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e Baseline NK model with no capital and with a competitive
labor market.

— private sector equilibrium conditions

— Details: http://faculty.wcas.northwestern.edu/~Ichrist/course/Korea 2012/intro NK.pdf
e Use the equilibrium conditions of this model:

— as a base to introduce financial frictions
— to illustrate the application of solution methods.



Households

e Problem:
0o Nl—l—go
max Eg Z ﬁt log Cy — exp (7¢) { , Tt = AT +€f
=0 l+e¢

s.t. PyCt 4 Byy1 < WiN¢ + Ry_1By + Profits net of taxes;

e First order conditions:
1 1 R
Ct Cit1 i1

exp (1) OGNy = —.



Goods Production

e A homogeneous final good is produced using the following
(Dixit-Stiglitz) production function:

1 1 Je1
0 7
e Each intermediate good, Y, is produced as follows:

=exp(at)
a
Yie = At Nip, ar = paz_1+ &

e Before discussing the firms that operate these production
functions, we briefly investigate the socially efficient (‘First
Best') allocation of labor across i, for given N :

1
N, = / Ny di
0



Efficient Sectoral Allocation of Labor

With Dixit-Stiglitz final good production function, there is a
socially optimal allocation of resources to all the intermediate
activities, Y;;
— It is optimal to run them all at the same rate, i.e., Y = Yj;
for all i,j € [0,1].
For given Ny, it is optimal to set N;; = Nj; for all i,j € 0,1]
In this case, final output is given by

Yt = e”tNt.

Best way to see this is to suppose that labor is not allocated
equally to all activities.

— But, this can happen in a million different ways when there is a
continuum of inputs!
— Explore one simple deviation from N;; = N; for all i,j € [0, 1].



Suppose Labor Not Allocated Equally

* Example:

- 2aN, i€ [0,%]

Ni - s
' {2(1—a)N, ie[4,1]

* Note that this is a particular distribution of
labor across activities:

<a<l.

1
J. N[[di = LZaN; + l2(1 — a)N, = N[
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Labor Not Allocated Equally, cnt’d

(e =
e [fa]
=R N
= |:~[o Y, d1+'|.% Y, d1i|
$oel ol e ]ET
= e ‘[0 N/ dl+.‘-%N,-j di
7 1
- e”/|:_l.2(2aNt)£1di+J. Q(1 - a)N,) = di
0 T

&1

3 &1 1 &1 ﬁ
- e”'N,|:I02 Q) di + J‘L(2(l - a))sdz}

&
&1

= N[ o)™ + Lt -a)]
= e“Nfla)



&

floy=[+eay™ + Tet-an® |7

Efficient Resource Allocation Means Equal Labor Across All Sectors
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Final Goods Production

e Final good firms:

— maximize profits:

1
Pth—/O P;Y;dj,

subject to:

e=1

T e
Y= { Yii dj]
o

— Foncs:

""cross price restrictions"
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Intermediate Goods Production

Demand curve for it" monopolist:
P\ ¢
Yie =Y <—) :
’ Py

Yit = exp (at) Njy, ar = pa;_1 +¢€f

Production function:

Calvo Price-Setting Friction:

P, — by with probability 1 — 0
w1 Pj;_1 with probability 6

Real marginal cost:

minimize monopoly distortion by setting :%
—_——
dCost (1 _ 1/3 Wi
S = dworker __ by

dworker



Optimal Price Setting by Intermediate
Goods Producers

o Let .
_ _ P S Py
Pr= Py TPy
e Optimal price setting:
. K
pt - Ft/
where
S _
Kt = e _ 1St + ‘BGEtTI?+1Kt+1(1)
Fy = 14 BOE {Fiir.(2)
¢ Note:
I3 . £
Ki = L + ﬁQEtﬂtHS —5t+1
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Goods and Price Equilibrium Conditions

o Cross-price restrictions imply, given the Calvo price-stickiness:

1

P =|(1—-0) P +op 7]

e Dividing latter by P; and solving:

1
B [1 —97‘r§‘1] K
b= | —— — = =

St

1—-6 F;

1
1—0a |
L e

e Relationship between aggregate output and aggregate inputs:

Ct = p;kAtNt, (6)

(1) &1 .
where p; = |(1-106) <%> o (4)

1-¢6 Piq



Tak Yun Distortion: a Closer Look
e Tak Yun showed (JME):

-1

* % (= * _ 1_67:[; N\ ﬁ—?
pr =p (T[t/pt—l) = (1 o 6) <W) +9p;k—1

— Distortion, p;, increasing function of lagged distortion, p;_;.
— Current shocks affect current distortion via 7; only.

e Derivatives:

_ - _(e=1)\ &1
pi (7t piog) = (Pt) ef71; T - (%)

Pr—1
L\ 2
ps (epiy) = (Zt ) 07t
Pr—1




Linear Expansion of Tak Yun Distortion in
Undistorted Steady State
e Linearizing about 71y = 71, p;_; = p* :
dp; = p1 (70, p") d7te + ps (70, p7) dp; s,

where dx; = x; — x, for x; = p;, p;_4, 7+
e In an undistorted steady state (i.e., T =pf =p; ; =1):

pi(1,1) =0, pi (1,1) = 6.
so that
dp; = 0xdm+ 6dp;_q
— pi=1—-0+0p;_
e Often, people that linearize NK model ignore p;.

— Reflects that they linearize the model around a
price-undistorted steady state.



Tak Yun distortion, R

Current Period Tak Yun Distortion as a Function of Current Inflation
Graph conditioned on two alternative values for p*t_1 and 6 = 0.75, ¢ =6.00

1

o

©

)
T

°

©

=
T

o
©
N

o
©

>

0.881 | —lagged Tak Yun distortion = 1 (i.e., no distortion)

——lagged Tak Yun distortion = .9

0.861

0.9 0.95




Ignoring Tak Yun Distortion, a Mistake?

Tak Yun Distortion and Quarterly US CPI Inflation (Gross)
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Linearizing around Efficient Steady State

e _ -1
e In steady state (assuming T =1, 1 —v = =)

1 e—1
*
= = = = = = __1
p 1, K=F 1 9,5 . , Aa=717=0, N

e Linearizing the Tack Yun distortion, (4):

| p; =1, t large enough |

e Denote the output gap in ratio form by X;:

where the denominator is the socially efficient (‘First Best')
level of consumption.



Output Gap and First Best Consumption,
Employment

e Explained above that with socially efficient sectoral allocation

of labor,
Yt = exp ((Zt) Nt.

o First best level of employment and consumption is solution to
Nl+q)
1+ (p}

NPest — arg max {log lexp (a:) N] — exp (7¢)

so,

Tt Tt
N?est = exp < ) , Cbest = exp ( )
1+ ¢ 1+ ¢

e Then, using expression on previous slide for X; (and, x; = Xt):

C d




NK IS Curve, Baseline Model

The intertemporal Euler equation, (5), after substituting for C;
in terms of X;:

1 1 R
— BE, _t
XA exp <—1Tf¢> Xir1App1exp ( j:;)) TT+1
1 1 R;
~ - Et * — 7
Xt Xi+1R{ 1 71
where
. 1 Tr+1 — Tt
Ry = E ap41 — ar — W
then, use .
— ~ N Uus ~ A
Zyup = 2t + Uy, (z_) = Ut — Zt
t
to obtain:

Xy = E¢ [Xep1 — (Re — e — R)yy)]



NK IS Curve, Baseline Model

e \We now want to establish (when the steady state is efficient)
the following result:

Et (Re — e — Rf4)
= 1 —Eitq — 1,
where
re =log Ry, 1y = Etlog Ry, miq = log 7pyq.
e Note:

Z; = exp(zt), where z; = logZ;

N . dZt o dexp (Zt) . Zdzt .
Zy = Va = 7 = Va = dZt.

e The result follows easily from the following facts in efficient
steady state:

logR* =logR, log =0.



NK IS Curve, Baseline Model

e Substituting
X =E X1 — (Re— e — RE)], =X,

we obtain NK IS curve:

’ Xt = Etxt+1 — E¢ [rt — 71 — 1’?] ‘

e Also,

Tr41 — T

T?:—log(ﬁ)—FEt agr1 —ay — 1—}—4)



Linearized Marginal Cost in Baseline Model

e Marginal cost (using da; = a;, dt; = T because a = T = 0):

w
St = (1_V)1Ti’ ZTJt:eXp(Tt)Nf)Ct

— W =Ti+a+ (1+ )N

e Then,

5{))
I
S

t—at:((p+1) #—f—Nt :((p+1)xt




Linearized Phillips Curve in Baseline Model

e Log-linearize equilibrium conditions, (1)-(3), around steady

state:
Ky = (1—B0) 8 + BO (emri1 + Kiy1) (1)
by = PO (e — 1) 71 + POF4 (2)
K =F+ 57 (3)

e Substitute (3) into (1)

A

. . - A 0 .
iy = (1 — B0O) 5+ po <€7Tt+1 +Frp1+ T 97Tt+1>

e Simplify the latter using (2), to obtain the NK Phillips curve:

= O g




The Linearized Private Sector Equilibrium
Conditions

Xt = X141 — [T’t 7041 — Vt]

e ) L5 L P

5 = (§0+1)Xt

ri = —log (B) +Er a1 —ar — 35




Nonlinear Private Sector Equilibrium

Conditions
S _
Kt = e _ 1St + ﬁGEtT[§+1Kt+1(1)
Fr = 14 BOE {Fria.(2)
_ 1
K  |1—omt|"e 3
F 1—0
— e _1
1-or VT g
= |(1—-0) | ————t ot 4
1 1 R
— = BE—— 5
Ct p tCt+1 1 (5)

Ct = P?AtNt (6)
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