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ABSTRACT. Consider the linear model E[y|z] = ' where one is interested in
learning about § given data on y and x and when y is interval measured, i.e., we
observe ([yo, y1],z) such that P(y € [yo,y1]) = 1. Moment inequality procedures
use the implication E[yo|z] < 2’8 < Elyi]z]. As compared to least squares in the
classical regression model, estimates obtained using an objective function based on
these moment inequalities do not provide a clear approximation to the underlying
unobserved conditional mean function. Most importantly, under misspecification,
it is not unusual that no parameter (§ satisfies the previous inequalities for all
values of x, and hence minima of an objective function based on these moment
inequalities are typically tight.

We construct set estimates for 5 that have a clear interpretation when the model
is misspecified. These sets are based on moment equality models. We illustrate
these sets and compare them to estimates obtained using moment inequality based
methods. In addition to the linear model with interval outcomes we also analyze
the binary missing data model with a monotone instrument assumption (MIV),
we find there that when this assumptions is misspecified, bounds can still be non-
empty, and can differ from parameters obtained via maximum likelihood. We also
examine a bivariate discrete game with multiple equilibria.

In sum, misspecification in moment inequality models is of a different flavor than
in moment equality models, and so care should be taken with the 1) interpretation
of the estimates and 2) the size of the ‘identified set.’
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1. INTRODUCTION

It is well known but perhaps often ignored that interpretation of estimates in para-
metric or semiparametric models is conditioned on well specification of that model.
When models are approximations of the true data generating process, estimates pro-
vide a particular approximation of the underlying objects of interest. In misspecified
moment equality models for example, parameter estimates are ones that minimize
some distance of the vector of moments to zero. The interpretation of these param-
eters from a moment inequality model when the model is misspecified is the subject
of this paper.

Recently, there has been a flurry of work in econometrics related to inference in
partially identified or incomplete models'. These incomplete “models” are based
on a strictly smaller set of assumptions than their complete model counterpart in
the hopes that conclusions about those parameters obtained using this partial list of
assumptions are more robust. The price to pay is that a model with less assumptions
is only able to restrict parameters to a non-trivial set - or that the parameter of
interest is partially identified. Parametric (or semiparametric) incomplete models
consist of a set of maintained assumptions, some are non-testable and others can be
rejected in the data. We point out, through a series of simple examples, that care
should be taken when interpreting and comparing parameter estimates in partially
identified moment inequality models. In essence, one needs to first define the object of
interest, and then ensure that the objective function used to estimate this parameter
allows for a clear interpretation in the presence of misspecification. More crucially,
care should be taken when comparing parameters obtained from moment inequality
to others obtained using say moment equality models.

In addition, a consequence of misspecification is that partially identified para-
metric models based on moment inequalities deliver set estimates of the object of
interest that are tight (with tight standard errors) when estimated using real data.
Under misspecification, it is possible that no parameter vector obeys all the moment
inequalities and so what is presented, heuristically, is the set of parameter that min-
imizes a certain criterion function. These small identification “regions” should not

IThe literature can be classified into identification and estimation in partially identified models.
To get a flavor of the identification results see Manski (1995), Manski (2007), Haile and Tamer (2003)
and Beresteanu, Molinari, and Molchanov (2008). For a flavor of the estimation and confidence
regions literature see Chernozhukov, Hong, and Tamer (2007), Imbens and Manski (2004), Molinari
(2003), Andrews and Soares (2009), Romano and Shaikh (2008), Canay (2007) and others.



Misspecification and Moment Inequalities 3

be interpreted as coming from inference under weaker assumptions?, rather, this be-
havior ought to be investigated further. So, even though the motivation behind the
partially identified literature has been to gain robustness against certain (or almost
all) parametric assumptions that are esoteric to the problem at hand, more robust
(but still misspecified) partially identified models are delivering estimates that are as
tight as ones obtained with models based on more assumptions. The main reason for
obtaining these tight estimates, as we see below in the examples, is that estimates
with these moment inequality models are not comparable to ones that are obtained
with a more complete model since under misspecification these two sets of parame-
ters are estimating different objects (and hence comparing the estimates from these
two sets of models is not appropriate).

Finally, we shed light on the choice of objective function in moment inequality
models. The choice of the objective function is not motivated by power perspective
(or obtaining the smallest set that obeys a confidence property), but by the fact that
objective functions, as is well known, provide estimates of different objects when the
model is misspecified. Hence, it is important that one thinks of the misspecification
issue also when choosing the objective function.

The paper is organized as follows. Section 2 discusses our main ideas in the context
of the ubiquitous linear model. We provide a least squares set (LS) that coincides
with the identified set for best linear predictor constructed by Stoye (2006) and show
that this set contains the set of parameters that provide the best approximation to the
underlying conditional mean function. Section 3 discusses a nonparametric missing
data model, and then adds a monotone instrumental variable assumption (MIV).
There, the set we construct is the one that maximizes a well defined likelihood
(that partially identifies the parameter of interest). Interestingly, we show through a
simple example that when the MIV is false, the set that one derives based on moment
inequalities can be non-empty and differs from the MLE set, while both of these sets
coincide if the model is well specified. Section 3 discusses a discrete game example.
Throughout, we clarify the issue raised above. Section 4 concludes.

2Typicaully7 papers using moment inequalities report tight estimates and confidence regions, and
so at first look, these estimates appear as an indicator that the modeling strategy is “succeeding”,
in that it is delivering tight estimates with fewer assumptions.
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2. LINEAR MEAN REGRESSION WITH INTERVAL DATA

We consider in details the problem of inference on 3 = (8y, 31) € R? in the model
(2.1) Elylz] = fo + bz

The analysis can be generalized to mean regressions with k regressors. The model
partially identifies [ since we assume that we observe ([yo,y1],z) where P(y €
[Y0,11]) = 1 and where gy, is smaller than y;. We start by considering a complete
version of the model in (2.1) above (without censoring) and then introduce censoring
and analyze what different partial-identification based methods estimate when this
model is not well specified, i.e., when E[y|z| is not linear in x. Throughout the
analysis, it is important to keep in mind that the object of interest is the parameter
vector 3 in (2.1) above where if the model is well specified, Fy + fix is the true
conditional mean function, but if the model is misspecified, 3y + (1x represents the
best linear approximation to the conditional mean function which is the ultimate
object of interest® in this paper.

In the presence of a random sample of observations on y and x, we can use least
squares to obtain consistent estimates of 3y and 3;. This model is making an impor-
tant assumption about the relationship between y and x, mainly, that the conditional
mean function of y given x is linear in x. Hence, estimating (3, and (3, is sufficient
to learn this function. It is also well known that if the model above is misspecified,
i.e., Efy|x] is not linear in z, then [y + (i is the best linear predictor of y given x
under square loss. This line can equivalently be shown to be the straight line that
comes closest, in a mean squared sense, to the true conditional mean function, i.e.,

B = (B, ) = arégr?in E[(E[y|x] — by — blzz)2]
0,01

Now, suppose that we do not observe y, rather we observe [yo,y:1] such that
P(y € [yo,y1]) = 1. In this situation, there are a few approaches to inference on
B = (B, /1). One approach is parametric and is based on making an assumption
on the censoring mechanism and the underlying distribution of y (conditional on
x). For example, if we have fixed censoring at zero (say), then a normality as-
sumption on the conditional distribution of y|x will allow us to use a likelihood
based approach to consistently estimate 3 (this is the classic Tobit model?). Under
mmect of interest can be the best linear predictor under square loss. We do not consider
this parameter here. Also, see Goldberger (1991) for reasons why one is interested in the conditional
expectation function.

4There are other “semiparametric” approaches also, notably the censored LAD model of Powell
(1984) and its generalizations to random censoring by Honoré, Khan, and Powell (2002).
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misspecification, parameter estimates’ interpretation changes and depends on the ob-
jective function used. In the Tobit situation, the MLE is the quasi likelihood (White
(1994)), and the parameter estimates then are ones that minimize the distance (in
the Kullback-Liebler or entropy sense) between the parametric likelihood (model)
and the nonparametric likelihood (data). Estimates from these parametric models
are more transparent but researchers must pay attention to the sensitivity of their
estimates to ad-hoc assumptions®. Under general forms of censoring, where all the
information that is available is in terms of upper and lower bounds on y (yo and y;),
one can still use a parametric assumption on the censoring process (like assume that
y is the middle point of [y, y1]) and then run least squares. Another approach is
semiparametric, where one does not make assumptions on the censoring mechanism,
i.e., y can be anywhere in [y, 1] but allow for partial identification (See for exam-
ple Manski and Tamer (2002) for more on this approach). So, if the model is well
specified, this means that for all x,

(2.2) Elyolz] < Bo + brx < E[ 7]

The above is a canonical example of a model based on inequality restrictions, or
moment inequality model. One objective function that can be used to make inference
on the parameters is the following

(2.3) Q"™ (bo, br) = Ey {(Elyola] — bo — bix)} + (Elgn|z] — by — biz)” }

where (u); = (u)l[u > 0] and similarly for (u)_. Notice that Q™%(by,b;) > 0
for all (bg,b;) € R?. 1In case the model is well specified, i.e., (2.1) holds, we can
easily see that Q™™4(3,, 51) = 0. Moreover, with censoring, this objective function
is minimized on a nontrivial set of parameters, each of which is a candidate for a
conditional mean function. If the model is well specified, the inferential procedure
based on minimizing (2.3) will provide the set of (linear) conditional mean functions
that are consistent with the data. Hence, one expects that in generic censoring
situation (certainly if the censoring is heavy), that the argmin of the above function
is not unique. So to do inference in these situations, one can use methods developed

SThere seems to be a slight confusion in the literature on the difference between robustness
and sensitivity. Sensitivity analysis asks the questions of whether in your data, the estimates you
obtained depend on the underlying assumptions and so sensitivity analysis is linked to a particular
data set. For example, if in a data set the least squares estimator is close to the LAD estimator,
then we say that the estimates are not sensitive to assumptions on the conditional distribution of
ylx, but of course, the LAD estimator is more robust (has a bounded influence function in the
statistical sense), a statement that one makes before confronting the data.
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for models that are not point identified. One such approach is Chernozhukov, Hong,
and Tamer (2007).

2.1. Inference under Misspecification. The problem arises if the model is mis-
specified, i.e., when the true but unobserved conditional mean of y is not linear in
x. Again, the object of interest is still the vector g which is the best linear approxi-
mation to the (unknown) conditional mean function. Note that minimizers of (2.3)
do not have the interpretation of parameters that minimize the squared distance
between the true conditional mean function (that is censored) and the set of linear
functions. The argmins of (2.3) are parameters that minimize the distance between
a certain nonlinear region and the set of linear functions. The nonlinear region is the
one bounded above and below by E[yo|z] and Ely;|x]. This is illustrated in Figure 1
below where the unobserved conditional mean function that is nonlinear, is graphed
alongside the upper and lower conditional mean functions. You can see that there
does NOT exist a straight line that obeys (2.2) for all , and hence what comes out
of minimizing (2.3) is a parameter vector that minimizes the distance between a line
and the upper and lower bounds. See Theorem 2.2 for more on this. Hence, with

Elyz|z]

True E[y|z]

Ely1|]

FI1GURE 1. Linear Mean Regression with Interval Data under Misspecification

misspecification, the vector 4 that minimizes (2.3) does not have the same interpre-
tation as the one that we get from the same misspecified least squares model absence
censoring. The moment inequality model in (2.2) applies (2.1) to get (2.2). The
argmin of (2.3) is small (and sometimes unique, as would be in Figure 1). So, when
the model is misspecified, we can get tight estimates even when no assumptions are
made on the censoring mechanism. However, these estimates do not compare to [,
the best linear approximation to the conditional mean function E[y|z]. So, we are
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getting (tight) estimates of a different object.

The next section provides a method to construct estimates of the set of parameters
that minimize the squared distance between a linear function and the (unobserved)
conditional mean function. We do that by first constructing the set of all conditional
mean functions that are consistent with the data (this will be made precise below),
and then for each of these functions, we find the least squares estimates. This set of
estimates is termed the Least Squares Set and consists of the set of parameters that
are best linear approximations to the (non-identified) conditional mean function.

2.2. Construction of a Least Squares (LS) Set. We first describe the method
heuristically before providing a practical estimator. Suppose that one can construct
all the possible models for y|z that obey the assumptions above, i.e., P(y € [yo,y1]) =
1. This a set of conditional probability distributions, P, that is consistent with the
data. For each candidate model P,, € Py, collect the corresponding slope and
intercept that minimize the mean squared error by the method of least squares. This
is the set of interest. This procedure completes the model to obtain a set of fully
specified moment equality models, each of which leads to an estimate of 3 that has the
same interpretation under misspecification that a model without censoring has. This
will be illustrated for the linear model in (2.1) above. This intuition of completing
the model holds in other setups. We will highlight these below in other examples.

In the linear model above, there is a simple procedure that we can use to construct
the least squares set estimates for the best linear approximation to the (unobserved)
conditional mean function Efy|z]. Consider a random variable A with support on
[0, 1] and then construct y, as follows:

Yn = Yor + 1 (1 = A)

The distribution of A conditional on all other variables ((yo,y1,)), F), is left un-
specified and it belongs to the set I' of probability distributions on [0,1]. We then

get

(2.4) B(Fy) = (Bo(Fr), Bi(Fy)) = arbglzlin E[(?JA — by — b1I)2]
The least squares (LS) set is

(2.5) ©={8(F): FeT}

We can derive the asymptotic distribution of the stochastic process 3(-) indexed by
bounded functions as follows. We examine the case of the slope parameter 3 (-) for
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simplicity. Let p, and ji, be the population mean and sample mean of x respectively.
Then,

1

(26) /Gl(F)\) = UCLT(I’)

By (2 = pa){E(ui]x) + E(yoA[r) — E(yiA|2)}]

To each distribution function F) there corresponds the conditional expectation func-
tion g(u,vg,v1) = E(A|x = u,yo = vo,y1 = v1), which is bounded between 0 and 1,
so that 0 < g(+,-,-) < 1. Similarly, any such function g defines some (3(F)), so:
(2.7)

By (Fy) = By(g) = —

var(x)

By [(x — p){E(y1]w) + E(yog(x, yo, y1)|x) — E(y1g9(z, o, y1)|2) }]

and its sample analog estimator is

(2.8)
1

51(9) = sy B (@ = B Balonfo) + Balung 90, 00)10) = Balung 00, 90)}0)}

~

Let Z,(9) = vn(Bi(g) — Bi(g)) and Ag = g1 — go. Then, by linearity,

1Z(91) = Zul92)| = | Za(Ag)),

where
29) 2,(80) = Vit == (@ = M Eulmale) = B Bglo)}] -
- o Bl — i) {BlwAgle) ~ B dglo)}] )

So, we have sup |Z,(Ag)| = 6|O,(1)]. Therefore, Ve > 0 and ¥y > 0 3§ > 0 so
lAgll<d
that

(2.10) limsupP{ sup | Zn(Ag)| > n} <e.

n—00 [Agll<o

This implies stochastic equicontinuity of Z,(g) = \/ﬁ(ﬁl (9) — (1(g)) which by stan-
dard CLT assumptions, warrants

(2.11) VaB(E) — BON) = Z(F)

where Z(-) is a gaussian process indexed by Fy € I'.
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2.2.1. Extreme Points. The extreme points® of this set can be estimated by exploiting
the form of the solution to the optimization problem in (2.4). Starting with the slope,
we know that

(2.12) Bi(Fy) = C‘;Ua(g(k:;;") _ E[(za—r(l;sg)yﬂ

Hence, to obtain the largest and the smallest value of 3; that belong to ©, we need to
compute the largest and the smallest value of the numerator since the denominator
is positive and can be consistently estimated. It is interesting to note that the
above bounds are the same as ones derived for best linear predictors under outcome
censoring by Stoye (2006). Moreover, the above bounds for cases where z is a vector
can be constructed similarly. For example, suppose x = (1, x2). Then, bounds on f,
the slope coefficient associated with x1, can be constructed after first premultiplying
the regression by the the projection matrix for x5 hence transforming the regression
into one that has a scalar regressor.

Theorem 2.1. The extreme points of the set © are the following:
1

" = @ (E[(z = pa)yn (@ — po) 2 0] + (2 - pa)yoll(x — pz) < 0]])
(213) :
e — — (El(x = pa)yol [(z = pz) > 0] + El(@ — pa)y11[(z — pz) < 0]]

For the intercept, the extreme points are

By = Uar(x)E[(var(a:) — (z — pa) ) [ (var(z) — (z — pa)pa) > 0] 41 ]
+ L E|(var(z) — (z — pa)pta)1|(var(z) — (z — pa)pe) = 0] yo

(2.14) | varl(x)
e = Bl(var(z) — (x — pz)pa)1[(var(z) — (¢ — pa)ptz) < 0] o]

var(z)

ME[(’UCLT(JE) — (z — pa)pa) [ (var(z) — (x — pa) ) < 0 y1]

Proof: Rewrite the slope as follows,

B = ros Bl = o]
- va:(:c) (El(@ = p)yal [(x — pz) = 0] + El(2 — pro)yal [(z — pe) < 0O]]

6We focus on the outer extreme points of the identified for ease of computations. The shape of
the identified set in this linear model depends on the support of z. It is a polygon if x has finite
support, and it is strictly concave if x is continuously distributed. The set is symmetric around
E(xx')"'E(xy) where y = (yo + y1)/2. This is all that can be said about the sharp set without
further information on the distribution of (x,yo, y1).
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Hence, the maximum of #; € © can be easily obtained by exploiting the fact that
Ae0,1]:

(2.15)
pas Wl@) (B(@ = p)yi1[(e — 1) = 0]] + B[(x — m)yol[(x — i) < 0]])
min m:(x) (El(z — pa)yol [(x — pz) > 0] + E(z — pa)yn 1[(2 — pz) < 0]]

This can be easily estimated consistently with the observed data. Similarly to the
slope, the intercept extreme points can be estimated as follows.

600‘) = My, — B ()\>,U’w

(e R P E[(mr(x)z;;fx; fialltz) |

(2.16)

It easy to see that the desired result for the intercept follows. [

As we can see, the above theorem provides the extreme points of the set © in
(2.5). Each parameter in this set represents a best linear approximation to some
conditional expectation function that lies between the upper and lower conditional
expectation functions. So, any two conditional expectations E[yy, |x] and E[yy,|x]
that are consistent with the model are treated equally in that G(\;) and S()A2) belong
to ©.

2.3. The MMD Parameter. The previous section derives bounds on the best ap-
proximation to the conditional expectation function that is unobserved but is known
to lie between observed upper and lower bounds. Here, we provide a link between be-
tween those best approximations to the conditional expectation and the minimizers
of the MMD objective function

Theorem 2.2. Let

(B, A7) € argmin Q™" (o, b)
0,01

Define the function Q) as follows:
(2.17)
Q(bo, b1, Ao, A1) = E[(E[yd:c] + Xo(2) — by — b12)* + (Efys|7] — M () — by — blx)ﬂ
Then,
(5™, B, N (), At () € argmin Q(bo, br, Ao, A1)
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where \g(z) = (85" + Bz — Elyolz])+ and Xj(z) = (Efy:|2] — B¢ — B dx)-.

Proof: A direct way to prove this is to show that the MMD objective function
can be written as in (2.17). Fix by, b;. Then the optimal choice of Ay and A is

)\0(()0, bl) = (b(] + bl.flf - E[yo‘$])+ and )\1(()0,[)1) = (E[yﬂl‘] — bo — b11’>+

which is exactly Q™™%(by, b;). Therefore any solution to min Q™" (by, by) is also a
solution to min Q(bg, b1, Ao, A1) with A\g and A; as above. The reverse of this claim is
also true. O

The minimizers of the MMD objective function also minimize the sum of two ap-
proximation errors in (2.17). The first one measures the squared distance between
the upper conditional expectation E[y; |z] and a partly linear function and the second
piece is similar. So, as we can see, the minimand of the MMD objective function
minimizes the sum of squared approximations in (2.17) and not a least squares like
objective function and naturally then the interpretations of both under misspecifica-
tion differ.

What not to compare: In principle, the LS set and the MMD sets are both in-
teresting objects to report. For example, the LS set is attractive since it contains
parameters that are directly comparable to the parameter one would get if no censor-
ing occurs. This is relevant if the objective of the empirical exercise is the underlying
best approximation to the conditional mean function. This is exactly what one would
be after when running a linear regression absence censoring. The MMD set on the
other hand contains the truth when the model is well specified, but otherwise, this
set contains parameters that are defined as in Theorem 2.2. Also, when the MMD
objective yields the empty set, then, we know that the model is misspecified and that
the conditional expectation is not linear. On the other hand, a non-empty MMD set
is not indicative that the model is well specified.

With misspecification, the two sets can have an empty intersection and are always
different. Estimates obtained using a complete model (through some least squares
procedure such as regressing the midpoint of yo and y; on x) should not be com-
pared to estimates from the MMD set since each is estimating a different object. Care
should be taken with the interpretation, and especially testing, in moment inequality
models.

2.4. Monte Carlo Experiments. For purposes of exposition, we ran a set of Monte
Carlo experiments that illustrates the identified set that one obtains using MMD,
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which relies on well specification, to the least squares method we propose for the
linear model. The calculations are done on the population level. In particular, for
the MMD model, we plot the contour set that minimizes (2.3) above. The minimum
of the objective function is strictly positive if the model is misspecified. First, for a
well specified model, the conditional mean of y|x is a linear function of x where x is
a uniform random variable on [0, 5]. We generate the two censoring variables y, and
11 by adding a positive function of x to y and subtracting another positive function
of = to y respectively.

Ely|z] =5+ 2 well specified model

(2.18) B s 5. .
Ely|z] =54 (x — 2)° —2® misspecified model

We make the censoring depend on z. The left hand panel in Figure 2 below provides
a graph of the conditional mean functions in the case of a well specified model
along with the conditional expectation of the upper and lower envelopes Ey, |z] and
Elyo|lz]. The right hand panel of the same figure provides an example of a model
in which the conditional expectation function is misspecified along with upper and

lower envelopes on it.

FIGURE 2. Well Specified (LHS) and Misspecified Model (RHS)
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There will be a set of lines that will fit between the upper and lower curves in the
LHS display. The set of slopes and intercepts corresponding to this set of lines is the
identified set. However, from the second display, we see that there will be NO lines
that fit entirely (at least in [0, 5]) between the upper and lower envelopes. So, here,
one would expect that an MMD estimator would result in a unique parameter. In
Figure 3, we first plot the MMD set and the LS set in the well specified case.

FiGURE 3. LS vs MMD Sets in the Well Specified Case
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As one can see, the true parameter is contained in the MMD set which is smaller
and contained within the LS set. The MMD is the set at which the population
MMD is equal to zero. It contains the set of lines that obey the model, i.e., that
fit within the upper and lower bound functions. On the other hand, the extreme
points of the LS set are computed as we did above, and this set contains the best
linear approximations to all conditional expectations, both linear and nonlinear that
fit between Elyo|z] and E[y;|z]. So, obviously, this set is bigger than the MMD set
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in the well specified case. This set will further shrink to the MMD set if we keep
parameters (bj, b;) such that E[ (E[yx|z] — b — b*{x)2] =0

In the case of misspecification, I plot, in Figure 4, the LS set, and the MMD set
along with the true parameter vector 3 that is the best linear approximation to the
(unknown) conditional expectation function. In the LHS display, we see the LS and

FIGURE 4. LS and MMD in the Misspecified Case
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the MMD set that correspond to the misspecified model in Figure 3 above. We see
that the LS set contains the best linear approximation to the true (but unobserved)
conditional expectation. The MMD set corresponds to the set of parameters where
the MMD function is minimized, which in this case is strictly positive. This set
does not contain the best linear approximation to the conditional expectation. On
the other hand, the LS (super) set is tight and does (and will always) contain the
best linear approximation to the conditional expectation. So, as is argued above,
the LS procedure and the MMD procedure are estimating different objects and so
comparing the MMD set to any vector in the LS set can be problematic.

Notice now the display in the RHS of Figure 4. This corresponds to another design
and is produced here to shed light on an interesting case. The important feature
that this plot highlights is how small the MMD set is. In fact, with minor changes
in the design, it can be reduced to basically a point. If an empirical worker uses
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the MMD objective function, s/he will obtain tight estimates even in the presence
of censoring which runs contrary to what one would expect in models with interval-
censored outcomes. The MMD set estimates its parameter well which, because of
misspecification, is not comparable to 3. Notice that the LS set which estimates the
set of best linear approximations to a conditional expectation function that obeys
the model and is consistent with the data is wide.

3. MORE EXAMPLES

We provide other illustrative examples of the issues raised above. The first example
examines a nonparametric partially identified model where no testable assumptions
are made. There, we can see that the MMD procedure as well as the LS procedure
give the same answers. This is because in nonparametric models, there is no scope
for misspecification. Then, we add a monotone instrumental variable assumption
and we characterize cases when simple models with inequality restrictions can give
different estimates as compared to maximum likelihood based estimates. The second
example we give is one of a simple game with multiple equilibria. Again, here we
provide inference procedures that are based on the likelihood (as opposed on some
moment inequalities) that have a natural interpretation under misspecification.

3.1. Nonparametric Missing Data Model. Here, consider the problem of learn-
ing the mean /3 of a binary variable y, but we only observe y when z = 1. Hence, we
have

B=Ply=1)=Ply=1z=1)P(z=1)+Ply=1z=0)P(2=0)

(3.1) = P(y=1|z=1)P, +a(l — P

In the complete model where y is also observed when z = 0, one can use maximum
likelihood to get § = P(y = 1) and hence that the MLE for (3 is the sample choice
probability. In addition, this is a well specified model since it is nonparametric. Now,
we only observe y when z = 1, then, one possible parametrization of the likelihood
is in terms of two parameters: [3, the parameter of interest, and a = P(y = 1|z = 0)
which is another parameter. The observed data is (yzzl,z) and hence the MLE
maximizes the following likelihood

ﬂ—(l—Pl)Oé
P

P1—6+(1—P1>Oé]
P

L(B3,a) = E[ylog + (1 —y)log
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Maximizing this likelihood is meaningful under misspecification also since it provides
the parameters that minimize the entropy distance (or the Kullback-Leibler Informa-
tion Criterion) between the true observed data density and the precited model den-
sity. Again, here, the model is nonparametric and so well specified, but the argmax
of the likelihood is not unique, or the parameter vector («, ) is not point identified.
Note here that we do not use moment inequalities. Rather, we use a parametrization
for the likelihood of the observed data (there are other parametrizations) and so the
maximizers of the above function L are the set of (b, a) such that

:b—a(l—Pl)

©={(ba)[0,1?: Ply=1]z=1) 5

}

This set is the interval graphed in Figure 5.

FIGURE 5. LS and MMD in the Misspecified Case (2)
5

PiP(y =10z = 1) 4 (1 = B 2]

PiPy=1lz=1)+

In particular, it maps into the following interval for 3
Be[PPly=1z=1), PP(y=1z=1)+1- P
which is exactly the Manski worst-case bound for 3. This case is not very interesting

again since the model is nonparametric and so there is no scope for misspecification.

3.2. Adding a MIV assumption: Suppose we make an Monotone Instrumental
Variable (MIV) assumption similar to one made in Manski (2003). Mainly, we assume
that there exists a binary variable v such that

Ply=1v=1) = P(y =1jv =0)
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This is in contrast to the (usual) IV assumption which would require statistical
independence between y and v. Consider the following definitions.
(3.2)
P =P(z=1)

mo=Plw=0z=0) m =Plv=1]z=0)

@o=P(z=0v=0) ¢=Plz=0pv=1)
I'y=Ply=1v=0,2=1)P(z=1jv=0) I'=Ply=1v=12=1)P(z=1jv=1)
B=Ply=1),a=Ply=1v=0,2=0),y=Ply=1jv=1,2=0)

Tight bounds on = Pr(y = 1) under the MIV assumption have been derived by

Manski and Pepper (2000) and Manski (2007):

(3.3)

Ourv = [P(v=0)Tg+P(v=1)max{Ty,T'1}, P(v = 0) min{To+qo, 1+ }+P(v =1)(T1+q)]

If the set O,y is empty, then the MIV assumption does not hold. However, the
reverse in general is not true: nonempty ©,;; does not necessarily imply that the
monotonicity assumption holds. Therefore, in the case of the misspecified model, i.e.
the model where the DGP violates the monotonicity assumption, the above inference
procedure may produce nonempty (and sometimes quite tight) bounds that do not
cover the true value of #. It is unclear what is the interpretation of a nonempty
Oy in this case.

An alternative approach would be to construct the maximum likelihood set (MLS)
for the parameter  that allows for a meaningful interpretation even when the MIV
assumption does not hold. To do so, we consider the following constrained likelihood
maximization problem:

B — Py(mop + 7r11/)) (1 - y)log (1 B = Py(mop + wlu))]
Py Py
ot {Fl +qp > o+ qov
0<pB,pr<1

max F {y log (
By

We see that this gives us the following bounds for 5:

(3.4)

1 — PyM, 1 - FPyM,

@MLS = [Pl l’Illl'l{P(y = 1‘2 = 1), P }+POM0,P1 l’Illl’l{P(y = 1‘2 = 1)’ Iz }+P0M1]
! 1
where
Lo —T r,-r
(3.5) Mo = max{0, - 1} and M; = min{1, 7 + 7T11—0+ql}

q1 qo
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If the underlying model is well specified, then ©,;rs = O v, that is, the two sets
coincide. Alternatively, if the model is misspecified, i.e. the Monotone Instrumen-
tal Variable assumption does not hold, the MLS set contains the parameter values
that minimize the Kullback-Liebler divergence between the data and a model with
imposed MIV restriction. So, when using the monotone instrumental variable as-
sumption, three scenarios can happen. (a) the MIV assumption is well specified,
and so here, ©yrps = Oppy. (b) The MIV is misspecified, and both ©,;7 and
Onrrs are empty, and most interestingly (c¢) where MIV is misspecified but typically
Onrv # Ons and both do not violate the no-information bounds. Typically, both
of these sets can be really tight, and hence under misspecification, both (b) and (c)
can lead to the ‘crossing’ problem when constructing ©,,;y (see Manski and Pep-
per (2000)). It is also common that under (c) both sets are disjoint and hence care
should be taken as to which estimates to report. It is not clear what the meaning of
the O,y is when the MIV assumption is misspecified. The next simple examples

provides cases that illustrate (c).

Examples: Consider the following model:

Ply=1v=0,2=0)=Ply=1v=0,2=1) =3/4
Ply=1v=1,2=0)=Ply=1v=1,2=0)=1/6
Pz=1lv=0)=1/4,P(z=1v=1)=5/6
Plo=1)=1/5

Here § = 0.63, and the (nonparametric) no-information bound is [.17,.81] and of
course 3 belongs to the no-information bound (or nonparametric bound). This model
violates the monotonicity assumption. The set ©,;5 is not empty. In particular,
Onry = [0.19,0.31). We notice that these bounds are somewhat tight, and that they
do not cover the true 3, so that § ¢ O,y The MLS set is ©15 = [0.35,0.78].
So, this is a case where empirical researchers obtain different results (0,5 and
Onrrs are disjoint) depending on the estimation method and there is no reason to
reject the MIV assumption since both of these sets lie in the no-information bound.
However, the ©,,.5 contains the set of 3’s that minimize the distance between the
true observed data likelihood and the model likelihood (that is the nonparametric
likelihood under the monotonicity assumption).

A more striking case emerges in the example above when P(z = 1|v = 0) = 2/5,
keeping other probabilities without changes, so that the parameter value remain the
same: 5 = 0.63 while the no information bound is now [.27,.78]. Again, Oy is
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nonempty and gives us almost a point-like identification region Oy, = [0.30, 0.31].
The MLS set, Oy1s is also quite tight, ©/.5 = [0.73,0.75]. There is here a strik-
ing difference between the information the two sets provide. The message of these
stylized example is that under misspecification, care should be taken in terms of
interpretation of the results and the approach one takes to estimate parameters of
interest.

3.3. A Simple Bivariate Game. Consider the following bivariate game:
Yy = 1[041 + A1y2 — € Z 0]

(3.6)
Yo = 1[042 + A2y1 — €9 Z 0]

As usual, we assume that we observe both y; and ys and that both A; and A,
are strictly negative and (e1,€e3) ~ Fp. Let the parameter of interest be v =
(0, A1, Ay, aq, 3). Tt is well known that the game above admits multiple equilib-
ria when

(61,62) c [Oél +A1,0él] X [Oég +A2,O&2] =V

In particular, there, we have three equilibria 2, (1,0) and (0, 1), in pure strategies,
and

_atar _ eatas

(p1p2) = (=537 —45%)
in mixed strategies where p; is player 1’s probability of playing 1 and similarly for
player 2. So, the choice probabilities are given by
(3.7)

€1+« €2+«
Pr(l,l):Fe(a1+A17a2+A2)+/(_ ' 1)(_ 2A2 :

v Ay
€1+ oy €2 + Q2

Pr(1,0) = dFy(ere2) + | Si(er,e3)dFy(erer) + | (— x )(1+ A

Vi) v v 1 2

61+a1)(_62+a2
Ay

)53(61, €2)dFy(er€2)

)53(61, Eg)dF9(€1€2)

Pr(0, 1) :/ dF9(€1€2)+/ 52(61763)dF9(61€2)+/ (1+ )S(e1, €2)dFy(er€r)
Vo v v

where
Si(€1,€2) € [0,1] fori=1,2,3 and S; (€1, €2) + Sa(€r, €2) + S3(€1,€2) =1

Vo = {(e1,6) ER*: (a1 <ag,62 > ) N(er <+ Ajyan+ Ay < 6n < ag)}

and similarly for W(; 5). The functions S; above are selection mechanisms that depend
on unobservables and hence are general. They do not have a structural interpreta-
tion, but are functions that complete the model. The above provide a set of choice
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probabilities predicted by the model and the above then constitute a set of moment
equalities that can be used to do inference on v in the presence of the functions .S;.

One approach to inference in the model above is to exploit the fact that the S
functions are probabilities and hence by monotonicity of the choice probabilities in
S obtain predicted upper and lower bounds on observed choice probabilities. This
will transform the model into one with inequality restrictions on regressions where
an MMD like approach can be used to estimate its parameters. For example, an
implication of the above model is the following set of moment inequality restrictions
(abstracting from mixed strategies for simplicity)

Pl"(l, 1) = Fg(OKl + Al, [6%) + Ag)

/ dFp(e1€2) < Pr(1,0) < / dFy(er€2) +/ dFp(€e1€2)
(3.8) T(1,0) ¥(1,0)

\
/ dF9<61€2) S PI(O, 1) S / dF9(€1€2) —|—/ dF9(61€2)
Yo,1) Yo,1) v

Again, the set of parameter that satisfy the above inequality restrictions when the
model is well specified is a superset that contains the identified set. However, in the
presence of misspecification, this approach estimates a set of parameters that is not
necessarily the set of interest. In fact, under misspecification, the inequalities above
will not all be satisfied by any parameter vector’.

Partially Identified Maximum Likelihood: The ML Set

Define the maximum likelihood set (or ML set) as follows. Let the data given
choice probability vector be equal to P = (Pr(1,1),Pr(1,0),Pr(0,1), Pr(0,0)). In
addition, let the predicted vector of choice probabilities as a function of # and the
S = (51, 52,53)’s given in (3.7)) be P, s. Hence, define the set of parameters consis-
tent with the observed probabilities as

x=1{(,9): P(P = 77%8) =1}
This set can also be defined as the argmax of the corresponding likelihood
x = argmax., g E[log(P, s)]

Now, the attractiveness of the above approach as compared to the one that uses in-
equalities (and hence MMD) is that under misspecification, the maximum likelihood

Tt is irrelevant whether one uses the above non-sharp inequalities to conduct inference or the
sharp inequalities of Beresteanu, Molinari, and Molchanov (2008).
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set
X = argmaxg g Ellog(Py.s)]

minimizes the distance between the true choice probabilities (P) and the predicted
ones. This distance again is the well known entropy or KLIC. Hence, a more inter-
pretable approach is to use the maximum likelihood objective function as a function
of both v and the vector of functions S(-). In case the model is well specified, this
approach delivers the identified set (and hence is sharp), and on the other hand this
has a clear meaning when the model is misspecified. The negative of this approach is
that one needs to deal with an infinite dimensional parameter. For a similar approach
in a difference context, see Honoré and Tamer (2006).

This approach of completing the model arises since the reason why one obtains
inequality restrictions in these games is the fact that one is not willing to model
the selection mechanism. Completing the model to obtain a standard likelihood (a
semiparametric one here since it depends on unknown functions), or to obtain a
moment equality model will lead to inference that provides an interpretation when
the underlying model is misspecified. Of course, both ensuing MLE or GMM model
will likely be partially identified and hence one needs to use inference procedure in
moment equality models that are robust to non-point identification (of both v and
the vector of functions S in this case).

4. CONCLUSION

This paper makes a simple point. Under misspecification, the parameters that one
obtains using some moment inequalities might not be ones that researchers are inter-
ested in. For example, in linear models with data on both outcomes and regressors,
least squares estimates have a clear meaning under misspecification. These are called
the least squares quasi-true parameters, or the parameters that provide the best ap-
proximation to the conditional mean function. With interval measurement on out-
comes, the model implies a set of moment inequalities, that under misspecification,
will not provide information about these quasi-true parameters. This “problem” of
interpretation does not arise in moment equality models since the meaning of these
estimates are basically defined through say the objective function which basically
minimizes some particular distance of the vector of moment conditions from zero.
With moment inequalities, the interpretation is not as clear and hence care should
be taken in interpreting set estimates that are obtained from these models. More
importantly, in moment inequalities where one expects the model parameters to be
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partially identified with often times wide bounds (depending on the assumptions),
under misspecification, moment inequality based models tend to provide tight esti-
mates of the identified set. This can be a direct result of the misspecification and
therefore cannot be viewed as an indicator that the underlying model contains a lot

of information about the true but partially identified parameter.
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