Homework #4
Economics D11-2
Due Wednesday, January 31.

1. In this question, you are asked to prove the partial converse of theorem
4.15 in SL: Let Xx7; X5; X3; ::: solve the sequence problem, and suppose
X; IS interior, that is, x{ 2 int(X); X¢y, 2 int(j(x})) for t = 0;1;::
. Also, suppose A4:3; A4:7 and A4:9 are satis ed and, for simplicity,
| = 1. Then, the following must be true:

The

Fo(Xei Xtae1) ¥ Fi(Xier: Xiep) =0; t=0;1;2;

purpose of this question is to get you to prove this proposition

using a variational argument.

(a)

(b)

(©)
(d)

Consider a particular family of variations on the optimal plan:
X1, X5 + X3, 110, where jtj < 2 and 2>0. Show that, for 2 small
enough, every element in this family of variations is feasible. To
illustrate the importance of continuity of j here, show that if j
fails to be lower hemi-continuous, this statement need not be true.

Let

X
S() = F(x§; X3+ F(X5; x5+5)+ 2F G+ X))+ F(XxE,,):
t=3

Show that S(z) is a strictly concave function of £ in the range,
jxj < 2 for some 2>0.
Prove the proposition.

State and prove the analogous result for the economy with uncer-
tainty in question 2 (b) of Homework 2.

2. (Human capital) Consider the problem of a planner who seeks to max-
imize

X
T'eg=@]; 0< ®<1;

t=0

subject to the following restrictions. The resource constraint is:

Cot Kee i (17 2)ke = KN s
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where k; denotes beginning-of-period t physical capital, and n; denotes
labor, measured in ezxciency units (as opposed to numbers of people,
or time). At date 0, ko is given. Also, the following nonnegativity
constraints must be respected:

Ce o 0; kirr o (1§ Dk t=0;1;::
The constraints on labor are:
0 - n¢ - hg

where h; denotes the beginning-of-period t stock of human capital. The
only way to increase this is to reduce the labor input in the production
function (think of this as capturing the notion that the only way to
expand one’s skills is to withdraw from market production to enroll in
school or in some other form of training.) The technology for increasing
the stock of human capital is:

heer = he + _(he & Ny);

and
;" >0and (1+ )®<1:
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The initial stock of human capital, hg, is given to the planner. The
planner seeks to maximize discounted utility subject to the indicated
constraints, by choice of fheiq; Ne; Kew1; €t =0; 15 2;:000:

(a) Show that this planning problem has an alternative representa-
tion, in which the planner solves:

X —tRL® . . .
max_ hPu(Xe; Y Xer1);
Fyeixe+10i=0 1—q

where x; = %:; Yr = h;{l: Display the exact functional form of u:

Also, display the constraints on Xe+1; Y¢:

(b) Write the problem in recursive form. (Hint: use the logic in the
handout and make use of the fact hy = y¢;1Yt;2¢¢¢yoho; where hg
is a constant, beyond the planner's control.)



(c) Prove that there is a unique value function that solves the func-
tional equation associated with (b). (Hint: use the logic of the
proof to Theorem 4.6.) Would you have had problems here if the
restriction on ® had been ® < 1 rather than 0 <® < 1?

3. Exercise 4.4 in SL. (i) Note the assumption that X = fXj;X,;:::g IS
“nite or countable. Previously, we have been assuming simply that
X is continuous, i.e., X p <'. For example, the ~niteness assump-
tion in the context of the growth model corresponds to requiring that
the capital stock, k, only take on values lying on a nite grid of,
say, m numbers, K = fX;Xp;::I; Xm0, and that the new capital de-
cision similarly must lie on that grid, with the feasibility set being
K'2 j(k) =0 - k? - F(k;1) + (1 § ¥)kg \ K: Exercise 4.4 is of sub-
stantial practical signi cance, since it describes literally how dynamic
programming techniques are applied in practice to solve models. The
solution you get is actually only an approximation, since the underly-
ing model of interest typically speci es that X is continuous. However,
presumably the solution to the discrete model is very close to that of
the continuous one when the points in X are very close together and m
is very large. (ii) Expansion on hint in 4.4 c: if a sequence of wy, is not
only monotonically increasing, but also is bounded above (i.e., belongs
to B(X)), then it converges. (iv) Another hint: though the contraction
mapping theorem is not used to prove convergence of w, it still plays
an essential role in this question.



