Homework #4

Economics 411-1, fall 2003
Due Wednesday, October 22
Christiano

1. This is a continuation of question 2 in the previous problem. Now think
of the planner in each period as though they were a different person,
not bound by any commitments that may have been made in previous
periods. This gives rise to a Nash equilibrium concept in which each
date’s planner optimizes, taking as given what planners in other periods
do. Thus, suppose a planner optimizes today, subject to the constraint
that planners at all future dates save according to the rule, ki1 = dky.
Let v(k¢; d) denote the present value of utility, u(c:) + Su(ci1) +. . ., that
occurs when the saving rate, d, is followed at dates t, t + 1, ....

g. Display an explicit formula for v(k;;d) (hint: you can find it as the
fixed point of a dynamic programming sequence that you can do with
paper and pencil, like you did in recitation with Guido Menzio)

h. Let g(k;d) denote the policy rule of a planner with preferences,
ulco) + 6B[uler) + Bu(es) + B2ules) + .. J,ule,) =log(er) (1)

who expects the saving rate in subsequent periods to be d. Show
that g(k; d) = D(d)k®, and derive an explicit formula for D(d).

i. A natural equilibrium concept in this setting is that it is a d*, such
that d* = D(d*). Display a formula relating d* to the parameters of
the model. Defend this equilibrium concept.

j. Call the decisions, ko, k1,... emerging from the solution in (i) the
Nash solution. Call the decisions in (c¢) of question 2 in the previous
homework the commitment solution. Call the decisions in (d) of
question 2 the naive, time inconsistent solution. Compare the value
of utility in each of these solutions, assuming kg = 1 in each case.

k. Which of these allocations corresponds to the allocations in a se-
quence of markets equilibrium, and which corresponds to the alloca-
tions in an Arrow-Debreu equilibrium? Explain.

2. In class, we discussed an environment with monopolists. The following
notes describe this environment, and after that come a few questions. We
first discuss the firm sector. Because this problem is static, it is convenient
from the point of notation, to temporarily drop the time subscript, ¢. In
discussing the firm sector, we take the aggregate supply of capital, k, and
labor, n, as given. These cannot be determined until the households have
been brought into the picture.

At first, the firm sector may seem quite intricate and complex. There are
three reasons we introduce it anyway. First, we want to bring in monopoly



power without encountering the empically silly implication that there is
a single firm in the economy. The environment, with is due to Dixit
and Stiglitz, accomplishes this. Second, the model is pervasive in growth
theory and in business cycle theory. It is important to note that at the
very end, the whole edifice collapses into three simple equations, equations
that are very similar to three analogous equations that characterize the
firm sector in our decentralization of the neoclassical growth model.

Final goods, y, are produced by a representative, competitive firm, using
a continuum of intermediate goods, (i), i € (0,1) :

y_{/olz(i)*dir,wxa. (2)

The price of the i*" intermediate good is p(i), which the final good pro-
ducer takes as given. The profits of the final good producer are:

1
r=y- / p(i)a(i)di,

where the price of the final good has been normalized at unity. The prob-
lem of the final good producer is to choose z(i), i € (0,1) to maximize
profits subject to the budget constraint. The first order necessary condi-
tion for profit maximization is:

p(i) =y' (@), i € (0,1).

There is a single monopolist who produces z(7). The monopolist sets its
price, p(i), and output, x(4), treating the first order condition of the final
good producer as its demand curve, p(i) = P(z(i),y), where

P(a(i),y) = y' (i) (3)

The monopolist knows the value of y and correctly understands that its
choice of z(i) has no impact on y. The monopolist uses capital and labor
to produce z(7) using the following technology:

z(1) = k(1)*n(i))' = = f(k(i),n()), 0 < a < 1, (4)

where k(i) and n(7) are the capital and labor hired by the monopolist in
the capital rental and labor markets, respectively. The monopolist is small
in the factor markets, and so it takes the rental rate on capital, r, and the
wage rate, w, as given. The monopolist’s problem is to choose z(i) to
maximize profits, subject to (3), the technology, (4), and the given 7, w.
It is convenient to derive an expression for the monopolist’s cost function,
C(z(2),w,r) :

C(z(i),w,r) = Ic(IiI)linn(i) rk(i) + wn(i),



subject to (4). In Lagrangian form,

Cla(@)w.r) = min k(i) +wn(i) + ple(i) - F(k(0).n()].

where p > 0 is the multiplier. The first order conditions for this problem
are:

ro= pufr (5)
w = ,u'fn (6)
x = f.

Here, u, k and n are to be determined as functions of x, 7, w. To obtain
an expression for yu, solve (5) for k/n:

k (T
()

Substitute this into (6) and obtain:

el (2)]

Solving this for u and taking into account our functional form assumption,

we find: L
p=ur)= (=) (3) O @

To interpret 1, note that it is the derivative of C' with respect to z(7) in the
Lagrangian expression of the firm minimization problem. Thus, u(r,w)
is the marginal cost of producing x(7). Another intuitive way to see this
interpretation of y is to consider (5), which can be rewritten, p = r/ f.
Note that r is the change in cost with respect to a unit change in capital,
while fj is a change in output with respect to a unit change in capital,
so that the ratio is the change in cost with respect to a change in output.
That is,

ro dCost gOost  dk  dCost
= = X — = .
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This establishes that the marginal cost of producing z(7) is independent
of the value of x(4). (The linear homogeneity of the production function is
what guarantees this.) From this observation, together with the fact that
C(0,7,w) = 0, we conclude that the cost function of the i** intermediate
good firm has the following representation:

C(z(t),r,w) = p(r,w) x x(3).

Taking into account that the intermediate good firm must respect its de-
mand curve, the profit maximization problem is:

m(i) = max P(a(i),y)a(i) — plr, w)z(i).



The first order condition equates marginal revenue, P’ (x (%), y)z(i)+P(z(7), y),
to marginal cost, p(r, w). Taking into account our functional form assump-

tions,

Note that the value of (i) that solves this is independent of 4. Similarly,
the choice of p(7) is independent of i. These observations are not surprising
in view of the symmetry of the intermediate good firm problems. Denote
the optimal values of z(i) and p(i) by  and p, respectively. From the
fact that (2) must be satisfied in equilibrium, we have that in equilibrium,
x =y, so that, using the previous expression and the demand curve:

p(r; w)
= 1

That is, in equilibrium the marginal cost is equated to A, the parameter
in the final good production function. In addition, the price of the in-
termediate input is unity. It is interesting to see the value of profits in
equilibrium:

7w = Plz,y)z — p(r,w)x
= z[l—-A.

Note that when A = 1, then profits are zero. This reflects that, in this
case, the intermediate inputs are perfect substitutes so that the ‘monopo-
list” does not have any exploitable monopoly power. In this case, marginal
revenue is just the price of the intermediate good and P’ = 0. For lower
values of A, each intermediate good firm becomes less substitutable with
the others, and the monopolist has more monopoly power. As a result,
profits per unit of sales, 7/x, rises. A crucial thing to note is that, accord-
ing to (5)-(6), the monopolist pays factors of production less than their
marginal products:

ro= A <[k
w = An < fa

The equations that summarize the firm sector are these, together with (2)
which reduces to
Y= k(xnl—(x

given that y = x(4) for all ¢. These equations are conditional on the values
of k and n, which we have taken as given in our discussion of the firm
sector. Notice that these three equations look exactly like the equations
corresponding to the firm sector in our competitive decentralization of the
neoclassical model, which the exception of the appearance of X in the firm
first order conditions.



To determine k, and n, we have to bring in the households. Their problem
is to solve, at each date, t :

max 3 Fuler;),

Jj=0

subject to

1
Copj T ket — (L= 0)kepy S regjhyy +wipgneyy + T +/ iy (1)di,
0

and n < 1. Note that households are treated as receiving profits from all
firms, final and intermediate. The household optimally chooses n = 1 and
its first order condition for capital is:

u'(crrj) = Bu'(cpr4) [revrs +1 0], 5=0,1,2,....

Substituting out for the equilibrium value of the rental rate of capital,

u'(crrj) = Bu'(cpr4g) Mrerjer +1-9], 5=0,1,2,.....

Notice that this first order condition resembles the first order condition of
the efficient allocations in the neoclassical model, with a crucial exception.
Instead of fi appearing here, it is something less. A consequence of this
is that when households make their decisions about saving, they treat
the payoff from capital as r + 1 — §, which is less than the actual payoff,
fr+1—246. Because, in effect, the equilibrium offers households insufficient
incentive to save, it will produce a socially inefficiently low level of capital.

A sequence of markets equilibrium for this economy is a sequence of
prices, {p:(%), re, we }52,, and quantities, {n(2), ke (), ne, ket1, ¢t 152, such
that the household and firm problems are satisfied given the prices and
the quantities. In addition, we require market clearing, f ny(1)di = ny,
[ ki(i)di = Ky, for each t.

(a) Use the linear homogeneity of the production function, and expres-
sions for profits to show that, in equilibrium,

1
Ttkt—l—wmt—I—ﬂ't—&—/ Wt(l)d’t
0
= f(ktvnt)v

so that the resource constraint is satisfied.

(b) Show that, in a steady state,
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Show that the efficient allocations of the economy with monopolists

solve:
o0

max 3" Bu(co),

Ktg1,me P

subject to
ct + kt+1 — (1 — 6)]615 S f(k:t,nt).

(Hint: note that I dropped the whole thing about (2). In effect,
you need to show that this not a binding restriction on the problem
of determining the efficient allocations.) Thus, the efficient alloca-
tions in the monopoly economy coincide with those of the neoclassical
economy. However, because of the presence of monopoly power, the
equilibrium allocations are not efficient. This is consistent with the
result for the steady state capital stock in (b) above, which estab-
lishes that when A < 1, the equilibrium steady state capital stock in
the economy is less than the efficient level of capital, which we drived
in class.

Modify the household budget constraint in the following way:

1
Corjthirivi—(1=0)ke; < (1+Tt+j)Ttﬂ'kt+j+wt+jnt+j+7ft+j+/ T (1) di—Tiy
0

Here, 7¢1; is a tax subsidy on the household’s capital income. In
addition, T;4; is a lump sum transfer from the household to the gov-
ernment. By ‘lump sum’ I mean that the magnitude of the transfer
is independent of any choice by the household. We require that the
government balance its books in each period:

Tireke = T,

where k; is the economy-wide average stock of capital, and not the
quantity of capital chosen by any particular household (otherwise,
we could not maintain our assumption that from the perspective of
the individual household, T} is lump sum). Show that there is a
value of 74, t = 0,1,2,... such that the allocations in a sequence
of market equilibrium are efficient. Note that this value is positive.
This reflects that, to steer households towards the efficient level of in-
vestment, they need an additional incentive beyond what the market
gives them. The market systematically gives them too little incen-
tive because of the presence of monopoly power. In thinking about
whether a tax policy can be found which selects the efficient alloca-
tions, be sure to also think about the allocations in date 0.



