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Abstract

The global dynamics of Pissarides’ (1990) equilibrium model of ag-
gregate unemployment are studied in the case of increasing returns to
scale in production and constant returns to scale in the matching process.
An equilibrium is a dynamic path for the aggregate number of matches
generated by best response search and recruiting investment decisions
under rational expectations. Necessary anfi@gaht conditions for mul-
tiple equilibria, including limit cycles, are derived and illustrative exam-
ples are computed. The application of saddle-loop bifurcation theory is
a novel feature of the analysis. As one equilibrium Pareto dominates all
the others, a macroeconomic coordination problem exists.
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“Atany moment in time, there is some level of unemployment which has the property
that it is consistent with equilibrium in the structure of real wage ratesMilton
Friedman [1968].
“...nevertheless, every state of expectation has ifside corresponding level of
long-period employment.’. John Maynard Keynes [1936]

1 Introduction

The conflicting views of macroeconomic dynamic equilibrium reflected in these intro-
ductory quotes are still central in academic and policy debates. That a market economy
is a self stabilizing system that seeks out a unique ‘natural’ rate of employment after
every shock has become the dominant view since Friedman’s famous AEA address in
1968. Still, this position is seriously questioned by those who sympathize with Keynes’
earlier insight that real economic outcomes cdtent the self fufilling prophecies of
investors in a capitalist economy.

The academic debate generated by these two views has major implications for prac-
tical policy discussion over when and whether monetaryfeswal policy can have any

1 The author acknowledges important corrections and valuable suggestions received
from Peter Howitt and Kiminori Matsuyama.



important long run effect on the unemployment rate without detrimental inflationary or
employment consequences. For example, the first view provides the intellectual justi-
fication for the current (Greenspan) approach to monetary policy in the U.S. summed
up in the maxim: ‘Control iflation and unemployment will take care of itself.” How-
ever, many in Europe view the high levels of unemployment persisting there as a bad
equilibrium in an economic environment containing others that might be achieved were
economic policy appropriately designed and implemented.

This paper represents a contribution to the formal argument that multiple Pareto
ranked dynamic macro economic equilibria generically exist, each supported by differ-
ent but rational expectations about the futtiréhe fact that the equilibrium set for the
model studied also includes periodic solutions under reasonable conditions is of partic-
ular interest. As in the existing literature on non-unique steady states and endogenous
cycles within the framework of the neoclassical growth model, the source of the mul-
tiplicity here is increasing returns in productidriThe innovation of this paper is the
demonstration that the incorporation of a job-worker matching process into a version
of the neoclassical model in which labor is the only input will also generate multiple
Pareto ranked equilibria and equilibrium limit cycles. Indeed, lags in the formation of
match capital is enough to enable equilibrium macro dynamic outcomes that depend on
investor expectations.

The model studied is a variant of Pissarides’ (1990) theory of “equilibrium unem-
ployment.” A single good is produced and consumed by risk neutral worker-employer
pairs. The dynamic process by which employers and workers form such matches is the
focus of the analysis. Search and recruiting activities serve as inputs in a matching tech-
nology that produces fiow of new productive pairs as output. In equilibrium, unem-
ployed workers and employers with vacancies make matching investment decisions so
as to maximize expected discounted future consum(ftibovs. These decisions depend
on match surplus, the expected present value of the future quadiewrdttributable
to an existing match. Its division is determined by a generalized Nash wage bargain.

The mathematical model is developed in Section 2. The case under study is one
in which a production externality exists responsible for aggregate increasing returns in
the sense that average output per match increases with the level of employment. The

2 The paper is another on macro economic coordination games. See Cooper (1999)

for acomplete treatment of the topic and literature.

3 Thegeneral problemin the context of equilibrium growth modelsiswell stated and studied in Farmer
(1993). Endogenous cycles can also be present in a search model when the production technology is
standard but the matching technology is subject to increasing returns. Diamond and

Fudenberg (1989) establish the existence of limit cycles in a related model under these

conditions. Drazen’s (1988) model and analysis is mostly closely related to those of

this paper. Finally, Mortensen (1989) presents a statement of the model studied here.



matching technology, the relation between matching output and inputs, is concave and

exhibit constant returns. In general, participants in the matching process do not capture

their marginal benefit of their participation under the assumption that wages are set
viabilateral bargaining. However, it is well known that matching efficiency obtains if

the worker’s (employer’s) share of match capital equals the elasticity of the matching
function with respect to aggregate search (recruiting) effort when agents are risk neutral.

The model’s equilibria, déned in Section 3, are bounded solutions to a planar sys-
tem of differential equations involving the number of matched employer-worker pairs
and the value of the typical match. In the case of a zero pure rate of time discount and
efficient wage bargaining, the system'’s global dynamics are shown to be Hamiltonian in
Section 4, i.e., the solution paths are level curves of a known function of the number of
matches and their value. As a corollary, multiple steady state solutions generally exist
composed of alternating saddle points and centers under the assumption that productiv-
ity per match increases with aggregate employment. Although non-periodic equilibria
converge to the saddle points, a family of closed orbits, representing oscillating periodic
equilibria, surrounds each center. Many equilibria, sometimes a continuum, generically
exist when there is more than one steady state solution. The alternative equilibria cor-
respond to different self filling expectations about the future course of the economy.

Because the model is structurally unstable given no discounting Aoieef wage
bargaining, the conclusions drawn don’'t extend even approximately to the small posi-
tive discount rate and inffient bargaining cases without quadation. For example,
that no periodic equilibria exist given anfiefent wage bargain and a positive discount
rate is the principal result of Section 5. Still, a perturbation argument, presented in
Section 6, implies that there is a limit cycle for each element in an open set of positive
discount rates when the workers’ share of match surplus is less than the elasticity of the
matching function with respect to worker search effort provided that these deviations
from efficiency and no discounting are figfently small. The limit cycle can be either
stable or unstable and is unstable if and only if the economy fcaiftly productive.
Finally, any equilibrium unemployment cycle is Pareto dominated by a alternative non-
periodic solution, a fact that jusites collective economic policy designed to coordinate
on the better equilibrium.

Computed examples are reported to illustrate and extend the analytic results. The
special case studied, introduced in Section 7, is characterized by constant elasticity pro-
duction, matching, and cost of search functions and a constant workers’ share of match
surplus. In this case, there are three steady state if the economficgesitify produc-
tive and if the elasticity of the matching rate per unemployed worker with respect to the
value of a match and the elasticity of match productivity with respect to the aggregate
number of matches are positive and large enough. Parameter values based on explicit
and implicit estimates reported in the literature suggest that this necessary condition for
multiple equilibria is empirically reasonable. Finally, actual cycles in unemployment
are identfied for these same parameter values. These computed solutions to the con-
stant elasticity version of the model are reported and illustrated in Section 8irBthe
section, Section 9, includes a brief description of the empirical properties of the cycle.



2 A Matching Economy

Agents are of two types, workers and employers. A single consumption good is pro-

duced by each matched worker-employer pair at a rate that depends on aggregate em-
ployment. Letf(n) denote the output of the typical match expressed as a function of
the current employment;. The instantaneous utility function for each agent is lin-

ear in consumption and future consumption is discounted at a constant k&ace,
individual agents act as expected present value maxinfizers.

Match formation is the output of a transactions process with aggregate search effort
and recruiting activity serving as inputs. Every worker is either matched with a job,
employed, or seeking such a match, unemployed. Letting the unit interval represent the
total available worker force, the fraction seeking employmehtis. Aggregate search
effort is the product(1 — n) wheres denotes the search effort of the representative
unemployed worker. The cost per searching worker expressed in terms of the produced
good is denoted ags). Employers both participate in existing job matches and seek
new employees. The recruiting cdiiw per vacancy is denoted asnd the aggregate
recruiting effort is réected in the number of job vacancies, represented ase rate
at which new matches form is a function of aggregate search and recruiting effort
is denoted asn(v,s(1 — n)). Finally, the law of motion for employment (its time
derivative) is

n=m(v,s(1 —n)) —én 1)
whereé represents an exogenous job destruction rate.

Increasing returns in production is assumed in the sense that match productivity,
f(n), is an increasing function of the aggregate number of matches. Hall (1988) sug-
gests the possibility of increasing returns in production at the aggregate level in the
U.S. and Caballero and Lyons (1989) provide evidence that external economies across
sectors can account for it. The assumption that the job/worker matching function,
m(v,s(1 — n), is concave and homogeneous of degree one is the second principal
specfication restriction. Empirical juditation can be found in Blanchard and Dia-
mond (1989) for the U.S. labor market and in Pissarides (1986) for the U.K. Finally,
both the job destruction rat&, and the cost ofilling a vacancyg , are strictly positive
by assumption throughout the paper and the cost of search funefion, is strictly
increasing and convex with the property thét) = ¢/(0) = 0.

Under the assumption that existing vacancies and unemployed workers meet at ran-
dom, the probability that a particular vacancy will be matched per instant of lefagth
is equal to the aggregate meetifigw divided by the total number of vacancies, i.e.,
mdt/v. Analogously, the probability that an unemployed worker is matched is equal
to the meeting rate divided by aggregate search effait/s(1 — n). Given the lin-
ear homogeneity of the matching function, these meeting rates are functions of what

4 The model presented here is a version of that developed in Pissarides (1990) stated
and studied in Mortensen (1989). The reader is referred to these works for motivation and detail.



Pissarides calls market tightness, the ratio of vacancies to search effort,

v
97—5(1—71)' 2
Formally, an individual worker is matched at the Poisson frequency sA(6) where s is
the worker's chosen search intensity and

_m,s(l—n))
MO ==y = (1) 3)
depends on the recruiting and search decisions of the other agents. Analogously, vacan-
cies are matched at the Poison rate

m(v,s(1—mn)) A6
(L-n) _ NO) @
v 0

Note in passing thak(#) is increasing and concave whifg \(6) is increasing ind
given the assumption that(v, s(1 — n)) is increasing, concave and homogenous of
degree one in its arguments.

Given these expressions for the matching rates, the expected present value of the
future consumption stream attributable to holding a vacancy to an emplyand
the present value of the future consumption that a searching unemployed worker can
expect,U, solve the following asset pricing equations

er@[J—V]—a%—V (5)
rU = sAO)[W — U] — c(s) + U (6)

wherer is the given rate of time discount common to all agents and wiiexed W/
represent the expected present values of future consumption to employer and worker
respectively once a match forms. In each case, the return on the asset value, the left
side, equals current income plus expected capital gain where the latter is composed of
two parts, the expected gain from search activity plus pure appreciation.

Workers and employers decide the extent of their individual search and recruiting
investment in response to current market conditions and expectations about future pri-
vate returns. As vacancies can be created without limit in the aggregate, free entry
drives their valué/ to zero. Equivalently, the cost of holding a vacancy is equal to the
expected return, i.e.,

V=0<=a= @J @)
when individual employers regard aggregate market tightness as given. Each unem-
ployed worker choose a search intensitp maximize the value of unemployed search
given market tightness. As a result, the marginal cost of search effort equals the ex-
pected return,

d(s) = \O)W —U]. (8)



The value of an occupied job to the employer, J, and of employment to the worker,
W, solve the asset pricing egquations

rJ=f(n)—w—6[J—V]+J 9

rW=w—8§W U +W (10)
where w denotes the wage paid by the employer to the worker which can vary with
market conditions as specified below. Match surplus p is defined as the vadue of a
match to its parties less the value of the option of remaining separate, i.e.,

p=J+W -V -U. (12)

When worker and employer meet, awage is negotiated which is viewed as the out-
come of a bilateral bargaining problem. The outcome determines how match surplus
will be shared once a match forms. Let the values of continued search and recruiting
represent the “threat poinfU, V) in a generalized Nash solution to the problem of the
total value of a matcli + V. The wage outcome safiiss

w=argmax{BIn(W —-U)+ (1—-08)In(J - U)}

subject to (11) whereg denotes the worker’s “bargaining power”. As thest order
condition requires

(1=B)W -U]=p[J-V], (12)
G is the worker’s share of match surplus, il&.— U = Gp from (11).

Although equity considerations in a bilateral bargaining situation might suggest
sharing equally, there is no general reason for even assuming constancy of the shares.
For example, the wage determination rules implied by the alternative competitive wage
setting models suggested by Moen (1997) and Shimer (1995) can be interpreted in our
framework as a bilateral bargaining outcome with shares that are endogenous functions
of market tightness. Indeed, because the marginal contribution of recruiting and search
effort are respectively equal to the private return in their formulation, the match value
shares solve Hosios’ (1990) necessary condition for sodialericy:

: PA(©) 6X'(6)
PX(O) = (1= 95— = 6= [1- L)

In this case, the two search externalities, the congestion effect that agents on the same
side of the market impose by reducing the matching rate of their fellows, and the thick
market benfit that agents on the other side bestow by increasing the matching rate of
their potential match partners, just cancel. Equivalently, the total cost of the recruiting
and search efforyv + ¢(s)(1 — n), required to achieve any given matching raie=
m(v, s(1 —n)) is minimized if and only if (13) holds as Mortensen and Wright (1997)
show.

In order to include the important case ofiefent bargaining as characterized by the
Hosios condition, we allow the worker’s share to depend on market tightness. However,
when the Hosios condition does not hold exactly, we restrict the analysis to the case in

(13)



which worker bargaining power increases as vacancies rise relative to worker search
effort, i.e,
3'(0) > 0. (14)
Given the standard interpretation of 3 in the generalized Nash bargaining model, this
restriction rules out counter cyclical worker ‘bargaining power’.
Equation (11) and (12) and the equilibrium conditions (7) and (8) implicitiynde
market tightness and search intensity as functions of match surplus. Formally,

_AWD)
a= Tp)(l — B(8(p)))p (15)

and

¢(s(p)) = MO(p)BO(p))p (16)
where the solution8(p) ands(p) are the equilibrium functions that determine vacan-
cies and search intensity.

Because\(0) is an increasing concave function aad) is an increasing convex
function by assumption, these two equations unigue determine search inteasity
market tightnes$ as increasing functions of match surpfugiven either (13) or (14).
FurthermoreA(0) = ¢/(0) = 0 imply s(0) = s'(0) = 6(0) = 0. Consequently, net
expected income derived from search activity

9(p) = max{sA(0(p))5(6(p)))p — c(s)} 17

s>0

and the matching rate per unemployed worker

h(p) = s(p)A(0(p)) (18)
have these same properties.

Proposition 1 If either the Hosios condition, (13), holds or the worker’s share of
match surplus is pro-cyclical in the sense of (14), then the matching rate per unem-
ployed workerh(p) and net search incomgp) are increasing, continuous and differ-
entiable functions for alp > 0. Furthermoreg(0) = 2(0) = #/(0) = 0 and

s =1+ (52 (S -n-so))]. a9

Proof. All but the last assertion have been established. Differentiate equations (17)
and (15) with respect to p applying the envel ope theorem appropriately in the first case.
The results are

g'(p) = s[BA+ p(BN)'0']

and
ab = (1—B)A+pNO0 —p(BN)E



where (B\)’ represents the derivative of the product with respect to the common ar-
gumentd of both the functiong3(d) and A(¢). Use the second result to eliminate the
derivative of the product in th@rst. The result is
'n! !
A, [1 n M] .
A
After substituting from (15) for and from (18) fors), rearrange the terms to obtain
(19). m
Sincem = sA(1 —n) = k(1 —n), the law of motion for employment, equation (1),
can be written
n=nh(p)(1—n)—én. (20)
By differentiating the identity (11) with respect to time and then combining results
from above appropriately, onfinds that the surplus value of a matgh satigies the
following differential equation:

p=(r+8)p+glp) — f(n) (21)
Furthermore, the wage that supports the division of surplus characterized by equation
(12)

w = B(0(p))f(n) + (1 = B(0(p)))g(p)- (22)
In other words, match surplus is the expected present value of the difference between
match output and net search income earned were the worker unemployed and the wage
is a weighted average of match output per employed and forgone net search income per
unemployed worker.

To derive equations (21) and (2Zyst combine equations (5), (9), and (7) to obtain

(r+8)(J-V)=(J-V) = p—w—rV+V

= p-w-— K%) [JV]a]

= pfw

Analogously, a combinations of equations (6), (10), (8), (11), (12), and (17) together
yield

(r+8(W-U)—(W-U) = w—rU+U
= w—[sNO[W = U] — ¢(s)]
= w—max{sA(0)8(0(p)p — c(s)}.
Given the match surplus identity (11), equation (21) is the sum of these two equations.
Second, multiply both sides of tiest equation by3(#) and both sides of the second

by 1 — §(0). The fact that the rights sides of the results must be equal to another from
equation (12) together with equation (21) imply (22).



3 Equilibrium

Given the assumption of rational expectations, agents understand the laws of motion for

both employment and the value of a job-worker match characterized by equation (20)

and (21) and use them to forecast future values of both variables. Although each agent’s
forecast depends on the expectations of the others, all must make the same forecast.
Hence, agents have perfect foresight in the sense that a dynamic market equilibrium is
a particular solution to this system of differential equations. The followirfgndmn

rules out future aggregate dynamics that either are inconsistent with voluntary market
participation in the sense that the surplus value of a match become negative or are
infeasible in the ifinite future.

Definition: An equilibrium is any particular solution (p’, ') to (20) and (21)
defined by initial employment, n(0) = no, that is consistent with feasibility, p(t) > 0
and 0 < n(t) < 1for all ¢t > 0, and transversality, lim; .. {e " "'p(t)} = 0.

Although initial employment is historically predetermined, the initial value of a
match,p(0) = po, is a jump variable that depends on future expectations of the agents
but is continuous it there after. The restriction that match value $assthe transver-
sality condition speéied in the dénition is simply a recognition of limits of eco-
nomic feasibility and is typically a necessary condition for individual economic ra-
tionality. The non-negative match value requirement rules out solutions that generate
future match values dominated by autarchy.

Proposition 2 A particular solution (p’, ) to the planar system composed on (20)
and (21) is an equilibrium if and only if its trajectory originates and remains in the
rectangle B = [0,7] x [0, 1] where P isthe unique solution to

(r+6)p+9() = f(1). (23)

Proof. Sufficiency follows directly from the dinition of equilibrium. Necessity is

an implication of the transversality condition and the feasibility conditions. Obviously,
any trajectory that implies a negative match value or an employment level larger than
unity or less than zero at sorfigite date is ruled out as infeasible. Any other trajectory
which leaves the rectangle violates transversality. This assertion is implied by

p=(+8p+glp)—f(n)>(r+8p—f(1)Vp>p=p(s)

wheres > 0 is thefinite date at which the trajectory crosses the boungagy p of
the rectangle B. The inequality follows from fitgtion of 7 and the fact thag(p) is
increasing . Consequently,

p(t) > pelr =) vyt > g

which implies that

lim p(t)e™" > lim pe e tot—s) —
t—00 t—o00

Q.



Of course, this argument also applies to any trajectory for which p(0) > 7.

The dynamicsin any neighborhood of athe various possible steady states areillus-
trated in the phase diagram, Figure 1. The singular curves of the planar system, the two
functional relationships betweenandn implied byp = 0 andn = 0, are both up-
ward sloping by Proposition 1 given the assumption of increasing returns in production,
f(n) > 0. Because

. __hip)
n70<:>n76+h(p)’ (24)

values ofn on the curve are bounded abovelbyBecause

p=0<«= (r+0p+gp) = f(n), (25)

the values of on this curve are bounded above Byor all n € (0,1) and equation
(23).

Furthermore, becausg0) = ¢(0) = f(0) = 0, the origin is a point of intersection
of the two curves, i.e., a steady state pair. Becaug®) = ¢’(0) = 0, f/(0) > 0
implies that thep = 0 singular curve has &nite positive slope at the origin while
the singular curve dmed byn = 0 has an ifinite slope, it may also be the only
equilibrium. However, if there are any positive equilibrium then there must be at least
two. Finally, the arrows in Figure 1 indicate the directions of motion implied by the
following global facts:

on
o /
3 = r+6+4'(p) > 0.

Although Figure 1 depicts the phase portrait only for the case of three steady states,
it is representative of the more general cases in the following sense: A no-trade steady
state exists at the origihin all cases under the assumptions made. In general, there are
an odd number of steady states. Counting out from and including the origin, odd num-
bered steady states are saddle points, likeseparated by the even numbered steady
states, likeM. As indicated in thefigure by the direction arrows, each intermediate
state is either a source, center, or sink depending on the sign of the sum of the two
eigen values at the point. This sum is

g—er% = r+8+9(p)—hlp) 6 @7)
o (22) (221

by virtue of equations (20), (21), and (19). Hence, when the discount rate is zero and the
wage bargain is étient in the sense that the sharing rule $agtsthe Hosios condition,
equation (13), the eigen values/gt are purely imaginary. Although very special, the
global dynamics of the model can be fully characterized in this case.

10



4 Hamiltonian Dynamics

Local information about eigen val ues provides an incompl ete description of the model’s
dynamics. However, the global properties of the solutions to a system of differential
equations can be characterized in the special case in which the solution trajectories are
level curves of a known real valued function. Such a function is callgdrailtonian.’?

In our case,

A = [ e)de + )1 )~ b (28)

is a Hamiltonian function give% no time discounting and thiécefnt match surplus
sharing rule.

Note that the value of the function is equal to the market output of the employed
plus the net value of the search effort of the unemployed less the value @ibihe
of matches destroyed, “depreciation”. In other words, the function represents the net
aggregate income of the economy modeled at every possible employment and match
value combination on an equilibrium trajectory. As a corollary of the next result, net
aggregate income is a constant along any equilibrium path that the economy might take
and equilibria are ranked according to aggregate net income in this special case.

Proposition 3  In the case of no pure time discounting, » = 0, and a match surplus
sharing rule that satisfies the Hosios condition, equation (13), every solution trajectory
to the differential equation system (20) and (21) is a level curve of the Hamiltonian
function H (p,n).

Proof. Under the hypothesi&l,(p,n) = ¢'(p)(1 —n) — én = n by Proposition 1
andH,,(p,n) = f(n) — g(p) — 6n = —p. SinceH = np — pn = 0 everywhere as a
consequence, any particular solutiop’, »’) satidies H (p(t), n(t)) = H(po, no) for
allt>0. 1

Periodic solutions are connected trajectories in the phase portrait knosiosed
orbits. If such a path does not include a steady state, it is a cydimitd period. As
equation (27) implies that the sum of the eigen values at any point are identically zero
everywhere in the case under study,is necessarily a center surrounded by a family
of cycles.

Indeed, the Hamiltonian takes on a local minimum valu&/atTo prove this asser-
tion, simply note that{,,(p,n) = —p > (<)0 for all values ofr to the right (left) of
M in Figure 1 holdingp at its steady state value and tHé(p, n) = n > (<) O for
all p above (below)\/ holding the value ofi constant at its steady state value. Hence,
there are only two different possible topological cases given three steady states, those
illustrated as Figures 3 and 4 and the boundary case that separates them, illustrated as
Figure 2.

The distinctions between the phase portraits associated with the three cases illus-
trated in Figures 2, 3, and 4ftect differences in the relative sizes of the value of the

5 Theterminology introduced in the sequel is taken from Guckenheimer and Holmes (1986).
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Hamiltonian H(p,n) a H and at the origin 0. In the boundary case, the two values
are both equal to H(0,0) = 0 by definition. As a conseguence, the unstable solution
trajectory from 0 convergesto H from the left while the unstable trajectory diverging
totheleft from H convergesto 0 asillustrated in Figure 2. The object formed by these
two tragjectories is a heteroclinic orbit, a closed loop connecting two or more steady
states of asystem.

Because the Hamiltonian function takes on a local minimum at M, the geometry
of the phase portrait and the fact that each solution trgjectory traverses a level curve
of H(p,n) imply that the Hamiltonian is larger a 0 and along the stable manifold
converging to 0 than aong the homoclinic orbit connecting H to itself in Figure 3
and is larger in value at H and along its stable manifold than at 0 on the homoclinic
orbit connecting 0 to itself in Figure 4. As a conseguence, an equilibrium solution that
convergesto the origin for all initial values of employment exists only in Figure 3 while
an equilibrium solution which converges to H for every initial value of employment
existsonly in Figure 4. In general, these are the only two casesthat arise when there are
three steady sates. In the sequel, werefer to the first as case | and the second as case 1.

Aswe known, the set of equilibriafor any initial value of employment ng € (0, 1)
are those that originate in the vertical interval [0,7] and remain theresfter in the rect-
angleB = [0,p] x [0,1]. These include the stable manifolds associated with the two
saddles and the family of closed orbits arourd That a continuum of equilibria ex-
ist for many initial condition is an obvious implication of this observation. Indeed, in
the boundary case illustrated in Figure 2, all trajectories that initiate with employment
no greater than the steady state valué/aand match values between the trajectories
converging to the origir®), on the one hand, and the positive saddle péinion the
other, are equilibria. In the generic cases illustrated in Figures 3 and 4, all trajectories
with initial match value between the stable manifolds converging to the steady states
are equilibrium given initial employment in some open set which includes its value at
M.

Multiple equilibria arise because the expectation that a given solution path will
be realized by all agents is self filling for more than one trajectory. Spécally,
“bullish” expectations are self ffilling along the solution trajectory leading t,
“bearish” expectations generate a future history leading, tand the expectation of
future oscillations with dixed period and amplitude are selffilling on the equilibria
represented by any one of the closed orbits surroundiingf course, the indetermi-
nacy of equilibrium poses a coordination problem for the aggregate economy.

When there is more than one equilibrium for a given initial level of employment, the
equilibria are ranked by net aggregate income fieated by the value of the Hamilto-
nian function. In case I, all equilibria except that represented by the trajectory converg-
ing to the origin yield a negative net income since the value of the Hamiltonian on that
trajectory are zero and the value of the Hamiltonian on any other equilibrium path is
between zero and the minimum value of Hamiltonian attained at the steady state point
M. In case I, the only equilibria that yield a positive net income is represented by the
stable manifold ofH. Note thatH is attainable from any initial level of employment

12



only incasell. Incasel, asufficiently largeinitia level of employment is required for
the existence of such an equilibrium path.

5 No Limit Cycles

The transparency of the model’s dynamics vanishes with positive discounting. How-
ever, Bendixson'’s criterion, a well known $afent condition for the non-existence of
closed orbits, can be applied to obtain global results. (See Guckenheimer and Holmes
(1986, p. 44) for a formal statement and proof.) In our case, the condition requires that
the right side of (27) not be identically zero and not change sign. Hence, if they exist at
all, limit cycles require a workers’ share of match value strictly less than that consistent
with efficiency given positive discounting.

Proposition4 If r > 0and 8(0) > 1 — X' (0)/\(9) for all 8, then no equilibriumis
periodic.

The global dynamics of the system given three steady states for case | and case Il
under the conditions of Proposition 4 are illustrated in Figures 5 and Figure 6 respec-
tively. As there are no closed orbits anflis unstable (The right side of (27) is positive
under the hypothesis.}/ is necessarily the source of the stable manifold branch that
converges td{ in Figure 5 and t® in Figure 6. The stable manifold branch converging
to the origin in Figure 5 and converging # in Figure 6 also represent equilibrium
trajectories. Hence a continuum of equilibria continue to exist for some initial employ-
ment levels. However, note that there is no equilibrium path convergifitoFigure
5 for suficiently small initial values of employment. In other words, all the equilib-
rium paths tend toward the ‘no-trade’ steady state folicehtly small initial values of
employment in that case.

6 Limit Cycles

Solutions to a differential equation system are said tetheturally stable if the topo-

logical properties of the phase portrait are invariant to small perturbations of the sys-
tem’s parameters. Bifurcations occurs at points in the parameter space associated with
structurally instability. Homoclinic orbits such those illustrated in Figure 3 and 4 are
structurally unstableSaddle-loop bifurcationis said to occur as a conseguence of vari-

ation in a parameter, the discount rate when the Hosios conditions hold, through the
bifurcation point;- = 0 in the case at hand. On either side of the bifurcation point, the
homaoclinic orbit splits into two separate paths, the stable and unstable manifolds asso-
ciated with the saddle point on the original homoclinic orbit are distinct, as illustrated

in Figures 5 and 6.

In this section, perturbation techniques (See Guckenheimer and Holmes 1986, Chap-
ter 4.) are applied to establish that a saddle loop bifurcation occurs as well at positive
discount rates given a didiently small positive difference between the employers’
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share of match value and the dasticity of the matching function with respect to vacan-

cies. Typically saddle-loop bifurcation signals the existence of a family of limit cycles
associated with values of the parameters near the bifurcation point. (See Guckenheimer
and Holmes 1986, Sections 6.1.) Furthermore, under regularity conditionseshtig

our model, the limit cycle iderfiied is stable (unstable) if the sum of the eigen values
evaluated at the saddle connected by the homaoclinic orbit is negative (positive) at the
bifurcation point in parameter space. This test implies that the idleahiimit cycle is

stable in case | and is unstable in case Il when a saddle loop bifurcation occurs for a
positive discount rate.

The generic existence of a limit cycle is established and a formularfding dis-
count rates that yield such cycles is derived usitenikov's perturbation methodFor
the purpose of presenting results, define the differential vector system

& = F(x) +eG(z) wherez = ( Z ) ) (29
- (50)-(“ifiom ).
G(x) = ( gigg > - ( o+ [9(p) S Jo 1a)dq] > , (31)

where ¢ is asmall positive number. Note that F'(x) is the vector field associated with
the Hamiltonian function H(z), defined in (28), and that ¢ is a (small) perturbation of
that field representing the distortion attributable to positive discounting and deviation
from the Hosios condition. Of course, by design the system (29) approximates the
equilibrium differential equation system defined by equations (20) and (21) when the
discount rate and the deviation of the workers' share from the search elasticity of the
matching function are both small. Finally, let the saddle point of interest, denoted as
S, be H when the parameters are such that case | obtain® avfien case 1l holds.
Finally, ddine

I'(S) = {z € R*|H(z) < H(S)} (32)
as the region in the phase portrait surrounded by the graph of the homoclinic orbit
containings.

For any small perturbation of the system away from the Hamiltonian case, indexed
by the value ok, the saddle point of interest] in case | and) in case Il, continues to
exist but is displaced slightly (See Guckenheimer and Holmes 1986, Lemma 4.5.1 and
4.52.). The following result pertains to these perturbed saddle points:

Proposition 5 1f 3(9) < 1—6X'(8)/\(8) for all 6, then a homoclinic orbit connecting
the saddle S to itself exists for € > 0 sufficiently small when » = 7 where

0’ 8(p)\'(8
fr(S) [h(P) (pe(z(g)) (1 B (Z;)(H(g))()p» B ,8(9(])))} dpdn
fr(s) dpdn

7/’\:
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for S € {0, H}. Furthermore, for all 0 < r < 7, the solutions to (29) include a stable
limit cyclewhen S = H and an unstable limit cyclewhen S = 0.

Proof. Asthepropositionisadirectimplication of Theorems4.5.3 and Theorems6.1.1
in Guckenheimer and Holmes (1986) taken together, the task isto verify the conditions
of both.

By virtue of equation (4.5.15) in the same source, the conclusion of Theorem 4.5.3
isthe first assertion of this proposition because the Melnikov function is

M= /r(s) [301(9«“) ! 8G2($)] v

dp on

- /m) [ +hip) (pﬁéﬁ’)) (9%&({3 D 6(9(19))])] dpdn

where the second equality follows from equations (31) and (19). In particular, the
graphs of the stable and unstable manifolds associated with the saddle .S form a homo-
clinic loop connectings with itself if the parameters are such thidtis zero by virtue
of the referenced theorem.

Given the homoclinic orbit which exists when= 7, Theorem 6.1.1 asserts the
existence of a limit cycle for values efnear and on one side of Furthermore, the
limit cycle is stable (unstable) if and only if the sum of the eigen values evaluated at
the saddle point contained in the homoclinic orbit is negative (positive). Bed&usge
is the vectoffield of the H(p, n) so thatdFy (x) /dx + dFs(x)dx = 0, the sum of the
eigen values at any point is given by

trace{ o0} = ¢ [86‘81(1:) N 8%2@)}
x P n
—< |+ k) (%?) (9%/((;(;’ D1 se0n)]

As h(p) > 0 at H, the sign is negative whefi(d) < 1 — O\’ (9)\() at H given that
r < 7 by the ddinition of 7 above. Ash(0) = 0, the sign a0 is always positive when
r is positive. B

7 The Coordination Problem

In this section, we show that the equilibrium path converging to the saddle point with
the highest match value and employment level, calf jtPareto dominates all others
associated with the same initial employment if the worker's share of match surplus
increases with market tightness. In other words, a coordination problem is generic
in the modeled economy. This assertion is a consequence of the fact that the value
sequence associated with the trajectory converging tominates that of any other
equilibrium path.
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Let (p9, n0), where n°(0) = ny is initiadl employment, denote the equilibrium

trajectory convergingto H andlet (', 7'), n(0) = no, represent any other equilibrium
path associated with the same initial employment level.

Proposition 6 If the workers' share of match surplus is pro-cyclical in the sense of
condition (14), then the value sequeng@ dominatesp’ in the sense that’ () > p(t)
forall ¢t > 0.

Proof. Asp®(t) isthe maximum value of amatch over al equilibria values associated
with employment equal to n = n°(¢) and the trajectory converging to H is upward
doping, it follows that p°(¢) > p(t) if n(t) < n°(t) for all ¢ > 0. In other words, it
is sufficient to demonstrate that the latter inequality holds. Suppose otherwise, namely
n(t) > nO(t) for somet > 0. Inthis case, the fact that n°(0) = n(0) = ng impliesthat
some date s exists such that 0 < s < ¢, n%(s) = n(s), and

A(s) = h(p(s))(1 = n(s)) — on(s) > 2’ (s) = h(p°(s))(1 — n°(s)) — 6n’(s).

In words, n must overtake n° at some date in the interva [0,¢). But, if so, then
h'(p) > 0 implies p°(s) < p(s), an inequality which contradicts the fact that p°(s)
is the maximum equilibrium value of a match at employment level n = n%(s). B

At any point in time, there are two employer types, matched and unmatched, and
two worker types, matched and unmatched. Asthe value of avacancy V' is zero across
all equilibria, an employer holding a vacancy is indifferent among them. However, an
matched employer ranks trgectories according the their value J which in al equilibria
satisfies the free entry condition

_ _ab(p)

A(O(p))
Asthe term on the far right side isincreasing in market tightness and market tightness
6(p) isan increasing function of p by the second equality, the value of afilled job to an
employer isincreasing in p across equilibria.

Equations (6), (12), and (17) imply that the worker value of unemployment is the
forward solution to the differential equation U = rU — g(p). As the value of unem-
ployment at time zero is

o0

U= / a(p(t))e"dt,

the proposition above guaranteesothat any worker unemployed at the initial date pre-
fer the equilibrium offering the largest initial match value. Finally, because the value
of employment isW = (3(0(p))p + U and becaus@(#) andd(p) are both increas-
ing functions, any initially employed worker also prefers the match value maximizing
equilibrium.

Pareto ranked equilibria pose a coordination problem. The implementation of a
policy designed to induce the economy to select the best equilibrium is obviously sug-
gested. What that policy might be is question left for future analysis.
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8 The Constant Elasticity Case

The derivation of empirically verifiable conditions under which multiple steady states
actually exist, conditions that are necessary for a cycle, generally regquires a more con-

crete spedication of the model. In this section, a parametric version of the model is
studied, that obtained under the assumptions of a constant elasticity production func-
tion, a constant elasticity cost of search function, a constant matching function and a
constant workers’ share of match surplus. Formally, let

f(n) =an®, (33)
m(v,s(1—n) =bv"[s(1 — n)]lf?7 , (34)
and
c(s) =cs”. (35)
In this case, the worker’s jofinding rate is
h(p) = kp”™ (36)
where , )
f— (1/6’)&],1)@1) <%>71 (37)
ab cy
and . N
— N7
= 1 7 38
T—me-1) (38)

Because equation (15) implie€’/0(p) = 1/(1 — n) wheren = 0X'(9)/A(0) in
this log linear case, Proposition 1 implies

N _ B ptte
o) = 72 [ wian = (725 (E (39
the equilibrium differential equation system (20) and (21) can be written as follows:

n=kp*(1—n)—bén

14+
P—(r+5)p+k(l—ﬁn> <f+,{> —an®

Consequently, the singular curves are

K

kp

and |
. _ (7" + 5)(1 — 77)(1 + ,g)p + ﬁ/{pp”‘ o
p0<:>n< a(1+4 k) (1—n) > : (41)

Although the origin is always a steady state and another exists if either the produc-
tivity parametem is large enough, whether there are three or more steady state solutions
depends on the values of the other parameters. Fonanyl, the valuep of along the
p = 0 singular curve is a strictly concave function ofby virtue of (41). That the
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value of p dong the n = 0 singular curve is a convex function of n when x < 1 and
has a logistic shape (first concave and then convex) when « > 1 is an implication of
(40). Thefollowing result provides a sufficient condition for exactly three non-negative
steady state solutions.

Proposition 7 In the constant elasticity case, three non-negative steady state solu-
tions exist for allk > 1/a > 1 anda greater than somghnite critical level.

Proof. Given the other parameters, the two singular curves cross in the positive quad-

rant at least once if and only df is suficiently large. When this condition is sdfiisd,

the fact that) is a steady state, that the largest steady dthis a saddle point, i.e.,

n = 0 intersect® = 0 from below in Figure 1, and that there are at most three steady
states implies that there are exactly three when the obigiralso a saddle. A differen-
tiation of equations (40) and (41) imply

@| Skkpr1

n=0~— - . 9
dn (6 + kpr)?

I (SRIESRT
dn "= aa(l —n)

X ((r+6)(1+’€)(1U)P+ﬁkp1+ﬁ>§1
a(l+k)(1—mn) .

The origin is a saddle in Figure 1 if and only if the value of fimst of these two
derivatives neabd is less than the second. As

Elimo _ ((Hkpﬁ)? [(r+6)(1 —n) +6kp"‘]p1”)

1
%\n:o acdrk(l —n)

y (pifl) ((T+5)((Ztl++n’)€()l(l_nv)7)+ ﬂkp*“)"_ ’

=0 } _ lim{52(r+5)2(1 +K)P%”} 50

) | Ty aadrk

under the hypothesidll

Caballero and Lyons (1989) estimate of the aggregate returns to scale is about 1.3
after taking account of external effects which suggests a valuedbabout0.3. Hence
the suficient condition for three steady states is sabfor allx > 3.33. Blanchard
and Diamond (1989) obtain a point estimate foequal to 0.4.This estimate combined
with values ofy implicit in the estimated magnitudes of the transition rates to employ-
ment elasticities with respect to predicted wage rates reported in Burdett et al. (1984)
are consistent with values af between 4 to 12. In sum, the figfent condition for
three steady state solutions is empirically plausible for valuesas low a<).1.
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For the parameterized model, the wage bargain is efficient when the worker's share
of match surplusg, equals the elasticity of matching function with respect to aggregate
search effort, the parameter». When in addition there is no discounting, the solution
trajectories are the level curves of the Hamiltonian

an1+a k,p1+m
H =
) =30t 1%

by virtue of equations (28), (33) and (36). Finally, since the partial derivatives of the
Hamiltonian function are zero at steady states, the difference between its védlue at
ando is increasing in the productivity of both the matching technology and production
technology as represented by the parametensd i respectively. Hence, Hamiltonian
dynamics case Il is associated with relatively high values of these two parameters and
case | with relatively low values.

(1 —=n)—épn

9 Computed Examples with Cycles

Proposition 5 can guarantee the existence of a limit cycle only for small negative de-
viations of workers’ share from the elasticity of the matching function with respect to
search effort. In this section, limit cycles are computed and displayed for plausible val-
ues of the discount rate and the other parameters of a log linear version of the model.
These examples extend the analytic results by showing that cycles exist even when the
differences between workers’ share and the search elasticity of the matching function
are quite large.

The values of the elasticity of the transition to employment and the elasticity of the
production function used in the computations are= 10 anda = 0.3 respectively.
Letting the unit time period equal one quarter, reasonable values for the discount and
job separation rates are= 0.01 andé = 0.15. For the purposes of the demonstration,

k is set equal to unity. To generate an examples of both case | and case Il, the production
function scale parameter, is set at 0.12 and at 0.13 respectively. Finally, the value of
the ratio3/(1 — n) is varied to obtain sub-cases of interest. The valugsafdn at

the stationary pointd/ and H and the sums of the real parts of the eigen values at each
stationary point, represented 3SRe(M) and > Re(H), for different values of the
worker share to search effort elasticity ratio are reported in Table 1.

Table 1: Stationary Points and Eigen Value Sums

a = (n)=M S"Re(M) (p,n)=H S Re(H)

0.12 0.724 (0.7176,0.2259) 0 (0.8611,0.6916) -0.0519
0.12 0.760 (0.7184,0.2680) 0.0012 (0.8572,0.6816) -0.0414
0.13 0.452 (0.6701,0.1543) 0 (0.9377,0.8401) -0.2779

0.13 0.440 (0.6700,0.1542) -0.0002 (0.9396,0.8428) -0.2902

Hopf bifurcation is a local form of structural instability that occurs at any point in the
parameter space for which the eigen values are purely imaginary at cpttionary
point. Since the eigen values it form a complex pair, Hopf bifurcation occurs /at
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for aratio of the workers share to the search elasticity with respect to search effort that
equates the sum of the two real parts to zero. As indicated in Table 1, this condition
holds when either the share to match elasticity ratio equals 0.724 giver).12 or
equals 0.452 given = 0.13..

According to the Hopf bifurcation theorem (See Guckenheimer and Holmes 1986,
pp.150-153.), closed orbits exist revolving aroundin a one sided neighborhood of
the bifurcation value of the ratio. However, any limit cycle that exist in this case can be
either stable or unstable and the criterion for determining which ficdif to evaluate.

For this reason the test associated with saddle-loop bifurcation can be useful. Although
it is admittedly more diicult to verify the condition for a saddle loop bifurcation, the
associated closed orbit is stable in case | and unstable in case Il by Proposition 5. Be-
cause case | is associated with small values of the production function scale parameter,
these results suggest that one shdirld a stable limit cycle whea is relatively small

and a unstable cycle whenis larger for appropriate values of the ratio of the workers’
share to the matching elasticity with respect to search input.

In Figure 7, plots of two computed trajectories associated with the parameters speci-
fied in the second row of Table 1. At these parameter vatues().12 andg/(1—n) =
0.76, the stationary poind/ is a source, i.ey_ Re(M) > 0 as reported in Table 1. For
the same parameter values, the negative eigen value at the saddlé/feifgrger is
absolute value than the positive root, equivalentlyYh®e(H) < 0. These conditions
and Proposition 5 suggest that a stable limit cycle surrodid&s the inner trajectory
represented in Figure 7 is diverging away frdmwhile the outer one is converging
toward M, thefigure corfirms the conjecture. Namely, a stable limit cycle necessarily
exists to which both trajectories are converging.

Similarly, the plots of two computed trajectories associated with the parameter val-
ues given in the fourth row of Table 1 are illustrated in Figure 8. At the parameter values
assumedq = 0.13 and3/(1 — n) = 0.44, M is a sink and the positive eigen value at
the origin exceeds the negative. These conditions and Proposition 5 suggest the exis-
tence of an unstable limit cycle surroundihfy a conjecture vefied by the fact that the
inner trajectory is converging toward while the outer trajectory is diverging. Given
this pattern, an unstable closed orbit surroundifidies between the two trajectories
portrayed..

10 The Economics of the Cycle

I conclude this admittedly technical study with a more heuristic discussion of the time
series properties of the employment cycle idémdi in the paper. Obviously, the source

of the cumulative process drivinfjuctuations is the positive external economy that
generates increasing returns to production. However, the existence of cyclical move-
ments in employment also requires a propagation mechanism, supplied in this case by
the delays implicit in the matching process and the incentive structure that determines
investment in matching inputs.

An important reason for interest in this simple model is the fact that the cyclic
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movements in unemployment and vacancies implied by this propagation mechanism
are consistent with important stylized facts. In addition, the predicted timing of the
turning pointsin important aggregate measures of economic activity are also consistent
with those observed.

The expectation of rising employment in the future stimulates investment in match
formation now as a consequence of increasing returns. Given sufficiently optimistic
(pessimistic) expectations, this cumulative process can result in smooth monotone con-
vergence to the high (low) employment steady state. However, if agents are a little less
(more) optimistic, the only perfect foresight employment time series turns down (up)
before the high (low) employment steady state is reached. In the downswing, the cu-
mulative process works in reversthe expectation of falling employment in the near
future induces less investment in matching now which ultimatelyfioos the expec-
tation. Eventually the process reverses itself again to complete the cycle, even though
search intensity and vacancies are low, simply because there are so many unemployed.

This cycle can be characterized in two different but theoretically equivalent ways.
Thefirst is an output/asset market description based on the fact that the stock price of
an operatingdirm in the model is proportional to match capital. As aggregate gross
income, represented %” f(z)dz + g(p)(1 — n), is increasing in botlp andn, gross
income is maximum (minimum) at some point on the closed orbit representing a cycle
between the points at whigh and» respectively attain their maximum (minimum)
values. Hence, as in the real world, the model implies the valienefmatch, its stock
price valuep, lead income and income leads employment at both the top and the bottom
of the cycle.

The second characterization is a description of the cycle in labor market terms. As
vacancies increase with the model provides an explanation for counter-clockwise
movement in vacancies and unemployment about the Beveridge Curve, the average
downward sloping relationship observed between vacancies and unemployment. Dur-
ing the upswing, the ratio of vacancies to unemployment increases and search effort
rises relative to its average so that the realized vacancy-unemployment pair move in
a counter-clockwise direction above the Beveridge curve. Eventually, this process re-
verses as vacancies and search effort fall in response to falling expectations about future
productivity. In the downturn, the labor market moves in the direction of higher unem-
ployment relative to vacancies along a path below the Beveridge curve.

Although convergence to a endogenous deterministic limit cycle is a generic theo-
retical possibility in the model, | do not argue that observed busifiessiations are
necessarily generated by such dynamic behavior. The rediswhthe model of interest
arises from the fact that there are other equilibria associated with intermediate employ-
ment levels that share the cycle’s qualitative time series properties even when their paths
eventually converge to the saddle patht This fact suggests that these same properties
would also be evident in a real business cycle version of the model in which the primary
source of disturbance in economic activity is an exogenous technology shock process.
In sum, increasing returns in production and the lags implicit in the matching process
propagate productivity shocks in the manner consistent with the stylized business cycle
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facts summarized above.
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Figurel: The Phase Portrait
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Figure2:  Hamiltonian Dynamics. Boundary Case
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Figure3: Hamiltonian Dynamic: Casel
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Figure4: Hamiltonian Dynamic: Casell

Figure5: No Cycle: Casel
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Figure6: No Cycle Casell

Figure7: StableLimit Cycle: Casel (¢ = 0.12, /(1 —n) = 0.76)
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Figure8: Unstable Cycle: Casell (a = 0.13, 5/(1 —n) = 0.44)
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