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Introducing Hours Worked into the One-Sector Optimal Growth Model

1 The Canonical Model

Consider the following sequence problem (SP):

o} — X —t . .
V(X)) = sup F (X¢; Xt+1);
th+1gtJ;0 t=0

subject to xo = x5 > 0. Also,

F @ A< j:XIX;: Xp<h
A = f(xxX)2XEX: X2 iXg:

The following functional equation (FE) is associated with the
mulation of this problem:

v(X) = max FoxD) + vXd); x 2 X:

X2 (
The associated policy rule is:

g(x) = arg max FOox) + v(x); x 2 X:

Stokey and Lucas (SL) make the following assumptions on

(1)

2)

recursive for-

©)

(4)

X;F i)

A4.3 X p <'is convex, and the correspondence, j : X ¥ X is nonempty,

compact-valued and continuous.

A4.4 The function F : A ¥ < is bounded and continuous, and 0 < < 1:

A4.5 For each xedy, F(¢;y) is strictly increasing in its rst arguments.

A4.6 j is monotone in the sense that x - x' implies j(X) 1 j (X)):

A4.7 F is strictly concave.



A4.8 jisconvex. Thatis, x;x"2 X;y 2 i(X); ¥’ 2 i (X*) implies py + (1 j
Wy 2 j(ux+ @ jWx) forall0 - pu - 1

A4.9 F is continuously di®erentiable on the interior of A:

SL establish the following: Under A4.3-A4.4, there exists a unique func-
tion v that solves (FE), and they provide an algorithm for nding it (see
Theorem 4.6). Moreover, the solution to FE is identical to the solution to
SP in the sense that (i) v = v® and (ii) the sequence fxXo = Xg; Xt+1;t . 09
satis es X¢+1 = g(x¢); t _ 0 if, and only if, it also attains the supremum in
(SP). Under A4.3-A4.6, v is strictly increasing (Theorem 4.7); under A4.3-
Ad.4, A4.7-A4.8 v is strictly concave and g is continuous and single-valued
(Theorem 4.8); under A4.3-4.4, A4.7-A4.9 v is continuously di®erentiable at
all x 2 int(X) such that g(x) 2 int(j(x)) (Theorem 4.11):

2 The Growth Model With Variable Hours
Worked

These notes establish that the properties just described are robust to letting
hours worked be a choice variable in the optimal growth model. The sequence
representation of the problem is:

X _

max tu(ce; ny) (5)

feuneker1g
subject to:

Ct+Kerr - (ke ny) (6)

Ker1sCe o O

0 - n -1
ko = kg

for t = 0;1;2;:::: The assumptions on preferences and technology are:

1. Preferences:

P1 u is twice continuously di®erentiable, strictly concave, strictly in-
creasing in ¢, decreasinginnforc>0,0<n<1.
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P2 u, ¥ 1asc ¥ 0for0-n<l1

P3u, ¥ jLasn ¥ 1forc>0
P4 u, ¥ niteasc ®* 0for0 - n<1
P5 u, ¥ niteasn ¥ 1forc>0:

P6 ifc ¥ 0and (jun=Uc) is decreasing, then u, ¥ 1:
2. Technology:

T1 T is strictly increasing, concave, homogeneous of degree one, twice
continuously di®erentiable for k > 0,0 <n <1;

T2 fr * L ask ¥ 0;0<n - 1;
T3 f, ® L asn ¥ 0, k>0
T4 f, ¥<lask ¥

T6 f(0O;n)=0;0<n -1
T7 £, >0; f,>0; fie <0; Fon < O; F, > 0; for k > 0; n > 0:

Assumption P6 is used to handle situations in whichc ® Oandn ¥ 1
simultaneously. This is not addressed, for example, by assumption P2. The
following u satis es assumptions P1-P6:

¢ L@im"®iD. o0 g 1

1j
log(c) + %log(1l § n); for ° =1
with¥% > 0;°>0;%(1j°)<L°ji%lj°)>0:

u(c;n) =

To see this, note that

o o
U = — Uc=i°Si Un=1i1%11j°)—/—/———;
c c cc 1 2 cn 1 4( 1 )C(l i I’l)
o o
Un = Y% s Unn =[%1i°)il ,
n % U (1§ °) i ](1in)2
A 1,
u O = - O .
UccUnn 1 Ugn = C(l i n) 3/4[ 1 3/4(1 1 )]:

where C
_ (@i®un)>0; for° &1

o 1; for © =1:



Strictly decreasing in n requires % > 0: Concavity requires Ue; Unn < 0 and
UcecUnn 1 U3, > 0; or,

°>0%1§g°)<L,°i%Wljfc°)=0;

respectively. Assumptions P1-P5 are easily veri ed. To establish P6, let
I = jus=u. =%c=(1 j n);sothat 1 § n=%c=!: Then:

"y na%(1f° My Moo
o AT gy B

—el
U =¢C i i ;

which obviously goes to zero if ¢ ¥ 0 with ! falling.
The following parametric production technology satis es T1-T7:

f(k;n) =k + 1§Dk 0<zp<l1 (7
Problem (??)-(??) can be expressed in the form of (??)-(??) with the

following interpretation of (X; j; F):

X ~ K=[K; ik)=FK 2K :" - K - f(k;1)g for all k 2 K8)

kp > ">0 €))
0 — . - 0.
Fk;k) = nzrn?g(ko)u[f(k,n) i k';n]

Nk K) = fn:akk) - n - 1g
K = max(ko;R); f(R;1) =K

In (??), A(k; k") is the smallest value of n 2 [0; 1] consistent with f(k;n) i
k* _ 0; and k represents the maximal feasible capital stock. The latter is
guaranteed to exist by assumption T4. Also, ¢ has been replaced by f(k;n) j
k" Imposing the resource constraint in (??) as a strict equality is nonbinding,
in view of the assumption in P1 that u is strictly increasing in c: In (??),
" is introduced for technical reasons clari ed below. We can think of " as
an extremely tiny number, not economically signi cantly di®erent from zero.
The objective is to show that (P1)-(P5), (T1)-(T4) imply A4.3-A4.9. In
addition, if the assumption that leisure is a normal good is added, then
Fi, > 0:

Regarding assumption A4.3, K is obviously convex. j (k) is non-empty for
all k 2 K because T2 guarantees that, for " suzciently small, " < f(*"; 1); and
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because T is strictly increasing (T1). j is obviously compact and continuity
(i.e., upper and lower hemicontinuity) follows from the continuity of f(k;1)
(assumption T1).

Regarding A4.4, F is bounded because u is. Continuity of u and f and
the fact that N is compact-valued and continuous guarantee, by the Theorem
of the Maximum (Theorem 3.6), that F is continuous too. The parameter
" > 0 was introduced to guarantee continuity of N. With " =0 ; N is not
lower hemicontinuous at (k;k?) = (0;0): To see this, consider the sequence
fkm; k!9 2 A with k%, = f(km;1) and k, ¥ 0: Then, N(km;K?,) = flg for
all “nite m: But, since N(0;0) = f[0; 1]g; there exist n 2 N(0;0) such that
there is no sequence fn,,g 2 N (kp; K%) with the property that n,, ¥ n: (For
continuity of a correspondence, see page 56 of SL.)

Consider A4.6 and A4.8. Monotonicity of j follows trivially from the
fact that f(k;1) is strictly increasing. To establish convexity of j (for the
de nition of convexity of a correspondence, see page 80 in SL) choose p
such that 0 - p - 1 and ky;k, 2 K: Let k! 2 j(k;); i = 1;2. Then,
uk + (1§ Wk _ ", since k! _ " for i = 1;2. Also, pk] + (1 j Wk} -
uf(ky; 1) + (1§ Wf(ky; ) - F(uky + (1§ pwko); where the last inequality
re°ects the concavity of f: This establishes pk} +(1 j pk5 2 j (ki +(1 § Wko);
which is the result sought.

Before establishing A4.7, we establish two facts about the employment
decision that attains the maximum in (??). Let h: A ¥ [0;1];

h(k; k") = arg max uf(k;n) i K5nl; (k; k) 2 A (10)

Since N : A ¥ < is nonempty, compact- and convex-valued, and continuous,
and because u[f(k;n) j k%n] is strictly concave in n for each (k;k%) 2 A,
it follows that h is single-valued and continuous (Lemma 3.7). Next, we
establish that h(k; k%) 2 int(N (k; k")) for k? 2 int(j(k)): To see that this is
the case one simply veri es, using P2-P5 and T2-T3, that

%u[f(k;n) ikinl ¥ A:n ¥ akKKk) (11)
d
d—nu[f(k;n) ikinl T j1:n?¥1

To verify this, de ne:

rn(n) = dinU[f(k; n) i k;n] = u[f(k;n) i K5 nlfn(k;n) +un[f(k;n) i K';n];
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where r, exists and is continuous by the assumptions placed on u and f (P1
and T1): Consider r, as n ¥ A(k;k"): Suppose a(k; k") >0: Asn ¥ #i(k;k";
f. ¥ f.(k;Ak; k")) < 1 by hypothesis, and u, ¥ u,(0; A(k; K")); also ~nite
by assumption. Since u; ¥ 1 as n ¥ A(k;k; it follows that r, ¥ 1 as
n ¥ Ack;k": Suppose a(k;k") = 0: The only modi cation required to the
preceding argument is that f, ¥ 1 asn ¥ 1: We conclude that for all
Alk;k) . 0;rp, ¥ 1 asn ¥ Ak;k):

Now consider r, as n ¥ 1: In this case, u. ¥ u.[f(k;1) j k;1] and
f, ¥ f.(k;1); both nite numbers. Therefore, sinceu, ¥ 1 asn ¥ 1;
it follows that r, ¥ §1 asn ¥ 1: This establishes (??). Conclude that a
zero for the derivative in (??) must exist for n 2 int(N (k; k%)): Given strict
concavity, that zero corresponds to the maximum in (?7?).

Establishing A4.7, A4.9, A4.5 and F;; > 0 is a little more involved, and
so it is convenient to use the "Proposition, Proof* format for these.

Proposition 1 F is strictly concave, i.e., A4.7 is satis ed.
Proof:

Let (ki;kD) 2 A; i = 1;2; where (ki;K}) & (ki Kb): Let n; = h(k;; k)
and ¢; = f(ki;n;) i ki i = 1;2. We “rst establish that (cy;n;) & (cz2; ny):
Consider three cases:

(a) kg_ & kO; ki = ky:
Suppose N; = ny: Then ¢y j ¢ = [F(ky;ny) i K i [Flkony) § Ky =
ki i k! & 0: Suppose ¢; = c;: Then f(k;;n;) & f(ky; ny): But, given
that T is strictly increasing in n; it follows that n; & njy:

Suppose n; = ny: Then, ¢; j ¢; = T(Ny; k) § F(n2; ky) & 0; given that T
is strictly increasing in k: Suppose ¢; = ¢,: Then f(ny;ky) = f(ny; k)
and the fact that f is strictly increasing in n and k implies that n; & n,:

(C) kg_ & kO’ kl & kz:

Suppose ¢; = ¢, = ¢ and n; = n, = n: Because the maximum in (?7?)
is interior, it must be that w(c; n) = f,(ki; n), i = 1;2; where w is the



marginal rate of substitution between consumption and leisure (leisure

is1ljn):

iun(c;n).
uc(c;n)

But, this means that f,(k.; n) = f,(k»; n); and this contradicts f,, >0

in T7, which implies that f,, is strictly increasing in k:

w(c; n) = (12)

We conclude from (a)-(c): (ky;K}) & (ka; kb) D (c1;ny) & (C2; ny):

Now, let k(i) = pki+(1 j Wkz; K'(W) = pk}+(1 j wk; and de ne c(yu) and
n(y) similarly: We know that (k(u); k'(1)) 2 A; because of convexity of K
and j: To establish feasibility of c(u) and n(u); note rst that 0 - n(u) - 1;
c(w) . 0: Also;

FOE); kW) 1 K@ . uF( k) § KT+ @ § WIF(n2; Kz) i k]
- Mo+ (1 i p)ce =c);
where the rst inequality re°ects the concavity of ¥ and the second inequality
re°ects that c¢; and c, are feasible. Feasibility of k(u); k’(1), c(u) and n(u)
implies that
Fk@;K'W) . ulc@;nw)
Hu(cs; n1) + (1 i pu(cz; n2)
MF (ki; K3) + (1 i WF (ko K));

where the st inequality re®ects the de nition of F and feasibility of c(i) and
n(n). The second inequality re®ects strict concavity of u, and the equality

YA

re°ects the de nition of ¢;; n;; i = 1;2. Thus, concavity of F is established.
Q.E.D.
Proposition 2 F is continuously di®erentiable in the interior of A (i.e.,
A4.9 holds).

Proof:

Consider (ka; ky) 2 int(A); so that k., 2 int(K) and k; 2 int(j(ks)): By
interiority of h(ks; k%) and continuity of & : A ¥ [0; 1]; it follows that there is
an open interval, D 1 A; containing (ka; k) in its interior, with the property
that h(ke; k%) is feasible for all (k; k%) 2 D: De ne

Fo(k; K = u[f(k; h(ke; K2)) i K'; h(ke: k)]
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Then, by feasibility of h(k.; k%) given k; k':
F (kK" _ Fo(k:K)); for all (k:K") 2 D

with the strict equality holding for (k;k%) = (kq;k%): Since F® is di®eren-
tiable and concave in (k; k") and F is concave and continuous, the conditions
of the Benveniste and Scheinkman theorem (Theorem 4.10) are satis ed.
Consequently, F is di®erentiable at kq; k%: In addition, the Benveniste and
Scheinkman theorem also implies:

Fi(k; k) = F7(k; K) = ucfy; Fa(k;K) =FJ(kK) = jue (13)
This establishes A4.9. Q.E.D.

Proposition 3 F(¢;y) is strictly increasing for each y (i.e., A4.5 is satis ed)
Proof:

The proof to the previous proposition established that Fy(k; k") = u.f:
This term is strictly positive by T1 and P1. The result follows by application
of the Mean Value Theorem. Q.E.D.

Proposition 4 If, in addition to P1-P5, T1-T4, T7, leisure is a normal
good (i.e., wc(c; n) > 0) then h(k;k”) >0 and Fy, > 0:
Proof:

By (??),

_d

k!
To get Fy, > 0; it is su=cient to establish two things: (i) =« > 0 and (ii)
%uc > 0: We get (i) from f,, > 0 (see T7) and hw > 0: Conceivably, if
leisure were an inferior good and (i) were su=ciently negative, then it could
swamp (ii), making F;, < 0: Result (ii) follows from the strict concavity of
the utility and production functions.

We focus on (i), i.e., hyo; rst. By interiority of the labor decision:

Fio (uclf(k;n) i K’ nlfi(k;n)): (14)

w(f(k;n) i K n) = fo(k; n): (15)

According to the implicit function theorem, the partial derivative of h with
respect to k’; hy; can be obtained by totally di®erentiating (??) with respect
to n and k% Doing so, we " nd:



%:hkoz%w; (16)
by our assumption about w, and since ¢ =~ w.f, +w, j f.n > 0: (See Figure
1 for an illustration of this result.) To see that the latter is implied by strict
concavity of u and f; st replace f, by ju,=u. and express w, and w,, in

terms of the rst and second derivatives of u to get:

1
wF, +w, = j—xUx; where X' = [(up=u) i 1];
w Uc
#
Uee U
U — cCc cn
ucn unn

By strict concavity of u; w.f, +w, > 0: Since f,, <0; it follows that ¢ >0
if we > 0: This establishes (i).
Now consider (ii).

d
muc[f(k;n) i ko;n] = Ucc(fnhko i 1) +Ucnhk0 (17)

1 -
= ¢_fuccfnnuc i UcWnUc + UcUcn W0,
Uc
where the second equality makes use of the fact ho = w.=¢ and the de nition
of ¢ given above. Di®erentiating w :
- Unc Un

We = j—+ — Ucc (18)
Uc c
_ _Unpn Un .
Wh = i U_c + u—chn-

Substituting (??) into (?7?):

d 1 i
muc - ¢u fuccfnnuc i UccWnUc + ucuancg
c
1 Un Up
= _fuccfnnuc i Ucc( iUnn + _Ucc) + ucn( i Unc + _Ucc)g
Cu, Uc Uc

1
= ¢_ucfuccfnnuc + (Uccunn i Ugn)g = 0:

The last inequality re“ects that the term in parentheses is positive by strict
concavity of u: Similarly, u..f., IS positive by strict concavity of u, and f:
We showed above that ¢ > 0: This establishes (ii), and, hence, the result.
Q.E.D.



