Christiano
Economics 416
Fall, 2001

Due: November 5.

Homework 4: Sunspot Equilibria in a Limited Participation Monetary Model

This homework explores sunspots. The best way to understand them is to grow
some yourself. That’s what this homework asks you to do. For some background
on the relevant concepts, see section 3.2.1 in the Christiano-Rostagno paper and
the class handout of Tuesday, October 23.

Section 1 below lays out a simple monetary model in which the monetary policy
authority implements a Taylor rule. We ignore the various interesting issues that
arise when there is a government budget constraint by simply assuming the fiscal
authority has no outstanding debt and finances its expenditures with lump sum
taxes. The monetary authority affects the size of the money stock by executing
lump sum transfers (or, taxes, if negative) of cash.

Section 2 explores the global properties of equilibrium in the model. The first
subsection sets the stage, by studying the deterministic equilibria of the model.
The following subsection constructs sunspot equilibria. Technically, there are two
messages here. First, indeterminacy of a particular deterministic equilibrium is
sufficient for the existence of a sunspot equilibrium. This illustrates the point of
a classic (unpublished!) 1986 manuscript by Woodford. Second, indeterminacy
is not necessary for a sunspot equilibrium to exist. This illustrates a point made
recently by Carlstrom and Fuerst (see their ‘Forward Looking versus Backward
Looking Taylor Rules’ on the course website). Substantively, the homework in-
volves exploring a new model of sunspots, one which may turn out to be useful
for interpreting data.

1. The Model

1.1. Households and Firms

Preferences: .
EtZﬁjU(Ctﬂ'altH)' (1.1)
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We will refer to the non-negativity condition above as the ‘non-negativity con-
straint on utility’. Cash constraint:

Pie, < Wily + My — T, — Dy, (1.2)

where D; denotes household deposits, M; denotes the household’s beginning of
period money holdings, P, is the price of consumption goods, ¢;, W; is the wage
rate and [; is work effort. Also, T; denotes lump sum taxes paid to the government.
Later, we will specify that fiscal policy sets T; so that government spending, P,g,
is financed exactly in each period.

The household’s cash evolution equation is:

Mt+1 = (]_ + Rt)(Xt + Dt) + Mt - Dt + tht - PtCt - ﬂ + PI‘OﬁtSt.

The household’s static labor Euler equation is:

The intertemporal Euler equation associated with the D, decision is:
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The lagged information set here reflects that we are working with a limited par-
ticipation economy: households make their date ¢ deposit decision, D;, before the
realization of date ¢ random variables. (As we’ll see, the only such variables are
sunspot variables.)

The firm Euler equation is (firms have to borrow to pay their wage bill and

there is monopoly power, accounting for the presence of \):

W, A
— = 0<A<1. 1.5
P, 1+R/ - (1.5)
Combining the household and firm intratemporal Euler equations:
A
1+ R =—. (1.6)
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Substitute this into the intertemporal Euler equation:
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We can also rewrite the marginal utility of consumption, using the resource con-
straint:
lt = Ct + g,

to obtain:
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Optimization requires that (1.2) hold as a strict equality if R; > 0. The weak
inequality holds in the event R; = 0.
1.2. Taylor Rule

We adopt the following specification of the Taylor rule:
Rt — Inax {O, R* + (Etﬂ't+1 — W*)} s

or, inverting this:

™ +
[0,
where 7* is the ‘target inflation rate’ implicit in the Taylor rule, and R* = * /(.
We refer to a non-stochastic steady state equilibrium in which the inflation rate
and interest rate are 7* and R*, respectively as the inflation target equilibrium.
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2. Equilibria

Before considering sunspot equilibria, it is convenient to first study the set of
deterministic equilibria.



2.1. Deterministic Equilibria

In the absence of shocks, (1.7) reduces to:
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in obvious notation.

In the first subsection that follows, we discuss the domain, D, and range of
the mappings, A and B. In the second subsection, we state and prove a partial
characterization result, that solutions to (2.1) correspond to equilibria. In the
final subsection, we illustrate the characterization result with some examples.

2.1.1. The Domain and Range of A and B

There are two factors that impose an upper bound on D. Consider the case, g = 0.
First, nonnegativity of utility requires:
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Second, the condition, R;,; > 0, requires

A7
"

=93]

[ <

So, the domain of A and B is:
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Now consider the case, g > 0. The bounds that define D cannot be expressed
analytically. Consider first the restrictions imposed by non-negative utility. Con-
sider the following expression:
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The function on the left is parallel to the 45 degree line, shifted down by g. The
function on the right is monotonically increasing, with slope 1yl¥. This slope is
zero at | = 0 and is increasing as [ increases. This suggests that, if there is a
value of [ that satisfies the above expression, two values of [ will do it. Denote the
lower and upper values by ! and l~, respectively. It is easy to see that as g — 0,
I' = 0, consistent with our discussion of the g = 0 case. A practical algorithm for
finding I' and [ works like this. First, we need to verify that these numbers exist
in the first place, i.e., that we’re not going in with a value of g that is too large.
To determine this, simply find the value of [ that maximizes [ — {%ZH‘Z’. This is
just I = (1/1bo)*¥. Then, the largest value of g for which the interval, [I%,1], is
non-empty is

1+
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When g = g, then [l7,l~] is composed of a single point. As long as g < g, [l7,l~] is
a non-trivial interval, i.e., I' < [. We can find the boundaries of this interval by
putting a grid on /. The lower bound is zero and the upper bound is the unique
positive value of [ that sets utility to zero when g = 0 (this is easy to verify in a
picture.) This is just [(1 + %) /10]? . So, we put a fine grid on {0, [(1 + ) /1] ¥}
and find the boundaries of [l7,l~] by identifying the two grid intervals were [ — g —
2o ['+¥ switches sign. The exact I’s that set this function to zero can then be
found by applying a standard numerical algorithm.! So, think of the two zeros, I
and [, as having been found.

The restrictions imposed by R; > 0 are the same as before. Thus, we conclude:

D:{l:i’glgi“}, _“Emin[L(%)E].
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'For example, fzero in MATLAB will find the zero of a function and limit its search to a
user-supplied interval.



It is interesting to identify the set of model parameter values where I* < [. We
can determine this as follows. Substitute I = [A/140]"/* into the argument of the
utility function:
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It is useful to draw a picture of [ — g and ﬂ—%l”iﬁ. It is easily verified that if the

above expression is negative, then [ < (M10)Y?, so that [* = [. If the expression
is positive, then I > (\/4o)"/¥ and I* = (\/1)"/?.

So, the domain for A and B is D. It is easily verified that A is a function over
this domain, mapping D into the positive real line. For | — [I',], A — o0, as long
as g > 0. In the middle, A is finite and positive. We have found that the graph
of the function, A, exhibits a ‘U’ shape over the domain, [, Z] Over the domain,
D, this ‘U’ shape is truncated on the right if I* < [. This is the case when the
upper bound on D is defined by the non-negativity constraint on R,;. This is an
important case, because then B is set-valued for [ on the upper boundary of D.

Now consider the B(() function:
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Evidently, for I < (\/1)/?, this is an ordinary function. For I = (\/v)"¥, B(1)
is set-valued. The upper bound is associated with the lower bound on 7., and
corresponds to B = oo. The lower bound is associated with 7 ; = 7 — %R, and

coincides with

lim  B(l).
(o) /¥

So, the graph of B is a line for [ < (A/1)"¥. Asl — (X\/1o)"/¥, that line becomes
the lower bound for the set, B [()\/ o) ﬂ , which is not bounded above.



2.1.2. A Partial Characterization Result for Equilibria

We now discuss the construction of an equilibrium for this economy. Suppose we
have a sequence, ly, [y, ..., which satisfies (2.1) and [, € D for t = 0,1,2,... . We
can compute a sequence, 7y, T, ... using (1.8). From this, we have

B = 7TtPt,1, t= 1,2, cee y

with Py being an arbitrary value for the period 0 price level given initial condition.?
This candidate equilibrium is an actual equilibrium if we can find a set of values for
the remaining equilibrium variables, which satisfy all the equilibrium conditions.

We can solve for R; from (1.6) and W;/P; from (1.5). Note that by the fact
that l; € D,we have R, > 0, and it is trivial to verify that W;/P, > 0. Given the
P,’s, we have the W,’s. We obtain ¢; from the resource constraint, ¢; = [, — g. We
are guaranteed that ¢, > 0 from the fact, [, € D. We still need deposits, D;, and
money growth, X;.

We can construct an equilibrium in which the household’s cash constraint
and the money market clearing condition are satisfied as strict equalities, even in
periods when R; = 0. Thus

Dy =Wyl — T, + M, — Picy,

where T; = P,g. Multiplying the firm Euler equation, (1.5), by l; and P, we

obtain:
VAR

14+ R,

Substitute this and the resource constraint into the expression for deposits, to
obtain:

tht =

AP,

D, = — Pl + M,

t 1+ R, the + My
Pl A — 1| + M,
tht 1+ R, ¢

2That only m; and not 7 is pinned down is the reason this model exhibits ‘nominal
indeterminacy’.



Since A < 1, it follows that A\/(1 + R;) < 1, so that Dy < M,. If A = 1, then
Dt — Mt as Rt — 0.3
With D;, t =0,1,2,... in hand, we can compute X; from

Xt — VI/tlt - Dt'
This can then be used to compute a sequence of money stocks:
My = Xy + My,

with M, given.
We have established:

Proposition 2.1. Ifly, [, ..., satisfy (2.1) and [, € D fort =0,1,2, ... ,
then these [;’s correspond to an equilibrium.

2.1.3. Questions

A. Consider a version of the model with a = 1.5, § = 0.99264, 0 = 1, ¢y = 1,
=2 7 =1.0043, A =1, g = 0.08.

1. Compute [*, the level of employment in the target inflation steady state.
Show that that equilibrium is determinate?* Support your conclusion
with a graph of A and B in a narrow range about [*.

3The intuition here is simple. The households set D; < M; to the extent that they need
cash in addition to the wage bill to finance consumption. Suppose profits, taxes and the interest
rate were zero. In this case the wage bill equals total output (in general, total output equals
profits plus earnings of the financial intermediary, plus the wage bill). But, total output equals
household consumption plus government consumption. So, in this case, the wage bill exceeds
what households need to finance consumption. In this case, they would set D; > M;. But, we
levy taxes in the amount of government spending, and so if R; and profits were still zero, then
we’d have Dy = M;. But, if R; > 0, then some of output goes to the financial intermediary, so
that the wage bill net of taxes is less than total consumption. In this case, Dy < M;, consistent
with the formula above. Finally, if profits were positive because A < 1, once again wages after
taxes would be less than total consumption and there is another reason to set Dy < M;.

4For this, you will have to totally differentiate the expression, A(l;) = B(l;11) with respect
to Iy and ;1 and study dlyyq/dl;.



2. Graph A and B over the range, [ < [*. Are there sequences with [y < [*
that satisfy the conditions of the above proposition? Now graph A
and B for [ > [*. Are there equilibria with [, > [*. Is there a steady
state equilibrium with R = 07 Is that equilibrium determinate, or
indeterminate?

B. Now consider a version of the model with a higher labor supply elasticity,
say with ¥ = 0.05. Note that now the inflation target steady state is
indeterminate. What is the intuition underlying the result that a higher
labor supply elasticity results in indeterminacy?

2.2. Stochastic Equilibria

The household’s intertemporal Euler equation in the stochastic version of the
economy is:

Ue t )\ ﬁuctJrl
B, ~ ’ =0,
”[H %#HH]
t=0,1,2,... . Substituting:
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Substitute the forward-looking Taylor rule in here:
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Where Vi1 = Tg41 — Etﬂ-t-‘rl' Since
D, = Py [l — 1] + My,

it follows that
D, — M,

AT
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Since D; — M; is in the E;_; information set, D; — M; can be cancelled from both
sides:
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LN [l =1 B [l — g = LT
¢Ol;z) [W—l—é(A —1—R>+Vt+1

Ly

Poly
Let,
All) = -1 |l - _ﬂllw_a
(L) t[%t } L= 9= gl
Aﬁlt [wol;’b — 1}
a(ly) = .
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Then,

Ei 1 {A(ly) — a(ly) B(lt, L1, ve41)} =0

There are additional conditions. We shall limit ourselves to stochastic equilibria
in which R; > 0, so that the cash constraint and money market clearing condition
must hold as a strict equality. The household’s cash constraint is: P,c; = Wl, —
T, + M; — D,. After substituting out the household’s labor Euler equation and the
fact, T, = P,g :

Dy = Py [tholf’ — 1] + M,. (2.2)
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Substituting the money market clearing condition, W;l; = D; + X;, into the
household’s cash constraint we obtain P,¢; = M; + X; — T}, or,

Pl = M, + X,

after using ¢; + g = [;. Divide the previous two expressions by M, :

di = pili[gl) —1] +1, (2:3)
pely = 1+ ay,
where
LoD X
t — _Pt’ t — Mt'

From the (inverse of the) Taylor rule,

1/ A
Pyw=PF |m+— —1-R)+v ,
el (o) oo

or, after dividing by M, :

1 A
1 = - —1- )
pei(1+ ) = py lw + - (%lf’ R) + utﬂl

Substitute the cash constraint in here, and cancel p; from both sides:

7T—|—$<ﬁ—l—R)—l—Vt+1
Pty1 = I,

Also, taking the ratio of the money market clearing condition, W;l; = X; + Dy,
and the cash constraint on households, P,l; = M; + X, one obtains:
. Ty + dt

1/121‘*_ 2
gl =1, = T 25

Not surprisingly, of (2.3), (2.4) and (2.5), only two are independent. For example,
substituting out for z; in (2.5) from (2.4), one obtains (2.3).

11



We now summarize the basic equations that characterize the equilibrium:

A(ly) = a(ly) B(ly, lev1, vig1) = EoMerr + Eame (2.6)
+ d,
i 9.

ol = S (2.7
de = pils [l = 1] +1 (2:8)
ptlt =1 —+ T, (29)
T3 (ﬁ_l_}ﬁ + Vit

D1 = (210)

Ly

with the following additional restrictions:

Ewi1 = By = By =0

d; is not a function of date ¢ shocks,
A
R =210Y—1>0,
Yo
and of equations (2.7)-(2.9), either (2.7) or (2.9) should be dropped, depending
on what is convenient. We find an equilibrium if we compute a set, {l;, d;, p;, z:}
that satisfy the four independent equations and the additional restrictions (the
random variables, 7, and w; are ‘sunspots’).
Now, x; is actually a ‘nuisance’ variable from our perspective, and so we can
drop it, and an equation too. So, let this be our system of equations:

A(ly) — a(lt>B(lt7 li11, Vt+1) = M1 + E1m (2-11)
dy = pili [l — 1] +1 (2.12)
T+ 1 (%Alw —1—R> + Vs

Pyl = - (2.13)

L

We can substitute out for p; in (2.12) from (2.13):

A(ly) = a(ly) B(ly, lig1, Vi) = Eompgr + & (2.14)
7r+§< 2 —1—R)+1/t
d, = wolt,ll l, [%z;f’ — 1} +1 (2.15)
t—1
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This is two equations in the two unknowns, {l;,d;}. Let’s linearize this and see
where we get. From (2.11),

CYolztﬂ + a1it = o1 + & + Bovena (2.16)
dt = (l()lt —+ Cl,llt,1 + aolh (217)

where &, &, are free parameters, and oy, a1, ag, a1, as are known parameters that
are functions of the model parameters. Consider the following candidate solution:

i = Ml + Yone + 1V + Bone—1 + Bivg_q
di = Ngli—1 + Bynyq + Bsyy_y,

where 79, 71, Bo, B1, Bs are coefficients to be determined. To pin the value of these
down, substitute these into (2.16)-(2.17). Begin with (2.16):

Qo [Alit + YoNet1 + Yiver1 + Bone + BIVt] + a1Zt = &oMet1 + & + Bovisa,

so that
631

A= Ty 0T o/, M = Bo/aw, Bo= &1/, Br =0.
Now substitute into (2.17):
Agle—1+Bany1+Bsvi—1 = ag [Alitfl + Yon + Y1ve + Bone—1 + Bthfl} a1 tasy,
This requires:
Aa = agli + ar, By = api/an, B3 = agB1 =0, v = 0, 71 = —az/ao.

For the solution to be consistent, we require {, = 0. Problem is, we require v, to
be Go/ap and —as/ag at the same time. Impossible! So, there does not exist a
sunspot equilibrium of the type sought.

But, here is a candidate sunspot process that does work. Let 1, = ¢n;, where
@ is free. Then, our system becomes

Oéoit+1 + alit = gont+1 + &y (2.18)
dt = CLolt + allt_l + d277t (219)
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where é() =& + pfo, Az = asp. In effect, 50, &1, a9 are free parameters here, with
o, a1, ag, a; being functions of the model parameters. Consider the following
candidate solution:

Iy = Alit—l + Yo + Bone—1 (2.20)
dt = Adltfl + Bﬂ]tfl. (221)

Substitute, like before:

Qo Alit + YoNe+1 + Boﬁt] + OéJt = gonm + &

so that o
) .
A= o o= o/, Bo =& /ag. (2.22)
0
Also, R R R
Agli—1 + Bim—1 = ag [Allt—l + Yom: + Bont—l} +ayly—1 + asmy
so that

A = ao\i + a1, By = apBy = apé1/aw, apyo + az = 0. (2.23)

The only thing we need to think about is whether the two solutions for 7, just
given are consistent. We require

or,
§ot+ @b agp

O (%)

In this expression, there are two free parameters, & and ¢. Solve for the second
in terms of the first: ¢
0

T aga :
<22 + o

So, the solution is (2.20)-(2.21) with parameter values given by (2.22)-(2.23). This
is a three-dimensional continuum of solutions, indexed by the choice of stochastic
process for 7; and by choice of the values for &y, &;. In addition, the initial values of
employment and 7, [_; and 7_1, also matter. However, their influence dissipates
over time if |A;] < 1. We may be confident that this is an equilibrium if |A;| <
1 (i.e., the nonstochastic steady state is indeterminate), because the degree of
variation is limited.

w= (2.24)
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Produce a set of parameter values for the model which imply that the in-
flation target equilibrium is indeterminate (always set o = 1.5). Construct
values for the sunspot variables so that R; > 0 is guaranteed, for all possible
realizations of the sunspot variables (see the Christiano-Rostagno reference
mentioned above for guidance here). Simulate the model in response to
a long (i.e., 1000 observations) realization of the sunspot variables. What
is the variance of output, employment? What is the correlation between
output and the interest rate, between output and money growth? Do the
simulated data resemble the business cycle?

To construct a sunspot equilibrium around the target inflation equilibrium,
is it necessary that that equilibrium be indeterminate? (The analysis in C
above should persuade you of sufficiency.)
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