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1 Cosier he role of nidiidal eron ho ho se cg;Cq;Cp; 005
to maximize utility:

u(co) + [ u(cs) + 2u(cz) +:::]; u(cr) = log(ct)
subject to the following budget constraint:
Ct = k? i kiv1; 0<®<1; cikerr o 0; ko;

where 0 < < 1; 0 <zt < 1: When + = 1; this is the problem studied
in exercises 2.2 and 4.9 in SL.

(a) Verify that the solution to this problem has the form:
ki = gkg; Keer = ®KS; t=1;2;:::;
where g is a scalar. Derive an explicit formula relating g to the

parameters of the model, ;®; t:

(b) Is there a unique k® with the property k; ¥ k"' ast ¥ 1 for all
ko? Display a formula relating k® to the parameters of the model.

(c) Suppose = 1=1:03;® = :36;+ = :8: Suppose ko = k°: Display
the values of kq; ki; ka; Ks; ka; ks that solve the problem as of date
zero.

(d) Now suppose that at date 1, after k; has been chosen, the house-

condition for this problem is k;. The individual's preferences over
c,;t _ 1 are as follows:

u(cy) + 2 u(cy) + 2u(cs) +::1]

and the budget constraint is as before. What values will the house-
hold choose for ky; ks; ks; ks? If the household chooses to reopti-
mize in this way every period, to what value will k; actually tend?
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(e) Are the values for k»; ks; ks; ks chosen by the household in date 1
the same as the values for these variables chosen in date 0? Why
not? Because the chosen values for these variables di®ers between
time 0 and time 1, this problem is said to be time inconsistent. If
+ had been set to one, we would not have had this problem. Why
not?

(f) Basically, the attitude of the household is "I'm very impatient to-
day (the discount rate from period 0 to period 1 is %), so today
I won't save much, but I'll be less impatient tomorrow (the dis-
count rate from period 1 to period 2 is ), so starting tomorrow
I'll save a lot." Such a plan is not time consistent because when
tomorrow rolls around the household says the same thing: ‘today
I won't save much, but starting tomorrow I'll save a lot'. The
actions through time of this person, who obviously does not have
much insight, turn out to coincide with those of a person with
plenty of insight, but who has no self control: At date t it chooses
ki+1 to maximize utility, while treating its future self as an in-
dependent person who will then do whatever is best for it, given
whatever capital stock it inherits from the past. Show that a pol-
icy, kerr = gk®; t =0;1;2;:::; where g coincides with the g above
is a ‘solution': this policy has the property that it solves each date
t self's maximization problem, conditional on the (correct) con-
jecture that all future selfs will follow this policy rule too. What
is the date 0 present discounted utility for such a household, given
ko = k"?

(g) Now consider a household with self-control. 1t computes the ky; ky; ks; :::
choices that are optimal as of date 0 and then sticks to its decision
without fail. What is the date 0 present discounted utility for such
a household, given ko = k*?

(h) What constant fraction of each period’'s consumption would a
household with no self control be willing to sacri ce at date zero,
to acquire self control? (That is, if cg; cy; c3; i1 is the consumption
plan of the household with self control, and co;cCy;Co;:::; is the
consumption plan of the household with no self control, what is
the value of _ such the present discounted utility of the consump-
tion stream (1 j _)c; coincides with the discounted utility enjoyed
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by the household with no self control?) Laibson has recently pro-
posed using this type of utility function to help explain the variety
of things that people and societies do to commit themselves to a
high savings plan. The parameter , is a measure of the value of
commitment in this context.

2. Exercise 6.7, parts (e)-(f) in S-L, page 158.

3. Consider a version of the endogenous growth model in exercise 5.8 (b)
in S-L, with u(c) = ¢”*=% % < 0 (note: this di®ers from S-L, where
“<land @®) <1 foralll1j+-pu-1+_Also, 0<_ <I1;
0 <z < 1: The sequence representation of that problem is:

"A LEC

K+

- ]
max t kA =¥;

Ther1t=0:132000 ¢ kt

subject to the given value of kg and 1 j £ - K=k - 1+ _; for
t=0;1;::

(a) Show that the solution to this problem coincides with the solution
to:

v = max  FAQo)® =%+ [HoA(u)]™" =%
fue;t=0;1;:::g

+ 2 Mol AQu)] ™ =3 + 73 [opapoA(s)] " =% + 1119
and that j L <v <0. Here, gy = kie1=ke; t=0;1;2; 0.
(b) Argue that v satis es:

V= max AW ™ =%+~ () v:
ENTH

(c) Prove (using a suitably modi ed version of the proof of theorem
4.6) that there exists a unique v that solves the above equation.
(The fact that u(c) is not de ned at ¢ = 0 causes a problem here.
Is there an easy way out?) Let

P =arg  max AT+ () v
ERTEEE



I. Argue that py = p°; for t = 0;1;2;::: solves the sequence
problem (this argument need not be totally rigorous).
ii. Show that p° is increasing in ~ (you may assume that pu° is

interior, i.e.,, 1 j £ < P* < 1+ _): Does this result make
economic sense?



