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Abstract

The purpose of this paper isto consolidate, extend, and relate a set of
results on price determination and efficiency that apply to the two-sided
search equilibrium model of pure exchange. Gains from trade are due
to different trader valuations, buyers and sellers meet at random at rate
determined by a linearly homogenous matching function, and prices are
bilateral bargaining outcomes. The principal results follow: The price of
every exchange is the same and the common price is equal to the Wal-
rasian market clearing price in the limit bath the rate of time discount
and direct search costs converges to zero, i.e. Gale’s (1987) limit theorem
holds. However, given strictly positive search costs, socfaieficy ob-
tains if and only if the price rule safies Hosios’ (1990) condition and the
rate of time discount is zero. Finally, if transaction prices are set exante
by competing third party “market makers”, then the set of search equi-
libria and the set of Paretofefient trades are equivalent, a result which
generalized Moen (1994) and Shimer (1995).

1 Introduction

The starting point for the analysis of economic exchange is the competitive theory of
market clearing supply and demand interaction. The dual purposes of the approach are
to identify the determinants of trade flows and to illuminate the social role of exchange.
Although this standard paradigm is a very powerful tool, there are many questions on
which it sheds little light. For example, what is the process by which competitive
equilibrium prices are set? Why does it appear that some markets, those for labor
services and housing in particular, fail to clear? How robust are the claims of the theory
to modification of the perfect information and no transactions cost assumptions? These
are some of the questions that recent studigs in search equilibrium have attempted to
answe.



The purpose of this paper isto consolidate, extend, and relate aset of resultson price
determination and allocative efficiency under conditions of decentralized exchange ob-
tained in the context of two-sided search and matching models. Rubinstein and Wolin-
sky (1985) study a simple model of search equilibrium in which each buyer wishes to
sell a single unit of an indivisible good for some amount of another perfectly divisible
substitute and sellers have one unit to sell. In this market, buyer and seller pairs are
randomly matched, trade whenever both parties fieaed split the gains according to
the outcome of a symmetric strategic bargaining game. In particular, trade takes place
at a price that provides each party with the option value of continuing to seek an alterna-
tive trading partner plus half the remaining trade surplus. In afieatversion of their
model in which perpetual potentiibws of buyers and seller, who generally value the
good differently, choose to enter the market or not, Gale (1987) shows that all steady
state exchange prices limit to a common value as “exchange friction” vanishes and that
the common price is “market clearing” in the sense that it equates demand and supply
as represented by tiws of entering buyers and sellers. Here, we show that the law
of one price holds when the discount rate is zero even when search costs are positive
and that Gale’s limit theorem follows for every possible division of the trade surplus
between buyer and seller and any matching technology as search costs of transaction
vanish.

Of course, market clearing in the classical sense is not necessarifigrady if
time and resources are required by the transactions process. Still search equilibria are
generally ineficient, as we have known since Diamond (1982) and Mortensen (1982).
For any reasonable spécation of the matching process, the marginal participant in-
creases the expected time requiredibal a trading partner for all agents on the same
side of the market and decreases the expected time for all on the other side. We also
know from the analysis of Hosios (1990) that these search externalities can offset one
another in search equilibrium if the matching process exhibits constant returns to scale
and agents on two sides of the market are respectively identical. To maximize the ag-
gregate gains from trade less transaction costs, the traders’ shares of realized gain from
trade net of the sum of the values of the option to continue searching niest the
marginal contribution of each agent to the value of the aggregate transfiotiomhe
Hosios condition is satfed in the case of a linearly homogenous matching function if
and only if the buyer and seller shares respectively equal the elasticities of the matching
function with respect to the stocks of buyers and sellers in the market.

Although trade surplus sharedlext relative “bargaining power” in a bilateral bar-
gaining formulation of price determination rather than satisfy the Hosios’ condition for
social optimality, the diciency loss associated with an arbitrary sharing rule is small
when transaction friction is small as a consequence of Gale’s limit theorem. Still, many
real markets are characterized by sfgrant delay, search, and other forms of trans-



action costs. Prices and exchange quantities in search equilibrium need not be close

to the price-quantity pair suggested by standard market clearing conditions. Is there a
competitive market story that yields thdiefent pricing rule as an equilibrium outcome

in this case? Moen (1994) and Shimer (1995) have independently profiitheadit/e
answers.

Here, we derive the Moen and Shimer result in a search equilibrium framework by
invoking the existence of third party “market makers” willing and able to provide the
means by which buyers and seller with different trade-offs between expected waiting
time and price in the Rubinstein-Wolinsky-Gale framework can improve their values
of participation. In what we call “competitive search equilibrium”, each trader opti-
mally selects to participate in the submarket preferred among those available before the
matching process begins, all sub-markets that can attract traders exist, and all existing
sub-markets clear in the sense that the numbers of buyers and sellers participating in
each adjust to equate the steady staflown of participating buyers and sellers to the
transactiorflow. As all gains from trade are exploited in equilibrium, including those
obtained through the implicit exchange of preferred expected waiting time for a less ad-
vantageous price for the good, the set of competitive search equilibrium and the set of
Pareto optimal trades are equivalent. Furthermore, because equilibrium is unique when
the discount rate is sfi€iently small, the aggregate value of participation is maximal in
this case. Interestingly, the equilibium price in each submarket can be interpreted as a
trade surplus sharing bilateral bargain outcome thatfiegtithe Hosios condition.

2 Search Equilibrium

2.1 Deéfinitions

Each buyer demands one unit of the indivisible good in exchange for a divisible sub-
stitute only if the price of the former in terms of the lattgy,is less than the buyer’s
valuation or demand price, and each seller supplies one unit only if the price exceed
the its cost or supply price,. The potential buyeflow, b, and the continuous distribu-
tion of buyer demand prices, described by the c.#.fx), characterizélow demand
while the potential selleflow s and the continuous distribution of seller supply prices,
denoted by the c.d.fG(y), determineflow supply* There is a continuum of buyer
types represented by the interal z] C 3, and a continuum of seller types repre-
sented byy,7] € R,. Of coursex > y is necessary for trade. For future reference,
letp* andg™* represent the perfectlyompetitive market clearing price and quantity, the
solutions to

b[1 = F(p")] = sG(p") = ¢". 1)

1 The assumption of continuous types distributions is a simplification that permits
the use of differential methods. All the results presented here can be extended to the
more redlistic case in which the distributions of types are discrete given the appropriate technical fixes.



In a market with friction, buyers and sellers are matched as potential trading part-
ners at an aggregaffow rate determined by some matching functiai{ B, S) where
B andS are the stocks of buyers and sellers respectively currently in the n¥afite.
matching function is increasing, concave, and homogeneous of degree one by assump-
tion. Pissarides’ measure ohrket tightness, the buyer to seller rati® /S, is denoted
asé. Given that the spefit buyer and seller matches are determined at random, the
probabilistic rate at which a seller is matched with some buyer, the duration hazard
rate M (B, S)/S = M(0,1), is represented a(¢) while the rate at which a buyer
is matched iV (B, S)/B = m(0)/6. The respective expected duration of time spent
waiting to be matched is the inverse of the meeting rate (waiting time duration haz-
ard) in each case. A common exponential rate of time prefereic@assumed. Out
of pocket transactions costs take the form of positive search or participatiofiovest
denoted asg;, per period for each buyer arg per period for each seller.

When a buyer and seller meet, one of the two announces a take it or leave it price
offer and the other accepts or rejects. Who sets the price is determined at random
let 5 represent the exogenous probability that the seller sets the price. If the price is
rejected, both continue to search as though they never met. If the price is accepted, the
exchange is made and both exit the market. Under these assumptions, the responding
trader accepts the price if and only the utility received exceeds the value of continued
search.

Let V(=) represent the steady state value of market participation to a buyer charac-
terized by demand priceand letV;(y) denote the analog for a seller with supply price
y. As formally ddined below, each is the expected present value of an exchange less
the seach costs incurred during the random time interval required to make it. Hence,
the take it or leave it price is acceptable to a buyer if and only if the utility realized
by accepting ity — p, is at least as large as the value of continued se&ich,), given
that the buyer’s limit price is. Similarly, a seller with cosy accepts the pricg only if
p—y is no less thai(y). Under the assumption of complete information, the optimal
response of the agent who sets the price is to offer the other party’s reservation value,
i.e.,pp(y) = vy + Vis(y) when the buyer sets the price knowing the seller is of type
andps(x) = x — V,(z) when the seller sets the price knowing that the buyer is of type
x. The implied expected price for a transaction between buyer and seller of type pair

(z,y)is

p(z,y) = PBps(@)+ (1 - B8)ps(y)
= Bl —Vp(x)] + (1= B)y + Vi(y)] @)

y+Vi(y) + Bz —y — V() — Vi(y)],

2 See Pissarides (1990) for adiscussion of the origins and usefulness of the construct.



Asaconsequence of the last expression, the expected share of joint trade surplus, equal
toxz —y — Vp(x) — Vi(y), received by the seller, 3, can aso be interpreted as the
“bargaining power” parameter in a generalized Nash bargain over a pie of sizg
with “threat point” equal tqV,(z), Vs(y)). Specfically, the seller’s realized gain from
trade,p — v, is equal to the value of continued search plus a share of the joint trade
surplus.

As any buyer-seller type pafr, y) expects an exchange prigér, y), the expected
values of participation for a buyer with valuatierin a steady state solves the continu-
ous time Bellman or asset pricing equation

0
V() = % / (max{z — p(z, 2), Vo(@)} — Va(2)dT(z) — s (3)
whereM (B, S)/B = m(6)/6 is the expected frequency with which a buyer meets
a seller and’(y) is the distriubtion of types over the steady state stock of sellers in
the market. Analogously, for a seller with cagthe value of steady state value of
participation solves

"V(y) = m(6) / (maxc{p(z.9) — y. Ve(®)} — Va(®))dB(z) — e (4)

where M (B, S)/S = m(0) is the expected time frequency with which sellers meet
buyers andb(z) is the distribution of types over the steady state stock of buyers in the
market.

Equation (2) - (4) imply that the expected search cost plus interest holding cost per
meeting incurred by an individual agent is equal to the expected share of the gain from
trade attributable to meeting an agent on the other side of the market in the sense that

0

(Vala) + @) s = (1= ) [ max(z = = = Vifa) = Vo(2).0}ar(z) (9

and
1
(Valt) + e0) o = 6 [ max(z =y = Vil2) ~ Vi) 0}d0(2). (©)
One can easily verify from these functional relations that seller's and buyer's value
functions are respectively monotone increasing #nd decreasing in. Hence, only
buyers with demand price > R, enter the market while participating sellers are those
with supply pricey < R where

Vi(Ry) = 0 = Vi(R,) )
The solution pai( Ry, R) identify the marginal participating buyer-seller type in the
market.

In a steady state, thefiow of each participating type must equal the per period
flow of that type’s stock in the market who affect a trade. Because exchange takes place
when pairs meet with a gain from trade surplus,y, no less than the sum of the values
of continued search



@Bd@(x) /¢(gc — 2= Vp() — Vi(2))dT(2) (8)

Ve > Rpandd®(xz) =0 otherwise

bdF ()

and

sdGy) = m(0)SdT(y) / oz —y—Volz) —Vaw)dd(x) (9
Vy < RganddI'(y) =0 otherwise

where ¢(z) is the indicator function that takes on the value unity if its argument z is
non-negative. Since

6= B/S (10)
where (B, S) is the steady state pair of buyer and seller stocks participating in the
market at any point in time, the fact thatand ® are both c.d.f.s dined on[R,, ],
thatG andr are both c.d.f.s dined on[y, R,], andm(6)S = M(S, B) imply

b1 = PR = sG(R.) = M(S.B) [ [ 6le =y = Vifa) = Vu(e))db(a)dr(y)
(11)

in steady state by virtue of (8) and (9).

A steady statsearch equilibriumis a pair of marginal participating typé&, R;),
a pair distribution functions characterizing type frequencies of the steady state stocks
of buyer and selle(®(z),T'(y)), and a pair of steady state buyer-seller stadgsS)
that satisfy equations (7) - (11). Becausefingt three equations uniquelyfilged the
value functions and the marginal participating types forfaxsd distributions of buyer
and seller types, the general existence problem is ofsding afixed point of the
map from the space of distribution functions in which the gdifz),I'(y)) resides
into itself implicitly defined by the steady state conditions. Rather than dwell on the
technicalities required to establish a general existence result, we focus in the sequel on
the special case that arises when the time discount iatemall relative to the meeting
rates at which participants meet.

2.2 Equilibrium Properties

In the limiting case of no time preference,= 0, the right side of equation (5) must
be the same for alt and analogously the right side of (6) is invariant with respect to
y. Hence, continuity with respect toand the dénitions of the marginal demand and
supply prices imply that

}}3% Vo(z) =2 — Ry (12)
and



lim Vi(y) = Rs —y (13)
where eguations (5) and (6) require that the limiting reservation values and market
tightness solve

(1 - B)max{Ry — Rs,0} = Wi‘zz)
(14
Cs
Bmax{Ry, — Rs,0} = (@)

Obvioudly, the equations of (14) imply that the marginal demand price exceeds the
marginal supply price. As a consequence, the trade surplus exceeds the sum of the
values of continued search for every participating pair,

. B B ot Cs
e =y = V() = Vaw)} = Ro—Re =T+t >0 (19
Ve > Ryandy < R,.

In other words, every meeting results in trade in the limiting case. Indeed, continuity
implies that the same condition holds for all sufficiently small values of the discount
rate if buyers and sellers both face a strictly positive cost of participation. Finally, the
steady state condition (77) reducesto

b[l — F(Ry)] = sG(Rs) = M(B,S). (16)
Hence, the unique equilibrium that obtains when » = 0 is fully characterized by triple
(0, Ry, Rs) which solves the two equations of (14) and the first equation of (16).

23 ThelLaw of OnePrice: r =0

Gale proves that a single price prevails and that price is the competitive equilibrium

when in the limit as the ratio of the discount rate to the meeting rates, »/m(#), vanish

given 8 = 1/2. Actually, the law of one price holds in the limiting case of zero time
preference even when there are costs of seach. Indeed, equations (2), (12) and (13) im-

ply that the common price in all trade is the following weighted average of the marginal
demand and supply prices, i.e.,

To fully characterize the other properties of equilibritfirst note that the equations of
(14) imply that the ratio of buyers to sellers in the market is the unique solution to
1-08 o
— =—=4. 18
B Cs (18)
Given this solution for market tightness, the difference between the marginal buyer’s
limit price and the marginal seller’s cost is



cpl Cs
Ry Rs*m(@) (@) (19)
Because the first steady state condition (16) defines a negative relationship between Ry,
and R, aunique solution for (R;, R;) exists.

All the interesting characteristics of a search equilibrium in the case of » = 0 are
illustrated in Figure 1. Asin the standard supply and demand diagram, the vertical axis
represents price p, the horizontal is quantity ¢, the demand curve DD is the graph of
the inverse demand function, whichin our caseis ! (1— ), and the supply curve 5§
is the curve of the inverse supply function G=*(4). The competitive market clearing
price-quantity pair(p*, ¢*) is at the intersection of the two curves. The equilibrium
transactionflow ¢ = M(B,S) = sG(Rs) = b[l — F(R,)] is the value ofg such
that the vertical difference between the marginal demand price and the marginal supply
price is equal to the expected cost of search per transaction. The competitive market
clearing price is bracketed by the limit price of the marginal buyer and the cost of the
marginal seller, i.ep* € (R, Rp), as illustrated in Figure 1. The search equilibrium
pricep = SRy + (1 — B) Rs is a simple average of the values placed on the good by the
marginal buyer and seller type in the market. Consequently, th¢pgiy converges to
the competitive market clearing p&jr, ¢*) defined by equation (1) as the participation
costse, andce, vanish holding their ratio constant by virtue of (18) for any measure of
relative market power, feected in the value of.3

2.4 PriceDisperson: » > 0

The case of a small positive time discount rate provides an illustration of how prices
depend on the buyer and seller types involved in an exchange in general. By virtue of
(15), it follows that every meeting results in an exchange for aflgahtly small values

of r. Hence, the value functions that solve equations (5) and (6) are of the linear form

a (j mfl)(?)(i) 5 (@ — Ry) andVi(y) = % (Rs —y). (20)

By substitution into (2), it follows that the type contingent exchange price,

rfx + (1 — B)m(0) Ry ry + Bm(0)Rs
Y) = 1- - 21
p(z9) ﬁ( ra-gme ) T T e (21)
increases with both the buyer’s willingness to pay for the gaodnd the seller’s cost
of providing it, y. Still these deviations from the law of one price are small when the
rate of time discount is small relative to the rates at which buyers and sellers meet one
another, i.e., when/m(6) andr8/m(0) are small.

V() =

3 Furthermore, the steadly state ratio of the stock of buyersto seller in the market waiting to trade tends
to 0 as the market structure tends to monopsony (3 — 1) and to oo as the market

structure tends to monopsony (8 — 0) by virtue of (6), a result that suggests the relative numbers

of traders on the two sides of the market is determined by "bargaining power” rather than vice versa.



Figurel: Search Equilibrium: » =0



By subgtitution from (20) back into (5) and (6), one obtains

Bm(6) dl'(y)  cf
“‘ﬁ)/{Rb‘y‘ﬂme (Ba = )]Tm@

e (1= Bm(®) 4(2)
—po)m x Cg
b ”““_Rs_ufﬁ)m(e)we(“&’) B m(0)
Hence, the steady state condition (8) and (9) and a rearrangement of termsyield

B B =0 (,  [FydGly)  ab _ b
(A= R+ ) (Rb , GR) (16)m(9)> g %

and

Bro T xzdF(x) Cs Cs

= ) T mie) </R ) ﬂm(9)> g @
These two equations and the market clearing condition (16) determine the equilibrium
triple (0, Ry, Rs). A unique solution to these equations exists satisfying the following
participations R, <7 and R, > y if the discount rate r and costs of participation c;
and c, are small enough.

However, if the discount rate istoo large, the meetings of certain buyers and sellers
fail to generate trades because the sum of the values of continued search exceeds the
potential gains from trade. Asan implication of (20), the necessary and sufficient con-
ditions for trader —y — V4 (x) — Vi (y) > 0 holds for all participants, i.e., forall > R,
andy < R, if and only if the limit price of the marginal buyer exceeds the cost the
margin seller, i.e.R, > R,. Hence, the critical discount rate is that for which the two
are equal to one another. As the two are both equal to the competitive price when equal
to one another by virtue of the market clearing condition (16), which can be regarded
as a parameter* dependent only thB8ow demand and supply conditions, equations
(22) and (23) imply that the critical discount rate and its associated equilibrium market
tightness pair is the solutid, 5) to

Cb/é (iﬁ) Cg (%)
_p* ydGy) 0 - = T xdF(x) s« cs ’
P f G(p*) (1—B)m(8) 0 (fp* 1-F(R,) P 6m(§))

7’:

(24)

Of coursep* f” 4—1 >0 andf"i %L) p* > 0 given the assumption of
both buyer and seller dlversny These faetgy) increasing and strictly concave, and

limeﬁo{m;‘(’g)} = 0 imply the second term is strictly increasing@rand equals zero

at® = 0 while the last term is strictly decreasing and convergesfiaity asf — 0.
Consequently, the solution férto the second equality is unique and positive and the

10



associated solution for the critical discount rate 7 which is strictly positive if and only
if both buyers and sellers face a cost of search. In sum, all meetings result in trade if
and only if the traders are sufficiently patient in the sense that their common discount
rateis no larger than the strictly positive critical value 7 defined in equation (24).*

2.5 Social Efficiency

Although a search equilibrium is “approximately” market clearing when friction is
small for any allocation of “market power” asftected in the shares of trading sur-
plus obtained by seller and buyer by virtue of Gale’s Limit Theorem, Diamond (1982)
and Mortensen (1982) long ago pointed out that search equilibria are generally inef-
ficient. The reason is that trader welfare is inversely related to the time required to
make an exchange except in the limiting case of zero friction and these expected wait-
ing times depend non-trivially on the participation and search behavior of other agents.
Although ineficiency characterizes search equilibrium for an arbitrary allocation of the
gains from trade between buyer and seller, Hosios (1990) shows that a social optimum
is achieved if the trade surplus shares equal the elasticities of the matching function
with respect to buyers and seller provided that the matching function is homogeneous
of degree one and that all buyers and sellers are respectively identical. In this case, the
two search externalities, the congestion diseconomy imposed by every other agent on
the same side of the market and the “thick market” external economy attributable to the
participation of any agent on the other side, just off set one another.

In the case of a zero discount rate and a linear homogenous matching function,
Hosios’ result holds even in the case of heterogenous trader types. In this case, one
can think of the social planner as choosing the best among the set of search equilibria
parameterized bg.> Given the assumption of linear preferences, the appropriate social
welfare criterion is the steady state gains from trade realized by buyers and sellers per
period less the search cd&dw per period. In other words, the optimal seller share
solves

B€(0,1) Ry

T R,
max {b/ (x — p)dF(z) + s/ (p—y)dG(y) — s B — 055’} (25)

subject to conditions that the marginal participant types and steady state numbers of
buyers and sellers satisfy the equilibrium conditions, (18) and (19) and steady condition
(16) where the equilibrium exchange prigés that spedied in (17).

4 Becausep” € [2,7] N[y, 7, [ Ty

types collapses while p* — fyp* %P(}’)) — 0 as seller dispersion vanishes. Hence,

7 — oo in dither case. In other words, if either all buyers are identical or all sellers are
identical, then all meetings result in trade for any positive time rate of discount and,
consequently, the competive search equilibrium in either case solves equations (22), (23) and (16).
5 This formulation of the planner's problem would be too restrictive in the case of a
matching function that is not homogenous of degree one simply because the optimal
solution is not supported by any search equilibrium in this more general case. However,
in the linearly homogenous case it is an insightful way to look at the problem.

— p* — 0 asthe support of the distribution of buyer

11



Note that the integral in (77) is consumer plus producer surplus over all value of ¢
out to the equilibrium trade flow ¢ = M (B, S). Asthetotal search cost flow satisfies

cpl Cg
m(@) " m()
by virtue of the homogeneity of the matching function and the equilibrium condition
(19), the optimal choice of ( is that which maximizes aggregate surplus net of transac-
tions cost, the shaded area in Figure 1. But, maximizing the shaded area is equivalent
to minimizing the search cost incurred by both parties per trade, equal in equilibrium to
the difference between the demand and supply prices of the marginal buyer and seller.
As the necessary and $igfent condition is

cpB+c¢sS = [ } M(B,S)=[Rs — Rs|q

m’' () e
m(0) — m’(0) ¢’ (26)
a comparison with (18) vdigs that the optimal choice of the seller's share parameter
is uniquely determined by theéosios condition

om'(6)  SM.(B,S)

m(@)  M(B,S) 27)

B=1-

2.6 ThreeReaults

Along the way, we have established the following results: Assumez (@) is increas-
ing, strictly concave, and saﬁeslimgﬂo{%} = 0. (ii) The distributions of buyer
typesF : [z,7] — [0,1] and the distribution seller types : [y,7] — [0, 1] are both
continuous

Proposition 1  (Existence and Uniqueness): Under the assumptions, a unique steady
state search equilibriumexistsfor all » > 0 but sufficiently small with the property that
every participating buyer-seller pair trades when they meet.

Proposition 2 (Gale’s Limit Theorem): Consider any sequence of search equilibria
defined by a sequence of strictly positive triplescs,c,) limiting to (0,0,0) = 0.

The expected price of an exchange between any participating pair converges to the
competitive equilibrium price. Namely, given continuity

<mh?1)_>op(m’y) = o im {BRy + (1= B)Rs} =p"Va > Ryandy < R,.
Proof: The first equality isacorollary of (21) and the second follows from the fact that
equations (22) and (23) require that the marginal demand and supply prices converge
to a common value as participation costs vanish and the fact that the market clearing
condition (16) requires that their common limit is the competitive equilibrium price as
defined in equation (1).

12



Proposition 3 (Hosios) In the case of » = 0, search equilibrium maximizes aggregate
trade surplus less search costs if and only if sellers and buyers shares of match surplus
respectively equal the elasticities of the matching function with respect to the steady
state stocks of participating sellers and buyers.

3 Competitive Search Equilibrium

Of course, thereisno reason that expost bilateral bargaining should yield pricesthat sat-

isfy the socially eficient trade surplus sharing rule. However, Moen (1994) and Shimer
(1995) independently demonstrate that Hosios’ condition does obtain in extended for-
mulations of the search equilibrium problem in which price offers and waiting times
are known prior to the matching process. Here we interpret their equilibrium constructs
as a complete markets Walrasian equilibrium, one in which the expected duration of
time until a trade is made is implicitly priced, and extend them to the case of hetero-
geneity on both sides of the market. Because search externalities are internalized in
this competitive formulation of search equilibrium, participation and sorting of buyers
and sellers into a collection of submarkets that offer different expected waiting times
is Pareto dicient and, conversely, and any Paretiicé#nt solution to the participation

and sorting problem can be interpreted as a competitive search equilibrium. In the case
of a zero rate of discount, the competitive search equilibrium is the search equilibrium
with surplus shares that satisfy the Hosios condition. More generally, the equilibrium
pricing across submarkets can be formally interpreted as the particular bilateral bargain-
ing outcome in each submarket for which the Hosios condition holds. Finally, there is
only one competitive search equilibrium for all positivefmiéntly small rates of dis-
count and that equilibrium necessarily maximizes the aggregate values of buyer and
seller participation.

3.1 Definitions

Imagine that each trader can participate in one of a collection of subm&ketsere

in each one buyers and selléisad one another at rates determined by the humbers
of buyers and sellers who participate. Since the meeting ratg$) for sellers and
m(6)/6 for buyers, are uniquely determined by the ratio of buyers to sellanshe
submarket visited, theet of submarket © is simply the set of distinct values of the
market-tightness parameter offered by the collection of market. Differences in trading
prices across the submarkets, given by the endogamacesfunctionp : © — R4,
implicitly price differences in expected waiting times. Each participating trader selects
among the trade-off available by choosing the most preferred submarket taking this
price function and the set of submarkets as given. An equilibrium price function in
market clearing in the sense that the steady state numbers of participating buyers and
sellers in each submarket adjust to equatdithe of buyers and sellers who enter each
submarket with the common transactidimsv. Finally, the equilibrium set of markéx
satidies two conditions: (i) Each submarketadgen, i.e., each is the preferred choice

13



of some buyer and some seller type. (ii) Markets are complete, i.e., no other submarket
exists that would be preferred by abuyer and seller pair to those that are open.

In a competitive search equilibrium, buyers and sellers who participate in each sub-
market are willing to trade when they meet as a consequence of the completeness con-
dition. Therefore, the type-contingent stationary values of buyer and seller participation
in a particular submarket characterized by a particular price-tightnesgpéjrare

m(8) (x —p) — Ocp

Us(z,p,0) = rf +m(0)

(28)

e 6) (1)

m b—Y)—Cs
s\Y, 79 - 2

Usly:p,0) = — " (29)

by virtue of the Bellman equations (3) and (4). Given any price functi@), the

values of voluntary participation for each type is equal to the value of participating in

the preferred sub-market, i.e.,

Vo(z) = gleaéc{Ub(x;P(Q)ﬁ)}
(30)
Vsy) = gleag{Us(y,p(G)ﬂ)}

Again, the value of buyer participation increases with the demand price and the value
of seller participation decrease with supply price. Hence, all buyers R, and all
seller typeg; < R, participate where the marginal types again solve

Vo(Re) = Vs(Rs) = 0. (31)
Letv,(x,0) andv,(y, 0) represent aassignment of buyer and seller equal respec-
tively to the fraction of the enterinow of each type assigned to the submarket indexed
by the steady state buyer to seller ratidA feasible steady state amarket clearing as-
signment equates tHows of participating buyers and sellers into each market, i.e.,

b [ e 0dF@) = s oG oo
(32)
where/e%(x,e)de = /@’yb(a:,ﬁ)dQZIV(x,y).

An assignment is aompetitive if and only if it is market clearing and respects the sub-
market self-selection and individually rational participation conditions (30) and (31),
ie.,

vp(z,0) = Oifeitherz < Ry or ¢ argmax {Us(x;p(0),0)} Vx> Ry,
(33)
vp(z,0) = O0if eithery > R, or6 ¢ argmax {Us(x;p(0),0)} Vy < Rs.
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In the usual Walrasian formulation of exchange equilibrium, the commodity spaceis
taken as given. Here we need to extend the concept by allowing the set of commodities,
O, in our casg, to be endogenous. There are two natural conditions to impose. First,
each market in the set is open in the sense that it attracts some type of both participating
buyers and sellers.

Foreveryp € Othereexistsa(z,y) € [Rp,T| X [y, Rs] (34

suchthat® = argmaxUy(z,p(f),0) = arg max Us(y, p(0), 9).

Second, an equilibrium set of submarkets is complete in the sense that thereis no other
strictly preferred by some pair of buyer and seller types.

Thereexistsnod ¢ O, p € [y, 7| and (z,y) € [z,7] X [y, 7] (35)

suchthat Up(x,p,8) > max{Vy(x),0} and Us(y,p,d) > max{Vi(y),0}.

One way to interpret these conditions is to invoke the existence of notional third party
“market makers” with a priit motive who could set up submarkets. Then, if there were
positive but suiciently small costs of setting up and operating a submarket, any that
failed to attract both buyers and sellers would not exist while those that could attract
both buyers and sellers from existing markets would be créated.

Finally, a competitive search equilibrium is a pair of marginal participant types
(Rs, Ry), @ market assignmelty, (x,0),v,(y,0)), a set of submarkets, and a price
functionp : © — R, that satisfy (31) - (35).

3.2 TheEquilibrium Price Function

Because there are no externalities under market completeness, the sets of feasible steady
state Pareto &tient assignmnents of buyers and sellers to submarkets and the set
of steady state equilibrium competitive assignments are equivalent. fiSpkbygi the
marginal rates of substitution between price and market tightness for any buyer-seller
pair (z,y) who are assigned to the same submarket must be equal, i.e.,

@| _ 7m/(9) [T(p B y) + CS] — /(9)
o'’ m(8) [r + m(6)]
(36)
(@) — 0l O] [rw —p) + ] _ dp,
m(6) [r6 + m(6)] o'

because otherwise completeness (35) would be violated.

This tangency condition collapses to the transaction cost minimization condition
(26) for all (x,y) in the case of a zero rate of time discount. Because the marginal

6 Thisinterpretation is borrowed from Greenwald and Stiglitz (1988).
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rates of substitution are the same across buyer and seller types respectively when r =

0, al buyers and sellers participate in a common market in this case and the price,

that which induces optimal buyer and seller participation, is given by (17) where the
share parameter 3 satisfied the Hosios condition (27).When the discount rate is strictly
positive, the trangentcy condition can be written as the pricing rule (2) with the seller’s
share parametef equals the elasticity of the matching function with respect to the
number of participating buyer each submarket, i.e.,

o= (-2 v () v

(37)
Vo € ©and(x,y)such that(vy,(x,0),~v(y,8)) > 0.

In other words, the price in every submarket can be viewed as the bilateral bargaining
outcome for which the Hosios condition holds. Note that an equilibrium price function
p(0) is afixed point of the map dmed by (37) and a competitive assignment of types
to submarkets. Below, we show that the sefixdd points contains a single element for
all sufficiently small discount rates

In the general case, transactions costs include the forgone interest on the potential
gain from trade as well as the cost of search. Indeed, the total cost per period spent
searching equals the surfp — y) + ¢, for a seller of typey and the sum(x — p) + ¢
for a buyer of typer. The marginal rate of substitution between price and market
tightness for a seller, represented by the left side of (36), decreases with supply price
for this reason and for a buyer, the right side of (36), increases with the demand.price
As a consequence, sellers with higher supply prices strictly self select into markets with
buyers who place a higher value on the good. The prices in markets chosen by buyers
and sellers with higher demand and supply prices are higher while market tightness is
lower because buyers are only willing to accept higher prices for a shorter expected
times to trade while sellers will accept longer expected waiting times in exchange for
higher prices.

To prove these assertion, consider Figure 2. Irfinere, the curveZ E represents
the a particular price functign(6), which is downward sloping because the indifference
curves of all buyer and seller types are negatively sloped. The buyer’s and seller’s indif-
ference curves through any particular paipt, 6'), those for the type paitz’,y’), are
labeledl] I} andI.I] respectively in Figure 2. Now consider a different pdint, =’)
preferred by the buyer-seller type pdir”,y”). At the point where the indifference
curves of the two seller types croséjn thefigure, the indifference curve for typg,
represented by thE’'1”, is necessarily less steeply sloped than the indifference curve
for typey’. This fact and the left side of (36) imply thgt > 3’. Analogously, the fact
that the indifference curve for buyer typé&, I;'I;’ in Figure 2, is more steeply sloped
than that of buyer type’ at their point of intersectio requiresz” > ' by virtue of
the right side of (36).

The steady state equality of tiimw of buyers and sellers into every submarket,
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implied by the equality of both to the common rate at which buyers and sellers transact
in every submarket, requiresthefollowing specific positive matching of buyer and seller
types across the submarkets:

bF(x) — F(Ry)] = sG(y)Vye€ [y, R
where (39)
bl - F(Ry)] = sG(R,)

As the tangency condition (36), rewritten here as
m' () [r(p —y) +cs] _ [m(0) — 0m'(0)] [r(x — p) + cs]

r +m(60) N rd + m(6) ’
defines a decreasing relationship between « and y for every pair (p, 6), these two equa-
tions uniquely identify the assignment of both the buyer and the seller types who would
choose to participate in the particular market characterized by that price and market
tightness pair. In other words, there is one and only one buyer type assigned to every
market, i.e., a unique pait, y) exists for everyd such thaty,(z,6) = v,(y,0) = 1
and that pair is determined by the functions

(39)

z = f(p6),0,Ry)
(40)
Yy 9(p(0),0, Re)
implicitly defined by (38) and (39). Note in passing tifdt) is increasing ang(-) is
decreasing irR;.
Substituting fory in the first equation of (36) yields the ordinafiyst order differ-
ential equation

vy m(0)[r(p —g(p,0, Rs)) + cs]
PO = @+ m) @

Let
p = p(0) =po+h(0—00,Ry),
(42)
oh oh
h p— —_— —_—
(0, Rp) 0, 20 <0, andaRb > 0,

represent its general solution where the properties follow by virtue of (41), the fact that
g(-) is decreasing iR, and the boundary conditions that follow. Because

- 9005
AT
(43)
Cs
RS = P1— m(el)



areimplied by the participation conditions of (30), equations (38) and (39) require
[r +m(6o)] [m(00) — Oom’(6o)] [r (R — po) + cb]

-y e = 7 (80) 6o + m(60)]
(44)
_ [r4+m(0o)] [m(6o) — Bom’(00)] cs
m’ (0o)m(6o) ’
_ m'(601) [r01 +m(01)] [r(pr — Rs) + ¢4
rEep) e = G m(8) — 0 (0)
(45)

m/(01) [rf1 + m(01)] cs
[m(61) — Om’(61)] m(61)

i )| =26 (- 55
b|1-F + =sG . 46

()] = m(0r) 9
These three equations together with the requirement that

Ooc
Pl—p0+h<9190,p0+ 0% 47)
m(fo

determine the endpoints (pg, 6g) and (p1, 61) of the set of submarkets that satisfy the
steady state conditions together with participation and self-selection conditions.

3.3 ThreeMoreResults

In sum, we have established the following:

Proposition 4 The sets of steady state competitive search equilibriumand steady state
Pareto efficient assignments of buyer and seller types to submarkets are equival ent.

Proposition 5 In every submarket, the seller’s and buyer’s shares of realized match
surplus respectively equal the elasticities of the matching function with respect to the
stocks of participating buyers and sellers, i.e., the Hosios condition holds in every sub-
market.

Proposition 6 A unique competitive search equilibrium exists for all non-negative
suficiently small.

Proof. In the case of » = 0, the efficient price function degenerates to the point

= e ) (0

0 = 6o=9
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where (R;, R, 0) isthe unique solution to

m'(6) _ %
m(6) — m/(0) Cs
cpl Cs
Bl = L@ e
bl —F(Ry)] = sG(Rs).

Given the continuity of the equation system (44) - (47) with respect tar, we need only
demonstrate that equations (44) - (47) have at most one solutionmibesuficiently
small. The strict concavity afz(#) implies that the solution to (44), call it (o), and
the solution to (45)p;(64), are both strictly increasing for atl > 0 sufficiently small.

Hence,
focp } ( Cs
b|1-F 0o) + =sG 01) — ——
_— { (pO( O gy )| 2\ gy ) |
implicitly defines a decreasing functional relation betwégandd; while the relation
defined by

Ooc
P(82) = l60) = h (61— 0. + 20
is strictly decreasing given the propertieshdf). The unique solution dmes the two
endpointgpo(6o), o) and(p1 (1), 61) which solve the larger system.
Because Pareto optimality is necessary, it follows that any unique search equilibrium
also maximized the aggregate value of participation of the entéidngas déned by

T R
b / Vi (2)dF (x) + / Vo(1)dG(y).

Ry

4 Conclusions and Future Research

It is our contention that we have learned quite a lot about price determination and al-
locative eficiency through this exercise of collating and extending existing results in the
literature on search equilibrium. First, the framework provides a simple but convinc-
ing story about how the price-quantity pair in a decentralized market is determined and
why it is approximated by the market clearing pair when transactions costs are small.
Second, when the conditions for a good approximation do not hold, then the search
equilibrium solution for price and quantity are not those associated with the intersec-
tion of the usual supply and demand curves and there are stocks of buyers and sellers
waiting to exchange. In shothese market do not clear either in appearance or in fact.
Although this fact does not providemima facia case for market failure given that
transactions costs exist, search equilibria do not generally minimize transaction costs
when prices are determined by ex post bargaining between the traders after they meet
as assumed. To obtainfiefency a complete set of markets is needed that offer traders
the opportunity to shorten the time requireditod a trading partner at the appropriate
implicit price. The question that remains is who provides these markets?
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The lessons learned in the paper are al predicated on the assumption that transac-
tion technologies as embodied in the matching function exhibit constant returns to scale.
The literature provides examples in which this condition need not hold and demonstra-
tions that social €fciency cannot be attained in search equilibrium when it does not. A
question left open for future study is whether the “complete market” model of search
equilibrium developed in this paper might resolve thifidifity as well?
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