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Abstract

The global dynamics of Pissarides’ (1990) equilibrium model of ag-
gregate unemployment are studied in the case of increasing returns to
scale in production and constant returns to scale in the matching process.
An equilibrium is a dynamic path for the aggregate number of matches
generated by best response search and recruiting investment decisions
under rational expectations. Necessary and suf¿cient conditions for mul-
tiple equilibria, including limit cycles, are derived and illustrative exam-
ples are computed. The application of saddle-loop bifurcation theory is
a novel feature of the analysis. As one equilibrium Pareto dominates all
the others, a macroeconomic coordination problem exists.

JEL Classi¿cation Numbers: C73, C78, E19, E24, E32
Key Words: Hamiltonian dynamics, limit cycles, saddle-loop bifurca-

tion, unemployment cycles

“At any moment in time, there is some level of unemployment which has the property
that it is consistent with equilibrium in the structure of real wage rates.”...Milton
Friedman [1968].

“...nevertheless, every state of expectation has its de¿nite corresponding level of
long-period employment.”... John Maynard Keynes [1936]

1 Introduction

The conÀicting views of macroeconomic dynamic equilibrium reÀected in these intro-
ductory quotes are still central in academic and policy debates. That a market economy
is a self stabilizing system that seeks out a unique ‘natural’ rate of employment after
every shock has become the dominant view since Friedman’s famous AEA address in
1968. Still, this position is seriously questioned by those who sympathize with Keynes’
earlier insight that real economic outcomes can reÀect the self ful¿lling prophecies of
investors in a capitalist economy.

The academic debate generated by these two views has major implications for prac-
tical policy discussion over when and whether monetary and¿scal policy can have any

� The author acknowledges important corrections and valuable suggestions received
from Peter Howitt and Kiminori Matsuyama.
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important long run effect on the unemployment rate without detrimental inÀationary or
employment consequences. For example, the ¿rst view provides the intellectual justi-
¿cation for the current (Greenspan) approach to monetary policy in the U.S. summed
up in the maxim: ‘Control inÀation and unemployment will take care of itself.’ How-
ever, many in Europe view the high levels of unemployment persisting there as a bad
equilibrium in an economic environment containing others that might be achieved were
economic policy appropriately designed and implemented.

This paper represents a contribution to the formal argument that multiple Pareto
ranked dynamic macro economic equilibria generically exist, each supported by differ-
ent but rational expectations about the future.5 The fact that the equilibrium set for the
model studied also includes periodic solutions under reasonable conditions is of partic-
ular interest. As in the existing literature on non-unique steady states and endogenous
cycles within the framework of the neoclassical growth model, the source of the mul-
tiplicity here is increasing returns in production.6 The innovation of this paper is the
demonstration that the incorporation of a job-worker matching process into a version
of the neoclassical model in which labor is the only input will also generate multiple
Pareto ranked equilibria and equilibrium limit cycles. Indeed, lags in the formation of
match capital is enough to enable equilibrium macro dynamic outcomes that depend on
investor expectations.

The model studied is a variant of Pissarides’ (1990) theory of “equilibrium unem-
ployment.” A single good is produced and consumed by risk neutral worker-employer
pairs. The dynamic process by which employers and workers form such matches is the
focus of the analysis. Search and recruiting activities serve as inputs in a matching tech-
nology that produces aÀow of new productive pairs as output. In equilibrium, unem-
ployed workers and employers with vacancies make matching investment decisions so
as to maximize expected discounted future consumptionÀows. These decisions depend
on match surplus, the expected present value of the future quasi-rentÀow attributable
to an existing match. Its division is determined by a generalized Nash wage bargain.

The mathematical model is developed in Section 2. The case under study is one
in which a production externality exists responsible for aggregate increasing returns in
the sense that average output per match increases with the level of employment. The

2 The paper is another on macro economic coordination games. See Cooper (1999)
for a complete treatment of the topic and literature.
� The general problem in the context of equilibrium growth models is well stated and studied in Farmer

(1993). Endogenous cycles can also be present in a search model when the production technology is
standard but the matching technology is subject to increasing returns. Diamond and
Fudenberg (1989) establish the existence of limit cycles in a related model under these
conditions. Drazen’s (1988) model and analysis is mostly closely related to those of
this paper. Finally, Mortensen (1989) presents a statement of the model studied here.

2



matching technology, the relation between matching output and inputs, is concave and
exhibit constant returns. In general, participants in the matching process do not capture
their marginal bene¿t of their participation under the assumption that wages are set
via bilateral bargaining. However, it is well known that matching ef¿ciency obtains if
the worker’s (employer’s) share of match capital equals the elasticity of the matching
function with respect to aggregate search (recruiting) effort when agents are risk neutral.

The model’s equilibria, de¿ned in Section 3, are bounded solutions to a planar sys-
tem of differential equations involving the number of matched employer-worker pairs
and the value of the typical match. In the case of a zero pure rate of time discount and
ef¿cient wage bargaining, the system’s global dynamics are shown to be Hamiltonian in
Section 4, i.e., the solution paths are level curves of a known function of the number of
matches and their value. As a corollary, multiple steady state solutions generally exist
composed of alternating saddle points and centers under the assumption that productiv-
ity per match increases with aggregate employment. Although non-periodic equilibria
converge to the saddle points, a family of closed orbits, representing oscillating periodic
equilibria, surrounds each center. Many equilibria, sometimes a continuum, generically
exist when there is more than one steady state solution. The alternative equilibria cor-
respond to different self ful¿lling expectations about the future course of the economy.

Because the model is structurally unstable given no discounting and ef¿cient wage
bargaining, the conclusions drawn don’t extend even approximately to the small posi-
tive discount rate and inef¿cient bargaining cases without quali¿cation. For example,
that no periodic equilibria exist given an ef¿cient wage bargain and a positive discount
rate is the principal result of Section 5. Still, a perturbation argument, presented in
Section 6, implies that there is a limit cycle for each element in an open set of positive
discount rates when the workers’ share of match surplus is less than the elasticity of the
matching function with respect to worker search effort provided that these deviations
from ef¿ciency and no discounting are suf¿ciently small. The limit cycle can be either
stable or unstable and is unstable if and only if the economy is suf¿ciently productive.
Finally, any equilibrium unemployment cycle is Pareto dominated by a alternative non-
periodic solution, a fact that justi¿es collective economic policy designed to coordinate
on the better equilibrium.

Computed examples are reported to illustrate and extend the analytic results. The
special case studied, introduced in Section 7, is characterized by constant elasticity pro-
duction, matching, and cost of search functions and a constant workers’ share of match
surplus. In this case, there are three steady state if the economy is suf¿ciently produc-
tive and if the elasticity of the matching rate per unemployed worker with respect to the
value of a match and the elasticity of match productivity with respect to the aggregate
number of matches are positive and large enough. Parameter values based on explicit
and implicit estimates reported in the literature suggest that this necessary condition for
multiple equilibria is empirically reasonable. Finally, actual cycles in unemployment
are identi¿ed for these same parameter values. These computed solutions to the con-
stant elasticity version of the model are reported and illustrated in Section 8. The¿nal
section, Section 9, includes a brief description of the empirical properties of the cycle.
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2 A Matching Economy

Agents are of two types, workers and employers. A single consumption good is pro-
duced by each matched worker-employer pair at a rate that depends on aggregate em-
ployment. Leti+q, denote the output of the typical match expressed as a function of
the current employment,q. The instantaneous utility function for each agent is lin-
ear in consumption and future consumption is discounted at a constant rateu= Hence,
individual agents act as expected present value maximizers.7

Match formation is the output of a transactions process with aggregate search effort
and recruiting activity serving as inputs. Every worker is either matched with a job,
employed, or seeking such a match, unemployed. Letting the unit interval represent the
total available worker force, the fraction seeking employment is4�q. Aggregate search
effort is the productv+4 � q, wherev denotes the search effort of the representative
unemployed worker. The cost per searching worker expressed in terms of the produced
good is denoted asf+v,. Employers both participate in existing job matches and seek
new employees. The recruiting costÀow per vacancy is denoted asd and the aggregate
recruiting effort is reÀected in the number of job vacancies, represented asy. The rate
at which new matches form is a function of aggregate search and recruiting effort� it
is denoted asp+y> v+4 � q,,. Finally, the law of motion for employment (its time
derivative) is

bq @ p+y> v+4� q,,� �q (1)

where� represents an exogenous job destruction rate.

Increasing returns in production is assumed in the sense that match productivity,
i+q,, is an increasing function of the aggregate number of matches. Hall (1988) sug-
gests the possibility of increasing returns in production at the aggregate level in the
U.S. and Caballero and Lyons (1989) provide evidence that external economies across
sectors can account for it. The assumption that the job/worker matching function,
p+y> v+4 � q,, is concave and homogeneous of degree one is the second principal
speci¿cation restriction. Empirical justi¿cation can be found in Blanchard and Dia-
mond (1989) for the U.S. labor market and in Pissarides (1986) for the U.K. Finally,
both the job destruction rate,�, and the cost of¿lling a vacancy,d , are strictly positive
by assumption throughout the paper and the cost of search function,f+v, , is strictly
increasing and convex with the property thatf+3, @ f3+3, @ 3=

Under the assumption that existing vacancies and unemployed workers meet at ran-
dom, the probability that a particular vacancy will be matched per instant of lengthgw
is equal to the aggregate meetingÀow divided by the total number of vacancies, i.e.,
pgw@y. Analogously, the probability that an unemployed worker is matched is equal
to the meeting rate divided by aggregate search effortpgw@v+4 � q,. Given the lin-
ear homogeneity of the matching function, these meeting rates are functions of what

e The model presented here is a version of that developed in Pissarides (1990) stated
and studied in Mortensen (1989). The reader is referred to these works for motivation and detail.
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Pissarides calls market tightness, the ratio of vacancies to search effort,

� @
y

v+4� q,
= (2)

Formally, an individual worker is matched at the Poisson frequency v�+�, where v is
the worker’s chosen search intensity and

�+�, � p+y> v+4� q,,

v+4� q,
@ p+�> 4, (3)

depends on the recruiting and search decisions of the other agents. Analogously, vacan-
cies are matched at the Poison rate

p+y> v+4� q,,

y
@

�+�,

�
= (4)

Note in passing that�+�, is increasing and concave while�@�+�, is increasing in�
given the assumption thatp+y> v+4 � q,, is increasing, concave and homogenous of
degree one in its arguments.

Given these expressions for the matching rates, the expected present value of the
future consumption stream attributable to holding a vacancy to an employer,Y> and
the present value of the future consumption that a searching unemployed worker can
expect,X> solve the following asset pricing equations

uY @
�+�,

�
^M � Y `� d. bY (5)

uX @ v�+�,^Z � X `� f+v, . bX (6)
whereu is the given rate of time discount common to all agents and whereM andZ
represent the expected present values of future consumption to employer and worker
respectively once a match forms. In each case, the return on the asset value, the left
side, equals current income plus expected capital gain where the latter is composed of
two parts, the expected gain from search activity plus pure appreciation.

Workers and employers decide the extent of their individual search and recruiting
investment in response to current market conditions and expectations about future pri-
vate returns. As vacancies can be created without limit in the aggregate, free entry
drives their valueY to zero. Equivalently, the cost of holding a vacancy is equal to the
expected return, i.e.,

Y @ 3 +, d @
�+�,

�
M (7)

when individual employers regard aggregate market tightness as given. Each unem-
ployed worker choose a search intensityv to maximize the value of unemployed search
given market tightness. As a result, the marginal cost of search effort equals the ex-
pected return,

f3+v, @ �+�,^Z � X `= (8)
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The value of an occupied job to the employer, M , and of employment to the worker,
Z , solve the asset pricing equations

uM @ i+q,�z � �^M � Y ` . bM (9)

uZ @ z � �^Z � X ` . bZ (10)
where z denotes the wage paid by the employer to the worker which can vary with
market conditions as speci¿ed below. Match surplus s is de¿ned as the value of a
match to its parties less the value of the option of remaining separate, i.e.,

s � M .Z � Y � X= (11)

When worker and employer meet, a wage is negotiated which is viewed as the out-
come of a bilateral bargaining problem. The outcome determines how match surplus
will be shared once a match forms. Let the values of continued search and recruiting
represent the “threat point”+X> Y , in a generalized Nash solution to the problem of the
total value of a matchM . Y . The wage outcome satis¿es

z @ dujpd{i� oq+Z � X, . +4� �, oq+M � X,j
subject to (11) where� denotes the worker’s “bargaining power”. As the¿rst order
condition requires

+4� �,^Z � X ` @ �^M � Y `> (12)
� is the worker’s share of match surplus, i.e.Z � X @ �s from (11).

Although equity considerations in a bilateral bargaining situation might suggest
sharing equally, there is no general reason for even assuming constancy of the shares.
For example, the wage determination rules implied by the alternative competitive wage
setting models suggested by Moen (1997) and Shimer (1995) can be interpreted in our
framework as a bilateral bargaining outcome with shares that are endogenous functions
of market tightness. Indeed, because the marginal contribution of recruiting and search
effort are respectively equal to the private return in their formulation, the match value
shares solve Hosios’ (1990) necessary condition for social ef¿ciency:

s�3+�, @ +4� �,
s�+�,

�
+, � @ ^4� ��3+�,

�+�,
`= (13)

In this case, the two search externalities, the congestion effect that agents on the same
side of the market impose by reducing the matching rate of their fellows, and the thick
market bene¿t that agents on the other side bestow by increasing the matching rate of
their potential match partners, just cancel. Equivalently, the total cost of the recruiting
and search effort,dy . f+v,+4� q,> required to achieve any given matching ratep @
p+y> v+4� q,, is minimized if and only if (13) holds as Mortensen and Wright (1997)
show.

In order to include the important case of ef¿cient bargaining as characterized by the
Hosios condition, we allow the worker’s share to depend on market tightness. However,
when the Hosios condition does not hold exactly, we restrict the analysis to the case in
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which worker bargaining power increases as vacancies rise relative to worker search
effort, i.e.,

�3+�, � 3= (14)
Given the standard interpretation of � in the generalized Nash bargaining model, this
restriction rules out counter cyclical worker ‘bargaining power’.

Equation (11) and (12) and the equilibrium conditions (7) and (8) implicitly de¿ne
market tightness and search intensity as functions of match surplus. Formally,

d @
�+�+s,,

�+s,
+4� �+�+s,,,s (15)

and
f3+v+s,, @ �+�+s,,�+�+s,,s (16)

where the solutions�+s, andv+s, are the equilibrium functions that determine vacan-
cies and search intensity.

Because�+�, is an increasing concave function andf+v, is an increasing convex
function by assumption, these two equations unique determine search intensityv and
market tightness� as increasing functions of match surpluss given either (13) or (14).
Furthermore,�+3, @ f3+3, @ 3 imply v+3, @ v3+3, @ �+3, @ 3= Consequently, net
expected income derived from search activity

j+s, � pd{
v�3

iv�+�+s,,�+�+s,,,s� f+v,j (17)

and the matching rate per unemployed worker

k+s, � v+s,�+�+s,, (18)
have these same properties.

Proposition 1 If either the Hosios condition, (13), holds or the worker’s share of
match surplus is pro-cyclical in the sense of (14), then the matching rate per unem-
ployed workerk+s, and net search incomej+s, are increasing, continuous and differ-
entiable functions for alls A 3. Furthermore,j+3, @ k+3, @ k3+3, @ 3 and

j3+s, @ k+s,

�
4 .

�
s�3+s,

�+s,

��
��3+�,

�+�,
� ^4� �+�,`

��
= (19)

Proof. All but the last assertion have been established. Differentiate equations (17)
and (15) with respect to s applying the envelope theorem appropriately in the ¿rst case.
The results are

j3+s, @ v^��. s+��,3�3`

and
d�3 @ +4� �,�. s�3�3 � s+��,3�3
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where +��,3 represents the derivative of the product with respect to the common ar-
gument� of both the functions�+�, and�+�,= Use the second result to eliminate the
derivative of the product in the¿rst. The result is

j3 @ v�

�
4 .

s�3�3 � d�3

�

�
=

After substituting from (15) ford and from (18) forv�, rearrange the terms to obtain
(19).

Sincep @ v�+4�q, @ k+4�q,> the law of motion for employment, equation (1),
can be written

bq @ k+s,+4� q,� �q= (20)
By differentiating the identity (11) with respect to time and then combining results
from above appropriately, one¿nds that the surplus value of a match,s, satis¿es the
following differential equation:

bs @ +u . �,s. j+s,� i+q,= (21)
Furthermore, the wage that supports the division of surplus characterized by equation
(12)

z @ �+�+s,,i+q, . +4� �+�+s,,,j+s,= (22)
In other words, match surplus is the expected present value of the difference between
match output and net search income earned were the worker unemployed and the wage
is a weighted average of match output per employed and forgone net search income per
unemployed worker.

To derive equations (21) and (22),¿rst combine equations (5), (9), and (7) to obtain

+u . �,+M � Y ,� + bM � bY , @ s�z � uY . bY

@ s�z �
��

�

�+�,

�
^M � Y `� d

�
@ s�z

Analogously, a combinations of equations (6), (10), (8), (11), (12), and (17) together
yield

+u . �,+Z � X,� + bZ � bX, @ z � uX . bX

@ z � ^v�+�,^Z � X `� f+v,`

@ z �pd{
v�3

iv�+�,�+�+s,,s� f+v,j=

Given the match surplus identity (11), equation (21) is the sum of these two equations.
Second, multiply both sides of the¿rst equation by�+�, and both sides of the second
by 4� �+�,. The fact that the rights sides of the results must be equal to another from
equation (12) together with equation (21) imply (22).
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3 Equilibrium

Given the assumption of rational expectations, agents understand the laws of motion for
both employment and the value of a job-worker match characterized by equation (20)
and (21) and use them to forecast future values of both variables. Although each agent’s
forecast depends on the expectations of the others, all must make the same forecast.
Hence, agents have perfect foresight in the sense that a dynamic market equilibrium is
a particular solution to this system of differential equations. The following de¿nition
rules out future aggregate dynamics that either are inconsistent with voluntary market
participation in the sense that the surplus value of a match become negative or are
infeasible in the in¿nite future.

De¿nition: An equilibrium is any particular solution +
�$
s >

�$
q , to (20) and (21)

de¿ned by initial employment, q+3, @ q3> that is consistent with feasibility, s+w, � 3
and 3 � q+w, � 4 for all w � 3> and transversality, olpw$4 ih�uws+w,j @ 3=

Although initial employment is historically predetermined, the initial value of a
match,s+3, @ s3> is a jump variable that depends on future expectations of the agents
but is continuous inw there after. The restriction that match value satis¿es the transver-
sality condition speci¿ed in the de¿nition is simply a recognition of limits of eco-
nomic feasibility and is typically a necessary condition for individual economic ra-
tionality. The non-negative match value requirement rules out solutions that generate
future match values dominated by autarchy.

Proposition 2 A particular solution +
�$
s >

�$
q , to the planar system composed on (20)

and (21) is an equilibrium if and only if its trajectory originates and remains in the
rectangle E @ ^3> s`� ^3> 4` where s is the unique solution to

+u . �,s. j+s, @ i+4,= (23)

Proof. Suf¿ciency follows directly from the de¿nition of equilibrium. Necessity is
an implication of the transversality condition and the feasibility conditions. Obviously,
any trajectory that implies a negative match value or an employment level larger than
unity or less than zero at some¿nite date is ruled out as infeasible. Any other trajectory
which leaves the rectangle violates transversality. This assertion is implied by

bs @ +u . �,s. j+s,� i+q, A +u . �,s� i+4, ;s � s @ s+v,

wherev A 3 is the¿nite date at which the trajectory crosses the boundarys @ s of
the rectangle B. The inequality follows from de¿nition of s and the fact thatj+s, is
increasing . Consequently,

s+w, � sh+u.�,+w�v, ;w � v

which implies that

olp
w$4

s+w,h�uw � olp
w$4

sh�uv.�+w�v, @ 4=

9



Of course, this argument also applies to any trajectory for which s+3, � s=

The dynamics in any neighborhood of a the various possible steady states are illus-
trated in the phase diagram, Figure 1. The singular curves of the planar system, the two
functional relationships betweens andq implied by bs @ 3 and bq @ 3> are both up-
ward sloping by Proposition 1 given the assumption of increasing returns in production,
i 3+q, A 3= Because

bq @ 3 +, q @
k+s,

� . k+s,
> (24)

values ofq on the curve are bounded above by4= Because

bs @ 3 +, +u . �,s. j+s, @ i+q,> (25)

the values ofs on this curve are bounded above bys for all q 5 +3> 4, and equation
(23).

Furthermore, becausek+3, @ j+3, @ i+3, @ 3> the origin is a point of intersection
of the two curves, i.e., a steady state pair. Becausek3+3, @ j3+3, @ 3> i 3+3, A 3
implies that thebs @ 3 singular curve has a¿nite positive slope at the origin while
the singular curve de¿ned by bq @ 3 has an in¿nite slope, it may also be the only
equilibrium. However, if there are any positive equilibrium then there must be at least
two. Finally, the arrows in Figure 1 indicate the directions of motion implied by the
following global facts:

C bq

Cq
@ �k+s,� � ? 3 (26)

C bs

Cs
@ u . � . j3+s, A 3=

Although Figure 1 depicts the phase portrait only for the case of three steady states,
it is representative of the more general cases in the following sense: A no-trade steady
state exists at the origin3 in all cases under the assumptions made. In general, there are
an odd number of steady states. Counting out from and including the origin, odd num-
bered steady states are saddle points, likeK> separated by the even numbered steady
states, likeP= As indicated in the¿gure by the direction arrows, each intermediate
state is either a source, center, or sink depending on the sign of the sum of the two
eigen values at the point. This sum is

C bs

Cs
.

C bq

Cq
@ u . � . j3+s,� k+s,� � (27)

@ u . k+s,

�
s�3+s,

�+s,

��
��3+�,

�+�,
� ^4� �+�,`

�
=

by virtue of equations (20), (21), and (19). Hence, when the discount rate is zero and the
wage bargain is ef¿cient in the sense that the sharing rule satis¿ed the Hosios condition,
equation (13), the eigen values atP are purely imaginary. Although very special, the
global dynamics of the model can be fully characterized in this case.
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4 Hamiltonian Dynamics

Local information about eigen values provides an incomplete description of the model’s
dynamics. However, the global properties of the solutions to a system of differential
equations can be characterized in the special case in which the solution trajectories are
level curves of a known real valued function. Such a function is called aHamiltonian.8

In our case,

K+s> q, @

] q

3

i+{,g{. j+s,+4� q,� �sq (28)

is a Hamiltonian function given no time discounting and the ef¿cient match surplus
sharing rule.

Note that the value of the function is equal to the market output of the employed
plus the net value of the search effort of the unemployed less the value of theÀow
of matches destroyed, “depreciation”. In other words, the function represents the net
aggregate income of the economy modeled at every possible employment and match
value combination on an equilibrium trajectory. As a corollary of the next result, net
aggregate income is a constant along any equilibrium path that the economy might take
and equilibria are ranked according to aggregate net income in this special case.

Proposition 3 In the case of no pure time discounting, u @ 3, and a match surplus
sharing rule that satis¿es the Hosios condition, equation (13), every solution trajectory
to the differential equation system (20) and (21) is a level curve of the Hamiltonian
function K+s> q,.

Proof. Under the hypothesisKs+s> q, @ j3+s,+4 � q, � �q @ bq by Proposition 1
andKq+s> q, @ i+q,� j+s, � �q @ � bs. Since bK @ bq bs � bs bq @ 3 everywhere as a
consequence, any particular solution+

�$
s >

�$
q , satis¿esK+s+w,> q+w,, @ K+s3> q3, for

all w A 3.
Periodic solutions are connected trajectories in the phase portrait known asclosed

orbits. If such a path does not include a steady state, it is a cycle of¿nite period. As
equation (27) implies that the sum of the eigen values at any point are identically zero
everywhere in the case under study,P is necessarily a center surrounded by a family
of cycles.

Indeed, the Hamiltonian takes on a local minimum value atP . To prove this asser-
tion, simply note thatKq+s> q, @ � bs A +?,3 for all values ofq to the right (left) of
P in Figure 1 holdings at its steady state value and thatKs+s> q, @ bq A +?, 0 for
all s above (below)P holding the value ofq constant at its steady state value. Hence,
there are only two different possible topological cases given three steady states, those
illustrated as Figures 3 and 4 and the boundary case that separates them, illustrated as
Figure 2.

The distinctions between the phase portraits associated with the three cases illus-
trated in Figures 2, 3, and 4 reÀect differences in the relative sizes of the value of the

D The terminology introduced in the sequel is taken from Guckenheimer and Holmes (1986).
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Hamiltonian K+s> q, at K and at the origin 3= In the boundary case, the two values
are both equal to K+3> 3, @ 3 by de¿nition. As a consequence, the unstable solution
trajectory from 3 converges to K from the left while the unstable trajectory diverging
to the left from K converges to 3 as illustrated in Figure 2. The object formed by these
two trajectories is a heteroclinic orbit, a closed loop connecting two or more steady
states of a system.

Because the Hamiltonian function takes on a local minimum at P , the geometry
of the phase portrait and the fact that each solution trajectory traverses a level curve
of K+s> q, imply that the Hamiltonian is larger at 3 and along the stable manifold
converging to 3 than along the homoclinic orbit connecting K to itself in Figure 3
and is larger in value at K and along its stable manifold than at 3 on the homoclinic
orbit connecting 3 to itself in Figure 4. As a consequence, an equilibrium solution that
converges to the origin for all initial values of employment exists only in Figure 3 while
an equilibrium solution which converges to K for every initial value of employment
exists only in Figure 4. In general, these are the only two cases that arise when there are
three steady sates. In the sequel, we refer to the ¿rst as case I and the second as case II.

As we known, the set of equilibria for any initial value of employment q3 5 +3> 4,
are those that originate in the vertical interval ^3> s` and remain thereafter in the rect-
angleE @ ^3> s` � ^3> 4`= These include the stable manifolds associated with the two
saddles and the family of closed orbits aroundP= That a continuum of equilibria ex-
ist for many initial condition is an obvious implication of this observation. Indeed, in
the boundary case illustrated in Figure 2, all trajectories that initiate with employment
no greater than the steady state value atK and match values between the trajectories
converging to the origin3> on the one hand, and the positive saddle pointK> on the
other, are equilibria. In the generic cases illustrated in Figures 3 and 4, all trajectories
with initial match value between the stable manifolds converging to the steady states
are equilibrium given initial employment in some open set which includes its value at
P .

Multiple equilibria arise because the expectation that a given solution path will
be realized by all agents is self ful¿lling for more than one trajectory. Speci¿cally,
“bullish” expectations are self ful¿lling along the solution trajectory leading toK,
“bearish” expectations generate a future history leading to3, and the expectation of
future oscillations with a¿xed period and amplitude are self ful¿lling on the equilibria
represented by any one of the closed orbits surroundingP . Of course, the indetermi-
nacy of equilibrium poses a coordination problem for the aggregate economy.

When there is more than one equilibrium for a given initial level of employment, the
equilibria are ranked by net aggregate income as reÀected by the value of the Hamilto-
nian function. In case I, all equilibria except that represented by the trajectory converg-
ing to the origin yield a negative net income since the value of the Hamiltonian on that
trajectory are zero and the value of the Hamiltonian on any other equilibrium path is
between zero and the minimum value of Hamiltonian attained at the steady state point
P . In case II, the only equilibria that yield a positive net income is represented by the
stable manifold ofK= Note thatK is attainable from any initial level of employment

12



only in case II. In case I, a suf¿ciently large initial level of employment is required for
the existence of such an equilibrium path.

5 No Limit Cycles

The transparency of the model’s dynamics vanishes with positive discounting. How-
ever, Bendixson’s criterion, a well known suf¿cient condition for the non-existence of
closed orbits, can be applied to obtain global results. (See Guckenheimer and Holmes
(1986, p. 44) for a formal statement and proof.) In our case, the condition requires that
the right side of (27) not be identically zero and not change sign. Hence, if they exist at
all, limit cycles require a workers’ share of match value strictly less than that consistent
with ef¿ciency given positive discounting.

Proposition 4 If u A 3 and �+�, � 4� ��3+�,@�+�, for all �, then no equilibrium is
periodic.

The global dynamics of the system given three steady states for case I and case II
under the conditions of Proposition 4 are illustrated in Figures 5 and Figure 6 respec-
tively. As there are no closed orbits andP is unstable (The right side of (27) is positive
under the hypothesis.),P is necessarily the source of the stable manifold branch that
converges toK in Figure 5 and to3 in Figure 6. The stable manifold branch converging
to the origin in Figure 5 and converging toK in Figure 6 also represent equilibrium
trajectories. Hence a continuum of equilibria continue to exist for some initial employ-
ment levels. However, note that there is no equilibrium path converging toK in Figure
5 for suf¿ciently small initial values of employment. In other words, all the equilib-
rium paths tend toward the ‘no-trade’ steady state for suf¿ciently small initial values of
employment in that case.

6 Limit Cycles

Solutions to a differential equation system are said to bestructurally stable if the topo-
logical properties of the phase portrait are invariant to small perturbations of the sys-
tem’s parameters. Bifurcations occurs at points in the parameter space associated with
structurally instability. Homoclinic orbits such those illustrated in Figure 3 and 4 are
structurally unstable.Saddle-loop bifurcationis said to occur as a consequence of vari-
ation in a parameter, the discount rate when the Hosios conditions hold, through the
bifurcation point,u @ 3 in the case at hand. On either side of the bifurcation point, the
homoclinic orbit splits into two separate paths, the stable and unstable manifolds asso-
ciated with the saddle point on the original homoclinic orbit are distinct, as illustrated
in Figures 5 and 6.

In this section, perturbation techniques (See Guckenheimer and Holmes 1986, Chap-
ter 4.) are applied to establish that a saddle loop bifurcation occurs as well at positive
discount rates given a suf¿ciently small positive difference between the employers’
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share of match value and the elasticity of the matching function with respect to vacan-
cies. Typically saddle-loop bifurcation signals the existence of a family of limit cycles
associated with values of the parameters near the bifurcation point. (See Guckenheimer
and Holmes 1986, Sections 6.1.) Furthermore, under regularity conditions satis¿ed by
our model, the limit cycle identi¿ed is stable (unstable) if the sum of the eigen values
evaluated at the saddle connected by the homoclinic orbit is negative (positive) at the
bifurcation point in parameter space. This test implies that the identi¿ed limit cycle is
stable in case I and is unstable in case II when a saddle loop bifurcation occurs for a
positive discount rate.

The generic existence of a limit cycle is established and a formula for¿nding dis-
count rates that yield such cycles is derived usingMelnikov’s perturbation method. For
the purpose of presenting results, de¿ne the differential vector system

b{ @ I +{, . %J+{, where { @

�
s
q

�
> (29)

I +{, @

�
I4+{,
I5+{,

�
@

�
�s.

U s
3 k+t,gt � i+q,

k+s,^4� q`� �q

�
> (30)

J+{, @

�
J4+{,
J5+{,

�
@

�
us.

�
j+s,� U s

3 k+t,gt
�

3

�
> (31)

where % is a small positive number. Note that I +{, is the vector ¿eld associated with
the Hamiltonian function K+{,, de¿ned in (28), and that % is a (small) perturbation of
that ¿eld representing the distortion attributable to positive discounting and deviation
from the Hosios condition. Of course, by design the system (29) approximates the
equilibrium differential equation system de¿ned by equations (20) and (21) when the
discount rate and the deviation of the workers’ share from the search elasticity of the
matching function are both small. Finally, let the saddle point of interest, denoted as
V, beK when the parameters are such that case I obtains and3 when case II holds.
Finally, de¿ne

�+V, @
�
{ 5 ?5mK+{, � K+V,

�
(32)

as the region in the phase portrait surrounded by the graph of the homoclinic orbit
containingV.

For any small perturbation of the system away from the Hamiltonian case, indexed
by the value of%, the saddle point of interest,K in case I and3 in case II, continues to
exist but is displaced slightly (See Guckenheimer and Holmes 1986, Lemma 4.5.1 and
4.52.). The following result pertains to these perturbed saddle points:

Proposition 5 If �+�, ? 4���3+�,@�+�, for all �> then a homoclinic orbit connecting
the saddle V to itself exists for % A 3 suf¿ciently small when u @ eu where

eu @ U
�+V,

k
k+s,

�
s�3+s,
�+s,

��
4� �+s,�3+�+s,,

�+�+s,, � �+�+s,
�l

gsgqU
�+V,

gsgq
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for V 5 i3> Kj. Furthermore, for all 3 ? u ? eu> the solutions to (29) include a stable
limit cycle when V @ K and an unstable limit cycle when V @ 3.

Proof. As the proposition is a direct implication of Theorems 4.5.3 and Theorems 6.1.1
in Guckenheimer and Holmes (1986) taken together, the task is to verify the conditions
of both.

By virtue of equation (4.5.15) in the same source, the conclusion of Theorem 4.5.3
is the ¿rst assertion of this proposition because the Melnikov function is

P @

]
�+V,

�
CJ4+{,

Cs
.

CJ5+{,

Cq

�
gsgq

@

]
�+V,

�
u . k+s,

�
s�3+s,

�+s,

��
�+s,�3+�+s,,

�+�+s,,
� ^4� �+�+s,,`

��
gsgq

where the second equality follows from equations (31) and (19). In particular, the
graphs of the stable and unstable manifolds associated with the saddle V form a homo-
clinic loop connectingV with itself if the parameters are such thatP is zero by virtue
of the referenced theorem.

Given the homoclinic orbit which exists whenu @ eu, Theorem 6.1.1 asserts the
existence of a limit cycle for values ofu near and on one side ofeu= Furthermore, the
limit cycle is stable (unstable) if and only if the sum of the eigen values evaluated at
the saddle point contained in the homoclinic orbit is negative (positive). BecauseI +{,
is the vector¿eld of theK+s> q, so thatgI4+{,@g{ . gI5+{,g{ @ 3> the sum of the
eigen values at any point is given by

wudfhig b{
g{

j @ %

�
CJ4+{,

Cs
.

CJ5+{,

Cq

�
@ %

�
u . k+s,

�
s�3+s,

�+s,

��
�+s,�3+�+s,,

�+�+s,,
� ^4� �+�+s,,`

��
=

As k+s, A 3 atK> the sign is negative when�+�, ? 4 � ��3+�,�+�, atK given that
u ? eu by the de¿nition of eu above. Ask+3, @ 3> the sign at3 is always positive when
u is positive.

7 The Coordination Problem

In this section, we show that the equilibrium path converging to the saddle point with
the highest match value and employment level, call itK> Pareto dominates all others
associated with the same initial employment if the worker’s share of match surplus
increases with market tightness. In other words, a coordination problem is generic
in the modeled economy. This assertion is a consequence of the fact that the value
sequence associated with the trajectory converging toK dominates that of any other
equilibrium path.
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Let (�$s 3>
�$
q 3,> where q3+3, @ q3 is initial employment, denote the equilibrium

trajectory converging to K and let +�$s >�$q ,> q+3, @ q3> represent any other equilibrium
path associated with the same initial employment level.

Proposition 6 If the workers’ share of match surplus is pro-cyclical in the sense of
condition (14), then the value sequence�$

s 3 dominates�$s in the sense thats3+w, A s+w,
for all w � 3=

Proof. As s3+w, is the maximum value of a match over all equilibria values associated
with employment equal to q @ q3+w, and the trajectory converging to K is upward
sloping, it follows that s3+w, A s+w, if q +w, � q3+w, for all w � 3. In other words, it
is suf¿cient to demonstrate that the latter inequality holds= Suppose otherwise, namely
q+w, A q3+w, for some w A 3= In this case, the fact that q3+3, @ q+3, @ q3 implies that
some date v exists such that 3 � v ? w, q3+v, @ q+v,> and

bq+v, @ k+s+v,,+4� q+v,,� �q+v, A bq3+v, @ k+s3+v,,+4� q3+v,,� �q3+v,=

In words, q must overtake q3 at some date in the interval ^3> w,. But, if so, then
k3+s, A 3 implies s3+v, ? s+v,> an inequality which contradicts the fact that s3+v,
is the maximum equilibrium value of a match at employment level q @ q3+v,=

At any point in time, there are two employer types, matched and unmatched, and
two worker types, matched and unmatched. As the value of a vacancy Y is zero across
all equilibria, an employer holding a vacancy is indifferent among them. However, an
matched employer ranks trajectories according the their value M which in all equilibria
satis¿es the free entry condition

M @ ^4� �+�+s,,`s @
d�+s,

�+�+s,,
=

As the term on the far right side is increasing in market tightness and market tightness
�+s, is an increasing function of s by the second equality, the value of a ¿lled job to an
employer is increasing in s across equilibria.

Equations (6), (12), and (17) imply that the worker value of unemployment is the
forward solution to the differential equation bX @ uX � j+s,= As the value of unem-
ployment at time zero is

X @

] 4

3

j+s+w,,h�uwgw>

the proposition above guarantees that any worker unemployed at the initial date pre-
fer the equilibrium offering the largest initial match value. Finally, because the value
of employment isZ @ �+�+s,,s . X and because�+�, and�+s, are both increas-
ing functions, any initially employed worker also prefers the match value maximizing
equilibrium.

Pareto ranked equilibria pose a coordination problem. The implementation of a
policy designed to induce the economy to select the best equilibrium is obviously sug-
gested. What that policy might be is question left for future analysis.
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8 The Constant Elasticity Case

The derivation of empirically veri¿able conditions under which multiple steady states
actually exist, conditions that are necessary for a cycle, generally requires a more con-
crete speci¿cation of the model. In this section, a parametric version of the model is
studied, that obtained under the assumptions of a constant elasticity production func-
tion, a constant elasticity cost of search function, a constant matching function and a
constant workers’ share of match surplus. Formally, let

i+q, @ dq�> (33)

p+y> v+4� q, @ ey� ^v+4� q,`4�� > (34)
and

f+v, @ fv� = (35)
In this case, the worker’s job¿nding rate is

k+s, @ ns� (36)

where

n @

�
4� �

de

� ��

+4��,+��4,
�
e�

f�

� 4
��4

(37)

and

� @
4� � . ��

+4� �,+� � 4,
= (38)

Because equation (15) impliess�3@�+s, @ 4@+4 � �, where� @ ��3+�,@�+�, in
this log linear case, Proposition 1 implies

j+s, @
�

4� �

] s

3

k+t,gt @ n

�
�

4� �

��
s4.�

4 . �

�
(39)

the equilibrium differential equation system (20) and (21) can be written as follows:

bq @ ns�+4� q,� �q

bs @ +u . �,s. n

�
�

4� �

��
s4.�

4 . �

�
� dq�=

Consequently, the singular curves are

bq @ 3 +, q @
ns�

� . ns�
(40)

and

bs @ 3 +, q @

�
+u . �,+4� �,+4 . �,s. �ns4.�

d+4 . �,+4� �,

� 4
�

= (41)

Although the origin is always a steady state and another exists if either the produc-
tivity parameterd is large enough, whether there are three or more steady state solutions
depends on the values of the other parameters. For any� � 4, the values of along the
bs @ 3 singular curve is a strictly concave function ofq by virtue of (41). That the
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value of s along the bq @ 3 singular curve is a convex function of q when � � 4 and
has a logistic shape (¿rst concave and then convex) when � A 4 is an implication of
(40). The following result provides a suf¿cient condition for exactly three non-negative
steady state solutions.

Proposition 7 In the constant elasticity case, three non-negative steady state solu-
tions exist for all� � 4@� A 4 andd greater than some¿nite critical level.

Proof. Given the other parameters, the two singular curves cross in the positive quad-
rant at least once if and only ifd is suf¿ciently large. When this condition is satis¿ed,
the fact that3 is a steady state, that the largest steady stateK is a saddle point, i.e.,
bq @ 3 intersectsbs @ 3 from below in Figure 1, and that there are at most three steady
states implies that there are exactly three when the origin3 in also a saddle. A differen-
tiation of equations (40) and (41) imply

gs

gq
m bq@3 @ ��ns��4

+� . ns�,5

gs

gq
m bs@3 @

�
+u . �,+4� �, . �@ns�

d�+4� �,

�
�
�
+u . �,+4 . �,+4� �,s. �ns4.�

d+4 . �,+4� �,

� 4
�
�4

=

The origin is a saddle in Figure 1 if and only if the value of the¿rst of these two
derivatives near3 is less than the second. As

gs
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m bs@3
gs
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#
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4
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+
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4
�
��

d���n

,
A 3

under the hypothesis.
Caballero and Lyons (1989) estimate of the aggregate returns to scale is about 1.3

after taking account of external effects which suggests a value for� of about3=6. Hence
the suf¿cient condition for three steady states is satis¿ed for all� � 6=66= Blanchard
and Diamond (1989) obtain a point estimate for� equal to 0.4.This estimate combined
with values of� implicit in the estimated magnitudes of the transition rates to employ-
ment elasticities with respect to predicted wage rates reported in Burdett et al. (1984)
are consistent with values of� between 4 to 12. In sum, the suf¿cient condition for
three steady state solutions is empirically plausible for values of� as low as3=4.
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For the parameterized model, the wage bargain is ef¿cient when the worker’s share
of match surplus,�> equals the elasticity of matching function with respect to aggregate
search effort, the parameter4��. When in addition there is no discounting, the solution
trajectories are the level curves of the Hamiltonian

K+s> q, @
dq4.�

4 . �
.

ns4.�

4 . �
+4� q,� �sq

by virtue of equations (28), (33) and (36). Finally, since the partial derivatives of the
Hamiltonian function are zero at steady states, the difference between its value atK
and3 is increasing in the productivity of both the matching technology and production
technology as represented by the parametersd andn respectively. Hence, Hamiltonian
dynamics case II is associated with relatively high values of these two parameters and
case I with relatively low values.

9 Computed Examples with Cycles

Proposition 5 can guarantee the existence of a limit cycle only for small negative de-
viations of workers’ share from the elasticity of the matching function with respect to
search effort. In this section, limit cycles are computed and displayed for plausible val-
ues of the discount rate and the other parameters of a log linear version of the model.
These examples extend the analytic results by showing that cycles exist even when the
differences between workers’ share and the search elasticity of the matching function
are quite large.

The values of the elasticity of the transition to employment and the elasticity of the
production function used in the computations are� @ 43 and� @ 3=6 respectively.
Letting the unit time period equal one quarter, reasonable values for the discount and
job separation rates areu @ 3=34 and� @ 3=48. For the purposes of the demonstration,
n is set equal to unity. To generate an examples of both case I and case II, the production
function scale parameter,d> is set at 0.12 and at 0.13 respectively. Finally, the value of
the ratio�@+4 � �, is varied to obtain sub-cases of interest. The values ofs andq at
the stationary pointsP andK and the sums of the real parts of the eigen values at each
stationary point, represented as

S
Uh+P, and

S
Uh+K,, for different values of the

worker share to search effort elasticity ratio are reported in Table 1.

Table 1: Stationary Points and Eigen Value Sums
a �

4�� +s> q, @ P
S

Uh+P, +s> q, @ K
S

Uh+K,

0.12 0.724 (0.7176,0.2259) 0 (0.8611,0.6916) -0.0519
0.12 0.760 (0.7184,0.2680) 0.0012 (0.8572,0.6816) -0.0414
0.13 0.452 (0.6701,0.1543) 0 (0.9377,0.8401) -0.2779
0.13 0.440 (0.6700,0.1542) -0.0002 (0.9396,0.8428) -0.2902

Hopf bifurcation is a local form of structural instability that occurs at any point in the
parameter space for which the eigen values are purely imaginary at a speci¿c stationary
point. Since the eigen values atP form a complex pair, Hopf bifurcation occurs atP
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for a ratio of the workers’ share to the search elasticity with respect to search effort that
equates the sum of the two real parts to zero. As indicated in Table 1, this condition
holds when either the share to match elasticity ratio equals 0.724 givend @ 3=45 or
equals 0.452 givend @ 0.13..

According to the Hopf bifurcation theorem (See Guckenheimer and Holmes 1986,
pp.150-153.), closed orbits exist revolving aroundP in a one sided neighborhood of
the bifurcation value of the ratio. However, any limit cycle that exist in this case can be
either stable or unstable and the criterion for determining which is dif¿cult to evaluate.
For this reason the test associated with saddle-loop bifurcation can be useful. Although
it is admittedly more dif¿cult to verify the condition for a saddle loop bifurcation, the
associated closed orbit is stable in case I and unstable in case II by Proposition 5. Be-
cause case I is associated with small values of the production function scale parameter,
these results suggest that one should¿nd a stable limit cycle whend is relatively small
and a unstable cycle whend is larger for appropriate values of the ratio of the workers’
share to the matching elasticity with respect to search input.

In Figure 7, plots of two computed trajectories associated with the parameters speci-
¿ed in the second row of Table 1. At these parameter values,d @ 3=45 and�@+4��, @
3=:9> the stationary pointP is a source, i.e.,

S
Uh+P, A 3 as reported in Table 1. For

the same parameter values, the negative eigen value at the saddle pointK is larger is
absolute value than the positive root, equivalently the

S
Uh+K, ? 3. These conditions

and Proposition 5 suggest that a stable limit cycle surroundsP= As the inner trajectory
represented in Figure 7 is diverging away fromP while the outer one is converging
towardP> the¿gure con¿rms the conjecture. Namely, a stable limit cycle necessarily
exists to which both trajectories are converging.

Similarly, the plots of two computed trajectories associated with the parameter val-
ues given in the fourth row of Table 1 are illustrated in Figure 8. At the parameter values
assumed,d @ 3=46 and�@+4� �, @ 3=77> P is a sink and the positive eigen value at
the origin exceeds the negative. These conditions and Proposition 5 suggest the exis-
tence of an unstable limit cycle surroundingP> a conjecture veri¿ed by the fact that the
inner trajectory is converging towardP while the outer trajectory is diverging. Given
this pattern, an unstable closed orbit surroundingP lies between the two trajectories
portrayed..

10 The Economics of the Cycle

I conclude this admittedly technical study with a more heuristic discussion of the time
series properties of the employment cycle identi¿ed in the paper. Obviously, the source
of the cumulative process drivingÀuctuations is the positive external economy that
generates increasing returns to production. However, the existence of cyclical move-
ments in employment also requires a propagation mechanism, supplied in this case by
the delays implicit in the matching process and the incentive structure that determines
investment in matching inputs.

An important reason for interest in this simple model is the fact that the cyclic
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movements in unemployment and vacancies implied by this propagation mechanism
are consistent with important stylized facts. In addition, the predicted timing of the
turning points in important aggregate measures of economic activity are also consistent
with those observed.

The expectation of rising employment in the future stimulates investment in match
formation now as a consequence of increasing returns. Given suf¿ciently optimistic
(pessimistic) expectations, this cumulative process can result in smooth monotone con-
vergence to the high (low) employment steady state. However, if agents are a little less
(more) optimistic, the only perfect foresight employment time series turns down (up)
before the high (low) employment steady state is reached. In the downswing, the cu-
mulative process works in reverse� the expectation of falling employment in the near
future induces less investment in matching now which ultimately con¿rms the expec-
tation. Eventually the process reverses itself again to complete the cycle, even though
search intensity and vacancies are low, simply because there are so many unemployed.

This cycle can be characterized in two different but theoretically equivalent ways.
The¿rst is an output/asset market description based on the fact that the stock price of
an operating¿rm in the model is proportional to match capital. As aggregate gross
income, represented by

U q
3
i+{,g{. j+s,+4� q,> is increasing in boths andq, gross

income is maximum (minimum) at some point on the closed orbit representing a cycle
between the points at whichs andq respectively attain their maximum (minimum)
values. Hence, as in the real world, the model implies the value of¿rm-match, its stock
price values> lead income and income leads employment at both the top and the bottom
of the cycle.

The second characterization is a description of the cycle in labor market terms. As
vacancies increase withs, the model provides an explanation for counter-clockwise
movement in vacancies and unemployment about the Beveridge Curve, the average
downward sloping relationship observed between vacancies and unemployment. Dur-
ing the upswing, the ratio of vacancies to unemployment increases and search effort
rises relative to its average so that the realized vacancy-unemployment pair move in
a counter-clockwise direction above the Beveridge curve. Eventually, this process re-
verses as vacancies and search effort fall in response to falling expectations about future
productivity. In the downturn, the labor market moves in the direction of higher unem-
ployment relative to vacancies along a path below the Beveridge curve.

Although convergence to a endogenous deterministic limit cycle is a generic theo-
retical possibility in the model, I do not argue that observed businessÀuctuations are
necessarily generated by such dynamic behavior. The reason I¿nd the model of interest
arises from the fact that there are other equilibria associated with intermediate employ-
ment levels that share the cycle’s qualitative time series properties even when their paths
eventually converge to the saddle pointK. This fact suggests that these same properties
would also be evident in a real business cycle version of the model in which the primary
source of disturbance in economic activity is an exogenous technology shock process.
In sum, increasing returns in production and the lags implicit in the matching process
propagate productivity shocks in the manner consistent with the stylized business cycle
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facts summarized above.

[1] Blanchard, O.J., and P.A. Diamond (1989). “The Beveridge Curve,”Brookings
Papers on Economic Activity, (1): 1-60.

[2] Boldrin, M., N. Kiyotaki, and R. Wright (1991). “A Dynamic Equilibrium Model
of Search, Production and Exchange.” Northwestern Math Center Discussion Pa-
pers No. 930.

[3] Burdett, K., N. Kiefer, D.T. Mortensen, and G. Neumann (1984). “Earnings, Un-
employment, and the Allocation of Time Over Time,”Review of Economics Stud-
ies51: 559-578.

[4] Caballero, R. J., and R. K. Lyons (1989). “The Role of External Economies in U.S.
Manufacturing.” NBER Working Paper No. 3033.

[5] Cooper, R.W. (1999).Coordination Games: Complementarities and Macroeco-
nomics.Cambridge, UK: Cambridge University Press.

[6] Drazen, A. (1988). “Self-Ful¿lling Optimism in a Trade-Friction Model of the
Business Cycle,”American Economic Review 78(2): 369-72.

[7] Diamond, P.A., and D. Fudenberg (1989). “Rational Expectations Business Cycles
in Search Equilibrium,”Journal of Political Economy 97: 606-619.

[8] Guckenheimer, J., and P. Holmes (1986).Nonlinear Oscillations, Dynamical Sys-
tems, and Bifurcations of Vector Fields, Springer-Verlag.

[9] Farmer, R.E.A. (1993).The Macroeconomics of Self-Ful¿lling Prophecies. Cam-
bridge, MA: MIT Press.

[10] Friedman, M. (1968). “The Role of Monetary Policy,”American Economic Review
58: 1-17.

[11] Hall, R.E. (1988). “Increasing Returns: Theory and Measurement with Industry
Data.” Stanford mimeo.

[12] Keynes, J.M. (1936).The General Theory of Employment, Interest, and Money.
London: Macmillan.

[13] Moen, E.R. (1997). “Competitive Search Equilibrium,”Journal of Political Econ-
omy105: 385-411.

22



[14] Mortensen, D.T., and R. Wright (1997). “Competitive Pricing and Ef¿ciency in
Search Equilibrium,” Northwestern Working Paper.

[15] Matsuyama, K. (1991), “Increasing Returns, Industrialization and Indeterminacy
of Equilibrium,” Quarterly Journal of Economics 106(2): 617-50.

[16] Mortensen, D.T. (1989),“The Persistence and Indeterminacy of Search Equilib-
rium.” Scandinavian Journal of Economics 91(2): 347-370.

[17] Pissarides, C.A. (1990).Equilibrium Unemployment Theory, Oxford: Blackwell.

[18] Pissarides, C.A. (1986). “Unemployment and Vacancies in Britain,”Economic
Policy 3:473-8.

[19] Shimer, R. (1995). “Contracts in a Frictional Labor Market,” MIT working paper.

23



Figure 1: The Phase Portrait
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Figure 2: Hamiltonian Dynamics: Boundary Case

Figure 3: Hamiltonian Dynamic: Case I
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Figure 4: Hamiltonian Dynamic: Case II

Figure 5: No Cycle: Case I
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Figure 6: No Cycle: Case II

Figure 7: Stable Limit Cycle: Case I (d @ 3=45> �@+4� �, @ 3=:9,
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Figure 8: Unstable Cycle: Case II (d @ 3=46> �@+4� �, @ 3=77,
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