Characterizing Stable States of Perturbed Markov
Chains *

Jeffrey C. Ely |

November 12, 1998

*Department of Economics, Northwestern University. ely@nwu.edu

tFinancial assistance from the Alfred P. Sloan foundation is gratefully acknowl-
edged. Any mistakes in the paper remain despite, and not because of, the helpful
comments from Bob Anderson, Paolo Ghirardato, Matthew Rabin, and Chris Shan-
non.



1 Introduction

Many models of evolution are based on deterministic dynamic processes
(natural selection) augmented by stochastic mutation. The original papers
in this literature were Kandori, Mailath, and Rob (1993) and Young (1993),
many subsequent papers have built on the basic techniques developed there.

These models give rise to Markov chains on the set of population strat-
egy profiles. These Markov chains are parameterized by a noise parameter,
g, the probability of a mutation. Young (1993) called these parameterized
families of Markov chains regular perturbations. In order to characterize the
asymptotic relative frequencies when mutations are rare, the limit properties
of the Markov chain is analyzed as ¢ is taken to zero. Freidlin and Wentzell
(1984) presented a way of calculating these limit relative frequencies. In
this paper, the Friedlin and Wentzell technique is reviewed and a new algo-
rithm for this calculation, called the order decomposition is presented. This
algorithm was used in Ely (1996).

Throughout this chapter we will be considering finite-state discrete-time
Markov chains. The set of states will be V' and we will identify a Markov
chain with its transition matrix P, denoting by P(vi,v2) the Markovian
probability of transition from state v; to state wvo.

2 Regular Perturbations

Definition 1 Let P be a Markov Chain. A perturbation of P with noise
parameter € is a class of Markov Chains {P:}.c(,q) with 0 < a < oo such
that

e lim,_,ocP. =P :=PF,

o If P.(vi,v2) > 0 for some € € (0,a) then there ezist real numbers
C(v1,v2) € [0,00), k(v1,v2) € (0,00) s.t.

k(vi,v2) = ah—I)% E_C(UI’UQ)PE(’IA, v2)

If in addition P; is regular for every e € [0,a), then {P:}ccj0,a) is called a
regular perturbation.

In the case of probabilities P;(v1, v2) which are zero on [0, a) set C(v1,v2) =
00. Now the following simple fact motivates a classification of states.

Proposition 1 Let vi,ve € V. Then C(v1,v9) = 0 iff Py(vy,v2) > 0.



Proof: The if part follows immediately from the definitions, to show the
only if part, we have Py(vy,v2) = lim,_o P (v1,v2) = lim,_,g e C@W122) P, (v1, 1) =
k(v1,v2) > 0 where the last inequality follows by definition since C(v1,v2) <
00. |

Accordingly we have the following definitions

Definition 2 If C(vi,v2) € (0,00) then P.(v1,v2) is a vanishing proba-
bility. If C(v1,v2) = 0, then P-.(v1,v2) is called a non-vanishing prob-
ability. The values C(vi,v9) and k(vi,v2) are the order and rate of the
probability P:(v1,v2).

A perturbation of P is a class of “neighboring” Markov chains. In the
case of a regular perturbation of a non-regular underlying chain P, all chains
in the class are regular and hence, perhaps unlike P, admit characterization
by a unique invariant distribution y.. But while the map € — P, is contin-
uous at zero, the correspondence P. — u. need not be. That is u. is unique
for every € € (0, a), there is a continuum of invariant distributions of P = Py
if it is not regular. This property being non-generic in the set of Markov
chains, we can interpret a regular perturbation as an approximation of P by
a neighboring class of generic chains. As the following proposition formal-
izes, the purpose of this approximation is to select a particular element of
o- The suggested interpretation is that none of the remaining elements of
o are robust to the perturbation.

Proposition 2 Let P, be a reqular perturbation of a Markov chain P. For
every ¢ € (0,a) let pe be the invariant distribution of P.. Then

o u* :=lim._,p. ezists and
° p* € g
Naturally, then, we have the following definition.

Definition 3 Let P. be a regular perturbation. The limit distribution is
given by p* = lim._,o p.. A state v is strongly recurrent if p*(v) > 0.

The set of strongly recurrent states will be denoted R. The technique
of characterizing R involves a combinatorial argument due to Friedlin and
Wentzell (Freidlin and Wentzell 1984). In the next section we introduce
some background definitions which will be used in the statement of this and
subsequent results.



3 Preliminaries

3.1 Graphs

A graph G consists of a finite set V' of vertices, and a collection E of ordered
pairs of elements of V, called edges.! Edges e = (v1,v2) € E of are inter-
preted as arrows drawn from the point v; to the point vo. v1 and vo are the
origin, and endpoint of the edge e, respectively.

Given a graph G = (V, E), a subgraph of G is a (V,E') where E' C E.
Since the underlying set V' is assumed fixed throughout, it is sufficient to
identify a subgraph simply by its edges.

Definition 4 A path in G from vi to vy is a subgraph E = {(vizi,vi) }iey
where all the v; are distinct. We say v1 and v, are the origin and endpoint
of E, respectively.

We will write z »¢g y, read “z succeeds y in G,” to indicate that there
exists a path in G from y to z. Denote by Pg(z,y) the set of paths in G
from z to y.

3.2 Markov Graphs

A Markov chain P generates a graph on V' when F is taken to be the set of
all transitions which have positive probability. In the case of a perturbation
of P, include as edges all transitions (vy,vs) such that C(vy,vs) < oo.

Definition 5 The graph of a perturbed Markov chain P: is a graph on the
state space V with edge set given by E = {(v1,v2) : C(v1,v2) < co}. When G
is derived from a perturbed Markov chain, G is called a perturbed Markov
graph.

When V is fixed, a graph is simply a collection of edges. The order
and rate can be viewed as functions whose domain is the set of edges of a
perturbed Markov graph. The following demonstrates how these functions
can be extended to the domain of subgraphs, i.e. subsets of edges.

Definition 6 Let t be a subgraph of a perturbed Markov graph. Define the
order and rate of t respectively as follows:

o Ot) = Xeet Cle)

!Technically, when the edges in F are ordered pairs, the graph is known as a directed
graph.




o k(t) =Ilees k(e).

The following simple result demonstrates that these define consistent
extensions of C() and k() to the domain of subgraphs.

Lemma 1 Let t be a subgraph of a perturbed Markov graph and define
P.(t) = [l.c; P:(e). Then if P:(t) > 0 for some & € (0,a) then for every
0<zr <0

0 if x < C(t)
31_1}(1) e *P.(t) =< k(t) ifz=C(t) (1)
oo ifz > C(t)

Remark: The “probability” P.(t) is easiest to interpret when ¢ is a path.
In that case, we can view the path as a single extended transition (e.g. a
transition in the |t|-step transition matrix.), and P.(¢) as its probability.
Then the case x = C(t) demonstrates that C(t) and k(t) as defined are the
appropriate values.
Proof:

Write ¢t = {e1,...,ep} and define

o Cl(e;) i=1,...,n—1
T -0l Ce) i=

Since Pry) > 0, we have P,y > 0 implying C(e;) < oo for every i. Hence
T < 00 Vi.

n

lmeR) = Jm ][ R(e) (2)
n
= 11122%5_”136(6) (3)
n—1
= lime ™ Pe(en) [] K(e) (4)

1

The conclusion follows from the observation that z(resp. <,=,>)C(t) <
rn(resp. <,=,>)C(e,) <= lim. 9 " P.(e,) = (resp.oo, k(ey),0). ]

Having extended C to graphs, we now demonstrate some of its useful
properties. First we define some simple operations on graphs. If A and g
are subgraphs of G, their composition, h V g is the subgraph i U g.



For any graph h, denote by h°, the set of vertices which are origins of
edges in h. The set of vertices which are either origins or endpoints of edges
in h is denoted h. If h,h' are graphs, then h AR/ is the graph hU A’ |V\E' The

set of roots of a forest h are r(h) = h \ h°.
The notation G|z represents the subgraph h = {(s,t) € G : s € Z}.

Lemma 2 Let G be a graph

1. Fiz a graph h. For any disjoint subsets S,T C V, C(h|sur) = C(h|s)+
C(h|r).

2. For any subgraphs h,g, C(hV g) = C(h) + C(g).

Proof:
1. C(hlsur) = ehi‘: Cle) = EZh' Cle) + EZh:‘ C(e) = C(hls) + C(hlr).
2. C(hvg) = E C(e) = Xh:C(e) + zg:C(e) =C(h) + C(9)-

Remark: Thus a graph g determines a measure (i.e. C(g|.)) on the set of
all subsets of V' (set C(g|g) = 0), and V is an addition operator for measures.

4 Spanning Trees and Regular Markov Chains

Definition 7 Given a subset of vertices F, a tree is a subgraph h, together
with a root r € V satisfying:

1. Ewery point v € F \ r is the origin of exactly one edge.

2. r=pv for eachv € F
When F =V, h is called a spanning tree.

Remark: Note that in the definition of a tree, r is not required to be an
element of F'.

It is necessary and sufficient for a graph G to contain a spanning tree
that there exist an r such that r »=¢ v for all v # r. (Sufficiency can be seen
by ordering the vertices, v1,...v, and considering the graph A,t; where ;
is the path from v; to r.)



There is an important connection between regularity of a Markov chain
and properties of its corresponding graph. It follows from a standard result
in the theory of Markov chains. Let P{™) denote the m-step transition
matrix of a Markov chain P.

Theorem 1 (Romanovsky (1970)) A Markov chain P is regular if and
only if for some state r and for some positive integer m,

PM(u,r)>0 YveV

Corollary 1 The graph of a reqular Markov chain contains a spanning tree.
A regular perturbed Markov graph contains a finite cost spanning tree.

Proof: It follows immediately from Theorem 1 that if G is the graph of
a regular Markov chain, then there is a path to r from every state v. IF
P, is a regular perturbation, there thus exists a spanning tree of the graph
obtained by including edges for all transitions whose probability is positive
for all € € (0,a). But these are the transitions which have finite order, hence
the edges of the graph of P.. |

Corollary 2 If P is a reqular Markov chain with graph G, then any Markov
chain with graph G is regular.

Proof: By Theorem 1, a chain is regular if and only if there exists a state
r and a positive integer m such that P™ (v,r) > 0 for every v # r. This is
equivalent to the existence of a sequence of vertices {v;}7* such that v; = v,
vy =7 and P(Uj,vj+1) >0 <= wvjy1 =g v;j. Thus any chain whose graph
satisfies this property is regular. |

Let H, denote the set of spanning trees roots at v.

Theorem 2 (Friedlin and Wentzell, 1984) Let P be a regular Markov
Chain, and G its associated graph. Then p is the invariant distribution of
P if and only if for every v € V,

u(w) = <19 (5)



Remark: Because P is regular, by Corollary 1 its graph contains a spanning
tree, i.e. H, is nonempty for at least one vertex v. This guarantees that (5)
defines a probability distribution.

The quantity ¢(v) is a measure of the likelihood of all possible paths to
v. Theorem 2 implies that the more likely are the paths to a state v, the
greater weight v receives in the equilibrium distribution. This result, and
Lemma 1 greatly simplify the calculation of the limit distribution p* of a
regular perturbation.

Theorem 3 Let P. be a regular perturbation and G its associated graph.
For each v € V define the set Q, = argmin{h € H,}C(h). Then

Yheq, k(h)
Yvev Lheq, k(h)

w(v) = (6)

Remark: Because P is a regular perturbation, by corollary 1 U,cy Hy # 0,
and this ensures that (6) defines a probability distribution.
Proof: Let kK = min vev C(h). By the definition of a regular perturbation,

heHy
P, is a regular Markov chain for every positive e. Thus Theorem 2 implies

for every € > 0

__ 4:(v))
pelv) = Yvev ¢:(v) g
Zher Pe(h) + ZheHv\Qv Pa(h)

EU’GV EhEQUI Pf(h‘) + E’U'EV EhEHv/\Qv/ Pf(h)
g " [ZheQU Pe(h) + Xher,\q. Pe(h)]

= (9)
e [Lvev Theq, Po(h) + Svev Snemna, P-(h)]

Taking limits with € approaching zero and applying Lemma 1 yields
W (v) = 2heq, k(h)

Ywev Lheq, k(h)

since k(h) > k for every h ¢ Q,. [ |

(10)

This result allows us to characterize the limit distribution as the solution
to an optimization problem on a graph. In most applications all that is
sought is the support of the limit distribution R . In such cases we make
use of the following corollary



Corollary 3 A state v is strongly recurrent if and only if v is the root of a
C-minimizing spanning tree.

Proof: Equation (10) implies that p*(v) > 0 iff @, # () and by definition,
@, is the set of spanning trees rooted at v which achieve the C-minimum
among all spanning trees. |

In what follows, notation is simplified by considering only perturbations
whose order functions are integer-valued. The following result demonstrates
that this entails no loss of generality.

Proposition 3 For every regular perturbation Py of P, there ezists a reg-
ular perturbation P, of P with the same limit distribution, and with order
function C such that C(v1,v2) < oo implies C(v1,v2) is an integer.

Proof: The proof is by construction. Given a regular perturbation P, of P,
denote by C, k, and p* its order and rate functions, and limit distribution
respectively. Let M be any positive real number, and set

~ _ @vlk(vl,vg)eMC(”h”) if C(v1,v2) < 0
P (v, v2) = { 0 otherwise

where ®,, is the normalization constant for transitions originating at v;.
Notice first that

. B . MC(v1,v2)7—1
lim o = 3 lim(un, )™ ) )

= Z k(’l)1,’l)2)_1 (12)
{v2:C(v1,v2)=0}

= Z P()(’Ul,'l)g)_l (13)
{v2:Py(v1,v2)>0}

-1 (14)

We now demonstrate that P, is a regular perturbation of P. The first
condition is that lim,_,o P, = P. If P, (v1,v9) is vanishing, then lim,_, P. (v1,v2) =
0 = P(v1,v3). Now suppose P.(vy,vs) is non-vanishing. Then lim,_,o P.(vy,v3) =
k(’Ul,’UQ) = limg_;() 8_C(U1’v2)Pg('l)1,’U2) == limg_)() PE(IUI,IU2) == P('Ul,'l)g). The
case of P,(vi,v) = P.(v1,v2) = 0 is obvious.

Secondly, P. must be a regular Markov chain for every ¢ € [0,a). To
show regularity, let E be the graph of perturbation P.. Then (vi,v2) €



E < C(vi,v2) < 00 <= P.(v1,v2) >0V e > 0. Thus, for every e > 0,
the graph E of the Markov chain P. coincides with E. Since E contains a
spanning tree, so does E.

Lastly, we must show existence of order and rate functions for P.. By
construction, if P.(vy,vy) is greater than zero on [0,a), then

7MC(U1,U2) D

lime P, = lim k(v1, v2) = k(v1, v2)
e—0

e—0
Hence, C~’(v1~, v2) = MC(v1,v2) and k(v1,v2) = k(v1,ve) for C(v1,v2) < oo.
Otherwise C(v1,v2) = 0.
To calculate &, we use Theorem 3,

~ . Ehe@v ];(h)
it (v) = =
Swev Tneg,, Fb)

By the above argument,NC’ (k) = MC(h), hence the composition of Q, is
unchanged. Moreover, k(h) = k(h) for every h, and hence we conclude
Pt = pt.

We have shown that C' can be rescaled by any factor M > 0 in a way
that leaves the limit distribution unchanged. Since the domain of C is finite,
there exists a rescaling which results in an integer-valued C. |

(15)

Remark: The construction of P. in the proof underscores the point that, for
the purposes of the limit distribution, all that is relevant are the orders and
rates of the probabilities. In particular, there would be no loss of generality
in restricting attention to probabilities which are polynomials in €. In fact
this is a universal assumption in the evolutionary literature.

5 The Order Decomposition

Some additional definitions about graphs are useful at this stage.

Definition 8 Given a graph G, an absorbing set is a nonempty subset of
vertices A such that if v € A thenv' € A <= v' =g v. The domain of A
is the set D := {v: A »¢ v}.

In the above definition, it is understood that for sets A, the notation
A > v indicates v’ = v for some v'inv. Denote by A(G) the collection of
absorbing sets of the graph G. It is straightforward to verify that A(G) # 0.

Definition 9 Let V be a set of vertices. A graph hierarchy is a sequence
of graphs G; = (V;, L;) such that



1. W=V
i. Vi=A(Gi—1)

We will use the shorthand notation A; = A(G;) when {G;} is a graph
hierarchy. Similarly D;(Z) denotes the domain of Z in graph G;, >; replaces
~q,; etc. The first observation to make about this definition is that V; =
A(Gp) is a collection of subsets of V. Thus V; is a family of collections of

. of subsets of V. We require some terminology to refer to these types
of objects. For any set X, set P(X) be the set of subsets of of X. Write
P?(X) = P(P(X)) and P"(X) = P(P"1(X)).

Definition 10 An i-grouping of V is an element of P*(P(V)). An an-
cestor of an i-grouping Z is an element v € V' such that

v € Ua,ezUa, ea; ---Uayea, Ao-

Let Z denote the set of ancestors of an i-grouping Z.
A graph hierarchy {G;} is said to converge if there exists an [ such that
A; is a singleton.

Proposition 4 A graph hierarchy {G;} converges if for every j such that
Vj is not a singleton, there exists i > j such that L; # (.

Proof: For any graph G = (V, E), |A(G)| < V with strict inequality when-
ever E # (. Since by definition of a graph hierarchy, V;;1 = A;, we have
|Vj1| = |A4;] < |V;| with strict inequality whenever L; # (. The proposition
now follows. [ |

Definition 11 Let G; be a graph hierarchy on V. For A € A;, define D} (A)
the i-th order domain of of A recursively as follows

1. D*,l(v) = {U}
i . Dj(A) =Ugzep,)Di_1(Z)

Definition 12 Let G; be a graph hierarchy and A € A;. For any family
F C A; \ A, the quasi-domain generated by F is the subset D C D;(A)
defined by D = D;(A) \ UrperD;(F). The associated i-th order quasi-
domain is the subset of vertices S = Dj(A) \ UrerD}(F).

10



A special type of i-order quasi domain is the ith order basin of attrac-
tion obtained by setting F = A; \ A:

Bi(4) = Dj(A) \ Uzea\aD;i (4)

Lemma 3 Let A € A;, and D and S a quasi-domain, and associated i-th
order quasi-domain of A.

1. For all Z € A, there exists a tree T of G; on D rooted at Z.
2. For each Z € D, D} _{(Z)N S is an i — 1 order quasi-domain.
3. 8 =Uzep[Df_1(Z)N S|

Proof: 1. It is sufficient that for each Y € D, there is a path ty from Y to
Z in G; which does not exit D. That Z »=; Y follows immediately from the
definition of D. Suppose there were some F' ¢ D along the path. Then F' ¢ D
implies F' € D;(F") for some F' € Fwhere F is the family of A; generating
the quasi-domain D. But F =4, Y = F =g, Y =Y € Di(F') =Y ¢ D, a
contradiction.

2. Using the definitions

i-1(Z)NS = Di_1(Z)\ UrerD;(F) (16)
= Di 1(Z)\Urer Uyep:(r) Di_1(Y) (17)
Thus, D} ;(Z) N S is the i — 1 order quasi-domain generated by the family

F'=UrperD;(F) C Aj—1.
3. Taking unions in (17) over D, we have

Uzep[D;1(Z)NS] = UzepD; 1(Z) \ Urer Uyep,r) Di_1(F) (18)
= UzepyayDi—1(Z) \ UrerD; (F) (19)
= D;(A)\ UrerD;(F) (20)

where the second equation follows from the observation that Z € D;(A) \
D = Z € D;(F) for some F' € F and hence D} ;(Z)\UzUp,p) D 1(Y) =
|

We now turn to a specific type of graph hierarchy which will be used to
characterize R.

Definition 13 A forest is any subgraph of a tree. Given a subset of vertices
F, an exit forest of F' is a forest h such that F = h°. If an exit forest is
a tree, it is called an exit tree

11



For any A € A; and for each v € A, write ga(v) = argming, . a):nem, C(h)

Definition 14 Let G be a regular perturbed Markov graph. The order de-
composition of G is the graph hierarchy {G;} satisfying (Y,Z) € L; iff
there ezxists v € Df (Z) and an ezit tree h C G of Bf(Y) rooted at v
satisfying:
C(h) = min C(h) +1
yey
heaa(y)

Definition 15 Let {G;} be the order decomposition of the graph of a regular
perturbation. For each i > 0 and for each A € A;, define the i-th level
conditional distribution on A as follows:

2vei ZthA(v’) k(h)

Theorem 4 Let {G;} be the order decomposition of the graph of a regular
perturbation. Then {G;} converges and for every i >0 and A € A;,

1.VveA p*(v) >0 < p*(4) >0
2. p*(Uaea, ) =1
5.V Z €A, w(A) > 0= p*(7) = w (A (Z14)

The first result is that absorbing sets are equivalence classes of a sort. If
some element of A has positive weight in the limit distribution, then so does
every element of A. The second result is that a state cannot have positive
weight in the limit distribution if it is not contained in some A. Thus if
some A € A; is eliminated in G;;{, then A has no weight in the limit
distribution. Since the order decomposition converges, the set ancestors of
the resulting absorbing set is the support of the limit distribution. The
last result provides a technique for calculating the actual limit probabilities.
If we know the conditional distribution on a set A at step i of the order
decomposition, then provided A has positive weight in the limit distribution,
then the conditional distribution on A is unchanged.

The remainder of the Chapter is devoted to proving this theorem. We
begin by stating without proof the following useful facts about forests and
the operations V and wedge.

Lemma 4 Let g,h be forests.

12



e IfgNh° =0, then the graph gV h is a forest whose roots are [r(h) \
g°lur(g).

e The graph g A h is a forest with r(g A h) =r(g) U[r(h) \ ¢°].

Remark: In particular, in either case if g is a tree and r(h) C g°, then the
resulting graph is a tree.

Lemma 5 Let A € A; and suppose h is an exit forest of some i-th order
quasi-domain S of A. For any vertez v such that r >p v for some v € A,
there ezists a tree h' on S rooted at r such that C(h') < C(h). The inequality
can be made strict if h contains an edge (s,s') satisfying the following two
conditions

I.r=ps=>vrps
2. There exists E € A; such that s' € Df(E) but s ¢ D}(E).

Finally, If r ¢ S, then q is the unique immediate predecessor of T in t where
q is the immediate predecessor in h of r along the path from v to r.

The proof of Lemma 5 is by induction on 4. First suppose v € A € Ay,
and let h be an exit forest of S. Notice that Gy C G and therefore a 0-order
quasi-domain is a quasi-domain of Gy. Thus by Lemma 3, there exists a
tree 7 C Gy on S whose root is v.

Let ¢t be the path in h from v to r. Consider the following graph

h:=tAT

By Lemma 4 this is a tree rooted at 7 and since 7 C Gy, C(1) = 0
implying
C(h) = C(t) < C(h) (21)

Clearly t C h, hence the immediate successor of r along this path, ¢, imme-
diately precedes r in h. Moreover, since T is a tree on S, if r ¢ S there is no
edge (v,r) in 7, and hence ¢ is the unique immediate predecessor.

Finally, suppose conditions 1 and 2 are satisfied. If C(s,s’) = 0 then
(s,8") € Go. But then s’ € D(FE) implies s € D} (FE) a contradiction. Hence,
C(s,s') > 0. It follows from 2 that (s,s’) ¢ ¢, hence C(h) > C(t) + C(s,s")
and the inequality in (21) is strict.

Having proven Lemma, 5 for the case of ¢+ = 0, we now derive a corollary
which will be useful in the inductive step. The following will be true for
i = i whenever Lemma 5 is true for ¢ = . We then use these results to prove
the sequence for 4 =4 + 1.

13



Lemma 6 Let A € A; and S the i-th order quasi-domain of A generated by
some family F C A;. There exists h* on S rooted at some v € A such that
C(h*) < C(h) — (1+ 1) for any exit forest h of S, with strict inequality if h
satisfies one of

1. 3r € r(h|pz(a)) N D (F) for some F #it1 A.
2. 3(s,s') € hls\p:(a) such that for some E € A;\ {A}, s' € D} (E) but
s ¢ D (E).
Secondly, let U € F. Iff U =;11 A, there exists an exit tree €* of S whose

root is in D} (U) and such that C(e*) < C(h) for any ezit forest h of S, with
strict inequality if h satisfies one of the above conditions.

Proof: Let h be any exit forest of S, and y a root of h|B:,«(A) such that
y =p, a for some a € A. The graph h|B¢*(A) is an exit forest. By Lemma 5,
we can find a tree b on B} (A) rooted at y such that

C(b) < C(hlp:(a)) (22)

Suppose condition 1 is satisfied and assume y # r. Let ¢ be an immediate
predecessor of r in h| B;(4)- Then g € Bf (A) implying ¢ ¢ D} (F).

Since r is a root of h|B;‘(A), y # r and thus the edge (¢,r) and the set F'
satisfy the hypotheses for strict inequality in Lemma 5, hence we then have
strict inequality in (22).

Since B;(A) is a quasi-domain, for any Z,, € A, there exists a tree 7 C G;
of B;(A) whose root is Z,, (by Lemma 3.) Let {Z,...,Z,} be an ordering
of B;(A) satisfying Z; #, Z;1+1, and define the following collection:

Sj = [Di-1(Zj) \ Ur>;Di_1(Zx)] N B; (4)

This is clearly a disjoint collection and since US; = Up,(4)D;_;(Z;) N
B}(A) = Bf(A) (by Lemma 3), it is a partition of B}(A). Moreover,

Sj = [Di1(Z5) 0 By (A)]\ Ug>; Di_1(Zk)

and by Lemma 3, the term in brackets is an ¢ — 1 order quasi-domain and
hence there exists F' C A;_1 \ Z; such that

Sj = [D; 1(Zj) \UrerDj 1 (F)] \ Ug>;D; 1 (Z)

and therefore each S; is an 4 — 1 order quasi-domain.

14



Let z be an immediate predecessor of 7 in b and let S;~ be the element
containing . Note that Sj« C Bj(A) and y ¢ B;(A) imply that y is a root
of b|5j* .

Since y ¢ B}(A), there is some U € A; \ A and E € A; ; such that
U»; Eandye D} (FE).

I claim that b| S satisfies either 1 or 2 of the induction hypothesis. First
suppose € S+ \ B _{(Z;+). Then since z ¢ D} (E) (else z ¢ B/(A)),
condition 2 is satisfied by the edge (z,y).

Suppose instead z € B; ;(Zj<). Then y is a root of b|Bi*_1(Z],*). It
cannot be that E >; Z;« else Zj« € D;(U) implying Z;« ¢ B;(A). In this
case, therefore, condition 1 is satisfied.

We will now apply the induction hypothesis to each graph b| s;- The
preceding arguments show that we have the conditions for strict inequality
in the case of b|5].*.

Since 7 is a tree of G;, Z;11 =; Z; for every j < n and therefore, the
second part of the induction hypothesis implies that for each j < n, there
exists an exit tree e; of S; rooted in D}_;(Z;) such that

Clej) < C(¥ls;)

with strict inequality for j* (if 7* < n).

The root r; of e; must be contained in B} (A). If not, then r; € D} (F)
for some F # A. By the only if part of the second part of the induction
hypothesis, F' >=; Z; contradicting Z; € B;(A).

(Notice that it is not necessarily the case that r; € Sj;1, but it must be
that r; € S, for some j < k < n.)

The first part of the induction hypothesis implies that there exists a tree
en on S, rooted at some v € A such that

Clen) < C(bls,) —1i

with strict inequality if n = j*.

Now let ' = VTe,. We have C(b') < C(b)—i implying C'(b') < C'(b)—(i+
1) since we have assumed C(-) is integer-valued. Let b* be a C-minimizing
tree on B} (A) rooted within A. Then

Cb*) <CH) < C®) - (i +1) (23)

Suppose equality. Then since y is the root of the exit tree b, by the
definition of the order decomposition, U >;;; A for every U such that
y € D7 (U). But this would contradict r € 7(h|p:(4)) N D; (F) (i.e. condition
1) and r = y, hence in this case we have strict inequality in (23).
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To summarize the argument to this point, we have demonstrated in-
equalities (22) and (23), and have shown that if condition 1 is satisfied then
one of them holds with strict inequality (in 22 when y # r, otherwise in 23).

Now since i < [, there exists U € 4; \ {A}. Let w € U. The graph z;
obtained by adding the edge (v, w) to b* Ah is an exit forest of S, with root w
succeeding v € A. Lemma 5 therefore applies yielding an exit tree zo whose
root, w, has unique immediate predecessor v, with C'(z1) < C(z2). Suppose
condition 2 is satisfied. Then, (s,s’) € 21 since s ¢ b* = B}(A), and by the
construction of z;, if w >,, s then v >, s and thus the conditions for strict
inequality in Lemma 5 are satisfied. Letting h* be the graph obtained by
removing (v, w) from z2, we have

Ch*) < CH* AR (24)
= C(") + C(hls\p:(4)) (25)
< C(h)—(i+1) (26)

Where the first inequality is strict if 2 is satisfied and the second follows
from combining equations (23) and (22), and therefore is strict if condition
1 holds. This establishes the first part of the lemma.

Finally, by the definition of the order decomposition, if and only if F' >,
A there exists an exit tree e of B}(A) rooted within D} (F') such that C(e) =
C(h*|B;(a))- Hence, taking e* = e A h* gives the second part. [ |

Proof of Lemma 5 We now turn to the inductive step. Since S is an i-th
order quasi-domain, by Lemma 3 there exists a quasi-domain D C A; 1 of
A such that S = UzepDf (Z)NS. Also by Lemma 3, there exists a tree 7
of G; on D rooted at the element Z,, of A whose ancestor is v. Let ¢ be the
path in A from v to r.

Now, fix an ordering of D, {Z1,..., Z,} such that Z; %, Z;;;. Consider
the family defined by

Sj = [Di1(Zj) \ Ur>iDi 1 (Z)] NS G € {1,...,n}

As was argued in the proof of Lemma 6, this is a partition of S, with
each S; an 7 — 1 order quasi-domain. Let S;« be the element containing s,
if it exists.

For each j = 1,...,n, let t; = h|s, Nt. If t; # 0 then t; is a path, so let
o; and r; be the origin and endpoint, respectively. Notice that r; is a root
of h|s;. Define the sub-family

Q:={S;:3z € Zj s.t. zj =p 05}
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By assumption, 0, = v € Z, and therefore S, € . By the induction
hypothesis, for each S; € € we can find a tree h; on S; rooted at r;, satisfying

C(h;) < C(hls;) (27)

If the S; which contains ¢ is in 2, then, per the induction hypothesis,
we choose h; such that g is the unique immediate predecessor of r. Notice
that s’ € D} ;(K) for some K € D;(E) and since s ¢ D}(E) we also have
s ¢ D} {(K). Furthermore, the condition r >p s = v >j s implies the
analogous rj =, s = v; =p; s Thus we can make the inequality in (27)
strict in the case of Sj- (if it is contained in 2).

Now consider S; ¢ Q. If t; # 0, let g; be the immediate predecessor of
rj along the path ¢; and define

T;={veSj:qg th\sj v}

If t; = (), then set T; = (). Notice that the graph h|r; is a tree rooted at r;
and it contains the path ¢;. The graph h| s;\1; 1s an exit forest of its domain
of definition, none of whose roots are in Tj. (If h|g;\7; had a root in 7}, then
there would be at least one v € S; \ T such that r; € S; \ Tj >} v implying
v E Tj.)

By Lemma 6 there exists an exit tree h} of S; with root y; € D}, (Z)
for some k > j (specifically the successor of Z; in 7) which minimizes the
order of any exit forest of S;. In particular, since no roots of the exit forest
h|s;\r; are in T}, it follows from Lemma 4 that the graph hj|r, A hlg; is an
exit forest of S; and therefore

C(h*) < C(h|z; V hlspT;) (28)
C(hjl; V hjlspt) < C(h*|1; V hishT) = (29)

Consider the case of S ¢ Q. Suppose s € Tj=. Then r >} s implying
by hypothesis that v =} s. In particular, because there is a path within §;
from s to 7, v must lie along this path. But this implies that ;* = n, a
contradiction since we have already shown that S, € Q. Thus, if S;« ¢ Q
then s, s ¢ Tj-.

It follows that (s,s’) € h*|z,. V hls,.\1;.. Suppose s € B 1(Z;+). Then
since s ¢ D} (FE), it cannot be that K >; Z;-, hence since s’ € r(h|B;,«_1(Zj*))ﬂ
D} (K), we have condition 1 for strict inequality in 29 according to Lemma
6.
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If on the other hand, s € S;- \ B;_{(Z;+), then we have condition 2 of
Lemma 6 by condition 2 of the induction hypothesis.

Thus, the inequality in 29 and hence 30 is strict in the case of S« if not
in Q

with a strict inequality in (29) in the case of j* since s, s’ ¢ T« implies
(s,5") € h*[1; Ahls;-

For S; ¢ Q, define h; = h|r; A h*|s;. By construction, r; is the root of
hjlr; = h|r; and therefore Lemma 4 implies that h; is a forest of S; whose
roots are a subset of {y;,7;}.

Define h' := V;h;. Notice that for every j, such that t; # 0, r; =4, oj,
hence r = v. Moreover, for every S; € ), rj =5, S; hence r =5 Sj.

For each vertex u € S; ¢ Q, either r; »h; w in which case r =p u or
Yj ~h; u in which case S" =y u where S’ is the successor of S; in the tree
7. Since T is a tree rooted at Z, € (), it follows that r = u.

Corollary 4 Suppose h is a forest on B}(A) with a single root r within
Bf(A). Then there is a tree h' on B} (A) rooted at r with no greater order
and strictly less whenever h is not a tree.

Proof: Let ¢ be a vertex outside B;(A) and consider the exit forest g
created by adding the edge (7, ¢) to h. Lemma 5 applies and we can construct
a tree g2 on B}(A) whose root is ¢ with C(g2) < C(g¢1) and such that the
unique immediate predecessor of ¢ is r. If h is not a tree, then there is
some root z of h such that z ¢ B;(A). But then the edge (y, z) satisfies the
hypotheses for strict inequality, where y is any predecessor of z in h. Let hy
be the graph that results from deleting the edge (r,q) from go. We have

C(h1) C(g2) — C(r,q)
C(g1) — C(r,q)

= C(n)

IA

with strict inequality as needed. Moreover, since r is the unique immediate
predecessor of the root ¢ of go, we have g >4, 7 >4, s for every s € Bj(A)
and thus hq is a tree rooted at r.

|

Lemma 7 Let A € A; and Z € D;(A). For any z € Z, h € H,, and for any
a € A, there exists hg € Hg such that C(h,) < C(h,) with strict inequality
when Z ¢ A.
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Proof: The proof is by induction on i. First let A € Ap and z € Dy(A) and
fix a spanning tree h € H,. z € Dy(A) implies that for any a € A, there is
a path ¢ from z to a such that C(t) = 0. The tree ¢t A h is rooted at a and
has no greater order than h.

Suppose now z ¢ A. By the definition of Ay, A = {v € V : v =¢ a}.
This implies that the path in h from a to z must go contain some edge (a’, v)
where a' € A and C(a’,v) > 0. Since o’ € A, there is a path t' from a’ a
such that C(t') = 0. Thus ¢ AtAh is a tree rooted at a with strictly smaller
order than h.

For the inductive step, we begin with the following claim. If Z ¢ A,
then there exists some F' € A such that h| py_,(r) satisfies either condi-
tion 1 or 2 of Lemma 6. To prove this claim, suppose Z ¢ A. Then
B} 1(Z) NUyeaD}_1(U) = 0 and thus since z € Z C B} {(Z), the graph
g := h|UAD;71(U) is an exit forest.

For every q¢ € UaB} {(U), there is a root r of g such that r >, g¢.
Choose ¢ and r such that g is a root of g|, B;_,(v) and there is no root q
of g|UAB;«71(U) along the path from ¢ to r in g. Let F' be the element of A
such that ¢ € g Br_ (F)-

Since r isaroot of g, r ¢ UaD}_{(U) hence r € D} ,(E) for some E ¢ A.
All vertices between g and r are contained in UgD} (U) \ UpeaB]_(F) =
Ua[D;_,(F)\B;_(F)] and therefore if condition 2 is not satisfied for any F' €
A, then each of these vertices must belong to D} ;(E). But in particular,
this implies ¢ € Dj_,(E). Since g is a root of h|p:_(r) and since E' ¢ A
implies F %; F, Condition 1 is satisfied for F'

Thus, if Z ¢ A, there exists some element, call it Z,, of A satisfying either
condition 1 or 2 from Lemma 6. (If Z € A, then let Z, be any element of
A.) Since Z € D;(A), there is a path in G; from Z to Z,,. Let Z1,..., 2,1
be the vertices between Z and Z, along this path. Define the family of
quasi-domains

Sj = D;_I(Zj) \ Uk>jD;-k_1(Zk) i=1...,n.

For each j = 1,...,n — 1, the graph hls; is an exit forest and therefore
by the second part of Lemma 6, there exists a tree h; on S; rooted in
D7 _(Zj41) such that

C(hj) < C(hls;) (31)

Consider the graph h|B; (z)- Since h is a tree rooted at z € Z C B} (%),
h| B:(z) s a forest whose only root within Sy is 2. Applying Corollary 4, we
obtain a tree ¢ on Bj(A) whose root is z with C(t) < C(h|p:(z))-
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Thus by the definition of the order decomposition, there exists an exit
tree hg of Bf(Z) rooted within D} ;(Z;) such that

C(ho) < C(h|pr (7)) +i (32)

Finally, h|s, is an exit forest, and therefore by the first part of Corollary
6, there exists a tree h, on S, rooted at some a € Z,, such that

C(hn) < C(h]s,) —i (33)

with strict inequality when Z; ¢ A.

Define the graph h' = (V§h;) A h. Tt follows by iterative application of
Lemma 4 that h' is a tree whose root is a, and by combining equations (31)
, (32) , and (33), we have

M-

—

C()—C(h) = ) (C(hy) —C(hls)))

IA
<

with a strict inequality when Z; ¢ A.

In the case Z € A, Z, was an arbitrary element of A. Thus, we have
shown that for each F' € A, there is some element a € F and a tree h, € H,
which has no greater order than h. But by the induction hypothesis, for
every a' € F, there is a tree hy € Hy whose root is o' with no greater order
than he. Thus, since A = UpcaF, the lemma is proven. [ |

Proof of Theorem 4 We first show that the order decomposition con-
verges. Suppose not, then by Proposition 4, there exists j such that |V;| > 1
and L; = () for every 1 > 7. Thus

{Bj(A): A A} ={B,(4) : A€ Aipa}:=f

for every i > j. But then by the definition of the order decomposition,
L; = 0 Vi > j implies that for every B € 3 and for every exit tree h of B,
C(h) = co.

We will show that this leads to a contradiction. By the definition of a
regular perturbation, there exists a tree h on V with finite order. Let B
be an element of 8 which does not contain the root of h. (There must be
some such B since || > 1 and by the definition of basins of attraction, the
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elements of 3 are disjoint.) The graph h|g is an exit forest. By lemma 5
there exists an exit tree ¢ of B with no greater order. Hence there exists a
finite order exit tree of B.

Define the map ¢ on V as follows.

¢(v) = min C(h)

By Corollary 3, p*(v) > 0 <= v € argming(-).

1. Suppose p*(v) > 0 and v,v" € A. Then by Lemma 7, ¢(v') = ¢(v)
and v € argming(-) = v’ € argming(-).

2. Let v ¢ UAeAiA- Let j* be the largest j such that v € A for some
A € Vj. Since by definition Vy = V', we have 0 < 5* < i. For some Z € A;1,
A € Dj;11(Z). By Lemma 7 then, ¢(Z) < ¢(v). Thus v ¢ argming(-).

3.Let v € A and define the following sets

q(v) = argming,cy C(h)
d(v) = argmingeg, C(hlv\pr(4))

I claim g(v) = {bAd:b€ qa(v),d € d(v)}. By Lemma 4, all graphs in
this set are trees, and clearly they have equal order. Suppose there is some
h € H, which minimizes C. By Corollary 4, it is wlog to assume h| B:(A) is
a tree. But then it must be that h|p:(a) € ga(v). Finally h\V\B;(A) € d(v),
else the graph h|p:(4)Ad is a tree with strictly smaller order for any d € d(v).

We now calculate

N — Loeqaw) k) Xaeaw) k
plel) = 2vei Lbeqaw) F() Laeaw) k
Dbeqa(v) 2ded(v) k(b)k(d)
dvei ZbEQA(U’) Zded(u) k(b)k(d)
Eth(v) k(h)
Yyea Eth(v') k(h)
_ w)
ekt (V')
w(v)
w(A)

(d)
(d)
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