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Abstract

Wilson (1987) criticizes applied game theory’s reliance on common-knowledge as-
sumptions. In reaction to Wilson’s critique, the recent literature of mechanism design
has adopted the goal of finding detail-free mechanisms in order to eliminate this re-
liance. In practice this has meant restricting attention to simple mechanisms such as
dominant strategy mechanisms. However there has been little theoretical foundation
for this approach. In particular it is not clear the search for an optimal mechanism
that does not rely on common-knowledge assumption would lead to simpler mechanisms
rather than more complicated ones. This paper tries to fill the void. In the context of
an expected revenue maximizing auctioneer, we investigate some foundations for using
simple, dominant-strategy auctions.
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1 Introduction

In the recent literature of mechanism design, there is a research agenda which is motivated
by the so-called Wilson Doctrine. Roughly speaking, the Wilson Doctrine refers to the vision,
articulated in Wilson (1987), that a good theory of mechanism design should not rely too
heavily on assumptions of common knowledge:

“Game theory has a great advantage in explicitly analyzing the consequences of
trading rules that presumably are really common knowledge; it is deficient to the
extent it assumes other features to be common knowledge, such as one agent’s
probability assessment about another’s preferences or information. [...] I foresee
the progress of game theory as depending on successive reduction in the base
of common knowledge required to conduct useful analyses of practical problems.
Only by repeated weakening of common knowledge assumptions will the theory
approximate reality.”

Although there is no clear prescription from Wilson (1987) on how exactly to reduce the
dependence on common knowledge assumptions, the methodology on which the literature
has converged is to impose strong solution concepts which minimize the impact of any such
assumption. To understand the intuitive logic behind this methodology, one can consider
the problem of optimal auction design with possibly correlated valuations. The traditional
approach proceeds in two steps. In step one, the model is closed by adopting the assumption
that the distribution of valuations is common knowledge. Step two then solves the model
by searching for the optimal Bayesian incentive compatible selling mechanism. Step one
inadvertently imposes strong assumptions on bidders’ beliefs, which step two then takes
literally. The results are unrealistic and/or undesirable features of the optimal mechanism.
To avoid these perverse results without giving up step one, one can try to modify step two. In
particular, one can replace Bayesian incentive compatibility with stronger solution concepts
that are insensitive to different assumptions on bidders’ beliefs.

This is the approach taken by, e.g. Dasgupta and Maskin (2000) and Perry and Reny
(2002) who study the design of efficient auctions in interdependent-value settings. To ensure
that the auction form does not rely on fine details of the bidders’ information, they insist that
their designs are ex post incentive compatible. Similarly, when Segal (2003) designs optimal
auctions in private-value settings, he also insists that his designs are dominant strategy
incentive compatible. Both ex post incentive compatibility and dominant strategy incentive
compatibility are stronger solution concepts than Bayesian incentive compatibility.

This methodology appears misdirected. The goal is to eliminate the dependence on sim-
plifying common-knowledge assumptions imposed at step one, but instead of relaxing those
assumptions directly, stronger solution concepts are imposed at step two in order to mini-
mize their effect. In this paper, we shall try to provide some foundations for this approach.
We focus on private-value auctions and ask whether a profit-maximizing auctioneer who is
unwilling to cling to strong common-knowledge assumptions can have a rational basis for



restricting attention to dominant strategy mechanisms.

The usual argument for imposing stronger solution concepts is that the resulting mecha-
nisms will then be detail free: the rules would not have to be tailored to any fine details of
the environment in which it is employed. Indeed, detail-freeness is the usual interpretation of
the Wilson Doctrine. However, a priori, it is not apparent at all why detail-free mechanisms
would look as simple as the mechanisms prescribed in the above-cited studies. If anything,
the established intuition in mechanism design suggests that detail-free mechanisms in general
should look very complicated indeed.

To see why, recall that a mechanism designer can in principle ask her agents anything that
she does not know, and she should do so if the answers are potentially useful. For example,
consider an auction and an auctioneer who assumes that the bidders share a common prior p
about their valuations for the object up for sale. Then it is well-known that the precise rules
of the optimal mechanism depend on the value of p; i.e., it is not detail-free. To eliminate
this dependence, the auctioneer must construct a more general mechanism which directly
asks the bidders to announce their prior and adjusts outcomes and payments according to
the answer.

The mechanism that results will be free of any details about the bidders’ first-order
beliefs; i.e., their beliefs over their valuations. But this mechanism is still predicated on the
assumption that these beliefs are common-knowledge. If the auctioneer wishes to remove
this and further detail-dependence, she should ask more and more questions of the bidders.
Pushing this logic to its extreme, a truly detail-free mechanism would become so complicated
that it would entail asking agents to report everything; i.e., their whole infinite hierarchies

of beliefs.

Of course, the results that can be obtained from a detail-free mechanism are limited by
the constraint of incentive compatibility. In particular, to ensure that bidders truthfully
announce their priors, the mechanism must provide them with an incentive to do so. Note
that this would not be a problem if the auctioneer assumes that this prior is common-
knowledge: simply impose a penalty on the agents if their announcements disagree. But a
detail-free mechanism must not stake incentive compatibility on such assumptions. Indeed,
because the correct incentives for truthfully revealing these first-order beliefs will depend on
the bidders’ second- and higher-order beliefs, a detail-free mechanism is implementable only
if each bidder has an incentive to announce truthfully his complete belief-hierarchy.

It is well-known that dominant strategy mechanisms satisfy this strong form of incentive
compatibility; i.e., they are detail-free.! However, dominant strategy mechanisms constitute
just one special class of detail-free mechanisms and there has previously been no formal
justification (in terms of optimality) for the leap from detail-freeness in general to dominant
strategy mechanisms in particular.

1See Bergemann and Morris (2005) for a modern treatment. The classical reference is d’Aspremont and
Gerard-Varet (1979)



In this paper, we shall provide a rationale for using dominant strategy mechanisms which
confronts these problems. Our theory is based on the following often-repeated informal
motivation.? Let v denote the distribution of the bidders’ valuations. An auctioneer may
have confidence in her estimate of v, perhaps based on data from similar auctions in the past.
But she does not have reliable information about the bidders’ beliefs (including their beliefs
about one another’s valuations, their beliefs about these beliefs, etc.), as these are arguably
never observed. She can choose any detail-free mechanism, including those that allow her
to ask the bidders anything about their beliefs that might be relevant. In general such a
mechanism may perform well under some specific common-knowledge assumptions but may
perform badly if those assumptions turn out to be false. On the other hand, a dominant
strategy mechanism secures a fixed expected revenue, independent of any assumption about
the bidders’ beliefs. If the auctioneer is not sufficiently confident in any such assumption,
she may optimally choose a dominant strategy mechanism.

We call this story the maxmin foundation of dominant strategy mechanisms, because the
auctioneer chooses among mechanisms according to their worst-case performance. Formally,
the theorem we are seeking is illustrated in Figure 1. In Figure 1, we (heuristically) plot the
performance of arbitrary detail-free mechanisms against different assumptions about bidders’
beliefs. The graph of any dominant strategy mechanism—and in particular the graph of the
best one among all dominant strategy mechanisms—will be a horizontal line. To establish
the maxmin foundation, we would need to show that the graph of any (potentially very
complicated) mechanism must dip below the graph of the best dominant strategy mechanism
at some point.

Although we believe that Figure 1 captures the intuition of many advocates of dominant
strategy mechanisms, it turns out to be very difficult to prove in general. With no restriction
on the environment, the set of all detail-free mechanisms is quite rich, and it would be
contrary to the spirit of our investigation to impose exogenous restrictions on the complexity
of the mechanism.

Instead, in this paper, we introduce a sufficient condition on the distribution of bidders’
valuations (recall that the auctioneer has confidence in the distribution of bidders’ valuations
although not in the distribution of bidders’ beliefs). The condition generalizes to the case
of an arbitrary (possibly correlated) v what Myerson (1981) calls “the regular case” in his
classical paper on optimal auctions with independent valuations. It is a familiar condition
in mechanism design and comfortably assumed in many applications.

In fact, under our condition, we are able to prove a stronger result (see Figure 2): there
will be a particular distribution of bidders’ beliefs, at which point the graph of every (po-
tentially very complicated) detail-free mechanism must dip below the graph of the best
dominant strategy mechanism. We say that this distribution rationalizes dominant-strategy
incentive-compatibility.

2See, for example, Segal (2003) sec.VI, who conjectures a result similar to ours.
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Figure 1: The graph of any mechanism dips below the graph of the best dominant strategy
mechanism at some point.

The rationalizing distribution has a simple form. It can be described by a finite type
space in which each possible bidder’s valuation is represented by a single type. Moreover,
when the distribution of bidders’ valuations, v, converges to a product measure, the bidders’
beliefs approach those that would obtain if ¥ were the common prior. This ties our theorem
nicely to the classical result that there exists a dominant strategy mechanism that is optimal
among Bayesian mechanisms when valuations are independently distributed.

Clearly Figure 2 implies the maxmin foundation we seek. In addition, Figure 2 is signif-
icant in its own right. To expand on this, let us think about the auctioneer in a different,
perhaps more standard, context.

Imagine the auctioneer as a Bayesian decision maker. When she needs to choose a mecha-
nism, she forms a subjective belief about bidders’ beliefs, and compares different mechanisms
by calculating the expected performance with respect to that subjective belief. When we
observe that this auctioneer chooses a dominant strategy mechanism, we can ask whether or
not such a choice is consistent with Bayesian rationality; i.e., whether or not such a choice is
optimal with respect to some subjective beliefs. If so, we say that there is a Bayesian foun-
dation for dominant strategy mechanisms. Figure 2 says that, in the regular case, dominant
strategy mechanisms have a Bayesian foundation.

Note that the existence of a rationalizing belief (Figure 2) is a stronger requirement than
the maxmin foundation (Figure 1). We mentioned previously that we do not know whether
the maxmin foundation is valid in general (beyond the regular case). However, we do show
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Figure 2: there is a particular point at which the graph of every mechanism dips below the
graph of the best dominant strategy mechanism.

by example below that beyond the regular case, a Bayesian foundation need not exist. As a
negative result about the rationality of using dominant strategy mechanisms, we view this
as particularly strong: for some distributions of valuations, no Bayesian expected-revenue
maximizing auctioneer would optimally employ a dominant strategy mechanism, regardless
of her beliefs.

Finally, we relate our results to the widely adopted assumption that all agents’ beliefs
are consistent with a common prior. A tempting conjecture is that such consistency is a
necessary condition for a rationalizing belief. After all, it is well known that when agents
have inconsistent beliefs there exists a bet which has positive expected value for all. It would
seem that the auctioneer could improve upon any dominant strategy mechanism by building
into it such a bet.

This intuition is incorrect and the reason uncovers a key insight that is behind our anal-
ysis. Any bet between the auctioneer and the bidders must be incentive compatible. Even
when beliefs are inconsistent, the incentive compatibility constraint can prevent the auc-
tioneer from profiting from the inconsistency. Indeed, the rationalizing belief we identify in
is in general inconsistent with a common prior. The belief is constructed so that incentive
compatibility renders any side-bets unprofitable. Because this is a key step in our analy-
sis, following the statement of our result in Section 3 we present a worked example which



llustrates it.

Nevertheless the common prior assumption (CPA) is widely adopted in applied analysis,
and so it may be of interest to know whether dominant strategy mechanisms can be rational-
ized by a belief consistent with the CPA. Surprisingly, we show by example in Section 5 that
this need not be possible even in the regular case. We do however present a positive result
that holds when the valuation distribution is close to independent. In this case there is a
CPA belief for the auctioneer against which dominant strategies are approximately optimal:
the associated revenue loss relative to the optimal mechanism is vanishingly small.

The rest of the paper is organized as follows. The remainder of this introduction discusses
some important related literature. Section 2 presents the model and formalizes the problem.
Our main result will be presented and proved in Section 3. Our first example also appears
in this section. Section 4 interprets our result in terms of a Bayesian foundation and then
presents an example to show that a Bayesian foundation for dominant strategy mechanisms
need not exist in general. In Section 5, we present our results related to the CPA and
Section 6 then concludes the paper with an observation about the English auction.

1.1 Related Literature

This paper is not the first to offer a foundation for dominant strategy mechanisms. Berge-
mann and Morris (2005) offers an alternative foundation for ex post incentive compatible
mechanisms, which in private-value settings are equivalent to dominant strategy mechanisms.
The main difference between Bergemann and Morris (2005) and the present paper concerns
the type of mechanisms being considered. Bergemann and Morris (2005) focus exclusively
on mechanisms in which the outcome can depend only on payoff-relevant data. These mech-
anisms are naturally suited to study efficient design. On the other hand, we are interested
here in revenue maximization for a seller. The optimal mechanism for such a designer will
almost always depend not just on the valuations, but also on payoff-irrelevant data such as
beliefs and higher-order beliefs.® This is why the results of Bergemann and Morris (2005) do
not apply in our setting.

Neeman (2003) is similar in spirit in that he performs a worst-case assessment of the En-
glish auction (which is a dominant strategy mechanism). He compares the revenue generated
by the English auction to the benchmark of full-surplus extraction. The ratio of these two
values is called “effectiveness.” He shows that the effectiveness of the English auction can be
fairly high, and in fact close to 1 for a wide variety of distributions of valuations. The bench-
mark of full-surplus extraction was used despite the fact that this benchmark may not be
feasible even for the optimally chosen mechanism,* mainly because determining the optimal
auction for an environment as general as he considers is a daunting task. One contribution of
the present paper is to show how to derive the optimal auction in the worst-case assumption

3For instance, see the auctions depicted below in Figures 10, 11, 12, 13, 8, and 9.
“In fact, Neeman (2004) showed this.



about bidder’s beliefs. We are thus able to compare dominant strategy mechanisms with the
optimal auction benchmark and show that the optimal dominant strategy auction performs
at least as well in the worst case. We discuss another connection with Neeman (2003) in
footnote 6 after we introduce the regular case.

2 Preliminaries

2.1 Notation

If {X;}Y, is a collection of sets, then X denotes the Cartesian product x;X;, or the set
of “profiles” of elements of {X;}. We write X_; = X, X;. If x € X, then x; refers to the ith
co-ordinate, and we use x_; to denote the element of X _; obtained by removing z;. Likewise,
if {f;}ien is a collection of mappings f; : X; — Y;, then f_; denotes the “product” mapping
f—i . X—i — Y—i where f—i(I—i) = (fl(l'l), ce fi_1<l’i_1)7 fi+1<5(]i+1), cey fN(ZL’N)) IfYisa
measurable set, then AY is the set of all probability measures on Y. If Y is a metric space,
then we treat it as a measurable space with its Borel o-algebra.

2.2 The Auction Environment

A single unit of an indivisible object is up for sale. There is a set N of risk-neutral
bidders with privately known valuations competing for the object. Each bidder has M
possible valuations and for notational simplicity, we suppose that the set V; of possible
valuations is the same for each bidder i and that V; = {v!,v? ... o™} where v™ — 0™ = 4
for each m for some v > 0.° The bidders’ valuations are distributed according to a given
probability distribution v € AV. Note that we are allowing for correlated values and that the
independent private value model is included as a special case when v is a product measure.
We assume that v has full-support.

A bidder ¢ with valuation v; receives expected utility p;v; — t; if p; is the probability with
which he will be awarded the object and if his expected monetary payment is ¢;. A typical
element of V' is v, and a typical element of V_; is v_;.

We consider distributions satisfying a generalized version of Myerson’s (1981) regularity
condition. Let Fj(v;,v_;) = ZU <v; v(0;,v_;) denote the cumulative distribution function of
1’s valuation conditional on the opponents having valuation profile v_;. The virtual valuation

of bidder ¢ at profile v is
(U) = — —1 — Fz(U)
TERT )

5These notational conventions simplify the statements of results and notation, but are entirely innocuous.
Assumptions of asymmetry in the bidders’ valuation sets, or differing gaps between valuations would not
affect any of our results.



Definition 1 We say that v is reqular if the virtual valuations satisfy the single-crossing
condition: for each v, i € {1,...,N}, and j € {0,...,N},j #1,

Yi(v) > 95(v) = 70, v-s) > (05, v_)

for every v; > v;, where vo(-) = 0 denotes the auctioneer’s value for the object.

Our definition extends Myerson’s (1981) regularity condition to correlated v but reduces
to his original condition when v is independent. To see this note that if v is independent,
then the virtual valuation of bidder j depends only on v;. Thus, the single crossing condition
reduces to the requirement that the virtual valuation of each bidder ¢ is increasing.

The regularity condition is stated directly in terms of virtual valuations. A familiar set of
sufficient conditions on v is given below. First, the monotone hazard rate condition is satisfied
if for each 7 and v_;, the hazard rate, h;(0;|v_;) = %, is an increasing function of ;.
The valuations are affiliated if for each pair of profiles v, v/, v(v V') -v(v AV') > v(v) - v(V),
where v V v’ is the component-wise maximum and v A v' the component-wise minimum of

the two valuation vectors.°

We prove the following in Appendix B (see Proposition 3.).

Proposition 1 If v satisfies both the monotone hazard rate condition and affiliation, then
v is reqular.

2.3 Types

To characterize the (equilibrium) behavior of the bidders who compete in some given
auction mechanism, it is not enough to specify the bidders’ possible valuations or even the
probability distribution from which they are drawn. In addition, we must also specify their
beliefs about the valuations of their opponents (called the first-order beliefs), their beliefs
about one another’s first-order beliefs (called the second-order beliefs), etc.

The standard approach to modeling the bidders’ information is to use a type space. A
type space, denoted Q = (€, fi, gi),c v is defined by a measurable space of types €; for each
player, and a pair of measurable mappings f; : {); — V;, defining the valuations of each type,
and g; : ©; — AQ_;, defining each type’s belief about the types of the other bidders.

6 Affiliation is a strong form of positive correlation. In the worst-case analysis of Neeman (2003), the
distribution of valuations itself was a free variable. He showed that the worst-case distribution of valuations
involves negative correlation. It is thus not surprising that we use a condition such as affiliation. Furthermore,
our counterexample in Section 4 also involves negative correlation. While the performance measure used in
Neeman (2003) is not the same as ours, the similarity between this aspect of the two results suggests some
deeper connection.



A type space encodes in a parsimonious way the beliefs and all higher-order beliefs of the
bidders. © One simple kind of type space is the naive type space® generated by the valuation
distribution v. In the naive type space, each bidder believes that all bidders’ valuations are
drawn from the distribution v, and this is common-knowledge. In the formal notation of
type spaces introduced above, this is modeled as follows. For each v; € V;, there is a unique
type, denoted wi, with the property f;(w') = v; . The belief g;(w") is defined in two steps:
first the conditional probability v(-|v;) over V_; is derived from v, then this is transformed
in the natural way into a belief over the other bidders’ types, so that the probability w:
assigns to the type profile w’=i for the opponents is given by g;(w") [w'~i] = v(v_;|v;). We
let €2¥ denote the naive type space associated with valuation distribution v.

The naive type space is used almost without exception in auction theory and mechanism
design. The cost of this parsimonious model is that it implicitly embeds some strong as-
sumptions about bidders’ beliefs, and these assumptions are not innocuous. For example, if
the bidders’ valuations are independent under v, then in the naive type space, the bidders’
beliefs are commonly known. On the other hand, for a generic v, it is common-knowledge
that there is a one-to-one correspondence between valuations and beliefs. Myerson (1981)
characterizes the optimal auction in the independent case and Crémer and McLean (1985) in
the other case. Which of these cases holds makes a big difference for the structure and wel-
fare properties of the optimal auction. These and similar issues have been raised in Neeman
(2004), Bergemann and Morris (2005), Heifetz and Neeman (2006), Morris (2002), Dekel,
Fudenberg, and Morris (forthcoming) and Weinstein and Yildiz (2004). The spirit of the
Wilson doctrine is to avoid making such assumptions.

Instead, as explained in the introduction, the common approach is to maintain the naive
type space, but try to diminish its adverse effect by imposing stronger solution concepts. To
provide foundations for this methodology, we have to return to the fundamentals. Formally,
weaker assumptions about bidders’ beliefs are captured by larger type spaces. Indeed, we can
remove these assumptions altogether by allowing for every conceivable hierarchy of higher-
order beliefs. By the results of Mertens and Zamir (1985), there exists a universal type
space, 0 = (4, f{, 97 );cn» With the property that, for every valuation v; and every infinite
hierarchy of beliefs lAzz», there is a type of player ¢, w;, with valuation v; and whose hierarchy
is ﬁi, Moreover, each QF is a compact topological space.”

"Consider a type w; € Q;. Its first-order belief is a probability distribution over the valuation profiles of
i’s opponents. We can uncover this probability distribution as follows. The probability type w; assigns to
a given valuation profile v_; is g;(w;)({w—; : f—i(w—;) = v_;}); i.e., the probability w; assigns to the set of
types of the opponents’ with valuations v_;. Next, for any profile p_; of first-order beliefs for i’s opponents,
let B_;(p—;) be the set of types with first order beliefs (as derived previously) p_;. Then the second-order
beliefs of w; assign probability g;(w;) [fZ; (v_:) N B—;(p—:)] to the profile (v_;, p_;) of valuation/first-order
belief pairs for the opponents. This procedure can be repeated to compute all higher-order beliefs of each
bidder.

8This terminology originated in Bergemann and Morris (2005).

9See Appendix A for the details on the Mertens and Zamir (1985) construction and how it is applied to
our setting. To be precise, the universal type space includes all hierarchies that satisfy a natural coherency
property. Also, in the MZ universal type space generated by V', there would exist types who are uncertain

10



Another sense in which Q* is “universal” is the following. Certain simple type spaces are
essentially “subspaces” of Q* as captured by the following proposition, which will be used in
the proof of the main Theorem.

Lemma 1 Let Q be a type space in which the mapping w; — (fi(wi), hi(w;)) is one-to-one.
Then there exists subsets €); C 27 and bijective mappings m; : ; — €; such that

1. fr(my(wi)) = fi(ws) for all w; € ;,

2. gr(my(wy)) [m—i(w_:)] = gi(w;) [w—s] for all w; € Q; and w_; € Q_,,
where m,i(w,i) = (ml(wl), Ce ,mi,l(wi,l), mi+1(u)i+1), ce ,mN(wN)).

The lemma shows that simple type spaces in which each possible valuation /belief-hierarchy
pair is held by exactly one type of each player can be embedded in the universal type space
in a way that preserves all of the relevant structure.

When we start with the universal type space, we remove any implicit assumptions about
the bidders’ beliefs. We can now explicitly model any such assumption as a probability
distribution over the bidders’ universal types. Specifically, an assumption for the auctioneer
is a distribution p over Q*.

In this paper we will mainly deal with two varieties of type spaces, naive type spaces and
the universal type space. Once the information of the bidders’ has been specified through
the choice of type space, the seller’s problem is to design a selling procedure in order to
maximize revenue. We turn to this in the next subsection.

2.4 Mechanisms

An auction mechanism consists of a set M; of messages for each bidder i, an allocation
rule p : M — [0,1]Y, and a payment function ¢ : M — RY. Each bidder will select a
message from his set M;, and based on the resulting profile of messages m, the object is
awarded according to p(m) and payments are exacted according to t(m). Player i receives
the object with probability p;(m) and pays t;(m) to the seller.

We consider environments in which the seller cannot compel the bidders to participate in
the auction, so we require that each M; includes the non-participation message (;. Selecting
(); is equivalent to “opting-out” of the auction and so we assume that for any profile m in
which m; = 0;, the allocation and payments rules satisfy p;(m) = 0 and ¢;(m) = 0. A
direct-revelation mechanism for a given type space € is one in which M; = Q; U {0;}.

about their own valuations. Our private-values model corresponds to the subspace of the universal type
space in which it is common-knowledge that each bidder knows his own value. (Heifetz and Neeman, 2006,
Section 2.2) call this the private values universal type space and Bergemann and Morris (2005) the known
own-payoffs universal type space.

11



The auction mechanism defines a game-form, which together with the type space consti-
tutes a game of incomplete information. The mechanism design problem is to fix a solution
concept and search for the auction mechanism that delivers the maximum revenue for the
seller in some outcome consistent with the solution concept. The now-widely adopted ap-
proach to implement the Wilson-doctrine and minimize the role of assumptions built into
the naive type space is to adopt a strong solution concept which does not rely on these
assumptions. In our private-value setting the often-used solution concept for this purpose is
dominant strategy equilibrium.

By the revelation principle, an outcome can be implemented in dominant strategy equi-
librium if and only if it is dominant strategy incentive compatible.

Definition 2 A direct-revelation mechanism I' for type space Q) is dominant strategy incen-
tive compatible (dsIC) if for each bidder i and type profile w € €0,

pi(w) fi(w;) —t;(w) >0, and
pi(w) filwi) — ti(w) > pi(Ws, w—;) fiwi) — ti(@i, w_s),

for any alternative type w; € €;.

Definition 3 A dominant strategy mechanism is a dsIC direct-revelation mechanism for the
naive type space 2. We denote by ® the class of all dominant strategy mechanisms.

When the type space is the naive type space, we have |QY| = |V;|, and the incentive com-
patibility constraints for dsIC depend only on valuations. As a result, an auction mechanism
is dsIC with respect to Q¥ if and only if it is dsIC with respect to any other naive type
space 2. So we can always discuss whether an auction mechanism is a dominant strategy
mechanism without referring to any specific naive type space.

To provide a foundation for this indirect approach to implement the Wilson Doctrine, we
shall compare it to the direct route of completely eliminating common knowledge assumptions
about beliefs. We maintain the standard solution concept of Bayesian equilibrium but now
we enlarge the type space all the way to the universal type space. The revelation principle
implies that the set of resulting outcomes is equal to those that arise from truth-telling
in Bayesian incentive compatible (BIC) direct-revelation mechanisms for the universal type
space.

Definition 4 A direct-revelation mechanism U for type space = (4, fi, g;) is Bayesian
incentive compatible (BIC) if for each bidder i and type w; € €,

; .[Pi(w)fi(wz‘) — ti(w)]gi(ws)[dw_;] >0, and
. .[pi(w)fi(wi) = ti(w)]gi(w;) [dw—i] > g '[pi(cbi,w_i)fi(wi) — ti(Wi, w—i)] gi(wi)[dw_i]
for any alternative type w; € €);.

12



A mechanism which does not rely on implicit assumptions about higher-order beliefs
should be incentive compatible for all belief-hierarchies. In other words, it should be BIC
relative to the universal type space.

Definition 5 Let U be the class of all BIC direct-revelation mechanism for the universal
type space. We say that such a mechanism is detail-free.

2.5 The Auctioneer as a Maxmin Decision Maker

The given valuation distribution, v, represents the auctioneer’s estimate of the bidders’
valuations. An assumption g about the distribution valuations and beliefs of the bidders is
consistent with this estimate if the induced marginal distribution on V' is v. Let M(v) denote

the compact subset of such assumptions. For any mechanism I', the p-expected revenue of
I is defined as R, (I') = [,,. >, ti(w) du(w).

Unlike the standard formulation of the optimal auction design problem, we do not assume
that the auctioneer has confidence in the naive type space as her model of bidders’ beliefs.
Rather the auctioneer considers other assumptions within the set M(v) as possible as well.
An auctioneer who chooses an auction that maximizes the worst-case performance solves the
mazmin'’ problem of

sup inf R,(I). (1)

ret peM(v)

If the auctioneer uses a dominant strategy mechanism, then her maximum revenue would
be:
17(v) := sup R, (),

red

where R,(I') = Y v(v) >, t;(v) for any dominant strategy mechanism I" € ®.

As we show in the following lemma, any dominant strategy mechanism can be extended
to a revenue equivalent detail-free mechanism. Thus, the optimal dominant strategy revenue
is a lower bound for the maxmin value in (1).

Lemma 2 The auctioneer can do no worse than the optimal dominant strategy mechanism;

1.e.,
sup inf R,([) > (v). 2
sup int R(0) =17 (0) @)
Proof: Let I' = (p,t) be any dominant strategy mechanism. It induces a mechanism

IV = (p/,t') for the universal type space as follows. For all w € Q*, set p'(w) = p(f*(w)) and
t'(w) = t(f*(w)). In other words, I' is defined over the universal type space but depends

10 Another way to think about this formulation of the problem is to view the auctioneer as uncertainty
averse. The beliefs of the bidders are ambiguous to the auctioneer and this ambiguity is modeled by supposing
that the auctioneer holds all possible priors pu.
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only on valuations and not on beliefs. Since for each realized valuation profile, I produces
the same outcome as the dominant strategy mechanism I', it follows immediately that I is
BIC. Moreover, for any pu € M(v),

R,(I") =E,t' =Eyto f* =) tw) - u{w: f(w) =v}) =Y _tw)v(v) =Bt = R,(T).

veV veV

Thus inf,enw) Ru(I") = R, (I'), and the Lemma follows. |

The maxmin foundation of dominant strategy mechanisms exists when in fact the auc-
tioneer can do no better than the optimal dominant strategy mechanism; i.e., when (2) holds
with equality. We will show that the maxmin foundation exists for every regular v. Specifi-
cally, we shall prove that, whenever v is regular, there will exist an assumption p* € M(v),
under which

1P (1) = sup R, (T, 3)

rev
which implies

P (v) =sup R+ (I') > inf supR,(I') >sup inf R,(I),
¥) Feg o )_MEM(V) I‘eg il )_I‘eg pEM(v) (1)

so that (2) holds with equality. For this reason, if p* satisfies (3) then we say that p*
rationalizes the use of dominant strategy mechanisms.

3 The Main Result

We can now state the main result.

Theorem 1 If v is regqular, then the use of dominant strateqy mechanisms has a mazxmin
foundation, 1.e.

sup inf R,(T) =TI (v).
Pew HEM() w0 ¥)

The proof of Theorem 1 is in the appendix. Here we shall use a simple example to
illustrate the ideas behind the proof. Consider an auction with two bidders, each with
two possible valuations. Bidders’ valuations are correlated according to the distribution v
depicted in Figure 3.

The optimal dominant strategy mechanism is depicted in Figure 4. In Figure 4, “a = 1"
is the shorthand for “allocating the object to bidder ¢” (i.e., p; = 1 and p_; = 0), and “ac = 0”
means no sale.

We first verify that v is regular. Note that the virtual valuation of the high-valuation
type is equal to the valuation itself. Thus, the single-crossing condition will be satisfied
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v = 4 V1 = 9
v=11 [ 3/10 [ 1/10
vw=5 | 3/10 | 3/10

Figure 3: The distribution v of bidders’ valuations.

’U1:4 ’U1:9
'U2:11 a:2,t1:O,t2:11 OZIQ,tl:O,tQIll
U2:5 a:O,t1:O7t2:0 azl,t1:9,t2:0

Figure 4: The optimal dominant strategy mechanism I'.

provided the high valuation of bidder ¢ exceeds the low valuation of bidder —i, and this is
indeed the case in our example. Hence, according to Theorem 1 there exists an assumption
w* consistent with the distribution v such that equation (3) holds. To illustrate the issues
that are involved, we construct one such assumption below, keeping our exposition informal.

It will suffice to consider assumptions which have a simple form. For each valuation of
bidder 4, there will be exactly one type with that valuation in the support. We write a; (b;)
for the first-order belief held by a high-valuation (low-valuation) type of i that the opponent
—1 has high valuation. Figure 5 depicts a probability distribution over the four possible
profiles of valuation/first-order belief pairs.

bl = 2/5 a); = 1/4
as=1/4 [ 3/10 1/10
b, =2/5 | 3/10 3/10

Figure 5: Deriving the assumption p*.

Figure 5 uniquely defines an assumption p* as follows. We first derive the belief hierarchies
from Figure 5 by induction. For example, for a low-valuation type of bidder 1, the second-
order belief assigns probability 2/5 (3/5) to bidder 2 having high (low) valuation and holding
first-order belief ay = 1/4 (by = 2/5); and a high-valuation (low-valuation) type of bidder 2
has a third-order belief that assigns probability 3/4 (3/5) to bidder 1 having low valuation
and having such a second-order belief, and so on. Thus, we derive a unique belief-hierarchy
for each valuation. The assumption p* is the measure which attaches the probabilities in
figure 5 to the resulting four valuation/hierarchy profiles. It is obvious that this assumption
w* is consistent with the distribution v.
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Under this assumption p*, there are at least two potential ways to improve upon the
optimal dominant strategy auction I' in Figure 4. First, according to p*, conditional on
bidder 1 having low valuation, the conditional probability that bidder 2 has high valuation is
1/2. This is different from the first-order belief of the low-valuation type of bidder 1, which
is by = 2/5. In other words, u* is not consistent with a common prior. This suggests the
possibility of a mutually acceptable bet between the auctioneer and the low value type of
bidder 1 about the realized value of bidder 2. One possible way to improve upon I' is to
build this bet into the mechanism.

Second, since the two types of bidder 1 hold different beliefs, another potential way to
improve upon I' is to introduce lotteries in the spirit of the surplus extraction mechanisms
of Crémer and McLean (1985). Note that in the dominant strategy mechanism T', the object
goes unsold when both bidders have low valuation resulting in a deadweight-loss of total
surplus. If the auctioneer were to try to capture some of that surplus by selling the good to
bidder 1, dominant strategy incentive compatibility would require that the high-valuation
type of bidder 1 earn “information rents.” On net, the auctioneer finds this unprofitable and
this is why the auctioneer witholds the object when dominant strategy incentive compatibility
is imposed.

So the auctioneer may try to improve upon dominant strategies by adding payments that
depend on the reported valuation of bidder 2. Due to the differences in beliefs of the two
types of bidder 1, such payments can be found that induce self-selection between these two
types and thereby relax the constraint of incentive compatibility.

However, incentive compatibility prevents the auctioneer from profiting from either of
these maneuvers, as we now show. First, consider a bet between the auctioneer and bidder
1 about the realized valuation of bidder 2. Let z and y be the amount bidder 1 pays the
auctioneer in the event bidder 2 has low and high valuations respectively. This bet will be
acceptable to both the auctioneer and the low-valuation type of bidder 1 only if

(1/2)z + (1/2)y > 0, and
(3/5)(=z) + (2/5)(-y) = O,

with at least one inequality being strict unless x = y = 0. But then the high-valuation type
of bidder 1 would find the bet acceptable as well because

3/4)(=z) + (1/4)(=y) = (5/2)[(3/5)(=x) + (2/5)(=y)] + (3/2)[(1/2)z + (1/2)y],

is strictly bigger than the zero rent for the high-valuation type of bidder 1 under I'. Thus,
offering the bet to the low type but not the high type would violate (Bayesian) incentive
compatibility. And when both types of bidder 1 accept, the bet turns sour for the auctioneer,
as

(3/5)(—x) + (2/5)(—y) < 0.
This explains why introducing the first type of modification does not help.

16



Second, consider introducing a lottery in the style of Crémer and McLean (1985) to
separate the high- and low-valuation types of bidder 1. By offering a bet (x,y) depending
on the realization of bidder 2’s type, the seller may be able to relax the downward incentive
compatibility constraint and sell to the low-valuation type of bidder 1 without leaving extra
rent for the high-valuation type. If such a modification is successful then we must have

(3/5)(4 — ) +(2/5)(=y) = 0, and
(3/4)(9 — x) + (1/4)(=y) < 0.

The first inequality would be the individual rationality constraint of the low type of bidder
1, and the second would be the incentive compatibility constraint of the high type. However,
these together imply that any bet like this cannot be profitable for the auctioneer, as

(1/2)z + (1/2)y = (2/3)[(3/4)(—z) + (1/4)(=y)] = (5/3)[(3/5)(==z) + (2/5)(—=y)] < —1L.
This explains why introducing the second kind of bet does not help either.

More generally, these two types of modifications could be combined in various ways and
there are conceivably a variety of other potential ways to improve upon the optimal dominant
strategy mechanism I'. However, in the formal proof of Theorem 1 we use a general technique
to show that in fact that there is no modification of I" that could improve the seller’s expected
revenue.

4 Bayesian Foundations for Dominant Strategy Mech-
anisms

In this section, we shall investigate another possible foundation of dominant strategy
mechanisms, namely the Bayesian foundation. Imagine the auctioneer as a Bayesian decision
maker. When she needs to choose a mechanism under uncertainty of bidders’ beliefs, she
forms a subjective belief in M(v). She evaluates any mechanism according to, instead of
its worst-case performance, its average performance with respect to this subjective belief.
When we as outside observers observe that this auctioneer chooses a particular mechanism,
say a dominant strategy mechanism, we can ask whether or not such a choice is consistent
with Bayesian rationality; i.e., whether or not such a choice is optimal with respect to some
subjective belief. If the answer is yes, then we say that such a choice is rationalizable. Given
the predominant role of Bayesian rationality in the literature of mechanism design, it seems
even more natural to pursue the Bayesian foundation.

To investigate the possibility of the Bayesian foundation, we only need minimal changes
in our setting. We now interpret a probability measure over the universal type space as a
belief held by the auctioneer over the belief-hierarchies held by the bidders. Such a belief
is consistent with the given distribution of valuations v if it belongs to M(r). A Bayesian
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foundation for dominant strategies then exists if there is a belief ©* € M(v) such that

7 (v) = sup R,-(T),

i.e. (3) holds.

It follows from the proof of Theorem 1 that there exists a Bayesian foundation for the use
of dominant strategy mechanisms when the distribution of valuations is regular. However,
we shall show by example below that beyond the regular case, a Bayesian foundation need
not exist. As a negative result about the rationality of using dominant strategy mechanism,
we view this as particularly strong: for some distributions of valuations, no Bayesian-rational
auctioneer would optimally employ a dominant strategy mechanism, regardless of her sub-
jective belief about bidders’ beliefs.

In this example, there are two bidders and each has two possible valuations. The distri-
bution of valuations v is represented in Figure 6.

’U1:5 1)1:10
=4[ 1/6 0
vw=2 | 1/3 1/2

Figure 6: The distribution v.

The optimal dominant strategy mechanism is depicted in Figure 7, where we follow the
convention from the previous example and use “a = 7”7 as the shorthand for “allocating the
object to bidder z.”.

v1 =95 vy = 10
U2:4 04:2,t1:0,t2:2 Oézl,tlzlo,tgzo
1)2:2 a:2,t1:O,t2:2 ozzl,tlzl(),tQZO

Figure 7: The optimal dominant strategy mechanism I'.

It is helpful to pay attention to a few noteworthy aspects of this environment and the
optimal dominant strategy mechanism. Notice that the valuation of bidder 1 is always higher
than that of bidder 2. Nevertheless, the auctioneer chooses to sell to bidder 2 when bidder
1 has low valuation. This is optimal because conditional on bidder 2 having low valuation,
the probability that bidder 1 has high valuation is greater than 1/2. This means that it is

HUThe distribution v in this example does not have full support. This simplifies the exposition of the
example, but the conclusion would be the same if the event {v; = 10,v2 = 4} had positive (but small)
probability.
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optimal to exclude the low-valuation type of bidder 1 to relax the incentive constraint and
sell to the high-valuation type at his reservation price. Given this, the auctioneer may as well
sell to bidder 2 when bidder 1 has a low valuation. If monotonicity were not a constraint,
the auctioneer would choose to sell to bidder 1 when bidder 2 had high valuation. Thus, the
monotonicity constraint binds here, and in order to satisfy it, the object is sold to bidder 2
in this case.

The following proposition says that, when bidders’ valuations are distributed as in Fig-
ure 6, the dominant strategy mechanism in Figure 7 can never be optimal regardless of the
auctioneer’s belief. It should be obvious from the proof of the proposition that this example
is robust.

Proposition 2 For the distribution v depicted in Figure 6, the maximum revenue achievable
by any mechanism is uniformly bounded away from the mazimum revenue achievable by
dominant strategy mechanisms regardless of the auctioneer’s subjective belief; i.e.,

inf sup R,(I") > VP(v).

REM(V) IV ew

The proof of Proposition 2 is in the appendix. Here we give a verbal sketch of the
argument. There are a few different ways the auctioneer could conceivably improve on the
dominant strategy mechanism and for any belief of the auctioneer at least one of them will
indeed improve.

The outcome of the mechanism could be made to depend on the first-order belief of bidder
2. In particular, the mechanism could ask bidder 2 to report his belief in the probability that
1 has a low valuation. Suppose 2 were to report that his own value is low and that 1 is quite
likely also to have a low valuation. In an incentive-compatible mechanism, 2’s report can be
assumed to be truthful. But this only means that 2 truthfully believes that 1 is likely to have
a low valuation. What matters is the inference made by the auctioneer about 1’s valuation
conditional on learning that this is the 2’s belief. There are two possibilities depending on
the auctioneer’s belief.

The auctioneer may disagree with bidder 2. But if this is the case, then a mechanism
which involves a bet between the auctioneer and bidder 2 about 1’s valuation would improve
the seller’s revenue. Alternatively, the auctioneer may agree with bidder 2. In that case,
conditional on learning that both bidders have a low valuation, the object should be sold
to bidder 1 (who is willing to pay more) contrary to the outcome of the dominant strategy
mechanism.

Therefore, only if the seller believes that a low-valuation bidder 2 would never believe
that bidder 1 has a low valuation could it be optimal to use a mechanism which, like the
optimal dominant strategy mechanism does not depend on the beliefs of bidder 2. By a
symmetric argument, only if the seller believes that a high-valuation bidder 2 would never
believe that bidder 1 has a high valuation could a dominant strategy mechanism be optimal.
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But this means that the auctioneer must believe that the two valuation-types of bidder 2
must have a strong difference in beliefs. In such a situation, the auctioneer could improve his
mechanism by including Crémer-McLean separating bets to weaken incentive constraints.

5 Remarks on the Common Prior Assumption

The validity, in the regular case, of the maxmin and Bayesian foundations for the use of
dominant strategy mechanisms was shown by construction of a particular assumption about
bidders’ beliefs. It is noteworthy that the assumption constructed in the proof of Theorem 1
is inconsistent with the widely-adopted common prior assumption (CPA).

Loosely speaking, the CPA says that there is a common probability measure (the common
prior) from which each bidder derives his belief by computing the conditional probability of
opponents’ types conditional on his own “signal” or “information.” In our current setting,
where any assumption about bidders’ types is already modeled as a probability distribution
over bidders’ types, we can relate any assumption p to the CPA as follows. For any subset
A € QF, we shall write u(A) as a short hand for (A xQ* ;). In other words, we abuse notation
and use the same notation for a probability measure as well as its marginal distributions.

Definition 6 We say that an assumption p is a CPA-assumption if for any measurable
subsets A C Qf and B C Q0 ,,

/A 6 (@)(B) pldws) = u(A x B).

It is apparent that the particular assumption p* we used in the proof of Theorem 1 is not
an CPA-assumption. Is it possible to rationalize dominant strategy mechanisms using only
CPA-assumptions? We investigate this possibility in the present section.

The following notation will be convenient. Let €2 be a type space which can be embedded
via Lemma 1 by some mapping m in Q*, and let p be any common prior over 2. The
corresponding prior over * is defined by pom™!. We denote it by m(p). If 2 is the naive
type space 0¥, we abuse notation and use v to denote also the common prior over 2, and
use m(v) to denote the corresponding distribution over Q*. If u takes the form of m(p),
where p is the common prior of some type space {2 embeddable in the universal type space
Q*, then p will be an CPA-assumption in the sense of Definition 6.

In Appendix C, we use an example to demonstrate that, when v is far from being an
independent distribution over V', the answer is negative. In this section, we shall present
some positive results for the case when v is close to an independent distribution.

We begin by noting that when v is a product measure, i.e. the players’ valuations are
drawn independently, then the regular case reduces to the familiar monotone hazard rate
condition. In this case, we can consider the naive type space €2¥ with the prior v, and it has
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been shown that the optimal BIC mechanism can be implemented in dominant strategies.
When we embed ¥ in the universal type space 2*, the image of v (i.e., m(v)) will be an
CPA-assumption that rationalizes the use dominant strategy mechanisms. We record this
observation as a lemma for ease of reference.

Lemma 3 Let v be reqular and independent, and let m(v) be the corresponding distribution
over the image of ¥ in the universal type space. Then m(v) is an CPA-assumption, and

SUPrey () (I') = TP (v).

When v is close to an independent distribution, but not independent itself, Lemma 3
fails dramatically. Indeed, the Crémer and McLean (1985) mechanism extracts all buyers’
surplus while the optimal dsIC mechanism must yield some information rent to high-value
buyers. Thus, m(v) itself cannot be used as a rationalizing CPA-assumption. However, we
show that whenever v is regular and close to an independent distribution, there exists an
CPA-assumption g which “almost” rationalizes the use of dominant strategy mechanisms.
Precisely, the optimal dominant strategy mechanism achieves nearly the same revenue as the
optimal detail-free mechanism under assumption pu.

To state the general result, we introduce some necessary notation. We say that valuation
distribution v is e-close to ¥ if there exists some # such that v = (1 —¢)0 4 €D,

Theorem 2 For any reqular and independent v and § > 0, there exists € > 0 such that, if
v is e-close to U, then there exists an CPA-assumption p such that

I (v) > sup R,(T) — 6.

rew

Proof: We begin by constructing a type space with a common prior. For each bidder i, and
valuation v; there are two types ¥ and @", with f;(0%) = f;(@") = v;. There is a common
prior p over the set €2 of type profiles defined as follows.

(1 —¢e)v(vy,...,v,) if w; =@ for each i,
p(w) =9 ev(ve,...,vp) if w; = @" for each 1,
0 otherwise.

That is, with probability 1—e&, the valuations will be drawn from the independent distribution
v, and with the remaining probability from the distribution . This type space thus has two
belief-closed subspaces corresponding to the value distributions 7 and v. We denote these
subspaces 2 and €. We define the belief mappings ¢; by Bayesian updating from p. By
lemma 1, (€2, f, g) can be embedded by some mapping m in the universal type space because
each type of bidder i with the same valuation has a distinct hierarchy of beliefs.'? We thus

12Consider the types belonging to Q. For these types it is common-knowledge that values are drawn from
v. A type in 2 can have such a hierarchy if and only if the valuation is indeed drawn from o. Thus, the
remaining types (i.e., types in ) have different hierarchies.
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take p to be m(p), the corresponding distribution over the image of €. It is an immediate
consequence of the construction and Definition 6 that u* is an CPA-assumption and also
that u € M(v). Similarly, we define i@ = m(?) and i = m(7). Note that p = (1 — €)1 + fi.

Let I' be any mechanism in W. We have

R,(T) = (1 — £)Rs(T) + Ry (T).

Hence,

sup R, (') < (1 — &) sup R;(I) + e sup Rz (T)
ev Iew Few
= (1 = )1 (7) + e sup Ry(I),
Few

where the equality follows from Lemma 3.

From the maximum theorem, for any x > 0 we can choose € small enough so that
P(v) > P (9) — k. Thus,

P () >sup R+ (T) — [sup R;(T) — TP (0)| — k.
revw

Because i is an CPA-assumption, we have the standard accounting identity: total surplus

equals buyers’ expected utility plus Rﬂ(r). Because I' € U satisfies individual rationality,

buyers’ surplus is non-negative, so R;(I') is bounded by the total surplus which is itself

uniformly bounded by v™ = maxV < co. We thus have

I (9) > sup R~ (T) — ev™ — &,
rev

which yields the statement of the theorem when we take k = §/2 and € < §/(2vM). u

Theorem 2 shows that when the auctioneer believes that valuations are distributed nearly-
independently, then the use of dominant strategy mechanisms has an approximate maxmin
foundation even if we limit ourselves to CPA-assumptions. In this case, any slight loss in
revenue might be compensated for by the other virtues of dominant strategy mechanisms,
e.g. simplicity and transparency of equilibrium play for the bidders.

6 Conclusion

We have identified a sufficient condition, a direct generalization of the regular case in
Myerson (1981), under which dominant strategy mechanisms can be rationalized as optimal
mechanisms, either by appeal to maxmin or Bayesian optimality criteria. Let us conclude
by pointing out one additional implication of this result. Suppose that in addition to the
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regularity assumption, the distribution of valuations v is symmetric, a natural assumption for
a seller who does not know the identities or characteristics of the bidders. Then the English
auction with a suitably chosen reserve price is an optimal dominant strategy auction.'®> We
have thus shown that in symmetric, regular environments, the widespread use of the English

auction as a selling mechanism can be justified as an optimal response to uncertainty about
the bidders’ beliefs.

13Lopomo (2000) proved that the English auction is the optimal dominant strategy mechanism in (almost)
this setting.
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Appendix A: Universal Type Space

In this appendix, we review the Mertens and Zamir (1985) (hereafter MZ) construction
of the universal type space and show how to apply it in our setting.'* In general, the set of
possible first-order beliefs for bidder i is

‘Tzl e AV_Z',
and the set of all possible kth-order beliefs is

TF = A(V; x TF).

(2

An infinite hierarchy of beliefs for bidder i is a sequence h; = (h}, h2,...) satisfying h¥ € T*

The projections ¢f : T — T*7! defined inductively by ¢?(h?)(v_;) = h?({v_;} x T1)),
and for each measurable subset {v_;} x B C V_; x T*2,

SE (M) ({v_i} x B) = hE({v_s} x [¢"7'] " (B)),

demonstrate that each kth-order belief for bidder ¢ implicitly defines beliefs at lower orders
as well. A hierarchy is said to be coherent if these implicitly defined beliefs are consistent
with those explicitly defined at lower orders; i.e., ¢¥(h¥) = hk.

Recall (see footnote 7) that for any type w; in any type space, it is possible to identify
the hierarchy of beliefs of w;. Let h;(w;) represent this hierarchy.

Lemma 4 There exists a type space * such that for each player i, each value v; € V; and
each coherent infinite hierarchy of beliefs h; over V_;, there is a type w; € §f such that
filw;) = v; and hi(w;) = h;. Moreover, each Qf is a compact topological space.

This lemma is a straightforward application of the results in MZ which we briefly sketch.
We take the space of basic uncertainty (what MZ call the parameter space) to be V. The
main theorem in MZ (Theorem 2.9) shows the existence of the “universal belief-space” Y
generated by V. Because all possible beliefs are included in Y, it allows for the possibility
that player 7 is not certain of which element of v; has been realized. Thus Y is too large for
our purposes. Instead, MZ’s remark 2.17 derives a compact belief-subspace C' in which it is
common-knowledge that each player ¢ knows his own value.

147t has been recently discovered that the MZ belief-hierarchies are limited in a certain sense: some
rationalizable and equilibrium behaviors can arise when modeled using a small type space but cannot be
captured in the universal type space. See for example Ely and Peski (2006) and Dekel, Fudenberg, and
Morris (2006). To capture all possible assumptions that are relevant for Bayesian equilibrium behavior, the
universal type space would have to be enlarged. This issues can arise only in models with a common-value
element. They would not alter any of the results in our private-value setting.
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Formally, C' is a compact space such that there exist for each i, spaces' ; where €; C
A(V_; x Q_;) such that
C2 VxOx...x0Oy

16

~Y

where = denotes homeomorphism.'> Each €2; is a set of possible beliefs for ¢ about the
valuations and beliefs of the others. The hierarchies derived from C will have the property
that it is common-knowledge that each player knows his own valuation. Moreover, the MZ
construction of C' (see remark 2.17 and property 6 in MZ) ensures that every profile of
hierarchies of beliefs satisfying this restriction is represented in C.

To obtain our setup, we take 2Ff = V; x €, and let f* : QF — V; and g/ : Q& — §;
be the projection mappings. Because V; is finite and (2; is compact, we have that €2} is
compact. Our universal type space (corresponding to the “private values” universal type
space of Heifetz and Neeman (2006)) is then Q* = (QF, £, g7 );cn-

Also, Lemma 1 is an immediate consequence of Property 5 from MZ when we note that
the non-redundancy condition of MZ is satisfied if the mapping w; — (fi(w;), hi(w;)) is
one-to-one.

Appendix B: Proof of Theorem 1

In this section, we shall first review the properties of the optimal dominant strategy
mechanism design problem that will be used in the proof of Theorem 1. We use a version of
a standard argument to show that the dominant strategy incentive compatibility constraints
can be replaced by a monotonicity constraint on the allocation rule. We then show that
regularity implies that the monotonicity constraint is not binding in the optimal dominant
strategy mechanism design problem. This sets the stage for the proof of Theorem 1. The lat-
ter proceeds by constructing an assumption against which the optimal BIC mechanism design
problem reduces to the same objective function but without the monotonicity constraint. It
follows that the optimal values in the two problems are the same.

We can formulate the optimal dominant strategy mechanism design problem as follows:

N
max U;VV(U) ; ti(v) (4)

subject to:  Vi=1,... N Vm,l=1,... M, YVv_, eV,
pi(v™ v )™ =t (0™ ) >0, (DIRT™)
(0™ v_ )™ — (™ v_g) > (vt v_ )™ — (vt vy). (DIC™Y

We omit the proof of the following standard lemma which establishes that the constraints
in (4) can be replaced by a single monotonicity constraint on the allocation rule.

15MZ call these type spaces. Our use of that terminology is therefore slightly different, but follows standard
usage in mechanism design.

16The product structure of C is not explicitly noted in MZ, but it follows from the construction, see remark
2.17 and property 6 in MZ.
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Lemma 5 Say that an allocation rule p is dsIC' if there exists a transfer rule t such that the
auction mechanism (p,t) satisfies the constraints in (4). A necessary and sufficient condition
for p to be dsIC is the following monotonicity condition: ¥Yi =1,..., N,

),  Ym=2...,M,  Vuv,eV, (M)

It follows from standard arguments that in an optimal dominant strategy mechanism,
the constraints (DIR}) and (DIC"~™ ') are binding and (given that p is monotonic) all
other constraints can be ignored. Combining the resulting equalities, we see that when the
other bidders report valuation profile v_;, bidder i’s net utility (“rent”) will be

Ui(v',v_;) =0

1

for type v* and

m—1
Us(v™, v_i) = pi(0™ o) (0™ = o™ ) + Ui (0™ ) = Z pi(0™,v_;)
=1

for type v™, m > 1. By definition, the total transfer received by the auctioneer is the total
surplus generated by any sale of the object less the rent received by the bidders. Thus, an
equivalent formulation of the problem is to choose a dsIC (i.e., monotonic) allocation rule to
maximize the expected value of this difference.

mas D Y v |ph e =0 Yo n | 6)

i=1 m=1v_;eV_; m/=1

subject to (M;), 1 =1,...,N.

A typical approach to solving a problem in this form is to first consider the unconstrained
maximization of (5), and check whether the solution satisfies the monotonicity constraint. In
the following proposition we show that this is guaranteed to be the case under the regularity
condition. The second part is Proposition 1 presented in the text.

Proposition 3

1. If v is reqular, then any solution to the unconstrained problem (5) also satisfies the
constraints (M;).

2. If v satisfies both the monotone hazard rate condition and affiliation, then v is reqular.

Proof: First, consider the relaxed problem ignoring the monotonicity constraint in (5). Fix
a valuation profile v and notice that the derivative of the maximand with respect to p;(v)
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is bidder 4’s virtual valuation: v; — v ; ., v(0;,v)/v(v). It will be optimal at valuation
profile v to award the object for sure to the bidder with the greatest non-negative virtual
valuation, with the object going unsold if all virtual valuations are negative.'” (In the event
that two or more bidders tie for the greatest non-negative virtual valuation, the tie can be
broken arbitrarily.)

For part 1, suppose that the virtual valuations satisfy the single-crossing condition, and
let p be an allocation rule that solves the unconstrained maximization of (5). Then p;(v) > 0
only if v;(v) > max;v;(v), and p;(v) = 1 if v;(v) > max; v;(v). Fix v such that p;(v) > 0,
(so that v;(v) > max; v;(v)) and consider an increase in the valuation of bidder i to 0; > v;.
By the single-crossing condition, 7;(v) > max;.; v;(v) and hence p;(v) = 1. This shows that
(M) is satisfied.

For part 2, suppose that both affiliation and the monotone hazard rate condition are
satisfied and let v be a valuation profile at which ~;(v) > v;(v). Consider an increase in
the valuation of bidder i to 0; > v;. Write v = (0;,v_;). It is well-known that affiliation
implies that this “increases” the conditional distribution of other bidders’ valuations in the
sense of the monotone likelihood ratio ordering. That is, for any pair of valuations v} > v,

v(v},0-5) v(v},v—;)
v(0) =  v()
The new virtual valuation for any bidder £ is

. . 1 — Fy(0)
Vk(UwU—z) = Vg WW

By the monotone hazard rate condition v;() > ~;(v). By affiliation, for each bidder j # 1,

1 Fy(d) v(vj, 0—;)
)2
v(vj,v_j)
- Z (0]
1 — Fj(v)

and this implies v;(v) < v;(v). And for the seller (j = 0), the latter inequality holds by
definition.

Combining these results we have 7;(0) > 7;(v). Since j was arbitrary, this proves that
the single crossing condition holds. [ |

We are now in a position to prove Theorem 1. The structure of the proof is as follows.
We begin by supposing that v is regular and satisfies an additional condition, called non-
singularity. We show that the maxmin foundation exists for dominant strategy mechanisms

"For related derivations, see Lopomo (2000) and Segal (2003).
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in this case. Next we show that we can find a sequence of such distributions to approach
any v satisfying the hypotheses of the theorem. We then apply a limiting argument to show
that the maxmin foundation for dominant strategy mechanisms exists in this case as well.

Given v, write /" for the marginal probability of valuation v; = v™, and write G;(m) =
SM v for the associated de-cumulative distribution function. Let o7 = v(-[v™) be the
conditional distribution over the valuations of bidders j # ¢ conditional on bidder i having
valuation v™. Say that v is non-singular if the collection of vectors {o™}*_, is linearly

i Jm=1
independent.

Say that a type space is simple if for each player ¢ and valuation v; there is a unique type
for 4 with valuation v;; i.e., the mapping f is one-to-one.'® By Lemma 1, a simple type space
can be embedded via a mapping m into the universal type space. Say that an assumption p
is simple if it concentrates on the image in Q* of a simple type space. In this case, for any
mechanism (p,t) defined over Q* we can consider the reduced mechanism (p,t) defined over

V', where

pi(v) =pi(m(f V), i) =ti(m(f 7 (v))).
A further notational simplification will be convenient. Let p7 and ¢ denote respectively the
vectors (P (v, )v_ev, and (&0, ))y_ey, in RMY

Suppose v is non-singular and regular. We begin by constructing a simple type space
which will then be embedded in the universal type space using Lemma 1. Let the set of
types for player i be equal to the set of possible valuations, i.e. Q, = V. We take fi to be
the identity, and for notational ease we will write 7/ = g;(v™) for the beliefs of type v™ of
bidder ¢ about the types of the other bidders.

These beliefs are defined as follows:
1 M

! !

Yi.Nm, 1" = E vt ol™.
o Gi(m) v
m

'—m

Thus, conditional on having valuation v™, bidder i’s belief over opponents’ valuations is the
average of the auctioneer’s beliefs conditional on 4 having valuation at least v™.'Y Note that
the collection {7"}M_, is linearly independent by the non-singularity of v. The following

equivalent recursive definition of 7, is useful:

TzM = OZM’
1
= e (T Gilm + 7)< ©)

Finally, because it is simple, the type space { = (Qz, fi» 9i)ien can be embedded in the
universal type space by Lemma 1. Let €; C €2 be the image in the universal type space,

18The naive type space ¥ is one example of simple type spaces.
19Thus, each bidder type has beliefs which are a distortion of those that would be derived from v, except
for the highest valuation type, where there is “no distortion at the top.”
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and write w!™ = m;(v]"). Type w!™ has valuation f(w™) = v/ and belief g} (w]") = 7"

to the relabeling). We can now define the assumption p* by setting p*(m(f~!(v))
Clearly p* € M(v). We will show that p* is a rationalizing assumption.

=

v

(up
(v).

Under the simple assumption p*, the optimal BIC auction design problem can be ex-
pressed as follows:

max 30> v)i) @

i=1 veV
subject to: Vi=1,.... N, Vm=1,... M, VIi=1,... M,
" (pi™ =) >0, (IR")
e (™ = ) > (P™ = 4 - (rep=h

We have used the inner product notation such as 7/ - 7 for expectations with respect
to the belief 7". Note that the IR and IC constraints for all types outside of the support of
i have been omitted.?"

Say that an allocation rule p is BIC if there exists a transfer rule ¢ such that the auction
mechanism (p, t) satisfies the constraints in (7). Because the beliefs of those types of each
bidder that appear in (7) are linearly independent, every allocation rule is BIC. Indeed, by
exploiting the differences in beliefs, the incentive compatibility and individual rationality
constraints can be satisfied by building into the transfer rule lotteries which have positive
expected value to the intended type and arbitrarily large negative expected values to the
other types. This kind of construction is due to Crémer and McLean (1985), and we shall
omit the details.

While the above argument shows that any allocation rule is implementable by some
appropriate choice of transfer rule, we can further sharpen the conclusion and argue that
certain constraints in (7) can be manipulated or even ignored without cost to the auctioneer.
To begin with, each “upward” incentive constraint (i.e., (IC™~!) for m < ) can be ignored.
Indeed, because bidder i’s beliefs are linearly independent, there exists a lottery A € RM M
such that 7" - A = 0 for all m > [ and 7" - A < 0 for all m < [. Since by (6) o! is a linear
combination of 7! and Ti”l, we also have ¢! - A = 0. By adding (some sufficiently large scale
of) A to &, each (IC™™") for m < [ can be relaxed. No other constraints are affected and

the resulting change in the auctioneer’s revenue is o! - A = 0.

We next show that for any auction mechanism (p,t) that satisfies the remaining con-
straints, there exists an auction mechanism (p’,t') which satisfies the constraints (I R}"), for
m=1,...,M, and (IC*”™ 1) for m = 2,..., M, with equality, and achieves at least as
high an p*-expected revenue as (p,t) does.

20More precisely, we are looking at the relaxed problem. The solution to the relaxed problem 7 provides
an upper bound for the auctioneer’s revenue that can be achieved by any mechanism under the assumption

*

wr.
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To prove this, fix any auction mechanism (p,t) that satisfies the remaining constraints.
Suppose (IC~™~1) holds with strict inequality. Let 7 denote the matrix whose M rows
are the vectors {77"}M_, "and let (7™, 07 ') be the matrix obtained by replacing the mth
row of T with the vector o/"~!. Note that the matrix (77™,0""!) has rank M. We can thus

solve the following equation for A:

where 2™ denotes the mth elementary basis vector in R™. Note that because T, A=
0 < o™ '\, and because 7! is a convex combination of ¢/*~! and 7" accordlng to (6),
we have 7" - A < 0.

We will add the vector e) to #"~! for some scalar ¢ > 0. Because 77" - A = 0 for
m’ # m, no constraints for types w?" are affected. As for type w!™, the constraint (I RJ")
is unaffected. The only incentive constraint of type w]" that is affected is (IC"~™ 1) and
this constraint was slack by assumption. Let S™ > 0 be the slack in (IC;"~™!), and choose

= —S™/(rm™ - ) > 0. Then, with the resulting transfer rule, (IC"~™1) holds with

equality. Finally, because o' - A > 0, the auctioneer profits from this modification.

We next show that each (IR]") can be treated as an equality without loss of generality.
Define S = 7™ - (p*v™ — {7*) > 0 to be the slack in (/R["). Construct a lottery A that
satisfies

A =98", m=1,...,M.

By the full-rank arguments such a lottery A can be found. We will add X to each ¢7*. No
constraint of the form (/C™~!) will be affected, but now each constraint of the form (I R")
holds with equality. Finally, we check that the auctioneer profits from this modification.
Indeed, the auctioneer nets

M M-1
vi" (ot - A) = (Gi(m)7]" — Gi(m + D)7 ™) X+ MM A
m=1 m=1
= GZ<1)T11 A
> 0.

The proof for the non-singular case is now concluded as follows. Based on the preceding
arguments, we consider the modified program in which the constraints (I R7*) and (IC7~™1)
are satisfied with equality. We will use these constraints to substitute out for the transfers in
the objective function and reduce the problem to an unconstrained optimization with the only
choice variable being the allocation rule (recall that any allocation rule is BIC). The resulting
objective function will be identical to the objective function (4) for the dsIC problem. Thus
the only difference between the two problems is the absence of any monotonicity constraint
in the BIC case. It then follows that (i) the modified problem and hence the original problem
(7) will have a solution, and (é¢) this solution will be the same as the solution to the optimal
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dominant strategy mechanism design problem by Part 1 of Proposition 3. In particular,
equation (3) holds and p* rationalizes the use of dominant strategy mechanisms.

We rewrite the objective function in (7) as below, and impose the constraints as equalities:

N M ~
bk P I ®

=1 m=1

subject to: Vi=1,....N,Vm=1,..., M,

K TR
(Pt = B = (P = ) ey

. =M _ ‘
By definition, oM = 7™, so (IR, ) becomes oM - tM = vMgM . pM . Now, for arbitrary
m< M,

[Gi(m)7™ = Gi(m + )71 -
{Gi(m)’l}m'r.m pit—Gi(m+ 1) [Timﬂ - (p — 25;71+1)Um+1 + Tim+1 .t*;n-t,-]_:|}

2 K3

[Gi(m)vmrm Pt = Gi(m + 1)11""“7'{"+1 ﬁ’z"] )

In the first line we used the recursive definition in (6), in the second line we used (I R; ) and
—m+1-m

(IC, ), and in the third line we used (TR, ).

Substituting the constraints into the objective function, it becomes:
M—1
{vaiM oM+ > [ Gim)r - pt = 0 Gy(m A+ D) pp] }

1
M-1
{UMV-MO'M M+ [ (V' + Gi(m + 1)7™ ) - pt — o Gy (m 4+ 1) B }
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Applying the definition of 7/, the objective function becomes:
M M M
S =3 (32w )|
m=2 m/=m
N [ M M m
- XSt -3 S v

i=1 [m=1 m=2m/=2
N M m
_ m __m m=m —m’—1
—§:§Viai'vpi_7§pi
=1 m=1 m/=2

- Z Z Z vi(v™ v_y) - [Umpi(vm,v—i) - 2 pi(vm/,v_i)] :

i=1 m=1v_;€EV_;

This is identical to the objective function in (5). We have thus shown that p* i
rationalizing assumption and that equation (3) is satisfied for any regular, non-singular v.

Now consider an arbitrary regular v, not necessarily non-singular. There exists a sequence
v, converging to v such that each v, is non-singular. Moreover, for v, close enough to v,
the strict inequalities in the definition of single-crossing will be preserved, and hence v,, will
all be regular once n is large enough. For each such v, construct the simple type space On
exactly as in the first half of the proof. Let 7/"(n) denote the belief of type v™ of bidder 7 in
the type space Q” Passing to a subsequence if necessary, take 7, "(n) — 7" for each i and
m. Let  be the “limit” type space where {; = V;, f; is the identity, and gz( ™) = 7/". By
Lemma 1, each of these type spaces can be embedded in the universal type space. Let Q"
and €2 be the corresponding images in 2*, and define the respective simple assumptions
and p* constructed as in the first part of the proof. In particular, each p rationalizes the
use of dominant strategy mechanisms.

Let ' = (p,t) be any mechanism in W. As before, we denote by pI™ and ¢ the vectors
pi(wr™, +) and t;(w!™, -) respectively, where each w is an element of €2, the image in Q* of the
“hmlt” type space Q). Since I' € U, these vectors satisfy the constraints in (7). From the
vectors (P, ), we will construct a sequence of vectors (p, t(n)), each satisfying the constraints
in the v,-version of (7), as follows.

We will say that ¢(n) satisfies BIC(n) if the following incentive constraints hold:
7" (n) - (0™ — 1" (n)) = 0, (IR (n))
7" (n) - (BF0™ = '(n) = 7" (n) - (Pv™ — Ti(n)) - (1c=(n))
For each i, m, and n, let
Si"(n) = max{0, " (n) - (&" = p;" - ")}

)

be the amount by which the (IR!"(n)) constraint is violated by the transfers ¢I* for type
wi™(n). Because (p,t) satisfies the constraints in (7), and 7/"(n) — 77", we have S"(n) — 0
for each ¢ and m.
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Let #7(n) be the sum of the vector £* and the constant vector —S™(n). Next, for each
i, m, [, and n, let

L7 (n) = max{0,7/(n) - (P™ — ti(n)) — 7™(n) - (P0™ — £7(n))}

be the amount by which (IC™~!(n)) is violated by the transfers #;(n). Note that L"~™(n) =

0. Again, because (p,f) satisfies the constraints in (7), and because t(n) — t, we have
L=Y(n) — 0 for each i, m, and [. For each n, we construct A\\(n) to solve the system

'(n) - Xi(n) = L), Vim, L.

We can now define #(n) by setting

t"(n) = " = 5"(n) + Ai"(n),

By construction, #(n) satisfies BIC(n), and together with p satisfies the constraints in the
vp-version of (7). Because each v, is regular and non-singular, and each p is an assumption
that rationalizes the use of dominant strategy mechanisms, the first part of the proof implies

that
>3 v@)E(n)(v) < TP (1)

for each n.

Because the constraint set in the optimal dominant strategy mechanism design problem
(5) is compact, the maximum theorem implies

1° (v,) — P (v).
Hence,

I1°(v) — R,-(T) = lim [I1”(v,) — Ry (1)]

n—0o0

N
=1
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The last equality follows because S™(n) — 0 for every m and 77"(n) - Al(n) — 0 for each m
and [ implies by (6) that o/*(n) - A*(n) — 0 for each m.

This establishes that u* rationalizes the use of dominant strategy mechanisms for the
distribution v and thus concludes the proof. [ |

Appendix C: An Example for Section 5

In Section 5, we claim that there exists a distribution v that satisfies the regularity
condition, and such that there is no CPA-assumption p under which equation (3) holds. We
shall provide an example of such a distribution here.

Consider the same example as in Section 3, where there are two bidders, and each bidder
has two possible valuations. The distribution of valuations is as depicted in Figure 3, and
the corresponding optimal dominant strategy mechanism is as depicted in Figure 4.

Suppose there exists an CPA-assumption p € M(v) for which equation (3) holds. We
shall prove that there exists a detail-free mechanism that generates higher u-expected revenue
than I' does. This would contradict the supposition that equation (3) holds.

It suffices to work only with bidder 2’s first-order beliefs in order to complete this proof.
So, following the convention in Section 3, we shall continue to use a (b) to denote the
first-order belief of a high-valuation (low-valuation) type of bidder 2 that bidder 1 has high
valuation. Let b = sup{z € [0,1] : u(b < z) = 0}.

First, observe that b > 4/9. Suppose, on the contrary, b < 4/9. Then pick any number z
between b and 4/9, and consider the mechanism I'(2) as depicted in Figure 8.

vy =4 v =9
ac0,1l] |la=2t;,=0,to=11 |a=2,t =0,t, =11
b>z | a=0,t1=0,t, =0 a=1,t1=9,t, =0
b<z | a=1,t1 =4,t1,=0 a=1,t1=4,t, =0

Figure 8: The mechanism I'(z).

It is obvious that I'(z) is BIC for the universal type space. The only difference between
I'(z) and T is in the (p-non-null) event of b < z, in which case I'(z) generates u-expected
revenue of 4, whereas I' only generates p-expected revenue of 9u(v; = 9b < z) < 92 <
9(4/9) = 4, where the first inequality comes from the fact that p is an CPA-assumption.
Since this would have contradicted the supposition that equation (3) holds, we must have
b>4/9.

Then, consider the mechanism I as depicted in Figure 9.
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vy =4 v =9
CLE[O,l] &:2,t1:0,t2:11 &:1,t1:9,t2:—15/2
b24/9 a:2,t1:0,t2:11 azl,t1:9,t2:—15/2
b<4/9 ozzO,tl:O,tg:O azO,h:O,tg:O

Figure 9: The mechanism I'”.

To see that I is BIC for the universal type space, it suffices to observe that, for low-
valuation types of bidder 2 with b > 4/9, truth-telling gives them a non-negative rent of
(5—=11)(1—0b) + (15/2)b > (—6)(5/9) + (15/2)(4/9) = 0.

Since b < 4/9 is a p-null event, I'” generates p-expected revenue of 9(4/10) + 11(6/10) —
(15/2)(4/10) = 72/10, whereas I" only generates u-expected revenue of 9(3/10)+11(4/10) =
71/10. This proves that equation (3) does not hold, a contradiction.

Appendix D: Proof of Proposition 2

We shall first prove a weaker version of Proposition 2.

Proposition 4 For the distribution v depicted in Figure 6, the optimal dominant strategy
mechanism U depicted in Figure 7 cannot be rationalized by any element in M(v); i.e.,
Ve M(v),

sup R, (I") > VP(v).

I"ew

Proposition 2 further strengthens Proposition 4 by asserting that suppg R, (I") is uni-
formly bounded away from V?(v) for all u € M(v). This second result will be proved after
we have proved Proposition 4

We prove Proposition 4 by way of contradiction. Fix any element g in M(v) that ra-
tionalizes the optimal dominant strategy mechanism I', we shall prove that there exists a
mechanism in ¥ that generates higher p-expected revenue than I' does. This would contra-
dict the assumption that u rationalizes I' and complete the proof.

The proof proceeds by a sequence of lemmas. In each we derive conditions that must be
satisfied by u. Finally we show that no p can satisfy them all.

For the purpose of this proof, it suffices to work only with bidder 2’s first-order beliefs
in order to arrive at a contradiction. So we shall maintain the notational convention used in
the example of Section 3 and summarize bidder 2’s belief by his first-order belief that bidder
1 has high valuation. The belief of a type with high (resp. low) valuation is denoted a (b.)
Now because there may be many types in the support of p* with the same valuation, we
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need some notation to refer to different sets of types. For any (measurable) subset A C [0, 1],
we shall use “a € A” to denote the event that 2 has high valuation and believes with some
probability in A that 1 has a high valuation. Likewise b € B is the event that 2 has low
valuation and believes with some probability in B that 1 has high valuation.?!

The first lemma says that, conditional on any p-non-null subset of low-valuation types
of bidder 2, the p-conditional-probability that bidder 1 has high valuation cannot be too
low, otherwise the auctioneer can improve upon I' by selling to some low-valuation types of

bidder 1.%2

Lemma 6 For any x € (0,1] such that u(b =x) =0, if u(b < x) > 0, then pu(vy = 10|b <
x) > 3/8.

Proof: Suppose there exists # € (0,1] such that u(b < x) = pu(b < x) > 0, and yet
pu(vy = 10]b < x) < 3/8. Consider the mechanism I'(z) as depicted in Figure 10.

’111:5 v1:10
aG[O,l] a:2,t1:0,t2:2 Oé:]_,tlz]_o,tgz()
bZ{L‘ &:2,t1:0,t2:2 Oz:]_,tlz]_o,tgzo
b<ux azl,t1:5,t220 azl,t1:5,t2:0

Figure 10: The mechanism I'(x).

To see that I'(x) is BIC for the universal type space, note that (i) truth-telling continues
to be a dominant strategy of bidder 1, (i7) low-valuation types of bidder 2 always have zero
rent regardless of what they announce, and (iii) high-valuation types of bidder 2 would not
announce the (newly added) message “b < x” as that gives them zero rent.

The only difference between I'(z) and I' is in the (p-non-null) event of b < x, in which
case I'(z) generates p-expected revenue of 5u(vy = 5|b < z) + 5u(v; = 10[b < x) = 5,
whereas I" only generates p-expected revenue of 2u(v; = 5|b < x) + 10u(v; = 10|b < x) <
2(5/8) + 10(3/8) = 5, contradicting the assumption that p rationalizes I u

The second lemma says that for any low-valuation type of bidder 2 that is possible under
¥, the first-order belief b also cannot be too low, otherwise his belief would be too different
from the auctioneer’s belief, so much so that the auctioneer can improve upon I' by betting
against him.

Lemma 7 pu(b < 3/13) =0.

21 Formally, for any type wo of bidder 2, if f5(ws) = 4 (i.e., if vo = 4), a denotes g3 (w2)[(f;)~1(10)] and
a € A denotes the event {w : f3(w2) = 4, g3 (w2)[(fF)~1(10)] € A}.

2In Lemma 6 (and similarly in Lemmas 7-9), the seemingly redundant requirement of p(b=z) =0 is a
null-boundary property used only in the proof of Proposition 2.
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Proof: Suppose not. Then pick z < 3/13 such that u(b < z) > 0 and u(b = x) = 0, and
consider the mechanism I"(x) as depicted in Figure 11.

1)1:5 U1:10
ae[O,l] a=2,t1 =0,ty, =2 a=1,t1 =10,t, =0
b>x a=21 =0,ty =2 a=1,t11 =10, =0
b<ux a=0,t; =0,ty = —2 a=1,t; =10,t, =2(1 —z)/x

Figure 11: The mechanism I"(x).

To see that I'(x) is BIC for the universal type space, note that (i) truth-telling continues
to be a dominant strategy of bidder 1, (i7) low-valuation types of bidder 2 would have strict
incentive to announce the (newly added) message “b < x” if and only if the resulting rent of
2(1=5b) —[2(1 —x)/x]b = 2(1 — b/x) is positive, or equivalently if and only if b < x, and (i)
high-valuation types of bidder 2 would not announce the (newly added) message “b < z” as
that gives them rent of 2(1 — a) — [2(1 — z)/z|a = 2(1 — a/x), which is lower than the rent
of 2(1 — a) if they tell the truth.

The only difference between I''(z) and I' is in the (pu-non-null) event of b < z, in which
case ["(z) collects from bidder 2 an p-expected amount of

(=2)u(vy =5|b < z) + [2(1 — x)/z|u(vy = 10|b < z)
= (=2)(5/8) + [2(1 — 2)/x](3/8)

= 3/(4z) — 2
> [3/4(3/13)] — 2
— 5/4

(where the first inequality follows from Lemma 6), whereas I" only collects from bidders 2 an
p-expected amount of 2u(v; = 5|b < z) < 2(5/8) = 5/4, contradicting the assumption that
4 rationalizes I'. [

The third lemma says that the first-order belief a of high-valuation types of bidder 2
cannot be too low. Otherwise beliefs held by high- and low-valuation types of bidder 2 would
be too different, and this would enable the auctioneer to improve upon I' by introducing
Crémer and McLean (1985) bets to separate these types and relax incentive compatibility
constraints.

Lemma 8 p(a < 1/11) = 0.

231t is always possible to pick such an x, as any distribution over [0, 1] can have at most countably many
mass points.
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Proof: If not then let y < 1/11 such that u(a = y) = 0 and u(a < y) > 0. Notice that
y < 1/11 implies y < 3y/(2y+1) < 3/13, and hence we can also choose = between 3y /(2y+1)
and 3/13 such that u(b = x) = 0. Consider the mechanism I'(z,y) as depicted in Figure 12.

vy =05 v, = 10

a<y a=1tH=51t=-2z1-y)/(r—y) a=1tH=5tL=201-2)1-y)/(z—y)

aZy 0622,t1:0,t2: Oézl,tlzlo,tgz()

b<uz a=1,t=51t=-2z(1-y)/(r—y) a=1t=51tL=20-—x2)1—-y)/(z—y)

bZZL’ 04227t1:0,t2:2 azl,t1:10,t2:()

Figure 12: The mechanism I'(z,y).

To see that I'(x, y) is BIC for the universal type space, note that (i) truth-telling continues
to be a dominant strategy of bidder 1, (i7) low-valuation types of bidder 2 would have strict
incentive to announce the (newly added) message “b < x” if and only if the resulting rent of

2z(1—y)/(z—y)](1=b) — 21 —z)(1 —y)/(z —y)]b = 2(1 —y)(x — b)/(x —y) is positive, or
equivalently if and only if b < x, and (#47) high-valuation types of bidder 2 would have strict
incentive to announce the (newly added) message “a < y” if and only if the resulting rent of

Re(1—y)/(z =yl —a) = 2(1 = 2)(1 —y)/(x — y)la = 2(1 —y)(x — a)/(z — y) is strictly
higher than the truth-telling rent of 2(1 — a), or equivalently if and only if a < y.

Since the event of b < z is a p-null event by Lemma 7, the only real difference between
['(x,y) and I is in the (g-non-null) event of a < y, in which case I'(z, y) generates u-expected
revenue of

5—2x(1—y)/(x—y)
= 5-2@-y+y)(l-y)/(r—y)
= 5-2(1—-y)—2y(1-y)/(x —y)
> 5-2(1—y)—2y(1—-y)(2y+1)
= 5-2(1-y)—2y(1 —y)(2y + 1)
— 2’

/1By —y(2y + 1))

/12y(1 —y)]

whereas I' only generates p-expected revenue of 2, contradicting the assumption that pu
rationalizes I'. ]

Finally, the fourth lemma says that the first-order belief a of high-valuation types of
bidder 2 cannot be too high. Otherwise the beliefs of such types would be too different from
the auctioneer’s subjective belief, and this would enable the auctioneer to profit by offering
an incentive compatible and individually rational bet. Obviously lemmas 8 and 9 deliver the
contradiction and thus prove Proposition 4.

Lemma 9 p(a <1/11) >0
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Proof: Suppose u(a < 1/11) = 0. Consider the mechanism I as depicted in Figure 13.

v1 =95 v = 10
a>1/12 [a =21, = 0,4, = 123/61 | a = 2,1, = 0,1, = 233/61
CL<1/12 a=2t =0,t, =2 a=1,t1 =10, =0
be[(),l] a:2,t1:O,t2:2 ozzl,tlzl(),tgz()

Figure 13: The mechanism I".

To see that I is BIC for the universal type space, note that (7) truth-telling continues to
be a dominant strategy of bidder 1, (ii) low-valuation types of bidder 2 would not announce
the (newly added) message “a > 1/12” as that gives them strictly negative rent regardless
of what bidder 1 announces, and (7i¢) high-valuation types of bidder 2 would have weak
incentive to announce the (newly added) message “a > 1/12” if and only if the resulting rent
of (4—123/61)(1 —a) + (4 —233/61)a is weakly higher than their original rent of 2(1 — a),
or equivalently if and only if a > 1/12.

Since the event a < 1/12 < 1/11 is a p-null event by assumption, the only real difference
between I and I' is in the (p-non-null) event of a > 1/12, in which case I generates u-
expected revenue of 123/61 > 2, whereas I' only generates p-expected revenue of 2. This
proves that p does not rationalize I. [ |

This completes the proof of Proposition 4. We now prove the remaining part Proposition 2
through two lemmas.

Lemma 10 Suppose K is a compact topological space and that F is a family of real-valued
functions on K such that, for each x € K, there is some f, € F which is continuous at x
and satisfies f.(x) > 0. Then we have inf,cx supcq f(2) > 0.

Proof: For each x € K, there exists an open neighborhood U, such that, for each y € U,,
we have f.(y) > f.(x)/2. The collection {U, : € K} forms an open covering of the

compact space K, and hence there exists a finite sub-covering. Let {U,,,...,U,, } be a finite
sub-covering and let ¢ = min{f,, (x1),..., fz, (zn)} > 0. For each x € K, we have z € U,
for some [ = 1,...,n so that supscq f(2) > fo,(x) > fo,(21)/2 > €/2 > 0. |

Lemma 11 Suppose Oy,...,0, are disjoint open subsets of Q0 such that p(U0;) =1, and
t: Q" — R is a bounded real function that is constant on each O;. Then the mapping

p— | tp(dw)
Q*

15 continuous at the point f.
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Proof: Fix any ¢ > 0. Let ¢ > 0 be an upper bound for |t|. The function p' — p/(0;) is
lower semi-continuous (see Aliprantis and Border (1999)), hence we can set

€

T in?
and find a neighborhood U of u such that, for all ¢/ € U, p/(0;) > u(0;) =06 for i =1,...,n.
Since u(U0O;) = 1, it follows that 1/(0;) < p(0;) + (n—1)6 and p/(Q2*\ UO;) < u(Q*\UO;) +
nd = nd.

We can write

v =S wonen+ [ wwya,

*\UO,
so that
> (O)(0) = p(@ \UONE S [ 10 (dw) < 304 (00O + (@ \ UOW)E
= > [u(0)) = 8Jt(0;) — ndt < / tp/ (dw) <> [1(O)) + (n — 1)8]t(O,) + ndt

— —5Zt((‘)l) — not < /Q* tp'(dw) — /Q t u(dw) < (n — 1)521&((‘)0 + not

=1
= —2nit < / t ' (dw) —/ t p(dw) < n?6t.
This proves that | [,. t i/ (dw) — [, t p(dw)| < max {2ndt, n?6t} = e. |

Proof of Proposition 2 Notice that, for each of the mechanisms used in the proof of
Proposition 4, the total transfer (¢; + t3)(w) satisfies the conditions of Lemma 11. For
example, consider the mechanism I'(x) in Lemma 6. For any (v, vs), the set of universal
type profiles in which the valuation pair is (v1,vs) is open in the product topology with
p-null boundary. Moreover, since pu(b = z) = 0, the event b < z is also open in the product
topology with pg-null boundary. Therefore, we can take Oy,...,Og to be the interiors of the
sets represented by the cells of the table in Figure 10. These open sets are disjoint, have
p-null boundaries, and have total p-measure equal to 1 as required.

Thus, for any p € M(v), there exists a mechanism I'(p) € ¥ such that R,(I'(n)) —
1P (v) > 0, and the mapping ' — R,/ (I'(u)) —II”(v) is continuous at the point p/ = . We
can hence apply Lemma 10, taking K = M(v) and F = {Ry(T') — 1P (v) : T € ¥}. |
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