Homework #2

Economics D11-2[note to me: in future, de ne q(s!) in the question be-
low.]

Due Wednesday, January 17

Christiano

1. This question asks you to redo Theorem 4.15 in a model that incorpo-
rates hours worked as a choice variable. Consider the following utility
function:

“tu(ey ny); €y
t=0
where ¢, _ 0and 0 - ny - 1 denote date t consumption and employ-
ment, respectively. The resource constraint is:

Ct + Keer = F(Kes Ny); (2

with k¢ _ 0. Here, u is strictly concave, di®erentiable, strictly increas-
ing in ¢ and strictly decreasing in n: Also, T is strictly increasing in
each argument, is linearly homogeneous of degree zero, di®erentiable
and concave. Suppose c;; ki > 0; 0 < n{ <1 satisfy (??) at each t and
kg = Ko; the given initial stock of capital. Also, these numbers satisfy
the "Euler equations':

o

Uc(Ce:ng) = Uc(Crags Ny Fie(Kes 1o NEsa);
uc(cgs N Fa(ke: ng) + un(ci;ng) = 0;

for t = 0; 1;2;:::; and the “transversality condition":
TIl!m1 uc(cr; ny)ky,, =0:

Here, u; and u,, denote the derivatives of u with respect to its rst and
second argument, and similarly for f: Show that the given sequences
fci; ki; ng; t _ 0g produce the highest value of (??) within the set of
sequences which satisfy (??) and the inequality constraints on con-
sumption, labor and capital. (Hint: imitate the proof to Theorem 4.15
in the text.)



2. This question asks you to redo Theorem 4.15 in a model that takes into
account uncertainty. Suppose that at each date t a random variable,
St; Is realized. It can take on any one of N possible values:

s(1);s(2);:::;s(N):

Call s; the state of nature at date t: Let st denote the history of states
of nature up to time t:

st = (So; S1; 115 Sp):

At date 0, sp is known. Thus, as of date 0, there is one possible history,
s%; N possible histories, s'; N? possible histories, s?; ... N! possible
histories s!; etc.

Let the probability of history st be denoted by 1(s'): Then, by the
de nition of a probability,

<
1(sh) . 0; forall s, and  2(s') =1; for every t =0;1;2;:::;

st

P . .
where denotes ‘the sum over all Nt possible values of s*'.
Let the N £ N matrix % be de ned by:

Ysj = Probability[si+1 = s(§)jst = s(i)]:

(a) Suppose v(st) = V' if s; = s(i); for i = 1;::;;N. That is, the value
taken on by v(s!) is a function only of the current state of nature.
Let the N £ N matrix ¥%? be de ned by %? = ¥ £ ¥%: Similarly,
de ne Y2 =YY ..., VK = yKily,;

i. Prove that each row of %X is a probability distribution (i.e.,
all elements of %X are non-negative and ¥%* satis”es ¥, = ¢;
where ¢ is the N £ 1 vector ¢ = (1;1;:::;1)"):

Ii. Suppose sp = s(k): Show that:

> tn—t t —y1il
() v(sH=-[Mi %'y (3)

t=0 st



where v is an N £ 1 column vector, v = (vi; ;v and -
isa 1 £ N row vector with all zeros, except a one in the k"
entry. Recall the de nition of a double sum:

Sk 3k
Gij ~ [doo + oz + Qo2 + :] + [Q1o + Qo1 + Qo + i + 1
i=0 j=0
(Hint: start by writing the expression on the left of the equal-
ity in (??) explicitly for t=0,1,2,..., and stare.)
iii. Show that: > < X
q(s™™h) = q(s™™); 4
gt+1 st st+ijst
where st*1 j st signi—es “all possible histories st*1; given his-
tory st has occurred'. It's enough to establish this for t = 1
and N = 2:

(b) Consider the utility function:

X
b (shHu(e(sh)); (%)
t=0 st
and resource constraint:
c(sh) + k(st) - F(k(st?);sy): (6)

Note that s; shifts the production function. Assume u and f sat-
isfy the same conditions stated above (with the obvious modi ca-
tions to re°ect the absence of hours worked from the problem!).
Suppose c*(st); k?(st) > 0 satisfy (??) for all s'; t = 0; 1; 2; ::;; with
k®(sil) = ko; the given initial stock of capital. Suppose also that
the "Euler equations’ are satis ed:

> 1(St+1)

Ue(c*(s)) = Wuc(c“ (8N Fi(k(s"); Seen);
St+ljst

for all s'; t _ 0; and the “transversality condition":

T"!mlX_Tl(ST)uc(C"(ST))k"(ST) o

sT



Prove that fc®(s);k®(st);t . O; all stg yield the highest value
of (??) within the set of all sequences that satisfy (??) and the
nonnegativity constraints on consumption and the stock of capital.
(Hint: imitate the proof strategy of Theorem 4.15 as closely as you
can, and make use of (??) when you group terms in the capital
stock).

The Euler and transversality conditions are sometimes stated us-
ing the expectation operator:

Uet = _Etuc;t+1fk;t+l

and
H =T — N
Jim Eo " Ugrkrer =0;

where E¢ denotes the mathematical expectation operator, con-
ditional on information dated t and earlier (to understand the
conditional expectation operator in the euler equation, recall that
2™ signi~es the conditional probability of st*2; given st.)

1(St)




