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Abstract

Vector autoregressions (VARs) are flexible time series models that can cap-
ture complex dynamic interrelationships among macroeconomic variables. Their
generality, however, comes at the cost of being very densely parameterized. As a
result, the estimation of VARs tends to deliver good in-sample fit, but unstable
inference and inaccurate out-of-sample forecasts, particularly when the model in-
cludes many variables. A potential solution to this problem is combining the richly
parameterized unrestricted model with parsimonious priors, which help controlling
estimation uncertainty. Unfortunately, however, the issue of how to optimally set
the weight of the prior relative to the likelihood information is largely unexplored.
In this paper, we propose a simple and theoretically founded methodology for prior
selection in Bayesian VARs (BVARs). Our recommendation is to select priors using
the marginal data density (i.e. the likelihood function integrated over the model
parameters), which only depends on the hyperparameters that characterize the
relative weight of the prior model and the information in the data. We show that
the out-of-sample forecasting accuracy of our model not only is superior to that of
VARs with flat priors, but is also comparable to that of factor models.

1 Prior Information and Forecasting
Throughout most of the paper, we will focus on the following VAR model:

Y = C+Blyt_1 +'~-+prt—p+5t (11)
Et ~ N(O,E),

where y; is an n x 1 vector of endogenous variables, €; is an n x 1 vector of exogenous
shocks, and C, Bi,..., B), ¥ are matrices of suitable dimensions containing the model’s
unknown parameters. With uninformative priors and conditioning on the initial p
observations, the posterior of 8 = vec ([C’, By, ...,Bp]') is centered at the Ordinary
Least Square (OLS) estimate of the coefficients and it is easy to compute. It is well
known, however, that working with flat priors yields poor inference, particularly in large
dimensional systems. One typical symptom of this problem is the poor out-of-sample
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forecasting performance of these models, due to the large estimation uncertainty of the
parameters.

To improve the forecasting performance of VAR models, the literature has proposed
to combine the likelihood function with some informative prior distributions. Using the
standard frequentist terminology, these priors are successful because they effectively re-
duce the estimation error, while generating only relatively small biases in the estimates
of the parameters. To illustrate this point more formally from a Bayesian perspective,
let’s consider the following conjugate prior distribution for the VAR coefficients

ﬁ|E~N<b,E®Q§),

where b and €2 are given, and £ is a scalar controlling the tightness of the prior infor-
mation. The conditional posterior of § can be obtained by multiplying this prior by
the likelihood function and takes the form

BIZy ~ N(B©).V©)
B(ﬁ) = UEC(B(&))

B() = (fﬁfﬂ*l)*l (a'y +€07)
V(f) = Z®(w':c—|—fﬂ_1>_l,

where y = y” is the T x n matrix of observed data up to time T, z = [z1, ..., 27|’
and 2y = [1,y;_1,---,¥_p) - Notice that an increase of ¢ pulls the posterior mean of 3
towards the prior mean, while reducing the posterior variance.

One natural way to judge the impact of different priors on the model’s forecasting
performance is to look at their effect on the probability of observing low forecast errors.
To this end, rewrite (1.1) as

yr = Xi8 + e,

where X; = I, ® 2} and I, denotes an n x n identity matrix. The distribution of the
one-step-ahead forecast is then given by

Y1138,y ~ N (XTB, XV X5+ E) ;

which makes it easy to see that neither very high nor very low values of £ are likely to be
ideal. On the one hand, extremely high values of £ generate very concentrated density
forecasts, centered around Xrb. This results in a low probability of observing small
forecast errors, unless the prior mean lies in a close neighborhood of the likelihood peak
(which there is no reason to believe). On the other hand, when ¢ is too low and the prior
too uninformative, the model generates very dispersed density forecasts (especially in
high-dimensional VARs). This also lowers the probability of observing small forecast
errors, despite the fact that the distance between yr4; and XtB might be small.
Given that neither flat nor dogmatic priors maximize the fit of the model, the
literature has proposed a variety of methodologies to optimally set the informativeness
of the prior distribution. In the context of VARs, for example, Litterman (1980) and



Doan, Litterman, and Sims (1984) set the tightness of the prior by maximizing the
out-of-sample forecasting performance of the model. Banbura, Giannone, and Reichlin
(2010) propose instead to control for overfitting by choosing the shrinkage parameters
that yield a desired in-sample fit.!

From a purely Bayesian perspective, however, the choice of the informativeness
of the prior distribution is conceptually identical to the inference on the “standard”
model’s parameters. Suppose, for instance, that a model is described by a likelihood
function p (y|f) and a prior distribution p (0]v), where 6 denotes the model’s param-
eters and ~ corresponds to the hyperparameters, i.e. those coefficients that do not
directly enter the likelihood function but only affect the prior distribution.? As usual
in Bayesian inference, the estimation of the model’s hyperparameters involves evaluat-
ing their posterior distribution, which is given by

p(vly) <p(yly) -p(v),

where p () denotes the prior density on the hyperparameters, while

pyly) = /p(yIG,v)p(mv) do

is known as the marginal data density (or marginal likelihood, ML). In other words,
the posterior distribution of the hyperparameters is proportional to the product of the
ML and the prior density. If such a prior is flat, the shape of the posterior of the
hyperparameters is determined only by the ML.

Crucially, in the case of VARs with conjugate priors, the ML is available in closed
form. As a consequence, depending on the application, we can easily simulate the
posterior of the hyperparameters using Monte Carlo methods, or simply maximizing
this posterior and work with the mode (the peak of the ML) and the posterior variance
(approximated by the inverse Hessian at the peak).

Observe that estimating hyperparameters using the ML, not only is a theoretically
clean way of choosing the informativeness of the prior distribution, but has also several
appealing interpretations. First, the ML is a measure the out-of-sample forecasting
performance of a model (see Geweke, 2001; Geweke and Whiteman, 2006). More pre-
cisely, the ML corresponds to the probability density that the model generates zero
forecast errors. This can be easily seen by rewriting the ML as a product of conditional
densities, i.e.

T
ph) =pwh) - TIp (uly'7).
t=2

Therefore, maximizing the ML corresponds to picking the value of the hyperparameter
that maximizes the one-step-ahead out-of-sample forecasting ability of the model.

A number of papers have subsequently followed either the first (e.g. Robertson and Tallman,
1999; Wright, 2009; Giannone, Lenza, Momferatou, and Onorante, 2010) or the second strategy (e.g.
Giannone, Lenza, and Reichlin, 2008; Bloor and Matheson, 2009; Carriero, Kapetanios, and Marcellino,
2009; Koop, 2010).

2The distinction between parameters and hyperparameters is mostly fictitious and made only for
convenience.



Second, the strategy of estimating hyperparameters by maximizing the ML is an
Empirical Bayes method (Robbins, 1956), which has a clear frequentist interpretation.
On the other hand, the full posterior evaluation of the hyperparameters (as advocated,
for example, by Freitas Lopes, Moreira, and Schmidt, 1999) can be thought of as
conducting Bayesian inference on the population parameters of a random effects model
or, more generally, a hierarchical model (see, for instance, Gelman, Carlin, Stern, and
Rubin, 2004).

Some of these ideas have also been used at times in the applied macroeconomic
literature. For example, the ML is commonly used to perform Bayesian model com-
parison (see Smets and Wouters, 2007, for a recent influential application) or Bayesian
model averaging (Doppelhofer, Miller, and Sala-i Martin, 2004; Wright, 2009).3

More directly related to our paper, Del Negro and Schorfheide (2004) and Del Negro,
Schorfheide, Smets, and Wouters (2007) use the ML to choose the effective sample size
of a prior for VARs derived from the posterior density of a New Keynesian dynamic
stochastic general equilibrium model. Primiceri (2005) adopts a similar strategy to
set the tightness of the prior on the time variation of parameters and volatilities of a
time-varying VAR. In the forecasting literature, Carriero, Kapetanios, and Marcellino
(2010) also use the ML of a BVAR to determine the shrinkage of bond yield dynamics
towards univariate AR models. We generalize this approach to the optimal selection
of a variety of commonly adopted prior distributions for BVARs (see Sims and Zha,
1998; Robertson and Tallman, 1999, for an overview). This includes the prior on
the sum of coefficients proposed by Doan, Litterman, and Sims (1984), which turns
out to be crucial to enhance the forecasting performance of BVARs. In addition, we
document that our approach works well for models of very different scale, including
3-variable VARs and much larger-scale ones. In this respect, our work relates to the
growing literature on forecasting using factors extracted from large information sets
(see, for example Forni, Hallin, Lippi, and Reichlin, 2000; Stock and Watson, 2002b)
and empirical Bayes regressions with large sets of predictors (Knox, Stock, and Watson,
2004). However, while Knox, Stock, and Watson (2004) concentrate on single-equation
methods, our focus is on multivariate models.

In the next sections of the paper we will illustrate the details of the empirical
application of our proposed methodology and evaluate its performance in terms of
macroeconomic forecasting.

2 The Marginal Likelihood of BVARsSs

For the implementation of our proposed methodology, we follow the literature and
assume that the prior on the unknown parameters of the VAR (,%) has a Normal-
Inverse-Wishart distribution:

S o~ IW (¥;d) (2.2)
Y ~ N(b,YeQ).

3Geweke and Amisano (2009) use a different, but related approach to model averaging, based on
the log-predictive score.



The n xn symmetric matrix W and the scalar d are the scale matrix and the degrees
of freedom of the Inverse-Wishart distribution. We set d = n+2, which is the minimum
number of degrees of freedom that guarantees that the prior is proper. In addition, we
take ¥ to be a diagonal matrix with an n x 1 vector ¢ on the main diagonal. We treat
1) as an hyperparameter.

As for the conditional Gaussian prior for 3, we combine the three most popular
prior densities used by the existing literature:

1. The first prior is a generalization of the so-called Minnesota (MN) prior, first
introduced by Litterman (1980). The details of the prior specification are re-
ported in Appendix A. Here it suffices to say that the MN prior on the VAR
coefficients is centered on the assumption that each variable follows a random
walk process. The variance of this prior declines with the lag of the variable
multiplying the coefficient. The overall tightness of the MN prior is controlled by
the hyperparameter A.

2. The second prior follows Doan, Litterman, and Sims (1984) and imposes discipline
on the sum of coefficients (SOC) in each equation. More specifically, the SOC
prior postulates that the sum of coefficients on own lags is centered at 1, while the
sum of coefficients on other variables’ lags is centered at 0. The hyperparameter
1 controls the tightness of the SOC prior.

3. The third prior is the so-called single-unit-root prior (SUR), suggested by Sims
and Zha (1998), and is motivated by the fact that VAR inference typically con-
ditions on the initial observations. The hyperparameter § controls the tightness
of the SUR prior.

These three conditional Gaussian priors for 3 can be combined and cast into the
form of (2.3), where the matrix 2 becomes a function of the vector (\, p,d,) which
controls the shrinkage.

In addition, under the prior (2.2)-(2.3), the ML is available in closed form and, as
shown in appendix B, it is given by the following expression:

_yEn)
p(ylb,Q, ¥, d) = (ﬂ) W.
]Q|*% ) |\1;|% . x/$+Q—1‘_%
_Tid
‘\P%/”(BJ’)/Q_I (B_i))‘ i (2.4)

where T, (+) is the n-variate Gamma function, ¢ is the 7' x n matrix of the VAR
residuals computed at the posterior mode of the VAR parameters (i.e. B), and b is a
(1 4+ np) x n matrix obtained by reshaping the vector b in such a way that each column
corresponds to the prior mean of the coefficients of each equation. As shown in the
previous section, with a flat prior on (b, 2, ¥, d), the posterior of the hyperparameters



will be proportional to (2.4). In particular, we set the hyperparameters A, p, 0 and ¥
to maximize the marginal likelihood, i.e. at their posterior modes.*
We now turn to the application of our method to macroeconomic forecasting.

3 Forecasting Evaluation of BVAR Models

The assessment of the forecasting performance of econometric models has become stan-
dard in macroeconomics, even if the ultimate goal is not out-of-sample prediction. This
is because forecasting evaluation can be seen as a validation procedure, which is par-
ticularly important for very flexible and general models. In general, introducing com-
plexity in the model to better describe the data does not necessary enhance real-time
forecasting performances. In fact, if model complexity is introduced with a prolifera-
tion of parameters, instabilities due to estimation uncertainty might completely offset
the gains obtained by limiting model miss-specification. Qut-of-sample forecasting re-
flects both parameter uncertainty and model mis-specification and reveals whether the
benefits from more flexibility are or not outweighed by the fact that the more general
model captures also non prominent features of the data.

Our out-of-sample evaluation is based on the US dataset described by Stock and
Watson (2008). The complete database includes 149 quarterly variables in the sample
range 1959Q1 - 2008Q4. In this section, we consider a subset of this database that
includes the most relevant macroeconomic aggregates.” More in details, we estimate
three models using progressively larger cross-sections of variables:

1. a SM AL L-scale model -the prototypical monetary VAR~ using three variables,
i.e. GDP, GDP deflator and the Federal Funds rate;

2. a M EDIU M-scale model, using the variables included in the Smets and Wouters
(2007) DSGE model of the US economy. In other words we add consumption,
investment, hours worked and wages to the SM ALL model,

3. a LARG E-scale model, with 23 variables, using a dataset that nests the previ-
ous two specifications and also includes a number of important additional labor
market, financial and monetary variables.

The variables enter the models in annualized (log)-levels” and we set the number

4An alternative that we are exploring is simulating the whole posterior distribution using MCMC
methods; this is likely to deliver more accurate results, but it is more time-consuming.

5Details about the database can be found in Appendix C. Since several variables are monthly, we
follow Stock and Watson (2008) and transform them into quarterly by taking averages.

SWe are currently experimenting with VAR models including the whole cross-section in Stock and
Watson (2008).

"In other words, we take logs and multiply by 400 variables like GDP, consumption etc while we do
not transform variables that are defined as annualized rates, as interest rates.



of lags to five. We produce the BVAR forecasts recursively. We start with the esti-
mation sample from 1959Q1 to 1969Q4. First, we maximize the marginal likelihood
on the estimation sample in order to select the hyperparameters and thus specify the
prior distribution of the parameters. We then compute the posterior distribution of
these parameters and use the median to iteratively generate forecasts at horizons 1-8
quarters. Finally, we update the sample by one quarter and repeat the procedure until
the end of the sample.

As a measure of forecast accuracy, we use point mean squared forecasting errors
(MSFE) between the forecasts and a target defined in terms of the h-period annualized
average growth rates:

1
Zorn = 7 Witth = Yid]

For variables specified in log-levels, this is approximately the average annualized growth
rate over the next h quarters, while for variables not transformed in logs this is the
average quarterly change over the next h quarters.

Table 1 reports the Mean Squared Forecast error of real GDP, the GDP deflator
and the Federal Funds Rate obtained with our three BVAR models and their OLS (flat
prior) counterparts.

INSERT TABLE 1 HERE

A few results stand out. The forecasts obtained with a BVAR with prior selected
by maximizing the marginal likelihood are systematically more accurate than those
produced when using flat priors (OLS), for all the three variables at all horizons. When
estimated using a flat prior, the forecasts deteriorate substantially when moving from
the Small scale to the Medium scale model. This indicates that the gains from exploiting
larger information are completely off-set by the increased estimation error. For the large
scale model, the flat prior produces predictions that are extremely unreliable especially
at the longer horizons of one and two years, reflecting the instability due to the large
estimation uncertainty. When estimated with informative priors, the three models
produce forecasts that are systematically more accurate than those obtained with flat
priors (OLS). Predictions are reliable not only for the small and the medium scale model
but also for the large scale model. When increasing the scale of the model, forecast
accuracy does not deteriorate, on the contrary accuracy generally improves. In this
sense the imposition of prior turns the curse into the blessing of dimensionality. Good
performance is already obtained, however, with the medium-size model. Results are in
line with Barnbura, Giannone, and Reichlin (2010) who set the prior using a heuristic
procedure. The advantage of our methodology is that it is theoretically transparent.

4 Single equation forecasting

In the previous section, we have shown that VARs with informative priors perform much
better than their flat prior counterparts when we select hyperparameters based on the



marginal likelihood. In this section we instead compare those BVAR forecasts with al-
ternative methods specifically designed to extract information from a large cross-section
of predictors. These methods are well known to produce very accurate macroeconomic
forecasts.

4.1 Factor augmented regression

Factors offer a parsimonious representation for macroeconomic variables while retaining
the salient features of the data that notoriously strongly comove. For this reason, factor
augmented regressions are widely used in order to deal with the curse of dimensionality
as a large set of potential predictors can be replaced in the regressions by a much
smaller number of factors.

In this section we focus on the factor based forecasting approach of Stock and
Watson (2002a,b). With respect to the exercises in the previous section, there are two
main differences. First, concerning data transformations, factor models are estimated
in first differences in order to achieve stationarity. On the contrary, the VAR models
of the previous section were specified in log-levels. We denote the stationarized version
by zip = Ay

Second, with factor augmented regression it is common practice to use h-steps
ahead projection to construct the multistep forecasts directly.® This is different from
the previous section, where we produced iterative forecasts.

More in details, consider the following forecasting equation:

pz—1 r
h h
Zitph = Ci t Z Qs Zit—s T Z Aik frt + €5ipn
s=0 k=1

As in the previous section, zﬁt 41, denotes the h-steps ahead variable to be forecasted.
The predictors fj ¢, k = 1,...,7 are common factors extracted from the set of all vari-
ables. The lags of the target variable z; ;_, are explicitly used as predictors in order
to capture variable specific dynamics. The regression coefficients are allowed to differ
across forecast horizons, but the dependence is dropped for notational convenience.

The estimation of the forecasting equation is performed in two steps. First, the
common factors f;; are estimated by principal components extracted from the dataset
containing all the variables in the large dataset (y: = (Y1, .-, Ynt)', With n = 23)10.
The data are standardized before extracting the factors since principal components are
not scale invariant. Second, the coefficients are estimated by ordinary least squares.
Using all the principal components (i.e. by setting r equal to the number of variables n)
would be equivalent to an OLS estimating of the regression equation on all the available
variables.

8All the qualitative results are confirmed when we difference twice the price variables as in Stock
and Watson (2002a,b).

Tterated forecasts using factor models have been performed by specifying a BVAR on the common
factors and using Kalman filtering techniques, see Giannone, Reichlin, and Small (2008).

YQualitative results are confirmed when using the whole cross-section in Stock and Watson (2008)



The parameters of the forecasting equations are set as in Stock and Watson (2008):
p, = 4 and r = 3. For convenience we also report the results for the autoregressive
model which corresponds to r = 0.

4.2 Univariate Bayesian Regression

In this sub-section we generate forecasts regressing the dependent variable directly on
the large cross-section of predictors. If the latter is large, classical estimation tech-
niques cannot handle this problem. Bayesian shrinkage deals instead with the curse of
dimensionality and can be seen as an alternative to factor augmented regressions. This
idea has been recently put forward by De Mol, Giannone, and Reichlin (2008), who
also provide theoretical rates for the specification of the degree of shrinkage in the prior
distributions. In particular, it is shown that the degree of shrinkage should be related
asymptotically to the number of predictors, giving some guidance in the specification
of the priors. The marginal likelihood, however, provides a clean and objective method
to choose the prior tightness also in finite samples.
More in details, our forecasting model is:

pz—1 p—1
h
Zit+h = G + § Qs Zip—s + E E BijsYjt—s T €itih
5=0 s=0 j#i

The errors are assumed to be independently, identically and normally distributed with
mean zero and variance o2.'' We impose the prior that all the coefficients are inde-

pendently and normally distributed with mean zero and variance E [(ai, 5)2} = f;—‘f and

E {(ﬁij,s)ﬂ = 1/1125%2

The parameter & controls for the degree of shrinkage for the lags of the target
variable. The parameter £ controls the degree of shrinkage for all the other predictors.
Longer lags are shrunk more, along the lines of the Minnesota prior. The parameter
1? is specific to each predictor, controls for the different scale of the variables and it is
set equal to the sample variance of each predictors zm.m

We set p, = 4. The parameters &1, & and o2 are selected by maximizing the
marginal likelihood.

Forecasting results using principal components and for the univariate Bayesian re-
gression are reported, respectively, in the sixth and seventh columns of Table 2. The
Table report Mean Squared Forecasting Errors relative to the autoregressive model.
For comparison we also report the results for the BVAR model. We focus on one year
ahead predictions; qualitative results are confirmed at other horizons. Results indicate
that the BVAR predictions are competitive with those produced using principal com-
ponents. The performances of the univariate regressions are comparable to those of
factor augmented regressions. The forecasts are also highly correlated. This is in line

Remark: the independence of the errors does not hold for i > 1. The model in this case is clearly
misspecified. We will not deal with this for the moment to be as close as possible with traditional
literature that estimate the forecasting equation by OLS.

12Notice that this is equivalent to running the regression on standardized variables and using an
homogenous degree of shrinkage across variables.



with the findings of De Mol, Giannone, and Reichlin (2008) and indicates that factor
augmented and Bayesian regressions capture the same features of the data. In fact,
De Mol, Giannone, and Reichlin (2008) have shown that Bayesian shrinkage and regres-
sions augmented with principal components, our estimates of the factors, are strictly
connected.

5 Conclusion

TO BE ADDED
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Tables

Table 1: BVAR MSFE

Small (S) Medium (M) Large (L) Extra Large (XL)

Steps Ahead OLS | BVAR OLS | BVAR OLS BVAR OLS BVAR
One Quarter Real GDP 13.07 10.46 23.03 8.92 77.32 8.79
GDP Deflator 2.33 1.50 3.65 1.42 15.14 1.35
Federal Funds Rates 1.67 1.14 2.25 1.13 6.62 1.04
One Year Real GDP 5.15 4.16 17.35 3.74 152.50 3.44
GDP Deflator 2.28 1.53 4.94 1.34 54.48 1.37
Federal Funds Rates 0.63 0.41 0.94 0.33 64.34 0.33
Two Years Real GDP 5.41 2.70 18.36 3.02 75152.00 2.67
GDP Deflator 3.68 2.61 7.59 1.96 18351.00 2.46
Federal Funds Rates 0.32 0.21 0.58 0.15 42409.00 0.18

Table 2:

Mean Square Forecasting Error relative to the Autoregressive Model

BVAR BVAR BVAR BVAR PC Univariate
S M L XL S&W Bayesian
Regression
RGDP 0.84 0.75 0.69 0.82 0.80
PGDP 0.86 0.75 0.76 0.92 0.75
FedFunds 0.92 0.73 0.74 0.94 0.91
Cons 0.84 0.69 0.84 0.72
Emp.Hours 0.72 0.72 0.76 0.82
RealComp/Hour 1.01 0.91 1.04 0.93
GPDInv 0.77 0.71 0.86
Res.Inv 0.58 0.72 0.85
NonResInv 0.84 0.88 0.97
CPI-ALL 0.95 0.89 0.77
Com:spotprice(real) 0.88 1.00 0.97
IP:total 0.59 0.70 0.80
Emp:total 0.67 0.83 0.81
Emp:services 0.76 0.80 0.84
Cons 0.67 0.84 0.72
PCED 0.98 0.99 0.84
PGPDI 0.60 0.82 0.72
CapacityUtil 0.66 0.75 0.82
Consumerexpect 0.90 0.98 0.89
Emp.Hours 0.70 0.75 0.81
RealComp/Hour 0.91 1.04 0.93
lyrT-bond 0.81 1.01 0.98
S5yrT-bond 0.93 1.07 0.99
S&P500 1.11 1.15 1.09
Exrate:avg 1.00 1.07 1.13
Reservestot 0.99 0.99 0.99
M2 0.89 0.97 0.83
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Appendix A: Details on the prior distributions

This appendix describes the details of the three conditional Gaussian priors on 8 that
we adopt.

1. Our first prior is a generalization of the so-called Minnesota (MN) prior, first
introduced by Litterman (1980). The MN prior on the VAR coefficients is cen-
tered on the assumption that each variable follows a random walk process. More
precisely, this prior states that

11 i
(Bs)y; |2~ N (%’s; )\282%/(03_”_1)) )

with

Biie = 1 ifi=jands=1
as 0 otherwise

Ll Zih _ ifmpm=jandr=s
cov ((Bs)z‘j (Br) hm |E) = { e wj/(do_n_l) otherwise

In particular, the variance of the prior depends on whether a parameter multiplies
a distant lag of a variable. Moreover, coefficients multiplying the same variable
and lag in different equations are allowed to be correlated. Finally, the hyperpa-
rameter \ controls the overall tightness of the prior. There are no general rules
available in the literature to set A. In our empirical application, we will choose A
using the ML-based approach described above.

2. Our second prior follows Doan, Litterman, and Sims (1984) and imposes discipline
on the sum of coefficients in each equation. More specifically, the SOC prior
postulates that

P 1 X
BSZNN(fZa_ZZ)a
Z( )J J M2 i

s=1 v

1 iti=j
f@:{ ’

where

0 otherwise

In this formulation, g; is the ith element of the mean of the first p observations.
The hyperparameter i controls the overall tightness of the SOC prior and will be
set based on the ML.

3. Finally, we also adopt the so-called single-unit-root prior (SUR), suggested by
Sims and Zha (1998). Such a prior is motivated by the fact that inference in
VARs ignores the effect of the initial observations (see 7777). This prior states

that
_ Z” by

s=1
where the hyperparameter § controls the tightness.
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Appendix B: The Marginal Likelihood for a BVAR with a
Conjugate Prior

This appendix derives the functional form of the ML for a BVAR with a conjugate
prior. Consider the VAR model of section 1

Yy = CH+Biy—1+ ...+ Bpyi—p + &
e ~ N(0,%),

and rewrite it as

Y = X(@+c¢
g ~ N(O,E@IT),

where y = [y1,...,yr]", Y =vec(y), z: = [L,y; 1, Yi—pls © = [21, ., 27]), X = [, @,
e = [e1,..,er], € = vec(e), B = [C, By, ..., By]' and 8 = vec(B). Finally, define the
number of regressors for each equation by k = np + 1.

As in section 2, the prior on (3, X) is given by the following Normal-Inverse-Wishart
distribution'?

S o~ IW(T;d)
BE ~ NOEwQ),

where, for simplicity, we are not explicitly conditioning on the hyperparameters b, €2,
¥ and d.

The un-normalized posterior of (3,%) can be obtained by multiplying the prior
density by the likelihood function

n(T+k)
1

pO.EY) = (5) I

_ THk+ntd+1
2

o gt
2% -0 (3)

<Y—Xm%z®b>%y—xm+]

N

+(B-b) (22" (B-b)

e (5.5)
Tedious algebraic manipulations of (5.5) yield the expression
n(Tik) —Ler(wz-1)
1 2 _ Tktntdtl n de 2
pO.EY) = () T ETTEES eE ——t
5 ()
A\ /7 A~
J(B=8) [XEem ' X+Ee)] (8-8)+
2 ~ / ~
Lo e (Bob) e (Sel) e 5.6

13We are using the following parameterization of the Inverse Wishart density: p(Z|¥,d) =

d ntd+1 1 —1
LIRS Vi Stk il i)

2% (4)

15



where B = (z'z + Q_l)_l (z'y + Q7 1b), § = vec (B), é=y—xB and ¢ = vec (). It
can be shown that (5.6) is the kernel of the following Normal-Inverse-Wishart posterior
distribution:

)Y ~ IW (\I/+é’é+ (B- B)'Q—l (B-b) ,T+d)
. -1
BY ~ N (6,2 ® (x'aj + Q*l) ) ,
where b is a k x n matrix obtained by reshaping the vector b in such a way that each

column corresponds to the prior mean of the coefficients of each equation.
The ML is the integral of the un-normalized posterior:

P00 = [ [p(V18.5) p(319) - p (9) dBas. (57)
Let’s start with the integral with respect to 3. Substituting (5.6) into (5.7) we obtain
n(T+k) _ 1y -1
(£)77 e o )
e, ()

p(Y,%) =/ (ﬁ—ﬁ)' X' e X +@e0) | (8-8)+ | |4

+(B-b) Ce0) (A-b)+¢(Celn e

=

e

which can be solved by “completing the squares,” yielding

nT _1 -1
THn+d+1 d e 2”(\112 )

1 2 n
v.y) = (— >3] Il [0 kA0 /1 S,
p( ) ) <27T> | | ’ | | | 2@ Fn(d>

2 . 5

n
2

~3[(8-b) (£0) ! (B-b)+& (Selr) 1] |

e 2'x + Q’l‘_

We are now ready to take the integral with respect to X:

nT

v) = (1) jortwd !
p()_(%) ‘| HW

Tintdil _Lir(ws—1),

ST e
/ ;[(B—b)/(Z@JQ)_l(B—b)—|—€’(E®IT)_1€} as. (5.8)

e P

n
2

x’x—i—Q*l‘i

The expression for P can be simplified by using the following property of the vec
operator:
vec(A) (D ® B)vec(C) = tr (A’BCD') .

This yields
P=tr [é’éE_l +(B- B)' o' (B-b) 2—1} . (5.9)
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We can now solve the integral by substituting (5.9) into (5.8), and multiplying and
dividing the expression inside the integral by the constant term necessary to obtain the
density of an Inverse-Wishart. This results in the following closed-form solution for the
ML:

()

p(Y) = p W'
QF ol e 0|

Appendix C: Data

Table 3: The description of the database

Variables Mnemonic Transf. Transf. Small Medium Large
BVAR Univariate BVAR BVAR BVAR

Real GDP RGDP log log difference x X x
GDP deflator PGDP logs log difference x x x
Federal Funds Rate FedFunds raw difference x x x
CPI CPI-ALL logs log difference X
Commodity Price Com:spotprice(real) logs log difference X
Industrial Production IP:total logs log difference b'q
Employment Emp:total logs log difference 'S
Unemployment Emp:services raw difference X
Real Consumption Cons logs log difference x X
Real Investment Inv logs log difference x
Residential Investment Res.Inv logs log difference x
Non Residential Investment NonResInv logs log difference x
Personal Consumption Expenditures, Price Index PCED logs log difference X
Gross Private Domestic Investment, Price Index PGPDI logs log difference X
Capacity Utilization CapacityUtil raw difference X
Consumer expectations Consumerexpect raw difference x
Hours Worked Emp.Hours logs log difference X x
Real compensation per hours RealComp/Hour logs log difference X x
One year bond rate lyrT-bond raw difference x
Five years bond rate 5yrT-bond raw difference X
SP500 S&P500 logs log difference x
Effective exchange rate Exrate:avg logs log difference b'q
Total reserves Reservestot logs log difference b'q
M2 M2 logs log difference x
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