that the constants K and L from (I4]) may be chosen so
that C lies to the right of the line (Ay,Qy). If this is true, C¢ may be implemented, before public

randomization, as a weighted average of Ag, Q(f, and Qg.

The remaining element of interest, Qf, is implemented as follows: players are prescribed to choose
the pure-strategy Pareto-efficient payoff northwest of Q1. If 1 deviates in action, the continuation

payoff jumps to B; if 2 deviates, it jumps to the analog of B near Q5. Players are incentivized to
m1(Q1)—m1(B)

£
the constants K and L arising in (I4)), as explained next.

play as prescribed as long as is large enough. This is achieved by judiciously choosing

Determination of the constants K and L

First, we observe that for K large enough, the threat of jumping to continuation B¢ is enough
to incentivize player 1 to play as prescribed in the implementation of Qf. We fix such a K—this
choice is independent of £. We now show that for L big enough, for any realization of B (which
depends on which actions players choose while implementing AC), the point C' will lie to the right

of line A1Q1, as mentioned earlier.

Since a player’s probability of proposal and the distance from B to the Pareto line are both pro-
portional ¢, the distance between B and C must be proportional to €2. Therefore, if we can show
that each continuation point B(ai,a2) lies to the right of the line A;Q;, at a strictly positive

e-proportional distance, so does the point C, for sufficiently small ¢.
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The points B(a, as) are constructed by promise-keeping conditions. Let B* denote the continuation
payoff, out of all continuations B(ay,az), which gives the lowest payoff to player 1 and the highest
payoff to player 2. B* corresponds to the highest value Euq(ai) out of all actions a; and to the
lowest value Fuj(ag) out of all actions ay. It suffices to show that B* lies to the right of A1Q;. We

recall the promise-keeping conditions
7T1(A1) = €EU1(CL1) + (1 — 6)7‘1’1(3*)

7T2(A1) = €EUQ(CL2) + (1 — 6)7‘1’2(3*)

or, equivalently,
[m1(A1) — m(BY)] = e[Eui(ar) — m(B")]

[ma (A1) — m2(B”)] = e[Euz(az) — m2(B")].

Eus(ag)—m2(B*) |
Eu1 al) 7T1(B*) ?
determines the tangent of the angle of the vector A;B* above the horizontal. Since B* is at an

Euz(a2)—m2(Q1)
Eui(a1)—71(Q2)

The ratio of the absolute values of the right-hand sides in the two equations above, |

e-distance from ), this ratio simplifies to | |, plus e-terms which can be ignored.

Player 1 cannot obtain a higher payoff than his minmax v, (as player 2 is minmaxing him), and

player 2 cannot obtain a lower payoff than her lowest possible payoff in the game, which we denote

as v. Therefore, the angle of the vector A; B* above the horizontal is no higher than ]L((QQIZ))\, a

finite value independent of L and e.

The tangent of the angle of the line (A;Q)) above the horizonal is equal to . By choosing L high

v—m2(Q1) |
—m1(Q2) "

strictly to the right of the line (A4;Q1), as desn‘ed.

enough, this ratio exceeds twice the ratio | This guarantees that the vector A;B* lies

There remains to check that the convention satisfies all the conditions of Theorem [ First, both
players are incentivized to propose as prescribed: player 1 proposes the best available option for
him, given the default option C. If player 2 wants to improve upon (1, she has to propose a
continuation which gives her at least n more than her on-path continuation payoff. For £ small
enough, however, the only proposals that would achieve this would have to give player 1 less than
m1(C), and would therefore be rejected. Second, the continuation payoff, C, is the same when a
proposal is rejected, regardless of the identity of the proposer and the nature of the proposal. The
convention is thus forgiving. Finally, the point ()1 is a continuation of the convention both after

and before the public randomization, as desired.
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L.2 Proof of Theorem [8 (Necessary Conditions)

Consider a forgiving stable convention C. For simplicity, we assume that at each stage of the
game—before the action stage, before the proposal stage, and before the public randomization
stage—there exist equilibria in the convention with respective payoff vectors A, B, and C, that
yield the maximal value of p at the corresponding stage Let « denote the (possibly mixed)
action profile corresponding to the first-period play implementing element A—the continuation
before the action stage, and let v(a) denote the expected current payoff resulting from «. Since

p(v(a)) < p, we necessarily have
p(A) < =5+ (1 — 2)p(B)

Point B, which is a continuation payoff before the proposal stage, is the weighted average of the
continuation payoffs following accepted proposals, and of the default option. When a player—
player 1, say—gets a chance to make a proposal, the expected continuation payoff must lie within
at most an /e-distance from the Pareto line. Otherwise, player 1 could propose a Pareto point
which increases both players’ payoffs by a value proportional to /e, and is an equilibrium lying
above the minmax This proposal would then be accepted by player 2 and would be a profitable
deviation for player 1. Therefore, if a player gets a chance to make a proposal, which happens with
probability ge, the resulting continuation cannot have a positive value of p that exceeds /. When
no one makes a proposal, the continuation payoff is dictated by the default continuation, whose

value of p is at most p(C'). This implies that
p(B) < ge x Ve + (1 —ge)p(C).

Finally, since C is a convex combination of payoffs, obtained by public randomization, of equilibrium

payoffs before the action stage whose maximal p-value is achieved by A,

p(C) < p(A).
Combining the above inequalities and getting rid of second-order e-terms shows Theorem [8
L.3 Arbitrary number of players without proposer-specific punishment

Finally, consider the most restrictive case of a simple convention that is also forgiving, as defined

similarly to the simple norm in the two-player case.

H1f the supremum values are not achieved, the proof can be easily adjusted by taking appropriate limits.
With the more permissive concept of an n-stable convention, the continuation payoff has to lie within a distance

of v/ + n from the Pareto line. Otherwise player 1 could make a proposal which gives him 7 more, and gives player

2 /€ more than the continuation payoff.
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DEFINITION 12 A simple convention C is forgiving if, for each period t and history h € H™ ending
in period t, the continuation play in case of a proposal not accepted by the supermajority is the

same as if mo proposal was made.

The definitions of (forgivingly) sustainable payoffs at frequency ¢ and (forgivingly) sustainable

payoffs are identical to those of the two-player case.

The necessary conditions resemble the two-player case. Let P’ denote the set of individually-rational

Pareto-efficient payoffs and Co(P’) denote the convex hull P’ .

PROPOSITION 10 If A is forgivingly q-sustainable, the distance from A to Co(P’) is bounded above

by a decreasing function of q, which converges to 0 as q becomes arbitrarily large.

The proof closely mirrors the argument used for the two-player case and is only sketched here.
Suppose that A is the point of the convention which has the largest distance from Co(P’) and
that A lies “too far” down away from Co(P’). Whenever a player gets to make a proposal—which
happens with probability proportional to ¢g—he proposes a Pareto point (or close to it). Moreover,
the continuation payoff A’ which follows if the proposal is rejected cannot lie farther away from
Co(P’) than A does. Combining this puts a bound on A’s distance to Co(P’), which vanishes as ¢
gets large.

We conclude this section with sufficient conditions.

THEOREM 10 Assuming n-stability, any point A in the set Co(P') lying strictly above the minmaz

1s forgivingly sustainable.

Proof. [Sketch] We construct a forgiving n-stable convention C as follows. The convention C includes
all Pareto-efficient payoffs which lie at some arbitrary small, but e-independent distance from the
minmax values. The convention C also includes, for each player, a set of Pareto-inefficient elements
used to build a punishment equilibrium for that player, all elements in each set lie within a distance
of order ¢ from the Pareto-efficient elements of the convention. For each player i, there is a Pareto-
inefficient payoff vector A; which gives ¢ his worst payoff in C. The equilibrium Ag which achieves

payoff A;, together with its continuations, form the punishment set for player ¢, as described below.

If players were unable to make any proposal, one could implement payoff A; as follows. Player
1 is being minmaxed, which may require other players to use mixed strategies. As described in
earlier proofs, this results in a set B! of continuation payoffs, (potentially) one for each observed

action profile (these various continuations are needed to incentivize the minmaxing strategy). Each
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continuation payoff B! € B! is implemented by minmaxing player i, which again generates several
continuation payoffs in the next period, with generic element denoted as B2. Player i is minmaxed
in this way for several periods. In each period i’s continuation payoff, 7;, increases by an amount of
order . One can compute the number 7' of periods needed to minmax player i, so that 7; exceeds
mi(A;) by a sufficiently high amount that ¢ can be incentivized to play any action by the threat
of returning to A;. The value of T is independent of €. After these T periods, each continuation
payoff BT can be implemented by playing a deterministic sequence of actions so that the continu-
ation payoff always lies within some e-proportional distance from B”. This implementation is an
equilibrium, since the payoff A; prevents any deviation from player ¢, and any deviation by another

player leads to an even larger drop in the continuation payoff of the deviator.

When proposals are re-introduced in the game, there will be changes in the implementation of AZ-C,
but these changes will be insignificant. After the first round of minmaxing player ¢, the resulting
continuation payoff B! is calculated taken into account the possibility of proposals. That is, BC is
the convex combination of some default option, C''C, if no one makes a proposal, and of proposals
payoffs C’Z-C for each player, which are chosen to be Pareto efficient elements of the convention C.
The distance between the payoffs B! and C' is of order e>—as explained the similar proofs seen
earlier. In the next period, the continuation payoff before the actions will be C! (instead of B!, in
the previous paragraph). Therefore, if one repeats minmaxing player i for 7' periods, the resulting
continuation payoff compared to the case with no proposals, will differ by an amount of order 2,
which is negligible as € becomes arbitrarily small. As the value of § limits to one, the modified
implementation of A;, based on minmaxing player i for 7" periods and then choosing a deterministic

sequence of actions, will thus be an equilibrium even with the possibility of proposals.

Finally, the payoff A; (and, therefore, all the default continuation payoffs C’s) can be chosen so
as to lie within some distance Ke-distance from the Pareto line. With e small enough, no player
can make an off-equilibrium proposal that would give him a payoff of at least n more than the
equilibrium proposal, while keeping all other players at least at well as off as with the default
payoff C. Therefore, the constructed convention is n-stable. Using initial public randomization,
one can then include in the convention any point in the convex hull Co(P’), which concludes the

proof. |
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