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IN R DUCI N

In repeated ames with perfect monitorin the history of play is as
s med to always e common nowled e amon the players. his str ct re
allows a wide ran e of payoff vectors to e s pported as e ili ria sin
strate ies of a simple form cooperative ehavior enforced y the threat
of m t al p nishment. simple e ample of s ch a strate y is the rim
tri er strate y in the repeated prisoners dilemma. he threat of per
pet al defection ives players a strict incentive to cooperate.
hen players monitor one another y imperfect and privately o served
si nals these simple strate ies often fail to e e ili ria. In fact I show
elow heorem that the only strict e ili ria that remain appro imate




Nash e ili ria nder any small pert r ation of the monitorin str ct re
are history independent alternations amon sta e ame Nash pro les.

i ed strate ies can e sed tos pport e cient cooperation for near
perfect monitorin str ct res. his has een showninan m er of papers
incl din Se i chi has ar and  ara 2002 iccione 2002
and Ely and alima i 2002 . hesee ili ria li ealle ili riain mi ed
strate ies can e critici ed as each player is e pected to condition his
play on information which is irrelevant for determinin contin ation pay
offs. has ar 8 and ats shima show that all strate ies which
i nore s ch payoff irrelevant details m st yield static Nash play in every
period.

hese two sets of res lts leave a narrow space for e ili ria that are
ro st to small monitorin imperfections. e m st either e willin to
accept mi ed strate ies or accept strate ies that are not even appro imate
e ili ria for ar itrarily small pert r ations of the model. In this paper
I s est an alternative sti cation for strict repeated ame e ili ria
s ch as the rim tri er strate ies. s de enerate e ili ria
they can e ro st. hat is for small pert r ations to the monitorin
str ct re there may e correlated e ili ria that yield appro imately the
same distri tion over histories and hence the same payoffs.

In the ne t section I ill strate the idea in a simple 2 sta e e ample.
his is a version of the e ample rst presented y has ar and van Damme
2002 toshedli ht onthedi c lties arisin from private monitorin . he
est s ame perfect e 1ili ri m which has a tri er strate y str ct re

cannot e appro imated y any Nash e ili ri m that isro st to private

monitorin . y contrast Ishow that for any small monitorin pert r ation
there is a strict correlated e ili ri m of the res ltin ame in which the
ori inal tri er strate y pro le is played with pro a ility closeto . h s

the tri er strate ye ili ri misaro st correlated e ili ri m. In sec
tion 3 I provide a eneral ne ative res It for strict e ili ria of repeated

ames they are never ro st as e ili ria.

hese res lts raise the followin nat ral estion is every strict e i
liri mro stasacorrelated e ili i m In section . I provide an
e ample demonstratin that the answer is ne ative. nat ral loo in
tri  er strate y e ili ri m of a two sta e ame cannot e appro imated
y e ili ri m correlated or not when the monitorin technolo y is

sli htly pert r ed. I point o t at the end of this section the reason for the
fail re. hee ili ri min estion implicitly re iresone player to elieve
after seein a deviation that his opponent is sin a strate y that is not
rationali a le. No s ch eliefs are possi le when monitorin is imperfect.
Section  the heart of the paper investi ates the possi ility that sim
ple tri er strate ies are ro st correlated e ili ria of repeated ames.
Speci cally Ist dy a class of repeated prisoners dilemma ames and the
standard rim tri er e ili ri m. Section . presents a family of strict
correlated e ili riain which nilateral deviation occ rs with positive pro



a ility in every period  t which nevertheless appro imate ar itrarily well
the path of play of the rim tri er pro le. In Section .2 I show that these
e ili ria are ro st to private monitorin . inally in section .3 I show
how to em ed these into a lar er correlated e ili ri m in which the act al
rim tri er pro le is played with pro a ility ar itrarily close to

he prisoners dilemma ames st died in section satisfy a certain
restriction on the payoffs.  his restriction is necessary for the type of
correlated e ili ria I employ. In section 6 I disc ss the role that the re
striction plays. hile it appears that witho t this restriction there are no
correlated e ili ria with a similar str ct re it remains an open  estion
whether rim tri erisro st in these ames.

2. S EE LE

ersions of the followin two sta e e ample where have een
sef 1in ill stratin the strate ic feat res of repeated ames with private
monitorin  see especially has ar and van Damme 2002 .
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sta e sta e 2
Sta e is a prisoners dilemma 0. Sta e 2 is a coordination

ame.

In the rst sta e the players play a prisoners dilemma ame. he
coordination ame played in the second sta e is intended to capt re the
possi ility of sin m ltiple contin ation e ili ria in a repeated ame to
enforce cooperation in the rst sta e.

In each sta e each player chooses an action from the set . ayoffs
are the s m of the tilities in the two sta es. fter the rst sta e each
player o serves a noisy si nal of the action chosen y the other. he chosen
action and the reali ed si nal comprise the player s private history at the
second sta e.  he set of si nals is the same as the set of actions and
each player is ass med to o serve a correct si nal with pro a ility
and an incorrect si nal with small pro a ility 0. o avoid conf sion
si nals will e denoted y lower case letters i.e. or . o0 eep the
e ample simple we will ass me independent monitorin the pro a ility
of an incorrect si nal is independent across players.

for player is a choice of action in the rst sta e and

a choice of action in the second sta e for each possi le private history. or
any strate y pro le let e player s e pected payoff.

consists of a set of types  for each player



a oint pro a ility distri tion over type pro les and a p re strate y
for each type  of each player . correlated pro leis a
if for each player and each type s ch that 0

for each alternative p re strate y  for player . If the meas re assi ns
pro a ility one to some type pro le then thee ili ri misa

If is a non de enerate distri tion t the two players
types are independent nder then the e ili ri m is a

here isno p re strate ye ili ri m in which is the o tcome in
the rst sta e. player has an incentive to play in sta e one only if he
e pects that a choice of will e p nished y a lower payoff in the second
sta e. S ch ap nishment can eimplemented only y astrate y that plays
in the second sta e if and only if the si nal 1is o served. herefore
if is to e part of a p restrate y e ili ri m each player m st
e pect his opponent to e playin s ch a strate y. t with independent
monitorin this cannot e ane ili ri m after playin player  nows
that player 2 has almost certainly seen a si nal of and will therefore
almost certainly play in the second sta e.  ainst s ch eliefs s est
reply is to play  in the second sta e. It is optimal to play in the
second sta e a ainst any eliefs assi nin pro a ility at least to
the opponent playin . nd player has these eliefs re ardless of the
si nal he o serves since monitorin is independent s si nal ives no
f rther information a o t the si nal o served y 2.

Let e the strate y that plays in sta e one and in the second
sta e plays in response to the si nal and in response to the si nal
he a ove ar ment implies that the strate y pro le which is

a strict s ame perfect e ili ri m when monitorin is perfect fails to
eane ili ri m when monitorin is imperfect private and independent.
In fact there is no Nash e ili ri m close to and the set of Nash
e ili ri m p reormi ed payoffsis o nded away frome ciency even as
the pro a ility of an incorrect si nal oesto ero. hishas een proven

y has ar and van Damme 2002 . In this sense the strict e ili ri m

is not ro st to private monitorin .

Consider the strate y which plays ineach sta ere ardless of history.

I will descri e a correlated strate y pro le in which each player plays with
hi h pro a ility t elieves that the other is playin the strate y with
positive pro a ility. ith these prior eliefs a si nal of after sta e one




while ninformative a o t the si nal o served y the other nevertheless
conveys some relevant information that the opponent most li ely played
in the rst sta e and therefore will contin e with his strate y and play
in the second sta e. In response to s ch eliefs it will e optimal to
play in the second sta e. h s each player will condition his play on his
private si nal in a way that provides the appropriate rst period incentives.
oma ethisane ili ri m the playersm st e willin to play when
called pon to do so. Correlation ma es this possi le witho t creatin the
ine ciencies inherent in mi ed strate y Nash e ili ri m. In fact in the
correlated e ili ri m I present elow it is strictly optimal to play  when
called pontodoso and is played with vanishin pro a ility in the limit
as oes to ero. his implies that the strate y pro le conver es to the
p re Nash pro le and that the e ili ri m payoffs conver e to the
e cient point. In this sense the strict e ili ri m which fails to e
ro st to private monitorin within the class of Nash e ili ria ro st
as a de enerate correlated e ili ri m.
he information str ct re sed in the correlated e ili ri m is as fol
lows. Each player has two types and . hepro a ility distri tion over
type pro les is ill strated in the followin matri where —_—

he correlation str ct re

he entries are relative pro a ilities. he pro a ilities are o tained y
dividin eachval e ythes mofall val es. e will analy e the correlated
strate y pro le in which each player plays the p re strate y correspondin
to his reali ed type. s mentioned a ove as approaches ero the pro
a ility assi ned to the pro le y this correlated pro le approaches

he cr cial feat re is that each player re ardless of his type will re
spond to a si nal y playin in the second sta e. or a player of type
this is immediate s ch a type plays in sta e and therefore nows
that with hi h pro a ility his opponent will o serve a si nal. Since
oth strate ies respond to with type will e nearly certain that the
opponent will e playin in the second sta e. In fact eca se of the
ass mption of independent monitorin this ar ment shows that a player
of type will play in the second sta e independent of his rst sta e
si nal.
or a player of type a si nal will e stron evidence that his op
ponent was of type and will therefore play  in the second sta e. o
verify this recall that is a second sta e est reply to any elief that the
opponent will play  with pro a ility at least ——. he pro a ility that



the opponent will play  in sta e 2 is at least the pro a ility that the
opponent is of type . y ayes r le after o servin the si nal in the
rst sta e the conditional pro a ility that the opponent is of type is

h s a type player will also respond to si nal y playin in the
second sta e.

Ne t a player of type who plays in sta e one and o serves the
si nal sho ld play in the second sta e. or this to e optimal the
conditional eliefs a o t the opponent s second sta e action m st assi n
at least pro a ility —— to . Ine ili ri m the opponent plays when
the opponent is of type and saw a si nal . he conditional pro a ility
of this event for a type who also sees is

which is ar itrarily close to and hence reater than —— for s ciently
small.

e have shown that second sta e ehavior prescri ed y the strate yis
optimal. h s each player can e pect his opponent to play in response to
a si nal and inresponseto a si nal whenever his opponent is of type

o complete the ar ment that the pro le is a correlated e ili ri m
we m st show that rst sta e ehavior is optimal. he strai htforward
calc lations are omitted theint ition issimple when iss ciently small
each player is nearly certain that his opponent is of the same type as he the
ratio of the dia onal to the off dia onal elements of re 2 approaches
as approaches ero. 1so each player is nearly certain that his opponent
will o serve a correct si nal. h s for e ample a player of type  elieves
his opponent is also and will play insta e and with hi h pro a ility
p nish a choice of in sta e . e is therefore also willin to play

os mmari e the analysis in this section p nishments can e enforced
only if players interpret the si nal as evidence that their opponent will
play in the second sta e. his is impossi le in a p re strate y e ili
ri m. n the other hand randomi ation allows players to elieve that
is act ally played with positive pro a ility and therefore respond to y
p nishin .

Ind cin randomi ation in e ili ri m imposes incentive con
straints that prevent even appro imate e ciency each player m st e
indifferent etween and . S ppose payoffs are close to the e cient level

hen it m st e that the strate y is played with pro a ility close

to one. t this means that will almost s rely e p nished and will earn
at most 2 . h s does worse than contradictin the re
irement of mi ed strate y Nashe ili ri m. y contrast for small error



pro a ilities there are correlated e 1ili ria ar itrarily close to the e cient
p restrate ye ili ri m. hisis eca se correlation o viates these indif
ference constraints. Indeed in the correlated e ili ri m presented a ove
each type s strate y is strictly optimal.

Correlation in the strate y pro le plays a different role than other forms
of correlation sed to o tain e ciency in ames of this sort. oth has ar
and van Damme 2002 and ailath and orris 2002 consider correla
tion in the monitorin technolo y. his allows players to coordinate their
second sta e play sin their correlated histories. ith s cient corre
lation there is a nearly e cient p re strate y e ili ri m. y contrast
correlation in the strate ies can enerate the necessary elief revision to
enforce p nishments even when monitorin is independent.

Correlation in the form of s nspots was also considered y has ar and
van Damme 2002 . S nspots allow players to a ree to for ive any rst
sta e deviation with an appropriately chosen pro a ility. his lowers the
p nishment to playin rela in the incentive constraints which ca sed
mi ed strate y Nash e ili riato eine cient. s evidence of the distinct
roles played y s nspots and the correlation device sed a ove note that
it is cr cial for the has ar and van Damme 2002 e ili ri m that the
s nspots not e o served ntil sta e 2 act ally arrives. n the other hand
for the correlated e ili ri m constr cted a ove it is necessary that the
o tcome of the correlation device e o served efore play e ins.

3. RE E ED ES NDS RIC E UILI RI

he sta e ame is a nite strate ic form ame with action set and
mi ed actions for each player . fter each period of play each player
0 serves a private si nal from the set . ss me that the set of si nals
for coincides with the set of action pro les amon the players other
than . Conditional on each action pro le a si nal pro le
is drawn from the set accordin to the distri tion . erfect
monitorin can e represented y the family of si nal distri tions
s ch that for each where .
history for player of len th is an element of . Let
denote the set of all len th histories with . inally  is the set
of all histories for . Strate ies denoted are se ences of maps
history is on the e ili ri m path nder pro le
if  arises with positive pro a ility nder .  history is
with strate y  if there is some pro le s ch that is on the path for

Contin ation strate ies after histories  are denoted . or any
monitorin distri tion astrate y pro leind ces a well de ned disco nted
payoff vector. Denote y the disco nted payoff to player when
the strate y pro leis . If is the pro le of histories o served
thro h period then is player s contin ation pay



off. Conditional on havin o served history nder pro le player may
not e a le to infer the histories o served y the other players and hence
their contin ation strate ies. owever when is on the path has a
well de ned elief over these histories. or s ch a history denote y

the e pectation of with respect to
the elief over opponents histories derived from the pro le  conditional
on s o served history

or the case of perfect monitorin we will consider Nash e i

li ria.
strate y pro le isa e ili ri m of the ame
with perfect monitorin if for each and each history on the path

for any contin ation strate y = whose initial
action differs from

strict e ili ri m is one in which each player has a strictly optimal
action after every history on the path of play. Note that the strate ies
sed y den er and as in 86 to prove the fol theorem are strict
e ili ria. Let s now consider pert r ations of the perfect monitorin
str ct re. Say that a monitorin str ct re is perfect if it has f 11
s pport if 0 and if for each .
I will show that apart from repetitions of static Nash pro les any strict
e ili ri m nder perfect monitorin fails to e an e ili ri m even for
monitorin str ct res ar itrarily close in this sense to perfect monitorin .
In fact they will fail to e even appro imate e ili ria in the followin
sense.

Strate y is a to at history
if either is off the path of play nder or
for any contin ation strate y  whose initial action differs
from

he a ove is a notion of appro imate est response de ned at a par
tic lar history. I will say that an e ili ri m nder perfect monitorin
is wea ly ro st to private monitorin pert r ations if for every consis
tent history there is a small eno h pert r ation s ch that each player s
ori inal strate y remains an appro imate est response at that history.

ne ili ri m ofarepeated ame with perfect mon
itorin is if for each 0 and consistent with
there is 0 s ch that nder any perfect monitorin technolo y is a
est reply to at

his is a wea form of ro stness eca se rst the strate ies are re

ired only to e appro imate est responses after the pert r ation and
second the si e of the pert r ation can depend on the history in  estion.
In partic lar wea ro stness does not re ire the e istence of a niform



o nd on the pert r ation si e which arantees that the strate ies remain
appro imate est responses at all histories sim Itaneo sly. et stricte i
li ria fail even this wea form of ro stness. he ar ment is related to
the one made y ats shima

e will show that the hypotheses of the theorem imply that for
each  each strate y in the pro le plays the same action after every
len th history consistent with the strate y. Note that this implies consists
of history independent plays of sta e ame Nash pro les.

S ppose on the contrary that there is some player and some sta e
s ch that there are two consistent len th histories for which  prescri es
different actions. ss me wlo that isthe rst sta e in which thisistr e
for any player .

Since is a strict e ili ri m each player has a ni e optimal action
after every history on the path of play. his implies in partic lar that when
monitorin is perfect there is a deterministic path of play. Let e the
se ence of actions ta en y player inthe rst periods in this determin
istic path and the se ence of action pro les amon the players other
than

hen monitorin is perfect the pro a ility is at least after

any iven sta e that the reali ed si nal pro le matches the chosen action
pro le. herefore the nconditional pro a ility is at least that
the pro le of histories o served y s opponents is .
Since plays in the rst periods with pro a ility  this pro a ility
is nchan ed when conditions on his own history of actions. Choose a
monitorin technolo y that is i.e. that for each action pro le
and si nal pro le is the prod ct of the mar inal distri tions

hen conditional on the action pro le se ence  player s
history of si nals is ninformative of the si nals o served y the other
players. Since occ rswith pro a ility we can concl de that conditional
on every len th history on the path of play player assi ns pro a ility
at least to the history for his opponents.

Since is conditionin his action choice on his history in sta e
there m st e at least one history  consistent with s ch that

ss me the monitorin technolo y assi ns positive pro a il
ity to  conditional on . Since is consistent it iss cient that the
monitorin distri tions have f 11's pport . Since is strict there e ists a

0 s ch that

Choose to satisfy 0 . ythear menta ovea o tconditional



eliefs in  perfect monitorin str ct res as  oesto ero

for any len th history and contin ation strate y = where is the
conditional e pected payoff f nction for some perfect monitorin str c
t re. herefore we can ta e small eno h so that

implyin that isnotan appro imate est response at
e concl de that no player conditions his action choice on any consis
tent history and this concl des the proof. ED

his res It is complementary to the positive res lts of ailath and

orris 2002 . hey prove a fol theorem sin strict e ili ria that are
ro sttos ciently p lic private monitorin imperfections. heorem

shows that strict e ili ria cannot e ro st to private monitorin
pert r ations. In Ely and alima i 2002 it is shown that there are e
cient mi ed strate y e ili ria of in nitely repeated ames that arero st
to all monitorin imperfections. hese strate ies li e all mi ed strate ies
can e critici ed eca se they re ire players to condition their ehavior
on payoff irrelevant details. In section I show that in some ames the
ro stness of the simple and strict rim tri ere ili ria can e recovered
if we view them as de enerate correlated e ili ria.

C RREL EDE UILI RI

In the previo s s section it was shown that the only wea ly ro st
strict e ili ria of repeated ames are the trivial ones. n the other hand
the e ample of section 2 shows that there are non trivial strict Nash e ili
ria which can e appro imated ar itrarily well y strict ro st correlated
e ili ria. n in nitely repeated e ample will e presented in section

elow. It is nat ral to as whether strict Nash e ili ria can e so
appro imated. In the ne ts section I provide an e ample demonstratin
that the answer is ne ative. his e ample adds to those of a well
and has ar and van Damme 2002 . a well rst ill strated a
strict p re strate y Nash e ili ri m which was not ro st to monitorin
imperfections. his e ili ri m however can e appro imated y ro st
mi ed strate y Nash e ili ria. he e ample of has ar and van Damme
2002 improves pon this eca se the strict p re strate y Nash e ili
ri m they foc s on cannot e appro imated y any ro st mi ed strate y
Nash e ili ri m. owever as was shown in section 2 thise ili ri m can
e appro imated y ro st strict correlated e ili ria.




he followin is an e ample of a strict p re strate y Nash e ili ri m
which e appro imated y any ro st strict correlated and hence
Nash e ili ri m.

he e ample adds a sin le action to the two sta e ame from section
2. e se ppercase for actions and the correspondin lower case for the
associated monitorin si nals.

75| [5o[00
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sta e 2
sta e
layin in sta e isnotro st.
he est Nash e ili ri m of this ame plays instae sp
ported y the promise of in sta e 2 and the threat of in sta e

2 if any deviation occ rs. hisisin fact a strict e ili ri m in the sense of
De nition . I claim that any strict correlated e 1ili ri m in which
is played with pro a ility close to in sta e is not wea ly ro st.
Consider a strict correlated e ili ri m nder perfect monitorin in
which the total pro a ility of in sta e is at least for 0.
y the law of total pro a ility there m st e a positive pro a ility type
of player conditional on which the pro a ility is at least that
will e played in sta e
ype is tempted to play in sta e . herefore m st assi n
positive pro a ility to a type  of player 2 who plays a strate y with the
followin feat res play in sta e and respond to a si nal of y
playin in sta e 2. o prove this s ppose the contrary that every
which has positive conditional pro a ility for  and which plays in
sta e responds to yplayin . hen isan pper o nd on the total
conditional pro a ility for that action  will e p nished y a response
of . hiswo ld mean that for small a etter reply for wo 1d e to
play insta e and insta e2 a contradiction.
ype  cannot assi n positive conditional pro a ility to a type  of
player which plays in sta e . e prove this in 2 steps. irst any
strate y for player which plays in sta e and responds to a si nal
with the action  in sta e 2 is strictly dominated. Indeed if player 2




were playin in sta e s ch a strate y co 1d earn at most 3 whereas
any strate y which plays in sta e earns at least . nd if player 2
were playin insta e s chastrate y co 1d earn at most  while any
strate y which plays in sta e earnsat least 0. his means that ino r
correlated e ili ri m any type of player which plays insta e m st
respond to si nal with action insta e2. h sif assi ned positive
conditional pro a ility to s ch a type wo ld e pect action in sta e
2 after his own play of and thesi nal instae . tthiswold ea
contradiction since  responds to  with

Recall that the correlated e ili ri m in  estion is strict. Let 2 0

e the difference in e pected payoffs for type etween actions and
followin the o tcome in sta e . Let e the conditional eliefs
of type  over the action to e played y player in sta e 2 after the
o tcomes . Note that this is well de ned since is on the path
of play for
e will now constr ct the monitorin pert r ation which e poses the

non ro stness of the iven correlatede ili ri m. orar itrary 0
and 0 consider an independent perfect monitorin technolo y
where

Let and e the pro a ility distri tion over the action to e played
y player in sta e 2 conditional on  and the chosen actions in sta e
ein and respectively. Note that approaches as

approaches ero. Let e thepro a ility type assi ns to the event that

player has act ally played in sta e conditional on playin and

o servin si nal . Note that approaches as approaches

he conditional elief of type  over the action to e played y player
in sta e 2 after playin and o servin si nal is

eca sethee pected payoff difference etween actions and is a contin
o sf nction of this elief we choose s ciently smalland s ciently
close to toma ethis elief close eno h to so that earnsine pecta
tion at least morethan . h s type  which plays after this history
is not playin a  est reply. his shows that the correlated e ili ri m is
not wea ly ro st.
he ar ment a ove identi es the aw in the cooperative e ili ri m
of this ame. layer 2 is re ired to p nish a play of y playin in
sta e 2.  t player 2 can only rationally play in sta e 2 if he e pects




to follow p his play of  with . t the repeated ame strate y which
plays and then is strictly dominated. he cooperative e ili ri m
hin es on player 2 elievin after sta e that player was playin a non
rationali a le strate y hen the monitorin has f Il s pport ayesr le
determines player 2 s elief. In partic lar it constrains 2 s elief to assi n
positive pro a ility only to those strate ies that are act ally ein played
y player ine ili ri m. In partic lar 2 m st elieve that 1is playin
a rationali a le strate y.

RE E ED RIS NERS DILE

In this section I constr ct an appro imately e cient correlated e ili

ri m of the in nitely repeated prisoners dilemma with private monitorin .

wo complications arise in e tendin the correlated e ili ri m constr c
tion e empli ed in Section 2 to the in nitely repeated ame. Recall that
when monitorin is private and independent in order for players to have
a strict incentive to respond to ad si nals they m st elieve that their
opponent is act ally defectin with positive pro a ility. Since e ili ri m
will re ire that players p nish ad si nals in any period s ch a si nal is
o served it follows that correlated e ili ri m of the type sed in section
2 m st have each player nilaterally defectin with positive pro a ility in

period. I show that s ch a correlatede ili ri m can e constr cted
provided the ain to cooperation is lar e eno h relative to the ainto ni
lateral defection and moreover that this e ili ri m is strict when players
are s ciently patient.
he second complication arises when showin ro stness of this type of

e ili ri m to private monitorin imperfections. Since nilateral deviation
occ rs with positive pro a ility in every period eliefs followin a devia
tion from m t al cooperation are determined y ayes r le and are th s
contin o sin the monitorin noise. h s eliefs at any information set can

e made as close as necessary to the perfect monitorin  eliefs y choosin
the noise s ciently small. he di c lty is in showin that this can e
done niformly across the in nite set of histories i.e. that there e ists a
s ciently small monitorin pert r ation so that eliefs after every infor
mation set are close eno h to the ori inal eliefs so that est responses are

nchan ed. hisis accomplished y sin a partic lar type of stationary
correlation str ct re.

Sta e ame payoffs are as in sta e one of re  with . he
reason for this payoff restriction will e e plained elow. fter each sta e
each player privately o serves a si nal of the action chosen y the oppo
nent. or simplicity I ass me there are two possi le si nals
correspondin to the two actions in the prisoners dilemma. o simplify

notation I will foc s on a partic lar private monitorin tech
nolo y. ith pro a ility player o serves the si nal correspondin
to the action act ally ta en y player  with pro a ility 0 serves



an . hese pro a ilities are independent for the two players. he
players share a common disco nt factor and see to ma imi e e pected
disco nted payoffs. his parameteri ed family of repeated ames will e
denoted

I will start y constr ctin a correlated e ili ri m of the repeated
ame with monitorin . hise ili ri m will e strict and will have
the property that nilateral defection occ rs with positive pro a ility in
every period.  his will imply that eliefs followin a defection will e
well de ned via ayesr le. Ine ili ri m a nilateral deviation y the
opponent will si nal that the opponent will contin e defectin forever there
after. eca sethese eliefs will ede ned y ayes r le they will chan e
contin o sly with small chan es in the monitorin technolo y. In fact I
will show that this contin ity in eliefs is niform across histories. h s
since the ori inale ili ri m is strict and eliefs niformly contin o s the

e ili ri m will ero st to small private monitorin imperfections.

he constr ction ta es a sli htly different form in the two cases

. I'will ill strate the case in detail and rie y disc ss the
case at the end. hro ho t maintain the ass mptions .
Each player s type  in the correlation device will e drawn from the set

2 . Choose an inte er so that and 2
Note that this is always possi le since or e ample choose
to e the smallest inte er no smaller than . i and de ne the

followin f nction on

if

otherwise

Let e the pro a ility meas re on de ned y

where

or 0 each type of player considers possi le only 3 types of the
opponent . hisinformation str ct reis partiallyill strated
in re for the case 2. hen is positive t small every type of
the opponent is possi le  t the non dia onal types are relatively less
li ely.
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Correlation device
he strate y is the repeated ame strate y which plays  after
every history in which either or appears at least once and plays after
every other history. he strate y is the strate y which plays after
every history. Let  denote the repeated ame strate y which plays rim
thro h period and switches to defect in period and thereafter.
Note that s .
he correlated strate y pro le will specify that type sho 1d play
de ne for each and each . hen is a

correlated strate y pro le which I will call
Iwill seashorthand notation to refer to private histories. he notation
for e ample is a history for in which was assi ned type
y the correlation device and the o tcome in each of the rst sta es was
i.e. played and o served the si nal from

Say that a correlated e ili ri m is if for each player
there is a 0 s ch that for each type for every private history con
sistent with the payoff res ltin from the e ili ri m contin ation

strate y e ceeds y at least the payoff to any alternative contin ation
strate y which deviates in the rst sta e followin the history in  estion.

0

irst note that for every the payoff to is a contin
o sf nction of and conver esto as approaches ero. h s for any



and can e chosen s ciently small so that the payoff to
e ceeds
o show that is a niformly strict correlated e ili ri m for
and s ciently small we show that attention can e restricted to
histories the others ein red ndant.
irst consider a history in which at least one  or has appeared.
fter s ch history each player assi ns pro a ility to the opponent
playin the contin ation strate y . hee ili ri m prescri es also
contin in with and earnin a contin ation payoff of 0. ny strate y
which deviates and plays canearnat most . h s the payoff difference
is at least after all histories in this class.
Now we consider histories in which has occ rred in each sta e. If
has occ rred thro h sta es then the opponent s type cannot e
otherwise he wo 1d have played and since monitorin is perfect
wo ld have een o served. he stationary str ct re of the correlation
device implies that the conditional eliefs over the opponent s type after
the history are independent of the type . Since these eliefs
determine eliefs over the opponent s contin ation strate y and therefore
contin ation payoffs to show niform strictness it s ces to choose an
ar itrary and show strictness niformly for all histories with
0.
o show niform strictness we m st nd those histories in this class
where the payoff difference etween conformin to the e ili ri m contin
ation and deviatin is minimi ed and show that this payoff difference is
strictly positive. e will show that when issmalleno h only fo r histo
ries in this class are relevant namely
and all others havin strictly lar er payoff difference than at
least one of these.
orsmall the payoff difference for a history of the form
for 2 is strictly lar er than for a history of the form .
In either case the contin ation prescri ed y the e ili ri m is to play
ntil period . Let e the e ili ri m contin ation payoff after
or small  after either of these histories the payoff
to any strate y which deviates and plays is appro imately . he
e ili ri m contin ation payoff after is appro imately
which is reater than  when is close eno h to
It follows that amon all histories of this form it s ces to consider
. Note that the same ar ment implies that amon all the

histories of the form for its ces to consider 2.
e now analy e these fo r histories in t rn. irst consider the histo
ries and . fter these histories for small

the conditional pro a ilities of the opponent s types are appro imately as




follows

Iro

ro

Iro

Note that each conver esto 3 as approaches 0.
Consider the history . layin in period ives
ma im m contin ation payoff

while instead conformin to the e ili ri m recommendation yields ap
pro imately for small

he three scenarios are the player loses  eca se the opponent s type
is the player earns the cooperative payoff for additional periods
then ero forever eca se the opponent s type is and the player earns
the cooperative payoff for additional periods and then the pre emption
payoff eca se the opponent s type is
or lar e and small the latter is lar er than the former if
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which holds eca se 2 .
Ne t consider the history . Defectin after this history
yields appro imately for small .

his is strictly worse than playin and then playin in period
period provided

or lar e thisine ality is appro imately

which holds for small eno h  since 2. Since we previo sly
showed that playin in period was strictly worse than followin



thee ili ri m we can concl de that playin in period is also
strictly worse.

Ne t consider the history . orsmall conditional eliefs
are appro imately

ro
ro
he e ili ri m calls for the player to cooperate in sta e and defect
in sta e . his ives appro imately
y instead defectin in sta e the player ets at most which for

small and hi h is strictly worse provided

which holds eca se
inally consider the history after which the e ili ri m
prescri es defectin forever and earnin appro imate payoff

or small the est deviation will e to play instead attempt

in to ain the cooperative payoff from and pre emptin y
defectin in period . his ives appro imate payoff

his e pression is strictly increasin in . ence eca se for con

formin to es perior itiss cient that

and for small eno h this follows y the de nition of

ED
e now consider the ame for small . he main res It is
that the conditional eliefs implied y the correlated strate y are



contin o sin niformly across all histories consistent with the strate y.
eca se the e ili ri m is niformly strict for 0 this implies that
isan e ili ri m of for all s ciently small . hat is

thee ili ri misro st to private monitorin .

e in with some notation and a preliminary res 1t. i and

a player . De ne  to e the conditional distri tion over for
type of player . Let e the event and the event
Let If then

which can e o nded niformly as follows

and if then

which can e o nded niformly as follows

h s for all
Consider any history of the form for . here
are three types of events which co 1d have lead to this history. irst the
opponent s type co ld e some and there were no errors thro h
period . he pro a ility of this event is
Second the opponent s type co 1d e t the opponent saw
an erroneo s in some period e an defectin t player erroneo sly

saw in all periods from to . hepro a ility of this event is



inally the opponent s type co 1d e . In this case the rst error
was o served in some period no later than . he pro a ility of this event
is less than

h s sin ayes r le conditional on s ch a history player elieves
his opponent is sin contin ation strate y  for with pro a ility

notin that lim 0.
Consider the last term in the denominator. or every
we have the followin ine ality
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Now e for every hence

notin that lim 0.

Com inin these res lts we have for every for all
for every
so that

Since is the s pport of oth and it follows
that conver es to niformly for every for
every

Ne t consider a history for player of the form
for . Some additional notation is necessary. Let represent the
pro a ility distri tion over len th histories i.e. over

ind ced ythestrate ypro le . heevent that the history

of si nals seen y s opponentis will e denoted . e will identify
the history  with the event that player s private history is

Note that . e wish to show that niformly

forall oftheformin estion. here are two cases in which the opponent



will eplayin . irst the opponents typeco 1d e in which
case the opponent will play in accordance with . Second the
opponent s type co 1d e t the opponent has seen an error
and switched to  inresponse. h s y ayes r le the pro a ility of
conditional on  is iven y

Since this fraction is less than wecans tract all terms
with from oth the n merator and denominator to o tain the fol
lowin ine ality

Now notin that we can f rther
simplify y s tractin the terms involvin from n merator
and denominator

inally notin that —— —— we have
Since this o nd holds for all we concl de
so that

niformly for all with

inally consider a history = for player in which played in the
last period. Conditional on any s ch history the pro a ility that the op
ponent s contin ation strate y is is at least the pro a ility that the
opponent, correctly saw in the last period. his pro a ility is
ence implyin
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niformly for all s ch
he histories considered are the only histories for consistent with the
strate y. e have th s esta lished the res 1t for player . he symmetric
ar ment applies to player
ED

o this point it has een ass med that . his implies that when a
type  reaches sta e he will strictly prefer to defect as the loss from
havin cooperatin and seein the opponent of type defectin
is lar er than the possi le ains from ein a le to cooperate with an
opponent, of for periods. If instead then in the
correlated strate y sed a ove type will e willin to ta e the chance of

ein defected a ainst if his opponent s type is and will prefer to
cooperate in hopes that the opponent s type is . hese strate ies
then fail to eane ili ri m. In this case the correlation device derived
from the followin f nction forms a correlated e ili ri m

- if
otherwise
or 0 this correlation device enerates two dis oint common nowled e

components one of which is ill strated in re elow. or and close
to ero and close to it is a niformly strict correlated e 1ili ri m for

type toplay . erifyin this involves chec in incentives as in Lemma
and is omitted. hen st as in the case of eca se all histories
consistent with the strate y occ r with positive pro a ility when 0

the eliefs after these histories chan e contin o sly as increases. inally
the stationarity implies that this contin ity is niform and therefore that
thee ili ri misro st.

he correlated strate y pro les analy ed in the previo s section con
ver e to the p re rim tri er strate ies in the wea sense that ehavior
after every history conver es to that prescri ed y rim tri er. Never
theless there are two senses in which these strate ies stay far away from
the rim tri er pro le even in the limit. irst the tr e rim tri er
strate y is never played with positive pro a ility and second each player
always elieves that either he or his opponent will nilaterally defect after
some history. In this section I s etch how the correlated pro le from the
previo s section can e em edded in a lar er correlation device to o tain
conver ence in these stron er senses.

Let denote the tr e rim tri er strate y. i val es and for
which is a strict correlated e ili ri m and consider the followin
two sta e correlation device. irst a type pro le is drawn accord
in to the correlation device with parameters and . he players are
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Correlation device

not informed of the pro le drawn. Ne t a type pro le is selected from
the distri tion represented y the followin matri and each player is
informed of his reali ed type.

Let e the correlated pro le in which types are drawn as a ove
and each player plays the strate y correspondin to his reali ed type. S p
pose 0 so that monitorin is perfect. hen for every 0 there is
a 0 s ch that is a strict correlated e ili ri m. o see
this note that for s ciently small  the strate ies prescri ed for a type

remain strictly optimal.  player of type assi ns conditional
pro a ility close to that his opponent s type is also . herefore s ch
a player sho 1d e in y cooperatin . owever there is a chance that his
opponent, is of type and therefore any si nal of will e inter
preted as evidence that the opponent has e n defectin . h s type
will respond to a si nal  y defectin hence his optimal strate y is

J st as in the previo s section since every history consistent with a
player s own strate y has positive pro a ility and eca se of the str ct re
of the conditional eliefs implied y thise ili ri misro st. In par
tic lar it remainsane ili ri mfor positive ts ciently small. ith
these o servations in hand we can prove the followin



Let 0. Let 0 e any se ence of positive n m ers
decreasin to ero. Note that occ rs with pro a ility approachin
inany s se enceof .
or each  there is a 0 s ch that is a correlated
e ili ri m for all . De ne to ethelar est s chthat
If there is no lar est then thereisas se enceof s ch that
for all . his implies that is a correlated e ili ri m for all
in partic lar for . and we are done. he se ence is
wea ly increasin o) . and n o nded
if for all  then for all  implyin 0 a
contradiction .
Since the strate y is a correlated e ili

ri m for for every concl din the proof. ED

6. C NCLUSI N

inally let s consider the payoff restriction . In either of the
two correlation str ct res considered a ove with 0 each type
event ally comes to a date say when there are only two possi le
types of the opponent and . hee ili ri m demands that he
cooperate at s ch a . Let denote the conditional pro a ility havin
cooperated p to period of the opponent s type ein and
the conditional pro a ility of . Defectin in period ains for
s re in sta e and ero forever after.  hereas cooperatin and instead
defectin in sta e ains in sta e and in the ne t
sta e. iven disco ntin if then the latter can e ceed the former
only if 2.t it is impossi le for in nitely many types  to assi n
pro a ility e ceedin 2 to hi her types for the opponent. h s these
e ili riare ire .

he cr cial feat re of these e ili ria is the nilateral deviation that
occ rson thee ili ri m path in every period. hether there e ist other
approaches to the constr ction of ro st correlated tri er strate ye iil

ria when remains an open  estion.

RE ERENCES

Commitment and  serva ility in ames
8 2 280.

8 Informational Constraints and the verlappin
enerations odel ol and nti ol heorems
6 3



2002 elief ased E ili riain the Re
peated risoner s Dilemma with rivate onitorin

02 06 .
2002 oral a ard and rivate
onitorin 02 6 3.
2002 Ro st ol heorem for the
risoner s Dilemma 02 8 0.

86 he ol heorem in Repeated
ames with Disco ntin and with Incomplete Information
33

2002 Repeated ames with lmost
lic onitorin 02 8 228.

n the heory of Repeated ames with ri
vate Information part I nti ol heorem witho t Comm nication

3 2326.
2002 he Repeated risoners Dilemma with Imperfect
rivate onitorin 02 0 &83.
8 he Electronic ail ame Strate ic ehav
ior nder lmost Common nowled e
38 3

E ciency in Repeated risoners Dilemma with
rivate onitorin 62 3 36.

26



