HIERARCHIES OF BELIEF AND INTERIM RATIONALIZABILITY
JEFFREY C. ELY AND MARCIN PESKI

ABSTRACT. In games with incomplete information, conventional hierarchies of belief are
incomplete as descriptions of the players’ information for the purposes of determining a
player’s behavior. We show by example that this is true for a variety of solution concepts.
We then investigate what is essential about a player’s information to identify behavior.
We specialize to two player games and the solution concept of interim rationalizability.
We construct the universal type space for rationalizability and characterizing the types in
terms of their beliefs. Infinite hierarchies of beliefs over conditional beliefs, what we call
A-hierarchies, are what turn out to matter. We show that any two types in any two type
spaces have the same rationalizable sets in all games if and only if they have the same

A-hierarchies.

1. INTRODUCTION

Games with incomplete information are indispensable tools in modern economic analysis.
John Harsanyi, in a series of papers (Harsanyi (1967-68)), introduced the Bayesian game
framework which is now the nearly universally adopted model of strategic behavior under
incomplete information. Harsanyi himself observed that prior to his innovation, the basic
theory of incomplete information was almost non-existent despite the obvious wealth of
potential applications. The problem seemed to arise at the most fundamental level: how to
formalize a player’s beliefs and higher-order beliefs in a manageable way.

“It seems to me that the basic reason why the theory of games with incomplete
information has made so little progress so far lies in the fact that these games
give rise, or at least appear to give rise, to an infinite regress in reciprocal
expectation on the part of the players .... In such a game player 1’s strategy
choice will depend on what he expects (or believes) to be player 2’s payoff
function Us, as the latter will be an important determinant of player 2’s
behavior in the game. ... But his strategy choice will also depend on what he

Financial support from NSF grant #9985462 and the Alfred P. Sloan foundation is gratefully acknowl-
edged. We thank Bart Lipman (in his role as colleague), Aviad Heifetz, Phil Reny, Bill Sandholm, Asher
Wolinsky, Itai Sher and Marciano Siniscalchi for valuable comments. Also, the suggestions of Bart Lipman
(in his role as editor) and two anonymous referees helped to significantly improve the exposition of this
paper.



2 JEFFREY C. ELY AND MARCIN PESKI
expects to be player 2’s first-order expectation about his own payoff function
U,. Indeed player 1’s strategy choice will also depend on what he expects
to be player 2’s second-order expectation — that is, on what player 1 thinks
that player 2 thinks that player 1 thinks about player 2’s payoff function Us,.

...and so on ad infinitum.”

To completely describe an incomplete information environment, one must specify the play-
ers’ infinite hierarchies of belief, and this appeared intractable. Harsanyi’s solution was based
on the compact model of information that is now called a type space. Suppose the players
are uncertain about which events in some set €2 of states of the world hold. Typically € will
represent the possible payoff functions in the game. In a type space over (2, all strategically
relevant aspects of a player’s information about {2 are encapsulated in a single variable, re-
ferred to as the player’s type. Each player has a set of possible types T;, and for each type
t; there is specified a belief 1;(¢;) about the underlying payoffs and the types of the other
players in the game. This structure is quite simple formally, and yet within this simple model
are embedded the complex hierarchies of belief that seemed to produce infinite regress. Here
is a simple example to illustrate.

1.1. Example. In this example, there are two players and two possible payoff-relevant states
of the world, Q = {—1,4+1}. Each player i has two possible types, T; = {—1,+1}, and
the state of the world together with the players’ types are drawn from a common prior!
distribution p € A (T} x Ty x ) given by

ptitoi,w) = i e =t ity

0 otherwise

The belief 1;(t;) € A(Q2xT_;) is then derived by updating i in a Bayesian fashion, conditional
on the the realized type t;.

In this type space, each player assigns equal probability to each payoff-relevant event.
These are the first-order beliefs. Since player ¢ holds this first-order belief regardless of
whether ¢ is type is —1 or 41, and since player —i assigns probability 1 to player ¢ having one
of these two types, it follows that each player is certain of the others’ first-order beliefs. These
are the second-order beliefs. The same reasoning implies that each player is certain of the
other’s second-order beliefs and so on. Indeed, in this simple type space it is always common
knowledge that the two states are equally likely. We can see that Harsanyi’s Bayesian game

model is a parsimonious way to formalize the complex hierarchies of beliefs that previously

IThe common prior model was introduced by Harsanyi as a special case of his model. To sharpen our
point this example has a common prior (as this is typical in economic applications) but in our analysis we

consider type spaces of the most general form.
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seemed to be intractable. It has also proved straightforward to apply using versions of

traditional complete-information solution concepts.

1.2. Foundations of the Harsanyi Framework. In the Harsanyi framework, type spaces
are a convenient modeling device used to describe the players’ beliefs and higher-order beliefs.
One potential concern with the use of a type space is the following. If hierarchies of belief are
what really matter, then we must be assured that any hierarchies we might wish to model
can be captured in some type space. This concern has been resolved by Mertens and Zamir
(1985) and Brandenburger and Dekel (1993) who showed that when the set of states of the
world €2 has some minimal structure, then any internally consistent (“coherent”) hierarchy
can be modeled using a type space. In fact, there exists a single universal type space U(Q2)
which simultaneously captures them all: for every coherent hierarchy there is a type in U(2)
with that hierarchy.? Thus, the Harsanyi framework is sufficiently general to model any
incomplete information scenario.

There is another potential concern which has not received the same attention. The type
space we used in our example is but one of many that would capture those specific hierarchies
of belief. Indeed, any specification of the players’ hierarchies can be equally well generated
by many different type spaces. If hierarchies are what matter, and if type spaces are simply
a convenient device used to model them, then we should be assured that the outcomes we
predict for a given hierarchy should not depend on the particular type space used to model
it. However, the type space can matter for outcomes, as can be seen in the following game.

Consider the following two player game of incomplete information. There are two states
of the world Q = {—1,+1}. Each player i has three actions A; = {a;, b;, ¢;}, and a payoff u;
which depends on the actions chosen by each player and the state of the world. The payoffs
are summarized in the following table.

a9 bQ Co a9 b2 Co
a; | 1,1 [-10-10 | -10,0 |a; [-10-10 | 1,1 10,0
b |-10-10 | 1,1 10,0 |b | 1,1 |-10,-10 | -10,0
c1 | 0,-10 0,-10 0,0 c | 0,-10 0,-10 0,0
w=+1 w=—1

Focusing only on the subsets {a;, b;}, we have a common interest game in which the players
wish to choose the same action in the positive state and the opposite action in the negative

20n the other hand, when the set of states lacks the topological structure assumed by these authors,
Heifetz and Samet (1999) showed that the type space framework may not be sufficiently general to model

all coherent hierarchies. See also Meier (2005)
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state. Failing to coordinate is costly, and the action ¢; is a “safe” alternative when, conditional
on the state, i is uncertain of his opponent’s action.

Within the Harsanyi framework, once we have described the set of states of the world, the
actions in the game and the payoffs, we complete the description by specifying the players’
information, i.e. their hierarchies of belief about payoffs, and then finding a suitable type
space to model them. Let us suppose that it is common knowledge among the players that
the two states of the world are equally likely. The type space we have already introduced is
one way to capture this assumption. We can now apply standard solution concepts to the
resulting Bayesian game. It is a Bayesian Nash equilibrium for the players to achieve perfect
coordination where types t; = +1 play a; and types t; = —1 play b;. Symmetrically, there
is another equilibrium where ¢; = +1 play b; and ¢; = —1 play a,;. Obviously it is also an
equilibrium for both to play ¢; independent of type. It follows that all actions are interim
rationalizable for every type.

In the type space under consideration, each player has the same hierarchy of beliefs re-
gardless of his type. It appears that there is a spurious duplication of types. So instead
consider the simpler type space in which each player has exactly one type and this type
knows the other player’s type and assigns equal probability to the two states of the world.
Formally, T = {x}, and there is a common prior pu* given by p*(x,%,+1) = p*(*,*, —1).
This type space generates exactly the same hierarchies of belief as in our first example: com-
mon knowledge that the states are equally likely. However, when the game in our example
is played over this type space, the unique Bayesian Nash equilibrium, the unique correlated
equilibrium, indeed the unique rationalizable outcome, is for both players to play ¢;.>

We cannot be assured that our predictions are invariant to the choice of the type space.
Indeed, specifying the hierarchies was not enough to complete the description of the envi-
ronment as it is not only hierarchies that matter for (correlated) equilibrium and rational-
izability. While the additional types in the original type space are duplicates in terms of
their hierarchies, they are not redundant because they generate a payoff-relevant means of

correlating behavior with the state of the world.

31t deserves emphasis that the issue we are pointing to here is distinct from the familiar one that adding
redundant types to an information structure creates the possibility that the players can correlate their action
choices and thus increases the set of equilibrium outcomes. That observation is equivalent to the statement
that the set of correlated equilibria of a game is larger than the set of Nash equilibria of a game. To see
that something different is happening in our example, note that the sets of correlated equilibria in the two
games are distinct. Adding redundant types in order to generate correlation in play can never affect the
set of correlated equilibria (see Brandenburger and Dekel (1987)). Indeed, it can never affect the set of
rationalizable outcomes as it does here.
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This observation has a significance for the philosophical debate (see Aumann (1987), Bran-
denburger and Dekel (1993), Gul (1998) and Aumann (1998)) about whether or not the
information structure in a game is common knowledge. The universal type space has been
interpreted as precisely that information structure that can be assumed without loss of gen-
erality to be common knowledge. For example, Brandenburger and Dekel (1993) suggest
that the universal type space realizes Aumann’s hypothesis of a completely specified “state
space.” This is certainly true if, as in Brandenburger and Dekel (1993), one considers the
information structure purely as a model of beliefs (about beliefs) about uncertain events.
But if what is important is the the range of possible behaviors in a game and not just beliefs,
then our example shows that there is a loss of generality in assuming that the universal
type space is commonly known. In particular, this assumption would imply that whenever
the players commonly know that each state in the example is equally likely, they must play
action c.!

One of the themes of the debate concerns the appropriateness of different ways of modeling
interactive beliefs. Gul (1998) claims that hierarchies of beliefs are more appropriate if one
takes Savage’s (1954) “personalistic” view. Aumann (1998) replies that the hierarchy and type
space models are equivalent and could be used interchangeably depending on the convenience
in a particular application.® Our observations echo the claims made in the recent literature
(see Battigalli and Siniscalchi (2003, Section 6) and Bergemann and Morris (2005, section
2.5)) that, in terms of the behavior that can be modeled, Harsanyi type spaces are more
general. Our objective is to understand how the hierarchies model must be augmented in
order to re-establish this equivalence.

1.3. A-Hierarchies. As argued above, from the point of view of rationalizability, conven-
tional hierarchies of belief are incomplete as descriptions of a player’s information. The goal
of this paper is to identify a characteristic of a player’s information that is sufficient and
necessary for determining what is rationalizable in any game. Ideally, we would like this
characteristic to be expressible in a language common to the players and the modeler. In

particular, just as with conventional hierarchies of belief it should be described in a way that

4In Section 7 we present an example that makes an even stronger point in this regard. There we describe
a game with an action that is not rationalizable for any type when it is assumed that the universal type space
is common knowledge. Nevertheless, this action could be played as a part of Bayesian Nash equilibrium in a
very simple, completely standard type space where there is common knowledge of rationality and common
knowledge that the players’ beliefs are coherent.

> Aumann (1998) refers to partition model, which for our purposes is equivalent to Harsanyi’s type space.
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does not refer to any particular type space, the symbols of which are not assumed to have
any meaning to the players.®

For the solution concept of rationalizability, we are able to identify a characteristic of
information, what we call the A-hierarchy, that is both necessary and sufficient for predicting
rationalizable behavior in two player games. A-hierarchies are infinite hierarchies of beliefs
about conditional beliefs. Perhaps the easiest way to understand A-hierarchies is to see how
they can be extracted from a type space.

If player ¢ could learn his opponent’s information, ¢ would obtain some conditional belief
about the state of the world. So, before knowing the opponent’s information, ¢ has a prior
belief over the many different conditional beliefs he could obtain, were he to learn it. The
first-order belief is this probability distribution over possible conditional beliefs. Within a
type space, the first-order belief is derived for a type t; as follows. First, determine for each
type t_; of the opponent what would be the conditional belief 3(t;,t_;) € AQ of ¢; if the
opponent’s type were known. Then, the probability of any set Y C A€ of possible conditional
beliefs is the probability ¢; assigns to the set of types t_; for which §(¢;,t_;) belongs to Y.
Once we have derived first-order beliefs of this form for every type, we can in the usual way
derive the second-order beliefs: the probability any type t; assigns to the events consisting
of first-order beliefs of the opponent and the conditional beliefs of ¢;. Higher-order beliefs
are defined analogously.

Let us see how the types in our type spaces are distinguished by their A-hierarchies. In
the first type space, conditional on learning the opponent’s type, each type would learn the
state with certainty. Because the two types of the opponent have equal probability, the
first-order belief of each type is an equal mixture over Dirac measures. With probability
1/2 the conditional belief assigns probability 1 to state w = +1 and with probability 1/2
the conditional belief assigns probability 1 to state w = —1. Since all types have this
first-order belief, the second-order and higher-order beliefs are again degenerate: there is

5Tt is tempting to suggest that the solution is to describe types by their hierarchies of belief over all
events in 2 x T, not just those that are payoff-relevant. Indeed, the type * and the types {—1,+1} can
be distinguished by their beliefs over states and types of the opponent. However, this approach fails for
two reasons. First, the payoff-irrelevant events are type-space specific, so it would be impossible to describe
these beliefs in a type-space independent way. Second, distinguishing types by their beliefs over all events
only pushes the problem to the other extreme: types that are truly equivalent would not be treated so. For
example, the two types —1 and +1 have the same rationalizable behavior in every game (this is a consequence
of our main result) and yet they have distinct first-order beliefs over the types of the opponent and Q. Even
worse, any type space can be duplicated by re-labeling the types or expanded by adding additional irrelevant
types generating a new set of strategically equivalent types whose hierarchies over {2 x T are nevertheless

distinct.



HIERARCHIES OF BELIEF AND INTERIM RATIONALIZABILITY 7
common-knowledge of these first-order beliefs. In the second type space, each type’s first-
order belief is instead a Dirac measure on an equal mixture. Here, each type already knows
the opponent’s type, so there is nothing new to learn. If ¢ were to learn the opponent’s
type, then with probability 1, the conditional belief would assign equal probability to the
two states. Hence, the A-hierarchy of type * is equal to common knowledge of a Dirac
measure on equal mixture over both states. On the other hand, not all types have distinct
A-hierarchies. For example the derivation above shows that the A-hierarchies of types +1

and —1 are the same.

1.4. Overview of Results. To recap, a A-hierarchy consists of a probability distribution
over conditional beliefs (the first-order belief) in Af), a joint probability distribution over the
opponent’s first-order belief and own conditional beliefs (the second-order belief), etc. Just
as with conventional hierarchies of belief, while they are implicitly captured within a type
space, their explicit description uses only the natural language of probabilities and conditional
probabilities. In particular the description does not refer to any particular type space.
Furthermore, by an extension of the results of Mertens and Zamir (1985) and Brandenburger
and Dekel (1987) (our Theorem 1), all A-hierarchies can be collected into a single, “universal”
type space U (AQ) over AQ.

The main result of this paper, Theorem 2, shows that U (Af2) is, in a sense, the universal

type space for rationalizability. Precisely, we divide the statement into three parts:

(1) Sufficiency: Two types with the same A-hierarchy have the same rationalizable be-
havior in every game,

(2) Necessity: For any two types with different A-hierarchies there is a game in which
both types have different rationalizable sets,

(3) Non-Redundancy: For each A-hierarchy there exists a type space that can be used
to represent it.

To show non-redundancy, we construct a single type space over €2, called L (€2) (Section
4.1) where the set of types of player i is equal to L; () = U; (AQ) x AQ. Here each type in
L; (Q) has a label (uf*,7;), where u® € U; (AQ) is a A-hierarchy and 7 € AQ is an useful

“dummy” variable. We show that every A-hierarchy is represented in L;(£2). Indeed, the
A

A-hierarchy of type (uiA, TZ'> is equal to ug.
In order to prove sufficiency, we study type mappings: mappings that associate the types
in two separate type spaces. We show in Section 4.2 that a type mapping preserves rational-

izable behavior if it preserves conditional beliefs.” Consider the conditional belief about €

"Mertens and Zamir (1985) show that belief-preserving mappings preserve conventional hierarchies of
beliefs. Under these mappings the conditional belief of the image type, conditional on type of the opponent
t_;, must be equal to the conditional belief of the source type, conditional on all source types of the opponent
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of type t; in the source type space conditional on a given type t_; of the opponent. In a type
mapping that preserves conditional beliefs, these should be equal to the belief of the image of
t; in the target space, conditional on the image of ¢t_;. We show sufficiency by focusing on the
type mapping which sends types in 7" to types in L ({2) via t; — (uzA (t;) ,7‘*) — where u? (t;)
is the A-hierarchy of ¢; and 7* is some fixed dummy. We show that this mapping preserves
conditional beliefs, and therefore preserves rationalizable behavior. Since two types with the
same A-hierarchy are mapped to the same type under this mapping, it follows that their
their rationalizable behavior is the same as that of this (common) image type.

Finally, to show necessity, we pursue a parallel construction (Section 6.1). Any type in
any type space can be interpreted as a rule which associates each game form with the set of
actions that are rationalizable for that type. We construct a space of all rules R by collecting
every rule associated with any type in any type space. We show that R is naturally seen as
a proper type space with A€} as the space of basic uncertainty. A key step is to characterize
the beliefs of type-rules, which is the main subject of section 6.2.

We show that R and U(AX2) are essentially the same type space. The mapping which
associates each type in R with its hierarchy of beliefs is an isomorphism of type spaces,
t:UAQ) - Rand t™' : R — U (AQ) (Theorem 4). The mapping has the property that
for any type in any type space, the rule of this type can be obtained by first computing its
A-hierarchy and then applying the mapping ¢. Since by definition two distinct rules in R are
distinguished by some game, it follows that two distinct A-hierarchies can be distinguished
by some game.

Along the way, we present some new results on the structure of the rationalizability cor-
respondence. These are presented in Section 5. Finally, section 7 comments and contains

further examples.

1.5. Related Literature. An example similar to ours was discovered independently by
Dekel, Fudenberg, and Morris (2005a).% They introduce a new version of rationalizability in
which players can conjecture correlations between the opponent’s action and the state beyond
those correlations that are explicitly modeled in the type space. Conventional hierarchies
are sufficient to identify the sets that are rationalizable under this alternative definition. In
the context of our example, all actions satisfy their definition regardless of the type space.
Indeed, there is no type in any type space for which action ¢; is the only rationalizable action
under the alternative concept. Liu (2005) develops a framework for explicitly describing the

which are mapped into ¢_;. Belief-preserving type mappings do not preserve rationalizable behavior. See
Section 3.1
8See also Bergemann and Morris (2005, section 2.5) and Battigalli and Siniscalchi (2003, Section 6) for

related discussions.
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correlations that distinguish any type space from its reduced-form counterpart in which each
hierarchy of belief is represented by at most one type.

2. BACKGROUND AND PRELIMINARY RESULTS

2.1. Notation. We refer to the identity mapping on a set Y by idy : ¥ — Y. For any
mappings f: A — B, g: A — B’, we define a product mapping f x g: Ax B— A" x B’
by (f x g) (a,6) = (£ (a), g (b)) .

If A is a measurable space, then AA is the set of all probability measures on A (relative
to its given o-field.) If A and B are measurable spaces, then the space A x B is endowed
with its product o-field. If A is a topological space, we treat it as a measurable space with
its Borel o-field, denoted B4 and the space of Borel probability measures on A is denoted
AA. If A is a Polish space, then AA endowed with the weak* topology is also Polish. For
any a € Alet 0 (a) € AA be the Dirac measure concentrated on a point a.

For any measure ;1 € AA and integrable function f : A — R we use u[f] to denote the
expectation of f with respect to pu. For measures on product spaces, u € A (A x B), denote
by marg, p1 € A(A) the marginal on A and Cyp(-) : B — AA a version of conditional
probability over A given b € B which exists whenever A is Polish. Our results do not depend
on the choice of version. Similarly, for any measurable subset B’ C B, we adopt the notation
Cap (B') € AA to signify the conditional probability measure over A given B'.

When A is a metric space then we denote by KA the space of all non-empty closed subsets
of A with the Hausdorff metric. If A is Polish, then so is ICA.

Given two measurable spaces, A, B and a measurable mapping ¢ : A — B we can in
a natural way define a mapping which transports probability measures A¢p : AA — AB,
such that for any measure u € AA, any measurable subset B’ C B, we have A¢ (u) (B') =

p(e~(B).

2.2. Games. We consider games with two players and take as given a Polish space of basic

uncertainty Q. A game form (or simply game) over 2 is a tuple G = (u;, 4;) where for

i=1,2)
each 7, A; is a Polish space of actions and u; : A; X A_; x 2 — R is a bounded, measurable
payoff function.

For some purposes it is useful to consider product games: take any two games G*', G2,
GF = (Af, ul) . We construct a product game G = G X Gy = (A;, u;), where the action sets
in G are the products of the actions sets from the original games, A; = A} x A?, and payoffs

are given by

Us ((a%,a?) ) (al—iaa—i) 7(-‘)) = ui (ailval—ivw) + uzl (afaa%i:w) .
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A game G = (u;, 4;),

; is compact, if u; are continuous and A; are compact. A game

G = (u;, Ai), is finite if u; are continuous and A; are finite. We let G denote the class of all
compact games and G the smaller class of all finite games. Unless we specifically state a
restriction to compact or finite games, our results apply to all games. Note that if G, G?

are compact or finite, then so is G* x G2

2.3. Type spaces. A Type space over Q, T = (T}, Ni)z’:l,z is a pair of measurable spaces T;
and two mappings pu; : T; — A (2 x T_;). We say that a type space has weakly measurable
beliefs if for any measurable function f: Q) x T ; — R, sets

{ti - u(t:) [f] < 0}

are measurable. We say that a type space has strongly measurable beliefs, if there exist jointly
measurable functions 3; : T; x T_; — A(Q, such that

Bi (ti,t—s) = Cop (t:) (t_:) .

Let 7W(Q2) be the collection of all type spaces over Q with weakly measurable beliefs and
T7S8(9) be the collection of all type spaces over  with strongly measurable beliefs’

A type space over € is an implicit way of modeling a collection of hierarchies of belief over
Q. As we discussed in the introduction, under most commonly used solution concepts, what
matters for behavior are hierarchies of belief about conditional beliefs. We can model these
in an analogous way using type spaces over the space of basic uncertainty A€). The beliefs
of a type t; in such a type space 1" are probabilities over A(AQ x T_;). We interpret these
as joint probabilities over the types of the opponent and conditional beliefs about 2. We
will consider the class of all type spaces over A{2 with weakly measurable beliefs, denoted
TW (AQ).

There is a natural way in which any type space T' = (T}, ;) over £ can be transformed
into a type space T = (T2, ust) € TW (AQ). Let T* = T; and for any t; € T/ we define
p (t;) € A(AQ x T;) to be the unique probability measure satisfying the following two

conditions:

(1) beliefs about opponent types are unchanged,

marg pif (t;) = marg p; (t:)
TA T

90bviously any type space with strongly measurable beliefs has also weakly measurable beliefs, 78 Q) C
TW(R). The connection in the other way is not clear. For any type space T € TW(2), standard theorems
guarantee existence of conditional beliefs 3 (¢;,t_;), which are measurable in ¢_; for given t;. We do not
know, in general, whether we can choose conditional beliefs which are jointly measurable. We conjecture
that this is possible for Polish type spaces.
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(2) conditional beliefs of t; € T2 about A{Q given type t_; are a point mass on the
conditional belief ¢; in T} given type t_;

Caops (t:) (t-3) = 8 (Capi (1) (t-3)) -
(Recall that ¢ (-) denotes Dirac delta measure.)

The logic behind this construction is the following. The translated beliefs 2 (¢;) capture
exactly the joint probability over opponent’s types and the resulting conditional beliefs as
embodied in p;(t;). In Appendix C.1 we show that this defines a weakly measurable belief

mapping.
Lemma 1. Suppose that T € TS (). Then T® € TW (AQ)

2.4. Type Mappings and the Universal Type Space. Take two type spaces T =
(T;, i) , T = (T}, p;) over the same space of basic uncertainty X. A type mapping between
T and 7", denoted ¢ : T — T" is a pair of measurable mappings ¢; : T; — T transporting
types from one space to the other.

One can think of a class of type mappings as capturing some notion of equivalency between
types in different type spaces. Two types belong to the same equivalence class under that
notion if they are associated under some type mapping in the class. Roughly speaking,
universal type spaces are those which contain exactly one representative for each equivalence
class. The literature has previously worked with the class of belief-preserving type mappings.

Definition 1. A type mapping ¢ between type spaces T, T € TW(X) preserves beliefs if for
any measurable subset " C X x 1",

i (6 (0)) (8) = () (671(9)). (2.1)
where (5 =id X ¢.

For an example of a belief-preserving type mapping, recall the two type spaces presented
in the introduction. There is exactly one type mapping between the larger and the smaller
type space. This mapping sends both types t; = +1, —1 into one type t; = . This type
mapping also preserves beliefs. Notice that type t; believe that both states of the world are
equally probable, (trivially) given that the opponent is equal to ¢;, which is the same belief
as held by any type t;, given that the opponent belongs to set ¢! (t}) = ¢~ (%) = {+1, -1} .

For the class of belief-preserving type mappings, the existence of a universal type space has
been shown by Mertens and Zamir (1985), Mertens, Sorin, and Zamir (1994), Brandenburger
and Dekel (1993), and Battigalli and Siniscalchi (1999) within various formal settings. We
present a version of this result below.
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Theorem 1. Let X be a Polish space and TW(X) the class of all type spaces over X
with weakly measurable beliefs. There exists a universal type space U(X) € TW(X) such
that for any type space T € TW(X), there is a unique beliefs-preserving type mapping
T T, — U(X)'" Moreover, Uj(X) is a Polish space and the belief mapping ug(X) :
Ui(X) = A(X x U_;(X)) is a homeomorphism.

The theorem is a slight generalization of the aforementioned results in that it covers the
case of purely measurable type spaces that we consider. (Previous studies used topological
type spaces with continuous belief mappings.) The proof is an easy adaptation of the proof
due to Mertens, Sorin, and Zamir (1994) and can be found in Appendix A.

3. INTERIM RATIONALIZABILITY

Throughout the paper, we assume that payoffs in a game G € G depend only on the
actions of both players and the state of the world. Sometimes it is convenient to use notation
which indirectly makes payoff a function of types of the opponent. Given a payoff function
u; » A x Q — R, we derive a new payoff function m; : A x T' — R, defined directly in terms
of the types as follows

mi(a, t) = Bi(ti, t—)[ui(a;, a_y, -)].
This payoff is calculated by “integrating out” the residual uncertainty over €2 conditional on
a realized type profile ¢.

An assessment is a pair of subsets @ = (ay,ay) where a; C T; x A;. Alternatively an
assessment can be defined by the pair of correspondences «; : T; = A;, with a;(t;) = {a; :
(t;,a;) € a;}. The image «a;(t;) is interpreted as the set of actions that player i of type ¢;
could conceivably play.

Fix a type space T' € TS(Q2), and a game G = (A4;,u;). A behavioral strategy for player
1 is a measurable function o; : T; — AA;. The expected payoff to type t; of player ¢ from
choosing action a; when the opponent’s strategy is o_; is given by!!

Ui(a, o-ilt:) = pi (t)[o (o) [ui(ai, -, )]

/ / wi(ag, -, w)do_;(t_;)du! (t;)
QxT_;

The strategy o; is a selection from the assessment « if for each i, 0;(t;) € Aw;(t;) for all
t; € T;. Let X;(«) be the set of all strategies for i that are selections from a.

101 the language of category theory, universal type space is a terminal object within the category of type
spaces TW (X) connected with belief-preserving type mappings as morphisms.

Hrhig payoff function is defined with respect to a specific type space. In order to minimize notation, here
and with similar constructs defined later, we omit explicit reference to this dependence whenever the context

is clear.
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A conjecture for player i type t; is a probability measure 02, € A(T_; x A_;), such that
its marginal on types of the opponent is equal to the marginal beliefs of type t;

marg 02, = marg ! (;).

T ; T ;
We say that conjecture is consistent with the assessment a if 02, (a_;) = 1. (When a_; is
not a measurable set, then we require that o2, (Y') = 1 for some measurable subset Y C a_;.
When this is the case, for ease of exposition we simply write o2, (a_;) = 1.) We denote the
set of all conjectures of type t; consistent with a by X2 (alt;).

Behavioral strategies and conjectures are equivalent representations of strategic uncer-
tainty. For any behavioral strategy o_; € ¥_; («), and for any ¢;, there is a conjecture
o2, € ¥2(alt;) such that

Ui(a;,0_t;) = ot [mi(ag, - t;, )] = Uz‘(az‘,Uiﬁi)

i
for every a; € A;. Conversely, if 02, is a conjecture for t;, then there is a behavioral strategy
o_; satisfying the same equalities.!> We work with behavioral strategies or conjectures,
whichever is most convenient.

An action a; is an interim best-response for ¢; against a conjecture aéi if U;(a;, aéi|tz~) >
Ui(al, 02, |t;) for all a, € A_;. Let B(alt;) denote the set of all interim best-responses for ¢
to any conjecture o2, € X2 (alt;).

An assessment « has the best-response property if every action attributed to player ¢ is an

interim best-reply to some conjecture concentrated concentrated on «, i.e,
a; C{(ti,a;) : a; € B(alt;)}
If the above is satisfied with equality, then we say that o has the fixed-point property.

Proposition 1. There exists a mazimal (in the sense of set inclusion) assessment with the

fixed-point property.

Proof. 1t is easy to verify that the union of assessments with the best-response property has
the best-response property. Let R be the union of all assessments with the best-response
property. Obviously R is the maximal set with the best-response property. We claim that R
has the fixed-point property, in which case it will be the maximal such set. If R did not have
the fixed-point property then there exists a type t; and action a; such that a; is an interim

12The conjecture associated with a given behavioral strategy is unique, but for any conjecture there will
be many equivalent behavioral strategies which differ on sets of measure zero. Also note that if « is an
assessment which is empty for some type t_;, and Ufi e xA (alt;), then an equivalent behavioral strategy
o_; will satisfy o_;(t—;) € a_;(t_;) for u(t;)-almost every t_,. But due to the emptiness, the equivalent

behavioral strategies are not, strictly speaking, selections from a.
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best-reply to some conjecture consistent with R. But then we can add the pair (¢;, a;) to R;
and obtain a larger assessment with the best-response property, a contradiction. 0]

Definition 2. Given a type space T', and a game G, the interim rationalizable correspondence
is the mazimal assessment with the fized-point property, denoted RST. We say that a; is
interim rationalizable for type t; if a; € RZ-G’T(ti).

Note that in general the set R (t;) may be empty. This can happen in games with
discontinuities where best-replies need not exist. In Section 5 we give conditions under
which the rationalizable sets are non-empty. Those results are used only in the parts of

Section 6 where explicitly noted.

3.1. Type mappings which preserve rationalizability. We conclude this section with
a result that is central to our analysis. It gives conditions under which two types, possibly
from different type spaces, are equivalent in terms of rationalizable behavior. In section
2.4, we discussed how equivalence relations among types can be captured by classes of type
mappings. Equivalence in terms of belief hierarchies was captured by the class of belief-
preserving type mappings. We now introduce a new class of type mappings which capture
behavioral equivalence under rationalizability.

Let ¢ be a type mapping between two type spaces T = (T}, ;) ,T" = (T!, ), T,T" €
TS (X) defined over the same space of basic uncertainty X. Suppose further that for every
t;, there is a measurable mapping ¢y, : T_; — T”,, such that, for any measurable subset
S CT,

7

marg ' (¢ (t;)) (') = marg u (t:) (6,," (5")) - (3.1)

The mappings ¢,, are referred to as the dual mappings. We can interpret the dual mapping
@1, as describing how player 7 type ¢; “thinks” that types of the opponent are transported.
We say that a the dual mappings are consistent if for every t; € T; and every t_; € T,

1 (¢ (t-)) = 1’ (¢ (t-4)) (3.2)
In other words, under the dual mapping ¢;,, the beliefs of the opponent are mapped in a
way that is consistent with the underlying type mapping ¢.

We will consider type mappings with consistent duals. First note that if ¢ is a belief-
preserving type mapping, then the mappings ¢; are themselves consistent duals. Indeed,
(3.2) is satisfied by taking ¢;, = ¢; for all ¢;. But belief-preserving type mappings do not in
general preserve rationalizable sets. Indeed, in section 2.4 we noted that the type mapping
between type spaces from the introduction preserves beliefs. However this type mapping does
not preserve rationalizable sets. Indeed, as we pointed out in the introduction, rationalizable
behavior is different for types t; = +1, —1 and for type ¢ (¢;) = t; = *.
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Our discussion in the introduction points to the main problem: belief-preserving type

mappings do not in general preserve the structure of conditional beliefs about payoff-relevant
events. This motivates the following definition.

Definition 3. Let T\T' € TS(X). A type mapping ¢ : T — T" preserves conditional beliefs
iff there exist consistent dual mappings ¢, such that for any type t; € T;, for p; (t;)-almost
any type t_; € T

Cxp(t;) (t=;) = Cxp' (¢ (t)) (¢, (=) (3.3)

In other words,the beliefs of type ¢(t;) about X conditional on the opponent being of type
¢, (t—;) are the same as the beliefs of ¢; conditional on ¢_;. Our result is that such type

mappings preserve rationalizable sets.

Lemma 2. Suppose that for type spaces T, T" € TS(QY) there is a type mapping ¢ : T — T",
which preserves conditional beliefs. Then it preserves rationalizable sets, i.e. for every game
G, for all types t; € T;

RO () = RY™ (6 (1) .

Proof. Fix a game G. The proof naturally divides into two parts. First, we show that for
any t; € T’i;
RYT () € RYT ((1) (3.4)

and then we show the opposite direction
RET(0(t) € RET (8. (3:5)
To show (3.4), consider the following assessment for type space T"

o) = ds(RETY U U e (RET)

' €T,

where (ﬁl = ¢; x idy4. We will show that o) has the best-response property. This directly
implies (3.4).

Let us write S; = ¢(T;) UU;_,¢:_,(T;). Note that for any t; € S,

gt)= |J rMeyul) U RO (3.6)
ti€p=1(t)) t-itied, ! (1))

and for any ¢} ¢ S, al(t}) = 0.

Pick t; € T;. Let t) = ¢(t;), a; RG’T( t:), and o2, € AR |t
response for t; against a conjecture 2. We construct a conjecture O'A for t; as follows:

t;), such that a; is a best

&Ai =02 04" (3.7)
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To show that this is indeed a conjecture for t;, we verify

marg 62, = marg [afi o gbt_il}
T, '

—1

= {marg aéi] o ¢t:1

= pi (ti) o oy,
= uI'(t).

(2 3

The third equality holds because o2, is a conjecture for t; and the fourth because ¢, is a
consistent dual.

We claim (3.7) implies that for any z; € A;,
Ui(zi, 65 |t:) = Ui(z, 02|t:)
To show this, we first use the fact that ¢ preserves conditional beliefs to establish that the

type-dependent payoff function 7; is preserved under ¢. For any action profile a, and type
profile t € T,

Next, it follows that for any t; € T}

~

Ui<zi7 Uim) = O-éi [7TiT(Zia a_q, ti) t—l)]

= o2 [r ! (2, a_s, (L), ¢y, (t-3))] (integrating over a_; and t_;)
= 62 n T (2, a_s, (L), 1)) (integrating over a_; and t" ;)

= Uy(z, 6% 0(L:)).

The third equality holds because by the construction of o2; (see (3.7)), for any measurable
subset C' C R,

5 ({(t s azy) s il (ziyasi ), 1) € CF) = o2, ({(toiy ami) : ] (25,04, 8, 1, (ts)) € CF.

This establishes our claim.
Next, note that 62, is consistent with o’ ;, i.e. 62, € X2(a’,;|t}). In particular, because
(btz(R(—;;T) - aLi?

we have o2,(c’;) > o2, (R%") = 1. We have therefore shown that a; €
B(/|t}). Since a; was arbitrary, we conclude R (t;) € B(o/|t}).

7

—1
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Next consider ¢/ = ¢, (t;) for some t_;. Because ¢;_, is a consistent dual, u!” (t}) = ul" ().
It follows that
R (1) € B(/|t;) = B(|t])
It now follows from (3.6) that o’ has the best-response property.
We turn to (3.5). Construct an assessment for 7" as follows.
= JRIT (60, ())
t—;
Pick t; € T;. For any t_;, the two types ¢;_,(t;) and ¢(¢;) have the same beliefs in 7T_;
because ¢;_, is a consistent dual. Therefore RiG’T/(gzﬁt_i(ti)) = RS T (6(t:)). Thus, au(t;) =
R&T'(¢(t;)). We will show that a has the best—response property - this implies (3.5).
Let a; € RS (4(t;)) so that there is a conjecture 62, € R2(R%! |4(t;)) such that a; is a
best response of ¢; against 62.. The following Condltlons define the corresponding conjecture
o, for t;:

marg o2, = marg y;(t;) (3.8)
T, T,
Ca_0%(t=i) = Ca_,6%(¢r, (1)) (3.9)

We claim that this construction yields (3.7). Indeed, the marginals are equal

marg 62, = marg u! (¢i(t;))

—i —i

= margu?(ti)] o ¢t by (3.1)

—1

= |marg Ufi] op, ! by (3.8)

—1

A -1
= marg [a_i o ¢, } :

T,
and by (3.9), for t_; € ¢;,(T;) the conditionals are equal:
Ca o2 (i-) = Ca 0% 07| ().

Since ¢y, (T;) has u” (¢(t;))-probability 1, this completes the argument that (3.7) is satisfied.
Thus, the claim from the first half of the proof applies and we can conclude a; is a best
response against o2,. It remains to show that 02, € $(alt;). This follows because a_; =

o7 (R, so that
o2 (ai) = [0%, 0 6, (RET) = 62

—1

where we have again used (3.7).
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4. THE MAIN RESULT

In this section we present our main result: A-hierarchies are necessary and sufficient for
identifying rationalizable behavior in all games. In the introduction we defined A-hierarchies
and demonstrated their construction. Here we present an equivalent definition that will be
more convenient for the formal results.

Recall that any type space T' € 7S(2) is naturally transformed into a unique type space
T2 € TW(AQ) (section 2.3). By Theorem 1, the space T2 is mapped via the belief-
preserving v into the universal space U(AQ) of all hierarchies of belief over AQ. The
A-hierarchy of a type is its image in U(A{2) under this mapping.

Definition 4. Let T € TS(Y). The A-hierarchy of a type t; € T, is the image ul" (t;) €
U(AQ).

Theorem 2. A-hierarchies are necessary and sufficient for identifying rationalizable behav-
ior. In particular for any T,T € TS(Q), any t; € Tj, 1; € T,
1. (Sufficiency) If ul* (t;) = uT™(£;) then RET (1) = RlGT(fz) for all games G.
2. (Necessity) Iful™ (t;) # uT™ (i;) then there exists a finite game G such that RET(t;) #
RET(E,).
Moreover, U (AQ) does not contain any redundancies:

3. (Non-Redundancy) For any u; € U; (AQY), there is a type and a type space t; € T; €
TS(Q), such that u; = ul™ (t;).

In the remainder of this section we shall prove the first and last claims in the statement.

The proof of necessity requires some additional results on the structure of the rationalizable

correspondence. These are presented in subsequent sections.

4.1. Non-Redundancy. We begin with the last claim, that U(Af2) contains no redun-
dancies. To that end, we construct a type space L (£2), which itself includes all possible
A-hierarchies, and such that the mapping u“®" : L(Q2) — U(AQ) is onto. Let the space of
types be
Li(Q) = U;(AQ) x AQ.

The label of each type (u;, 7)) € L;(£2) has two coordinates. The first corresponds to some
A-hierarchy, u; € U; (AQQ) . The second, 7;, is a convenient “dummy” variable whose role will
be seen shortly. For every type we define the beliefs

Y (ug, ) € A(Q x L_;(Q))

as the unique measure satisfying the following two conditions:
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(1) marginal beliefs over L_;(2) are obtained from U(A(),
marg (u;, 7;) = M@-U(AQ) (us) ,
L_;(2)
(2) conditional on the opponent’s type (u_;, 7_;) € L_;(2) = U_;(AQ) x AQ, the condi-
tional beliefs about 2 are equal to 7_;,

CQMiL(Q) (Ui, Tz’) (U—z‘, T—i) =T

These conditional probabilities are measurable (in fact they are continuous) so that these
beliefs properly define a type space with strongly measurable beliefs, L(Q2) € TS(€2). Note
also, that the beliefs of type (u;, 7;) € L;(€2) depend only on the first coordinate ;.

For every u; € U;(AQ) there is a type in L(£2) with that label. It suffices to verify that
the actual A-hierarchy of any type in L(f2) in fact coincides with its label. Indeed, it is
straightforward to check that uiL(Q)A(uZ-, 7;) = u; for every (u;, 7;) € Li(Q).

4.2. Sufficiency. To prove sufficiency, we begin by constructing for any 7' € 7S(£2) a type
mapping into L(2). First, fix an arbitrary 7 € AQ and let in; : U;(AQ) — L;(Q2) be the
inclusion mapping in; (u;) = (u;, 7) (none of the results below depends on the choice of 7.)
We may then define a type mapping I : T — L () as the following composition

" =infoul". (4.1)

Recall that the mapping uZTA is the unique belief-preserving type mapping from 72 to U(AQ).
We show in the following lemma that, as a consequence, the mapping [ preserves conditional
beliefs.

Lemma 3. For any type space T € TS (), the type mapping 1T : T — L () preserves

conditional beliefs.

Proof. Let T' = (Ti, /%T) . We define the dual mapping for type t; € T; by

O, (t-5) = (w7 (t-4), Canl (1) (1-4))

This is the product of measurable mappings, hence measurable. (The first coordinate is
measurable because of Theorem 1 and the second because T' € TS (2)). We verify that ¢;,
satisfies equation (3.1) and is therefore a valid dual mapping. Take any measurable set of
types S’ in the space L (), ie. S C L_;(Q) = U_; (AQ) x AQ. We have a sequence of
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equalities:

marg i (I7 (1)) (8) = marg uf ™ (ul* (t),7) ()
L_;(Q) L_;(Q)

= O (W (1)) (8
=i ) ({r: (o2 0 ) e 57))
= marg s (1) ({11 = (u73 (020) . Conrl (1) (1)) € 5'})

—1

= marg i (1) (9, ()

—1

the third equality follows from the fact that u”* : T2 — U (AQ) preserves beliefs and the
fourth from the definition of beliefs on the space T2.
We check that ¢ is consistent: note that for any u; € U; (AQQ) , any 7, 7/ € AQ, ,uiL(Q) (uj,7i) =

,uiL(Q) (u;, 7}) so that for any t, € T;, t_; € T,

P (17 (1)) = u (a3 (1-0) . 7)
= w4 (T3 (42 Can () (1)) = u1 (61, (t-2)
Verification that [ preserves conditional beliefs becomes straightforward:
Cont ™ (17 (1)) (61, (t-3)) = Cap! ™ (17 (1)) (T (£-2), Cap (1) (1)
= Cap (t;) (t-1) -
O

We can thus apply lemma 2 and conclude that the type mapping (7 preserves rationalizable
sets. In particular, for any game G

RG7T(ti) _ RG’L(Q)(ZT(ti))
and
RG,T(&) _ RG,L(Q)(ZT(fi))

The sufficiency part of Theorem 2 now follows immediately because u!” (t;) = ul* (£;)

implies (7 (t;) = I7(£;) so that the same set appears on the right-hand sides of the above
equations.
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5. STRUCTURE OF THE RATIONALIZABLE CORRESPONDENCE

In this section we analyze the correspondence R%7 mapping types in a fixed type space
T to their rationalizable sets in a fixed game GG. When G is a compact and continuous, this
correspondence is non-empty, closed-valued, and measurable in a strong sense.!®* The mea-

surability of the rationalizable correspondence is used extensively in the proof of necessity.

Proposition 2. For any game G € G, for each type space T € TS(Q), for each type t; € T;,
the set RZ-G’T(ti) of interim rationalizable actions is non-empty and closed. Thus, we can view
RiG’T as a function from T; to KA;. This function is measurable: for every B € Bxa,, the
set

{ti el RZG’T(ti) € B}

1s a measurable subset of T;.

The proof of Proposition 2 proceeds in two steps. First, we show that the rationalizable
correspondence is non-empty valued and closed if the type space is a Polish space and satisfies
the additional property that the mapping from types to beliefs is continuous in a strong sense.

Precisely, suppose that T is a type space and each T; is a Polish space. Say that T is
continuous if for each i, the mapping u! : T; — A(Q x T_;) is continuous. If in addition,
there is a version of the conditional belief mapping 3; that is continuous then we say that T’
is A-continuous. Note that A-continuity is a stronger property than continuity alone. When
the type space is A-continuous and the game is compact, the rationalizable correspondence
is upper hemi-continuous with non-empty values. The proof is in Appendix E.

Proposition 3. Suppose that T is A-continuous and G is a compact game. Then RiG’T 18

upper hemi-continuous with non-empty values.

It now follows from standard results that R®" is measurable in this case. The second step
in the proof of Proposition 2 is to show that any type space in 7S8(€2) can be measurably
mapped into a A-continuous type space in a way that preserves rationalizable sets. In
particular, the space L(2) is A-continuous.

Bt is somewhat surprising that in general the correspondence need not be closed (i.e. upper hemi-
continuous) even for compact games with continuous type spaces and Q compact, indeed even for finite

games when () is finite. This is shown by example in section 7.
MFor compact games G, it can also be shown that our fixed-point definition of rationalizability is equiv-

alent to the outcome of iterative elimination of never-best replies. Since none of our results use the latter
characterization, we have focused on the fixed-point characterization which applies to any game, even those
with discontinuities. For a proof of the iterative characterization, see our working paper, Ely and Peski
(2004, Proposition 6).
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Proof of proposition 2. First we assume that 7" is A-continuous. In this case, we can make
use of the following fact. Let Y be a toplogical space, Z be a Polish space and ¢ : Y — Z
a correspondence with non-empty compact values. If ¢ is upper hemi-continuous, then the
function ¢ 1Y — KZ defined by $(y) = ¢(y) is Borel-measurable.!> By Proposition 3,
RiG’T is upper hemi-continuous with non-empty values. The former implies in particular
that it has closed and hence compact values. This establishes the Proposition in the case of
A-continuous 7.

Notice that L () is A-continuous: the beliefs conditional on a given type of the oppo-
nent (7_;,u_;) are equal to 7_; regardless of the type of player i. Hence, the rationalizable
correspondence on L (2) is upper hemi-continuous (hence closed) and measurable.

Now let T be any type space in 7S5(£2). By Lemmas 2 and 3 there is a measurable mapping
IT: T — L(Q) which preserves rationalizable sets. Thus, for any t; € Tj,

RET(t;) = ROMV (T (1)),

In other words, the correspondence RiG’T, is the composition of this measurable mapping
and the closed and measurable correspondence RiG’L(Q). It follows that RiG T is non-empty,

closed-valued, and when viewed as a function, measurable. [l

6. NECESSITY

This section deals with the proof of the necessity part in Theorem 2. To do this, we
introduce a new type space, R(AS2), which can be viewed as the universal type space for
rationalizability. Here we briefly outline the construction.

For every type t; in any type space, we can define a rule of rationalizable behavior (or
simply a rule), p (t;), which is a mapping associating any compact game G € G with a subset
of rationalizable actions of type t; in this game G. By definition, for any two types with
different rules, there is a game G, such that these two types have different rationalizable sets
in G. We may collect all rules of player ¢ which are derived from some type in some type
space into the set R;.

Now, we can restate the result that we are looking for: We want to show that two types
with different A-hierarchies, u7" (t;) # ™ (¢}), necessarily lead to two different rules of
behavior, p(t;) # p(t;). In fact, we show below something stronger. There is a natural
bijective mapping, ¢, between rules in R and hierarchies in U (AS2), with the property that
for any type t; € T;, its rule is equal to the value of the mapping computed at this type’s
A-hierarchy,

plt) = (u™ (1),

158ee Aliprantis and Border (1994, Corollary 14.70).
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The proof proceeds as follows. The crucial step is to observe that R can be seen as a type
space over AS). For this we need to define beliefs of a rule r; € R; about AQ and rules of
the opponent R_;. Here is how it can be done. Take any type t; € T; which leads to rule r;
and find the beliefs of ¢; about A and types of the opponent 7T_; (these are the beliefs of
t; in type space T as in subsection 2.3). Next, we identify the types of the opponent with
their rules and transform in this way the beliefs of ¢; into beliefs about A2 and the rules of
the opponent.

The first main result in this section (Theorem 3) is that any two types whose beliefs are
distinct when viewed in this way must also give rise to distinct rationalizable rules. The
proof involves constructing a finite game in which the two types have distinct rationalizable
sets. This allows us to complete the description of the type space R(Af2) by defining the
belief mapping. The beliefs of a type r; are derived as above from the beliefs of any type t;
with such a rule. The theorem implies (see Proposition 4) that the beliefs will not depend
on which such ¢; we choose (there are of course many.)

Having constructed the type space R(Af2) we present a result that justifies its interpre-
tation as the universal type space for rationalizability. We show how to embed R (AQ) in
a type space over €, R(2). This is analogous to our previous derivation of the type space
L(Q) € TS(Q?) from U(AQ). So, types in R (2) are labeled by two parts: a rule r; and a
“dummy” variable 7; € AQ). We show that this labeling is internally consistent - types R (£2)
with a label r; (and whatever dummy) actually have r; as their rule,

ri=p(ri, i) .

Thus, all possible rationalizable rules are represented by a type.

Finally, we collect together all the mappings defined in this and previous sections. Each
rule r; can be mapped into a type (r;, 7") € R(Q2) (for some fixed dummy 7). Since (r;, 7*)
is a type in a type space over €2, we can compute its A-hierarchy (using methods from section
4). This defines a mapping from R (AQ) to U (AQ). In fact, this is the same mapping as
the Mertens-Zamir belief preserving mapping guaranteed by Theorem 1. Going the other
way, we can map any A-hierarchy u; into type (u;, 7*) € L (). Since (u;, 7%) is a type in a
type space over ), we may compute its rationalizable rule r;. This defines a mapping from
U (AQ) to R (AQ) . We show that the former mapping is an inverse of the latter (Theorem
4). This finishes the proof of the necessity part of the Theorem 2.

As a by-product (and a method) of the proof, we showed that the space of all rules R,
which is defined in a highly abstract way, can be naturally reinterpreted as a type space.
This is a surprising fact - there is no a priori reason why an universal space for a solution
concept could be characterized in such a way. We do not know, whether this fact is an
accident or consequence of some deeper relation.
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6.1. The Space of Rationalizable Rules. Here we define rationalizable rules. The set of
all such rules will be used to define a type space over AQ. We begin with the following sets'6
for each 1:

S =[] kA¢
Geg

Any element r; of S; can be viewed as a rule which assigns a (closed) subset of A} to each
G € G - recall that KAY is a compact Polish space with the Hausdorff metric. The value of
a rule r; on particular game G € G is denoted by r; (G). We equip S; with the associated
product topology and Borel o-algebra.

A rule r; is rationalizable if there exists a type space T and a type t; € T; such that
RET(t;) = 1;(G) for every G € G. We use the notation p! : T; — S; for the mapping which
associates types in 7" with their corresponding rules. Let R; be the subset of §; consisting
of all rationalizable rules, i.e.

Ri={ti € S; : 7 = p} (t;) for some T € TS(N) and some t; € T;}

The space R; inherits the topology and o-algebra from §;. The derived o-algebra is denoted
Br,. We pause here to record the following important fact used repeatedly later (the proof
can be found in Appendix C.2).

Lemma 4. For any type space T € TS (), the mapping p! : T; — R; is measurable.

Our goal is to treat R as a type space over AQ) by assigning beliefs to each rule. To do
this, first find some type space T and type t; € T}, such that p! (t;) = r;. Now consider the
corresponding type space T2 over AS). The beliefs 2 (t;) of t; in T* assign probabilities to
the types of the opponents and AQ2. The mapping p_; induces a mapping which transforms
these into beliefs over the opponent’s rules and A().

pe (1) — A (idaa xpLy) (18 (1) € A(AQ X R)

We would like to take these to be the beliefs of the rule r; = p;(¢;). One potential
complication arises from the fact that many different types (in many different type spaces)
can induce the same rule. The beliefs of r; would be well-defined only if all types which
generate the rule r; also generate the same beliefs. The result proved in the next section

implies that this is indeed the case.

16We are implicitly treating the class of compact, continuous games G as a set in the following definition
and elsewhere. To see that this is valid, recall that by Uryshon’s Metrization Theorem (see Aliprantis and
Border (1994)), any Polish action space can be embedded in the Hilbert cube H = [0, 1]. Thus any compact
game can be equivalently viewed as a subset of the set KH x KH x F(H x H x Q) where F(X) is the set of

real-valued functions on X.
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6.2. Rationalizable Beliefs in a Given Game. In this section we prove a fundamental
intermediate result in the proof of necessity. We fix a game G € G, a type space T € TS(Q),
and T2, its corresponding type space over AQ. Let us identify the types of player —i with
their sets of rationalizable actions in G, i.e. via the mapping t_; — Rf;T(t_Z-). Now for any
t; the beliefs u2(t;) naturally induce beliefs over AQ and the possible rationalizable sets of
the opponent:

SO (1) = A (idae x BEL) (uf (1)) € A(AQ x KA.

This way of viewing the beliefs of t; strips away all type-space specific details except
those that are intrinsically relevant for rationalizability in the particular game G. We call
@w®T (t;) the rationalizable beliefs for G. Note the relationship between w7 (¢;) and the
beliefs over rules presented in the previous subsection. Since RE;;T(t_i) = p_i(t-i)[G], they
are the marginals of the latter corresponding to just the specific game G.

Consider two types t;,t; whose beliefs agree when viewed in this way, i.e. @%T (t;) =
T (). Tt is not hard to see that these types must have the same rationalizable sets in
G.'T We are interested in a converse. However, if w7 (t;) # @™ (t}), it does not follow
that ¢; and t; necessarily have distinct rationalizable sets in G.'® Nevertheless we can show
that if two types have differing beliefs relative to GG, then there is another game G’ in which
their rationalizable sets differ. Moreover G’ is a finite game even if G is not.

Theorem 3. Let G be any compact game. Let T, T € TS () and consider any two types,
t; €T, and t; € T}. If t; and t; differ in terms of their rationalizable belief in game G, i.e.

wOT () # w47 (t).

1

then there is a finite game G’ in which t; and t; have distinct rationalizable sets, i.e.

R{T () = RYT(8)),

(2
For the proof of Theorem 3, we need a technical lemma whose proof is in Appendix B.
The lemma establishes that any two distinct beliefs can be “separated” by a certain class

of function. The function will be used to construct payoffs in the game mentioned in the

statement of Theorem 3.

ITThe rationalizable actions of a type are just the set of best-replies to all conjectures about rationalizable
actions of the opponent and states of the world. The condition implies that the two types have the same set
of possible conjectures, hence the same set of best-replies.

187 simple counterexample, but by no means the only one, is a game in which player ¢ is indifferent
among all of his actions in any state w € €2, but player —i is not. Different types of —i may have distinct
rationalizable sets so that different types of player ¢ will have distinct beliefs about the rationalizable sets of

—1i. Despite this, the rationalizable actions will be the same for all types of 4.
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Lemma 5. For any game G = (A;,u;) and p, ' € A(AQ x KA_;), if p # i then there are
natural numbers Ny, Ny and continuous bounded function 1 : {1,... N1} x AN xQ — [0, 00)
such that for f: AQ x KA_; — R defined by

f(T7K> =  Inax sup TW (k7a17"'7aN27w)]7

k=1,..,\N1 ai,...,any €K

we have

plfl # W]
Proof of Theorem 3: Let N1, Ny, 1, and f be as given by Lemma 5. Suppose w.l.og. that

in particular
@I () [f) < T (1) 1]

)

Find A > 0, such that
T ()N -1 <0< T () M -1
We will prove the theorem by constructing a game G = (A;,u;), such that RET (t;) #
RET (1),
First, find a game Gy = (A%,uY%), such that A%, = {1,..., N1} and all actions of player

37
—i are rationalizable for all types of player —i, .i.e. for any t_; € T_; any t', € T,

R (t_;) = RO (t;) = A, (such a game always exists). Denote Z = {0,1} and define
sets of actions in game G as

Ay =A% x (AN x Z,
A= A% x (A7)™.

Payoffs of player —: are given by

0 * * 0 _x *
U,_Z ((a/_z7 a_i717 P ,a/_inQ) 5 (CI,Z,CLZJ, .« 0. 7ai7N27 Z) ,w)
No
_,,0 0 0 * * *
=uz; (CLz‘a a; W) + E u_; (afi,ku ;g W)
k=1

(in particular they do not depend on z) and payoffs of player i are given by

*

0 * * 0 *
UZ ((CLZ 9 ai717 .. ,ai’NQ, Z) 9 (CL_Z, a/_i717 ey CL_LNQ) 7(4())
N
_,,0(,0 0 X (k x 0
= u, (ai,afi,w) + g u; (ahk,aﬂ-’k,w) +z [Aw (afi,a_,;,l, ...,a_@NQ,w) = 1} .
k=1

We show that the rationalizable sets for types t; and ¢, are different in G. First observe,
that due to the product structure of the game G, for any type space S, for any type s_; € S_;,

RO (s) = A%, x [RES(s)]
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and for any s; € .5,

* N2
RES (s:) = RE (s) x [RES (50)] % Zi(s),

where Z; (s;) C Z.

In type space T, consider the (pure) behavioral strategy for player —i which as type s_;
selects a’; € {1,..., N} and (a*,,,...,a*, y,) from R%®(5_;) to maximize the expression
Bi(ti, s—i)[W(a;,a*,,,...,a*; x,,w)]. By the measurable maximum theorem, this defines a
measurable selection from R?;T.lg Call this strategy o_;. We can define the analogous
strategy o’ ; for type space 7" where type t; replaces t; in the definition.

We calculate the payoff to type ¢, of player ¢ from playing z = 1 against o’ ;:

M; (t;) [)‘ ©Inax sup ple (t;) (S/—z) [¢ (k7 ag, ... anw)] - 1]

k=1,...,N1 ai,...,an, €K
=T ()= 1] >0

Thus, 1 € Z; (t}). On the other hand, the strategy o_; clearly maximizes, among all ratio-
nalizable strategies for player —i in type space T', the payoff that type t; could receive from
playing z = 1 and

Hi (tz) [/\ -+ max sup pzT (tz) (S—) W} (k’ ay, ..., aN27w)] - 1]

vvvvv Lai,....,an, €K

=T () [\f—1] <O0.
hence 1 ¢ Z(t;). O

6.3. The Universal Type Space for Rationalizability. Theorem 3 allows us to complete
the description of R(AQ) by defining beliefs. Let r; be any rule and ¢; an arbitrary type
such that p;(t;) = r;.

R(AQ )
i S (i) = A (idaa xpT) (i ()

The question raised in Section 6.1 was whether these beliefs are well-defined, in particular
whether they depend on the choice of ¢;. We can interpret Theorem 3 as stating that all
single-game marginals of these beliefs are independent of the choice of ¢;. The following
proposition extends the conclusion to the entire measure by an appeal to product games and

an application of Kolmogorov’s extension theorem.

19Gee  Aliprantis and Border (1994, Theorem 14.91). We need only check that

Bilti,-) [ (a® aliqy--,a%; Ny, w)] is measurable in s_; and R?Z’S(s_i) is a measurable correspondence.

—17)
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Proposition 4. For any two type spaces T, T € TS(Q) if two types t; € T;, t, € T have
the same rationalizable sets in every finite game

R (t;) = R&T'(#))  for all G € GF

(2

then they also generate the same beliefs about the conditional beliefs and the opponent’s rules,
A (idao xpTy) (ui* (1)) = A <idm XP?;) (i (1)) -

Proof. By the Kolmogorov extension theorem, it is enough to show that for any finite number

of games Gy, ...,Gy € G we have
marg A (idag x pL,) (4 (t:)) = marg  Af(idao x p5y) (i (1)) -
AQxKA%L . xkAk AQxKAL . xKATk

The last equality is equivalent to
A (idm « RO % .. x Rff’T> (12 () = A (mﬂ x RO 5 . x Rff’T) (12 () .

To show this we consider product games (defined in Section 2.) Observe that the set of
rationalizable actions in the product game G = G| X ... X G, is just the product of the sets
rationalizable actions in the component games games G, ..., Gg. This means that

A (idm x RO % . x Rff’T> (12 (1)) = =7 (t)

A (idAQ x RO % . x Rfﬁ’T> (42 (£) = @O (£]).
By Theorem 3, if ¢; and ¢; have the same rationalizable sets in all finite games, then the same

belief appears on the right hand sides. This concludes the proof. O

Having defined the beliefs, we must now show that the belief mapping is weakly mea-
surable, so that R(AQ) is a well-defined type space. The proof can be found in Appendix
C.2.

Proposition 5. The belief mapping uf : R; — A (AQ x R_;) is weakly measurable. Thus,
R(AQ) € TW (AQ)

Next, we will embed R(A) within a type space over the basic space of uncertainty € to
verify that our construction is internally consistent, i.e. the rationalizable behavior of a type
r; is indeed r;. The construction is directly analogous to our previous construction of L(€2)
from U(AQ).

Precisely, we define a type space R(2) over 2 in the following way. Let R; x AQ be the
space of types for player i. For every type (r;,7;) € R; x AQ we define the beliefs

1D (1) € A x (R_; x AQ))

as the unique measure satisfying the following two conditions:
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(1) marginal beliefs over the opponent’s types are obtained from R(AQ),

) (

marg M? T, Ti) = MZQ (ri) s

AQXR_;

(2) conditional on the opponent’s type (r_;, 7_;), the beliefs about € are equal to 7_;,
CQ/%R(Q) (ri, i) (r—iy 7—i) = 74

These conditional probabilities are measurable (in fact they are continuous) so that these
beliefs properly define a type space with strongly measurable beliefs, R(Q) € TS(Q2)%.

Finally, to justify referring to R(A€Q) as the universal space for rationalizability (in addi-
tion to more instrumental purposes later on), we now show that the construction is internally
consistent. In particular, each type in R(€2) is “labeled” by a rationalizable rule. We will
demonstrate that the actual rule of a type coincides with its label.

Fix an arbitrary 7 € AQ. For any type space T € 7S8(12), consider the type-mapping
¢T T — R x AQ defined by

¢; (ti) = (pi (t:), 7)-

The measurability of ¢! follows from Lemma 4.

Proposition 6. For any type space T € TS (2), the type mapping ¢* : T — R(2) preserves
conditional beliefs. Hence, it preserves rationalizable sets. Moreover, for any rule r; € R;,
any 1; € AS)

(©) (

R
Ty = Py Ti,Ti)-

Proof. We define the dual mapping as follows: for each type t; € T; let
Br, (t-i) = (pL; (t-3) , Caps (t:) (t-4)) -

The measurability follows from Lemma 4. Following exactly the line of argument use in the
proof of Lemma 3, we may check that these are consistent duals and that ¢ is a conditional-
belief preserving type mapping.

Take now any rationalizable rule r; € R; and an arbitrary 7 € AQ. There is a type in a
type space t; € Tj, such that r; = p? (¢;) . Since the type mapping ¢ preserves rationalizable

sets, we have

(@) ( R(2)

R .
ri=p; (L) =p;  (ri,7)=p; 0 (ri, 7).

The last equality comes from the fact that beliefs of types in R(£2), hence also their ratio-

nalizable sets, depend only on the r;-coordinate. 0

20The construction of the type space R(§2) over Q2 is somewhat arbitrary. In fact, there are many ways to
construct a valid model (among type spaces over ) for R(A). (By contrast, the type space R(A) is unique
up to isomorphisms, as we prove later.) We have chosen the construction in the text as it is the most natural
and convenient for expositional purposes.
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Corollary 1. The following statements are equivalent

(1) ry=rl.

(2) r; and 7} coincide for all finite games.

(3) i) = T (),

Proof. The implication (1) == (2) is trivial. The implication (2) = (3) is a restatement of
Proposition 4. To show (3) = (1), consider the types types (r;,7) and (7, 7) in R(Q2) for
arbitrary 7 € AQ. By (3) and the construction of R(f2), they have the same beliefs. Thus,
they have the same rationalizable sets in every game, i.e. the same rule. By Proposition 6
the rule of (r;,7) is r; and the rule of (r},7) is 7;. Thus r; = }. O

6.4. R(AQ) is isomorphic to U(A(). Finally, we show the central result of the paper: the
two spaces U(AQ) and R(AQ), although described in different ways, are equivalent in terms
of their relevant structure. In particular we show in this subsection that they are isomorphic
under a belief-preserving type mapping. The following lemma plays an important role.

Define the projection proj, : T x AQ — T with proj; (¢;, ;) = t;, and for arbitrary 7 € A
the inclusion in”" : T — T x AQ by in™7(¢;) = (t;,7) so that

projpoin®™™ = idp.

The next lemma states a handy property which connects category of type spaces over ()
with type spaces over AQ. (It is proved in Appendix D.)

Lemma 6. Let S, T € TW (AQ).
(1) For any belief preserving type mapping ¢* : S — T, the composite mapping

¢ = in"" 04> o proj
S

s a conditional beliefs preserving type mapping ¢ : S x AQ — T x AS).

(2) Suppose different types in T have different beliefs, t; # t. = u; (t;) # w; (t)).
Then for any conditional beliefs preserving type mapping ¢ : S x AQ — T x AS), the
composite mapping

> = projo¢ o in®7
T
is a belief preserving type mapping ¢> : S — T

The property assumed in the second part of the lemma is satisfied by both spaces U (A(2)
and R(AS). In the former case, this is the last part of the statement of Theorem 1. In the
latter case, this is Corollary 1.

2IWithin the framework of category theory, the lemma defines functors between the category of type

spaces over ) (with exact with conditional beliefs preserving type mappings as morphisms) and the category

of type spaces over AQ (with beliefs preserving mappings as morphisms).
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Theorem 4. There are unique beliefs-preserving type mappings ¢ : U (AQ) — R(AQ) and
T R(AQ) — U (AQ). Either mapping is inverse of the other: ' o1 = idyaq) and
vou !t =1idg(ag)-

l'is assured by theorem 1. In order

Proof. Existence and uniqueness of type mapping ¢~
to show existence of a beliefs-preserving type mapping from U (AQ) to R(AS2), note first
that by the first half of proposition 6, there is a conditional beliefs-preserving type mapping
PFET L L () — R(Q). The second part of lemma 6 then guarantees existence of a beliefs-
preserving mapping (¢L(Q)’T)A U (AQ) — R(AQ).

Suppose now that we have two different belief-preserving mappings ¢1,5 : U (AQ) —
R(AQ). There is u; € U;(AQ), such that ¢y (u;) # to (u;) . By the first part of lemma 6 there
are then two type mappings ¢1,¢2 : L (2) — R(€) which preserve conditional beliefs and
O (ui, 7) = (i1 (i), 7) # (i2 (ws) , 7) = &2 (uy, 7). By lemma 2, ¢ (u;,7) and ¢ (u;, 7) must
have the same rationalizable rules. But this is a contradiction because proposition 6 shows
that the rationalizable rule for ¢y (u;, 7) is ¢1(u;) while the rationalizable rule for ¢ (u;, 7) is
Lo(u;).

The equality ¢!

oi = idy(aq) comes from the uniqueness of belief-preserving type mapping
from U (AQ) to itself. The second equality i o ¢.™' = idg(aq) is a consequence of the fact
that ¢ o .~! would generate a conditional belief preserving mapping from R () to itself (the
first part of lemma 6 guarantees that). Such a mapping has to preserve rules, so it has to

1

preserve r-coordinates of types in R(€2) This implies that i 0 ¢™' = idg(a) 0

6.5. Proof of Necessity. The structure of the proof can be seen via the following diagram

which collects various mappings defined in the paper,

R(@A)
YN
Ao R(Q)
ur L(Q) o7
T T

where the type mapping 7 : L(Q) — R() is defined as follows

i =in™" oL o0 proj.
U
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Suppose uiTA(ti) #* uiTA (t_;). By Corollary 1 to show that the two types have distinct ra-
tionalizable sets in some finite game, it suffices to show that they have distinct rationalizable
rules. Consider the route in the diagram T — T? — U(AQ) — L(f2). which by Lemma 3
preserves rationalizable sets. The images of ¢; and ¢, under this mapping will be elements of
L(Q) with distinct first coordinates (namely u?” (;) and u7"(#}).) We will show that they
have distinct rationalizable sets which would imply the same for ¢; and ¢, concluding the
proof.

Because ¢ is one-to-one (by Theorem 4), if two types in L(2) have distinct first coordinates,
then their images under 7 will also have distinct first coordinates. And by Proposition 6,
if two types in R(£2) have distinct first coordinates, then they have distinct rationalizable
rules. In particular there is some game in which they have distinct rationalizable sets.
Now by Theorem 4 and Lemma 6 the mapping 7 preserves conditional beliefs. By Lemma
2 it preserves rationalizable sets. We conclude that two types in L(Q2) with distinct first
coordinates have distinct rationalizable rules. U

7. COMMENTS AND OTHER EXAMPLES

7.1. Example. The conventional universal type space U(f2) is not rich enough from the
point of view of solution concepts such as Bayesian equilibrium or Rationalizability. We
have previously shown this by demonstrating that there are types whose rationalizable rules
are not represented by any type in U(2). Here we present an example which makes the
point even stronger: there is an action which is not rationalizable for any type in U(f2), yet
as we show below, it is easy to construct simple, perfectly standard type spaces in which
the action is rationalizable. Consider the two-player game with two states of the world with
payoff matrix given in figure 1.

as by by al as by by as
ar | 1,0 [1-9 [-19 [-1-1 ar | 1,0 [1-9 [-19 [-1-1
by 1 -9,1 | 0,0 |-9,-9 |-9,-1 by |-9,1 [-9-9 | 0,0 |-9,-1
by [-9,-1 [-9-9 | 0,0 |-9,1 by 1-9-1 | 00 [-9-9 |-9,1
a |11 [19 19 | 11 a, [-1-1 [-1-9 |19 | 11
w=+1 w=-—1

FIGURE 1. Actions b; and b, are not rationalizable in U(f2).

We will show that neither b; nor b} are rationalizable for any type in U(2). Note first
that an equal mixture between a; and a; guarantees a payoff of 0. Thus, b; and b} are best-
replies only if player ¢ is certain that the opponent plays an action in {b_;,b",}, and the
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action is correlated with the state. Now if i assigns greater than 1/2 probability to state
+1, then it is easily verified that action a; achieves strictly higher payoff than b;, and action
a; achieves strictly higher payoff than b, regardless of the opponent’s strategy. Likewise, if
the probability of state +1 is less than 1/2, then a; must do better than b, and a; better
than b;. Thus, actions b; or b, can be rationalizable only for types who assign the two states
equal probability and who assign probability 1 to opponent’s types for whom b_; or b’ ; are
rationalizable. Now the game is symmetric, so the same analysis applies to player —i with
the player’s roles reversed. Putting these two conclusions together, actions b; and b, are
rationalizable only for types of player ¢ who assign equal probability to the two states, and
probability 1 to the event that player —i has the same beliefs and assigns probability 1 to the
event that b; and b are rationalizable for ¢. By induction, b; and b_; are rationalizable only
for those types of player ¢ for whom it is common-knowledge that the two states are equally
likely. Let v; be the type in U;(£2) with this hierarchy of beliefs, and v_; the analogous type
for player —i. Note that in U(2), type v; assigns probability 1 to v_; and equal probability to
the two states. But then no matter what mixed action is played by v_;, it is never correlated
with the state. Thus b; and b can never be best-replies, hence never be rationalizable for
type v;.

Nevertheless, both b; and b, are rationalizable for all types in the type space from the
introduction. Indeed, any pure strategy profile in which the two types of each player play
different actions in {b;, .} is a Bayesian Nash equilibrium.

7.2. More than Two Players. In games with more than two players, there is a variety
of natural ways to extend the definition of rationalizability. This is well-understood already
in the context of complete-information where correlated rationalizability allows players to
conjecture that the opponents’ play is correlated while independent rationalizability does
not. When information is incomplete, there is an even greater variety of plausible extensions
due to the greater variety of ways in which conjectures can be correlated. First, a player
may suppose that the opponents achieve correlation by conditioning their play on the out-
come of some randomization device which is uncorrelated with the state of the world. A
different set of conjectures would result if a player were to entertain the possibility that the
opponent’s communicated their private information to one another prior to choosing their
actions. Combining these two possibilities would lead to a larger set of conjectures. Of course
the assumption that the opponent’s cannot correlate at all would lead to the smallest set of
conjectures. Each of these four possibilities would be extensions of interim rationalizability
in the sense that they would reduce in two player games to the definition we have employed.
Our method of analysis can be adapted to these versions of rationalizability. Our conjecture
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is that the necessary and sufficient conditions will be different for each of these different
versions. The task of characterizing these conditions is left for future work.

Finally, one version of rationalizability which is not an extension of interim rationalizabil-
ity is the concept of correlated interim rationalizability studied by Dekel, Fudenberg, and
Morris (2005a). In that concept a player may conjecture that the opponents condition on a
randomization device which is correlated in arbitrary ways with the unknown state of the
world. This removes the distinction between the two type spaces we presented in the intro-
duction. Dekel, Fudenberg, and Morris (2005a) show more generally that correlated interim

rationalizability depends only on conventional hierarchies of belief.

7.3. Upper-Hemicontinuity. The literature has had some interest in finding the “right”
topology on the universal type space to capture similarity of types with respect to their
strategic behavior.?? One requirement of such a topology is that the rationalizable corre-
spondence should be upper hemi-continuous. Our results shed some light on this requirement.
We have shown (Proposition 3) that a sufficient condition for upper hemi-continuity is that
the topology be fine enough so that conditional beliefs are continuous. Here we present an
example where this strong form of continuity fails and the correspondence fails to be upper
hemi-continuous.

Suppose that = {—1,1} and consider the game from the introduction and the following
type space: T; = [—1, 1] and beliefs are defined by

if t_; € {t;, —t;} and sign[t; - w] = sign[t_;],

1
2
0 otherwise

It is easy to verify that these beliefs are generated by a common prior and they are
continuous as a function of ¢;. However conditional beliefs over 2 exhibit a discontinuity at
t; =t_; = 0. Indeed, if t; = t_; # 0, then t; assigns probability 1 to state w = 1 conditional
on t_;, but if t; = t_; = 0, then both states have equal conditional probability.

For t; = t_; # 0, the set {—t;,+t;} x {—t_;,t_;} is a belief- closed subspace which is
isomorphic to the first type space from the introduction. Thus, all actions are rationalizable
for these types. However, the belief-closed subspace {0} x {0}, is isomorphic to the second
type space and hence action ¢; is the unique rationalizable action for types t; = t_; = 0. Thus,
for this finite game with a finite set of states of the world and continuous belief-mapping,

the rationalizable correspondence is not upper hemi-continuous.

2280e Monderer and Samet (1997), Kajii and Morris (1998), Morris (2002), Weinstein and Yildiz (2003),
Weinstein and Yildiz (2004), and Dekel, Fudenberg, and Morris (2005b).
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7.4. Universal Type Space for the Measurable Case. Following the literature, we say
that a type space U over a space of basic uncertainty X is universal among type spaces with
property Y if for every such type space there is a unique mapping into U which preserves
beliefs. Mertens, Sorin, and Zamir (1994) showed that there exists a universal type space for
all continuous type spaces, assuming X is a Polish space. On the other hand, Heifetz and
Samet (1999) showed that there is no universal type space for measurable (not necessarily
continuous) type spaces when X is assumed only to be measurable. Our Theorem 1, whose
proof is only a slight adaptation of the one in Mertens, Sorin, and Zamir (1994), is a positive
result for an in-between case. It shows the existence of a universal measurable type space
under the assumption that X is Polish. This may be comforting because while it is ques-
tionable to assume some particular structure on a type space (as it is nothing more than an

artificial modeling construct), there may be good reason to assume structure on the physical

world X.

7.5. Type-Space Independent Description of U(A). We sought in this paper a char-
acterization of interactive beliefs that is necessary and sufficient to identify rationalizable
behavior. We wanted this characterization to be describable in natural language terms that
are independent of any modeling device such as a type space. Here we observe that just as
with conventional hierarchies of belief, a player’s A-hierarchy can be elicited by a sequence
of questions concerning beliefs and higher-order beliefs. One way to pose these is to begin
with the following basic question: “Given any set of actions for your opponent, what is the
set of distributions over actions and states of the world that you could face?” The answer to
this question reveals the player’s first-order A-belief. After receiving an answer to this ques-
tion, the remainder of the hierarchy is elicited analogously as with conventional hierarchies:
“Given any set of actions for your opponent, what would you consider possible within the set
of joint probability distributions over the state, your opponent’s action, and your opponent’s

answer to the previous question?”

7.6. Other Solution Concepts. The universal type space U(f) is the smallest (i.e. most
parsimonious) type space that is complete in terms of conventional hierarchies of belief. We
showed however that in order to analyze games using the concept of rationalizability, we need
the larger space U(AS). Can we conclude that U(AQ) is the right universal type space?
Certainly not: depending on the application the modeler will need a different property
of players’ information, and this will correspond to potentially different type spaces that
are “universal” with respect to this property. For example, we may carry out a similar
investigation for other solution concepts such as Bayesian Nash equilibrium (BNE). It is
easy to construct examples to show that even U(AS2) is not rich enough for BNE: two types
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can have the same A-hierarchy and yet play differently in BNE.?? This raises a few questions.
First, is there a primitive characteristic of information that is sufficient to characterize BNE
behavior? Second, is there a single universal type space that is sufficient to characterize
behavior in all “standard” solution concepts?

The first question is a topic for further research. For the second question we have a partial
answer. Suppose there exists a type space P()) with the property that any type space can
be mapped by an injective, belief-preserving type mapping into P(2). Then P(2) would be
the type space we seek (although it may not be the most parsimonious). Effectively, P(2)
would include a complete replica of every type space.

In general such a type space will not exist. However, if we restrict attention to the category
of Polish type spaces, then existence can be established.

Claim 1. There is a Polish type space over 2, P (Q2) € TW (Q), such that for any Polish
type space T € TW (Q), there is an injective, belief-preserving type mapping w* : T — P ().

Details are available from the authors.
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APPENDIX A. SKETCH OF PROOF OF THEOREM 1

The proof is a minor adaptation of Mertens, Sorin, and Zamir (1994). We mention here
only the changes necessary to accommodate type spaces with weakly measurable (i.e. not-
necessarily continuous) belief mappings. The remainder is identical.

We first recall the definition of a projective limit. Suppose that we have a sequence of
Polish spaces {P,}, -,
Then the projective limit is a subset P C Py x P, x ... of all points (po,p1,...), such that

together with a sequence of continuous mappings h,, : P,.1 — P,.

hy (Pna1) = pn for all n. Such a set is a Polish space in the product topology. The induced
projection mappings H, : P — P, are continuous.

Mertens, Sorin, and Zamir (1994) construct the universal type space U (X) for Polish X
as the projective limit of hierarchies of beliefs. Hierarchies of beliefs of order n are defined

inductively as follows
UP = {+)
U'=A(XxU"1).
The mappings A : U — U are defined inductively by
Y (u;) = * for all u; € U}
h = A (idx xh™;")
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We take U; (X) to be the projective limit of the system (U, hl'). The induced projection

17"

mappings H : U;(X) — U]* are continuous and satisfy
H! = hl'o H".

Mertens, Sorin, and Zamir (1994) show that one can construct a continuous belief mapping
iU (X) — A (X x U_; (X)) with the property that for any u; € U; (X),

H]' (u;) = A (idx xH"; ') . (A1)

This property implies that mapping .} is a homeomorphism between U; (X) and A (X x U_; (X)).
(Observe that for any u; € U; (X), there is exactly one belief y,, such that (A.1) is satisfied:

by the definition of the projective limit, two different measures on A (X x U_; (X)) have to
have different images under A (id x xXH f;l) for at least one n. Similarly, for any two u; # u,

H! (u;) # H (u}) for at least one n and pf (u;) # pf (u;) . The inverse mapping,

i — {A (idx xH?) (), -, A (idx xH"7Y) (1) 5 - }

is naturally continuous.)
Mertens, Sorin, and Zamir (1994) show that if type space T is continuous (the belief
mapping is continuous) then there exists a sequence of continuous uZT" T, = Ul h} o

Pt — oI which extend to the continuous mapping u! : T; — U;, which is the unique

U
mapping that preserves beliefs. The difference in our case is that we are not able to guarantee
continuity of mappings u;fn However, we show that weak measurability of belief mapping
assures that maps uZT" defined exactly in the same way as in Mertens, Sorin, and Zamir

(1994) are measurable. Moreover, the generate pointwise converging measurable mappings
Tnu;
i

For the same reasons, this mapping preserves beliefs.

: T; — U, for some u} € U;, which converge to to measurable mapping u! : T; — U;.

Precisely, we use the following lemma:

Lemma 7. Let T € TW(X) and suppose that there is a Polish space B and measurable
mapping ¢_; : T_; — B. Then the mapping ®; : T; — A (X x B) defined with

®; (t;) = A (idx xd—;) i (t)
18 measurable.

Proof. We need to check whether for any measurable function f : X x B — R, the sets
{t; : ®; (t;) [f] < 0} are measurable. But

{ti o @ () [f] <0} = {ti : i (i) [f (2, 9 (t3))] < O}

and the last set is measurable by the definition of weak measurability of p;(t;). [
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Choose now an arbitrary v, € U; and construct mappings u?" : T; — U; with u?" (t;) = uf

and later inductively

u " = A (idy xu™) () -
By lemma, each of these mappings is measurable. Moreover, they converge pointwise to
mapping u; , which is also measurable (as a pointwise limit of measurable mappings). Exactly

as in Mertens, Sorin, and Zamir (1994), we can verify that it is the unique belief-preserving
mapping.

APPENDIX B. PROOF OF LEMMA 5

We begin with some notation. For a fixed game G = (4;,u;) € G, define the following set
of continuous bounded functions f : AQ x LA_; — [0, 00)
f(T7K) = max sSup TWJ (k7(11,...,CLN2,W)] :
k=1,...N1 ai,...,aNy, €K
FC= for some natural N;, Ny and
continuous bounded function ¢ : {1,..., N;} x AN x Q — [0, 00).

On the first coordinate 7 € AQ, functions f € F¢ are “piecewise linear” and convex. On
the second coordinate K € KCA_;, they are set-increasing: for any two sets K C K', K, K’ €
KA, f(r,K) < f (7, K'). Next, define the set of differences of functions from F¢

LC={f—g:f,geF} CC(AQXKA).
The following stronger version of Lemma 5 will be used also in the proof of Proposition 5.

Lemma 5’. For any game G the collection of sets {p: p[f] <0} € A(AQ x KA_;) for
f € LG generates the weak® topology on A (AQ x KA_;). In particular, for any p, i’ €
A(AQ X KAL), u# 1 there is function f¢ € FC, such that

w[fC(r A)] # 1 [f9(r, 4)] .

The following notation and preliminary results will be used in the proof. Let H denote
the Hilbert cube [0, 1]Y. Since € is Polish, there is a countable sequence of functions A} :

Q — [0, 1], which define a compatible metric on AQ, dag (7,7) = > 5 |7 [hj] — 7' [h;]] and
k=1

a mapping H : AQ — H

H(r)=(r[h],7[h3],...).
The mapping H embeds AS) (with the weak™ topology) in the Hilbert cube (with the product
topology). Suppose we have a family F of continuous functions f : H x KA_; — R such
that the collection of sets

{u:plf (h,A)] <0} CA(HxKA,)
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is a subbase for the weak™® topology on A(H x KA_;) (in which case we say that F generates

the topology). Then, because H is an embedding, it will follow that the corresponding family
F C C(AQ x KA_;)

F'=A{f:f(r,K)= f(H(r), K) for some f € F}

generates the topology on A(AQ x KA_;). The strategy of proof is to find such an F so that
the corresponding F' is included in L.
For each natural number n, define the following set of continuous functions f : [0,1]" x

KA_; —[0,00) :
f(z,.. 20, A) = max sup  nf(ay,...,an,) - 2 :

F, =

for some natural numbers Ny, Ny and

some continuous bounded functions nt,...,n™ : AN —[0,1)".

where - is a scalar product of two vectors in R". Next, define set of differences of functions
from F,
Lo={f-9g:f9geF} CC([0,1]" x KA).

We have a lemma:
Lemma 8. Set L, is uniformly dense in the set C ([0,1]" x KA_;).

Proof. This is a standard argument applying the lattice version of the Stone-Weierstrass
theorem (see Aliprantis and Border (1994, Theorem 7.45)). We need to verify that L,:
e is closed under scalar multiplication: If (f—g) € L, then forany A € R, A\(f—g) € L,
as well;
e contains a constant function: 1 € L,,;

e is closed under finite sums: first note that for any f, g € F,, 2 = (21, ..., 2m) € [0,1]"
and K € KA_;

f(zK)+9(z K)

so that f + g € F,. But this implies that for any (f — g), (f' — ¢') € L,, we also have
(f+1) = (g+9) € Ln;
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e is closed with respect to taking maximum of two functions: for any f,g € F,, z €
0,1]", K € KA_;

max{f(z,A),9(z, A)}

max sup nF (al, ,aNf) z,
k=1,..., le at,....,a €K
= max 2

777777

where

o (al, ...,aN{+N§) =" (6117 ...,CZN2f> for k < le and
k—
oF (al, ...,aN;+N29> = Up Ky <a’N2f+1’ ...,aN;JrNg) for le <k< le + NY.
Then h = max (f, g) € F,. Together with the fact that

max {f — g, f' —¢'} =max{f+4, [ +g} - (9+7)

and the previous point, it implies that max {f — g, f' — ¢’} € L, forany f—g, f'—¢' €
Ln;

e separates points: for any z,2" € [0,1]", z # 2/, there is vector n € R™, such that
n-z #n-Z. Similarly, for any K, K’ € KA_;, K # K’, there is a continuous function
s:A_; —[0,1], such that

f(A)=sups(a)=1>0=sups(a)=f(A).

aeK a€EK’

[l

Finally we can prove lemma 5. Any f € C([0,1]" x KA_;) can be viewed as an element
fre CHxKA_;) by writing f'(h, K) = f(hi,..., hs, K). By the Stone-Weierstrass theorem
(algebraic version, see Aliprantis and Border (1994, Theorem 7.46)) the subset U,C([0, 1]™ x
KCA_;) is uniformly dense in C(H x KA_;). By lemma 8, the family £,, is uniformly dense
in C([0,1]" x KA_;). Thus U,L, is uniformly dense in U,C([0,1]" x KA_;) and hence in
C(H x KA_;). We conclude that the family U, £,, generates the topology on A(H x KA_;)
(see Aliprantis and Border (1994, Theorem 12.2)).

The proof is now completed by showing that each f € L, corresponds to a function f
belonging to £ by the formula f'(7, K) = f(H(7), K). By the linear structure of £% it
suffices to show that for each g € F,, the composition go H : AQ x KA%, — R belongs to
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FC. This is verified by noting that

(9o H)(1,K) = max sup 0¥ (ay,...,an,) - (7[h} ()], ..., 7[R (W)])

k:l,.‘.,Nl ah_..,aN?eK

*
= max sup E hE (W) 0k (ay, ..., an,)
k=1,...N1 qq,.. ,aNQEA

Since >0 _ k¥ (w)n¥ (a1, ...,an,) is a bounded continuous function mapping {1, ..., N1} x
(AE’YI»)N2 x  into R, we conclude that g o H is an element of F¢. O

APPENDIX C. RESULTS ON MEASURABILITY

C.1. Proof of lemma 1. We need the following result:

Lemma 9. Let A and B be measurable spaces and g : A x B — [0,1] a jointly measurable
map. If m : A — A(B) is measurable, then the map LY : A — R defined by L9(a) =

m(a)[g(a,-)] is measurable.

Proof. There exists a sequence of simple functions g, : A X B — R such that g, T g and by
the definition of the Lebesgue integral, for any probability measure v € A(A x B).

v[gn] — v[g]

In particular, for any given a € A, if v is the measure whose marginal on B is m(a) and

whose marginal on A is J,,

L (a) = v[g.] — vlg] = L9(a)
Thus, if we can show that L/ is measurable for all simple functions f, then we will have
shown that LY is measurable as the pointwise limit of measurable mappings.

First consider f = laxp for « C A and 3 C B (measurable.) We have L/ (a) = 1,(a) -
m(a)(3) which is measurable since m was assumed to be measurable. Thus, L is measurable
for all f that are indicators of product sets. Now for any finite k, let i, ... and By, ..., Gk
be measurable subsets of A and B respectively and note that for f = Hle Loyxg,

H ]-ozl : mlﬁl)
is measurable. Thus if f = 1n,(a,x8,) = [ ], La,xs,, then L' is measurable, and if
= 1Ul arxpr) Z 1az><ﬂl Z (|S| - 1) H 1Oél><ﬁz

Sc{1,...k} leS

then L7 is measurable as a linear combination of measurable functions. Note also that
L'-2 = ['='5 =1 — ['2 Thus L7 is measurable for all indicator functions f of sets in the

algebra generated by the product sets.
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Now consider any sequence X, with X,, C A x B, X,, C X, for all n and U, X,, = X.
The corresponding sequence L'*» is an increasing sequence of maps converging pointwise to
L'x. Thus if L'*» are measurable for all n, so is L'X. It follows that the collection of sets
X such that L'x is measurable is a monotone class. Since it includes the algebra generated
by the product sets, by the monotone class lemma it includes the corresponding o-algebra,
i.e. the product sigma-algebra on A x B. Finally, since any simple function f: A x B — R
has the form

k
fla,b) => ¢l (a,b)

for some coefficients ¢; and measurable sets X; C A x B, any such L? is measurable as a

linear combination of measurable functions. O

Proof of Lemma 1. We must show that for any measurable f : AQ2 x T ; — R, the mapping

ti — pe (t:)[f]

is measurable. Define g(¢;,t_;) = f(5;(t;,t_;),t_;). Note that g is jointly measurable and

ue () f] = pat) (L, )

Now apply lemma 9. U

C.2. Proof of lemma 4 and Proposition 5.

Proof of lemma 4. By the monotone class theorem and the choice of topology on R;, we
need to check that for any finite number of games G',...,G* € G and open set KA C
KAG" x ... x KAS" the set

(o7) " (KA % I1 KAG) = (Rfl’T X% Rfk’T>_1 (K A)

GEG,GAG, for i=1,..k

is measurable. Consider the product game G = G* x ... x GF = (A¥, u{) . Observe that

K A is an open subset KA C KAY and R?l’T X ... X Rin’T = RZG’T. Now by proposition 2,
-1
the set (RZG’T) (K A) is measurable in T;. O

For the proof of Proposition 5 we need a lemma identifying some measurable subsets of
rationalizable rules.

Lemma 10. For any game G = (A;,u;) € G, for any closed subset A" C A;, the subset of
rationalizable rules {r; € R; : r; (G) C A'} is closed in R;.
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Proof. For closed A’, the set KA = {K € KA, : K C A’} is closed in KA; (see Aliprantis
and Border (1994, Theorem 3.63)). Thus, by the definition of the product topology on R;,

{T’Z' € R@ oy (G) g AI} = {7’1' < Rz . Tl(G) < ’CA/}
is closed. 0

Proof of Proposition 5. Let D be the collection of all subsets E of AQ x R_; such that the
mapping
ri — i (ri) [15]

is Borel measurable. We prove the proposition by showing that D includes all measurable
sets.
Let P*(G) be the collection of all finite subsets of G, and define

VO AQ,VE C KAC. are measurable
C= V=V Ve ’ i
Fe7L5*J(g) { . Gl_[eg and V¢ = KA%for all G ¢ T

Note that C is an algebra (closed under taking complements, finite intersections and unions)
and generates the product topology and hence the o-algebra on A2 x R_;. We first show
that C C D.

Consider any element V' € C for which I' = {G} is a singleton. If we can show that
{ri : margagxac, uR(ri)(V? x V&) € I} is a measurable set of rules for every interval
I C [0,1], it will follow that V € D. Since {u € A(AQ x KA%,) : u(V° x VY) € I}
is a measurable set, it suffices to show that margaqg,xac. ul i Ry — A(AQ x KAY) is a
measurable mapping.

By Lemma 5’ there is a base for the Borel o-algebra, on AQ x KAY, consisting of sets of
the form

W= {p:plf] <0}

for all functions f € £¢. In the course of the proof of Theorem 3, we showed that for any
fG e FY and s € R, there is a game G and a closed subset of actions A € A_; such that for
any type space T' € TS () the following two sets of types t; € T; are equal

{t s RET (1) € A} = {1 = (1) [19] < s}

This implies that the following two sets of rationalizable rules are equal

{TZ‘ ER;:1; (é) C A} = {ri € R;: marg uX(r;) [fG} < s}.

AQXKAC,
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By Lemma 10, the first set is measurable. Now since f = f& — f$ for some f&, f$ € FC,
we have

wh={J () {w:plfi] <zn},

x1,22€Q, m=1,2
z1+22<0

where Q is the set of rational numbers. Then

-1
[ marg M?] (W) = U ﬂ {Ti €R;: marg puf(r) [fqgﬂ < a:m}
AQXKAC, 21,w2€Q, m=1,2 AQXKASG,
o1 +22<0

is measurable as countable union of finite intersections of measurable sets. Therefore the
inverse image of every set in a base for the sigma-algebra is measurable and this implies
that margg,xac, ul is measurable. (See Aliprantis and Border (1994, Lemma 8.16).) Now
consider an element V' € C for which I' is an arbitrary finite set. Consider the product game,
G = [I; G, where the product set Ve = [Toer V€ is a measurable subset of ICAQ-. By
the product structure, for any rationalizable rule r_;(G) = [Iger 7—i(G). Thus if we define
VI =VO0x VY x [Tegr JCAC,, we have 1y» = 1y, and we have already shown that V'’ belongs
to D.

We have shown C C D. Now consider any sequence of measurable subsets F, C AQ xR _;
such that E,, C E,+1, F € D, and let E = UE,,. The sequence of indicator functions 1p,
increases pointwise to 1z. By countable additivity, uX(r;)(E) = lim uX(r;)(E,), and hence
for any open interval I,

{ricuforalie) € 1} =J () {ri: nf ) [is,] € 1}

n m>n

which is measurable. Thus ' € D and D is a monotone class that includes the algebra C.

By the monotone class lemma, D includes all Borel sets. 0

APPENDIX D. PROOF OF LEMMA 6

Proof. We begin with a simple observation: For any belief-preserving type mapping ¢ : S —
T,5,TeTW(X), for any type s; € S; and for any measurable subsets B,C C T_; x X we
have

p" (¢ (s2) (B) = 1 (s3) ([ x idx] " (B))
u" (@ () (BIC) = 1 (s3) ([ x idx] ™ (B) | [ x idx] ™ (C))..

The first is just the definition of a belief-preserving type mapping, while the second is a
consequence of the first.
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Part 1. Suppose that ¢® : S — T preserves beliefs. For any (s;,7;) € S; x AQ, define
(b(siﬂ'i) . S,i x AQ — T,i x AQ with

¢(5i77—i) (S—’i7 T—i) = <¢A (8_1'> 77—_i> .
We check that (3.1) holds: for any subset B C T; x AQ

marg pu" % (¢ (s;,7;)) (B') = marg u™*2? (¢* (s;),7) (B)
T_; xAQ T_ixAQ

= 1" (9% (s0)) ((ti,7—) € B)
= % (1) ((0* x idx) ™' (B))

= marg 1% (s, 1) (Cb(_si,n) (B>>
S_ixAQ

where the third equality comes from the observation above and the fact that ¢ preserves
beliefs. We verify immediately that ¢ satisfies (3.2) and (3.3).

Part 2. 1If ¢ preserves conditional beliefs, then there is for any (s;,7;) € S x AQ a
measurable mapping ¢(s, -, : S—; X AQ — T_; x AQ, such that equations (3.1), (3.2), (3.3)
hold.

(3.3) and the definition of beliefs in the type space T'x A2 imply that projag @(s,,n) (5—i, 7—i) =
7_;. The defintion of beliefs in space T x Af) together with the assumption that different
types in T" have different beliefs imply thatprojr o, -,y = projr o¢.

These two facts taken together lead us to the conclusion that mapping ¢, ) does not
depend on (s;,7;),

Osim) (54, T3) = (PTOJ ¢ (s_i, ;) 7Ti> = <<¢A © proj) X proj) (5_, 7)) =t &—i (53, T—3) .
T s AQ

It is immediate to see that type mapping gg 0 S X AQ — T x AQ preserves conditional beliefs
with a dual equal to itself, ¢; = qﬁ(sm) for any (s;, 7;) . Straightforward argument shows that
gzg preserves beliefs.

Then, for any s; € .S;, for any t_; € T_;, any measurable B C A2

Caap (1) ((02) 7 (1)) (B) = (s0) ((68) 7 (1) x BI (¢8) 7" (t-3) x AQ)
= 2% (5, ) {671 ({t} x B) x Q16 (L1} x AQ) x 2}
= 5% (6 (s1m) ) {4} x B x Ol {t} x A2 x Q)
=4 (6% (5-0)) ({ts} x Bl {t_i} x AQ)
= Caan; (67 (s1)) (t=3) (B),

and ¢® preserves beliefs (the third equality comes from the second observation above). [
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APPENDIX E. UPPER HEMI-CONTINUITY OF THE RATIONALIZABLE CORRESPONDENCE

This appendix contains the proof of Proposition 3. The proof builds on two lemmas.

Lemma 11. If T is A-continuous, and G is a compact, continuous game, then U;(a;, o2|t;)

is jointly continuous in (a;, 02, ;).

Proof. First we show that m; is jointly continuous. Pick M > sup |u;(a,w)| (recall that
we assume that u; is bounded for this class of games.) Let (a®,t*) — (a*®,t*) € A x T.
The set {t*}2°, is compact, and so by A-continuity, the corresponding family of measures
{B:i(t*)} € AQ is also compact. Because (2 is a Polish space, the family is tight, i.e. for every
e > 0, there exists a compact K¢ C Q such that 3;(t*)(K¢) > 1 —¢ for all k € {1,...,00}.
We have

|mi(a® 1) — mi(a™, )] <

/ wy(a®, ) dp;(th) —/ w;i(a®,)dBi(t>)| + 2e M
Since K¢ is compact and u; is jointly continuous,

sup |ui(ak7w) - ui(aoo7w)| —0
weKe

i.e., the sequence of functions u;(a*,-) : K¢ — R converges uniformly to u;(a*, ). It follows
that

/ wi(a®, w)dB;(t*) —/ ui(a“,-)dﬁi(t"o)‘ — 0
and so

limsup | m;(a®, t*) — m;(a*, t>°)| < limsup
k k

=2eM

/Eui(ak,~)dﬁi(tk) —/Eui(aoo,~)dﬁi(t°°) +2eM

and since ¢ was arbitrary, we have shown m;(a”*, t*) — m;(a>, t>).
Having shown that 7; is jointly continuous, we can apply exactly the same argument to
show that
Ui(a;, o2 |t;) :/ milag, - ts, )do™ (a_s, t_;)
A_;xT_;
is jointly continuous as well. 0

Lemma 12. Suppose T is a continuous type space and let S; C T; be a compact subset of
types and B C A_; x T_; is a closed assessment. Then the correspondence

ZA(B|) S = A(T,z X Afz)

has compact graph.
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Proof. The proof uses the following result (see Aliprantis and Border (1994, Theorem 12.20)):
If X is a Polish space, then a family F C A(X) has compact closure if and only if F is tight,
i.e. for every € > 0 there is a compact K C X such that v(K) > 1—¢ for all v € F.

Let (tF, Uifk) be a sequence from the graph. Since S; is assumed compact, t¥ has a subse-
quence converging to some t; € S;. Now Pick £ > 0. Since 5; is compact, by the continuity of
T sois pf (S;) = {u! (t;) : t; € S;} and by the continuity of marginals, so is marg,, ! (S;).
By the above result, there is a compact K C T_; such that marg; ] (t;)(K) > 1 —¢
for all t; € S;. Thus for any ¢; € S; and 02, € L2(B|t;), we have 02 (K x A_;) =

margy  pf (t;)(K) >1—e. Since K x A_; is compact, this shows that the family

U %2(Blt:)
t,€S;
is tight and therefore has compact closure.

Because Jf‘gk is a sequence from this set, it has a convergent subsequence Uf‘l?l — o2, The
proof is concluded by showing that o2, € S2(B|t;).

(1) By definition margy. 02 = margs. , p7 (t}). Because T is continuous, margy , u? (t)) —

. Al
margy . pl(t;) and since margy  0_; — margy o2

1 —1

we have marg,, 0%, = margy.  p! (4;).
(2) The set of measures assigning probability 1 to a given closed set is closed. Since
o2 (B) =1 for all I, we have 02,(B) = 1 as well.

A —1

O

For the next result, we need to define a procedure of iterative elimination of not-best

responses. For any game G, any type space 1" define inductively assessments:
RS’:;T =T; x A; and for any n > 0 let Ri;T (t;) =B (RSE!Q) :

Proof of proposition 3. We start with showing inductively that each Ri’iT is a closed cor-
respondence. It is obviously true for n = 0. Suppose now it is true for some arbitrary
n, and let (tF,af) — (t;,a;) with (tF,af) € Ri’iT. Then for each k there is a conjecture
= EA(RS’_TL_N?) such that a¥ is a best response of t¥ against o2,

: Al : A A pG,T
there is a subsequence o= converging to 02, € X2(R, ;).

By Lemma 12,

Finally, by Lemma 11,
Ui(al, o|th) — Uy(as, o%i|t:)
U’i(zia O-éz”ti) - Ui(’Zi? O-éz|ti)
Al

Thus, a is a best response of ¢! against o=;

against 02,. We have shown that (t;,a;) € Ri’iT and hence that the latter is closed.

for all [ implies that a; is a best response of t;
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The first step implies that correspondence RZG’T is closed as intersection of closed sets.
Now, we move to show that RiG’T = RiG’T. Because RiG’T has the fixed-point property, we
have RST ¢ RE;T for every k, hence RS is contained in R%". To show equality, therefore,
it suffices to show that RZG’T also has the fixed-point property and is therefore a subset of
RiG’T. We need to show

RO = {(ti, a;) : a; € B(RET|L,)}.
Suppose a; is a best response oft against 02, € Z4(R%T|t;). Then o2, € EA(RGT| t;) for
every k and hence (t;,a;) € R " for every k. Thls shows that (t;,a;) € RGT

Suppose (t;,a;) € RZGT, ie. (ti,ai) € Rk for every k. Then for each k: there is a
Uifk € EA(R,CG’THZ») such that a; is a best response of ¢;against 0'_27 Since R is closed,
we can use lemma 12 to extract a convergent subsequence ai?l — o2,. Repetition of the
continuity argument above shows that a; is a best response of t; agamst o®,. In order to
conclude that (;,a;) is best response to some conjecture from L4 (R%T|t;), it is enough to
check that o2, € ©24(R%T|t;). Notice however that this is immediate consequence of two

facts:
marg o2, = lim marg Jf;l = marg p;(t;),
T, l—o0 T, T,
o%(RE") = lim o2 (RG Ty = lim lhm o2 (RGT)
The last equality follows from the definition of 0= € ZA(RW) |t;) for some k (1) : for k < k(1)
we have inl(Rk7i )= Uéil(RliKi> = 1. This ends the proof. O
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