SOLVING LINEAR RATIONAL EXPECTATIONS MODELS

CHRISTOPHER A. SIMS

1. GENERAL FORM OF THE MODELS

The models we are interested in can be cast in the form
Toy(t) =T1y(t — 1)+ C+W¥z(t) +TIn(t) (1)

t=1,...,T, whereC is a vector of constantg(t) is an exogenously evolving, possi-

bly serially correlated, random disturbance, and) is an expectational error, satisfying
Ein(t+1) =0, allt. Then(t) terms are not given exogenously, but instead are treated as
determined as part of the model solution. Models with more lags, or with lagged expec-
tations, or with expectations of more distant future values, can be accommodated in this
framework by expanding the y vector. This paper’s analysis is similar to that of Blanchard
and Kahn (1980) with four important differences:

() They assume regularity conditions as they proceed that leave some models encoun-
tered in practice outside the range of their analysis, while this paper covers all linear
models with expectational error terms.

(i) They require that the analyst specify which elements of the y vector are prede-
termined, while this paper recognizes that the structure of thd™1, ¥, andIl
matrices fixes the list of predetermined variables. Our approach therefore handles
automatically situations where linear combinations of variables, not individual vari-
ables, are predetermined.

(i) This paper makes an explicit extension to continuous time, which raises some dis-
tinct analytic difficulties.

(iv) They assume that boundary conditions at infinity are given in the form of a maximal
rate of growth for any element of thevector, whereas this paper recognizes that
in general only certain linear combinations of variables are required to grow at
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bounded rates and that different linear combinations may have different growth
rate restrictions.

There are other more recent papers dealing with models like these (King and Watson,
1997, 1998; Anderson, 1997; Klein, 1997) that, like this one, expand the range of models
covered beyond what is covered in Blanchard and Kahn's paper, particularly to include
singularl'y cases. All these papers, though, follow Blanchard and Kahn in requiring the
specification of “jump" and “predetermineddriables, rather than recognizing that in equi-
librium models expectational residuals more naturally are attached to equations. Also, only
Anderson (1997) has discussed the continuous time case.

Less fundamentally, this paper uses a notation in which time arguments or subscripts
relate consistently to the information structure: variables dat@ always known dat
Blanchard and Kahn’s use of a different convention often leads to confusion in the applica-
tion of their method to complex models.

An instructive example to illustrate how we get a model into the form (1) is a model of
overlapping contracts in wage setting along the lines laid out by Taylor.

LEW() +W(t+1) +W(t +2)] — cr(u(t) — Up) + v(t)
W(t) = 3 (W(t) +w(t — 1) +w(t —2)) 2)
Ou(t — 1)+ PW(t) +u +e(t),

whereE;v(t+1) = Eie(t+1) = 0. To cast (2) into the form (1) requires using the expanded
state vector

oW ]
w(t—1)
yt)=| W@ (3)
u(t)
EW(t+1)




LINEAR RE MODELS 3

With this definition ofy, (2) can be written in the matrix notation of (1), with definitional
equations added, by defining

o o0 1 o0l 10 -1 a0 |
-+ -1 100 01 0 00
lo={0 0 -y 10, I''=|00 0 06 Of,
O 1 0 00 10 0 00
0O 0 1 00 00 0 01
A I
C=| u |, ¥=1|0 1], O= |0 Of,
0 00 00
0 00 10
e(t)
Z<t>__v(t—1)'

This example illustrates the principle that we can always get a linear model into the
form (1) by replacing terms of the forgx(t + 1) with y(t) = E;xx(t + 1) and adding to
the system an equation readin@) = y(t — 1) + n(t). When terms of the forng:x(t + s)
appear, we simply make a sequence of such variable and equation creations. It is often
possible to reach the form (1) with fewer new variables by replacing expectations of vari-
ables in equations with actual values of the same variables, while addingisturbance
terms to the equation. While this approach always produces valid equations, it may lose in-
formation contained in the original system and thereby imply spurious indeterminacy. The
danger arises only in situations where a single equation involves some variables of the form
E:X(t+ 1) and other variables of the form(t + 1). In this case, dropping th& operators
from the equation and adding a{t) error term loses the information that some variables
are entering as actual values and others as expectations.

The formulation that most writers on this subject have used, following Blanchard and
Kahn, is

ToEy(t+1) =T1y(t) +C+WPz(t). (5)

One then adds conditions that certain variables irnythector are “predetermined”, mean-

ing that for themEyy(t + 1) = y(t + 1). The formulation adopted here embodies the useful
notational convention, that all variables dateate observable &t thus no separate list of

what is predetermined is needed to augment the information that can be read off from the
equations themselves. It also allows straightforward handling of the commonly occurring
systems in which a variabig(t) and its expectatioR;_1Y;(t) both appear, with the sane
argument, in the same or different equations. To get such systems into the Blanchard-Kahn
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form requires introducing an extended state vector. For example, in our simple overlapping
contract model (2) above, the fact tNdtappears as an expected value in the first equation
and/or in the dummy equation defining the artificial state varidifte¢ = E;\W(t + 1) (the
bottom row of (4)), yet also in two other dynamic equations without any expectation, seems
to require that, to cast the model into standard Blanchard-Quah form, we(add®) and
u(t — 1) to the list of variables, with two corresponding additional dummy equations.
Standard difference equations of the form (1) have a single, exogenous disturbance vec-
tor. That is, they hav€p = | andIT = 0. They can therefore be interpreted as determining
y(t) for t > to from given initial conditionsy(tp) and random draws far(t). In (1), how-
ever, the disturbance vecttz(t) + I1n(t) defined in (1) is not exogenously given the way
z(t) itself is. Instead, it depends offt) and its expectation, both of which are generally
unknown before we solve the model. Because we need to deteriinérom z(t) as we
solve the model, we generally need to find a number of additional equations or restrictions
equal to the rank of the matrix in order to obtain a solution.

2. CANONICAL FORMS AND MATRIX DECOMPOSITIONS

Solving a system like (1) subject to restrictions on the rates of growth of components of
its solutions requires breaking its solutions into components with distinct rates of growth.
This is best done with some version of an eigenvalue-eigenvector decomposition. We are
already imposing a somewhat stringent canonical form on the equation system by insisting
that it involve just one lag and just one-step-ahead expectations. Of course as we made clear
in the example above, systems with more lags or with multi-step and lagged expectations
can be transformed into systems of the form given here, but there may be some computa-
tional work in making the transformation. Further tradeoffs between system simplicity and
simplicity of the solution process are possible.

To illustrate this point, we begin by assuming a very stringent canonical form for the
systemIo=1, Ez(t+1) =0, all t. Systems derived from even moderately large rational
expectation equilibrium models often have singdlgmatrices, so that simply “multiply-
ing through byl“al" to achieve this canonical form is not possible. In most economic
models, there is little guidance available from theory in specifying properties fohe
requirement thak;z(t + 1) = 0 is therefore extremely restrictive.

On the other hand, it is usually possible, by solving for some variables in terms of others
and thereby reducing system size, to manipulate the system into a form with non-singular
I'o. And it is common practice to make a model tractable by assuming a simple flexible
parametric form for the process generating exogenous variables, so that the exogenous vari-
ables themselves are incorporated intoythvector, while the serially uncorrelatedector
in the canonical form is just the disturbance vector in the process generating the exogenous
variables. So this initial very simple canonical form is in some sense not restrictive.
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Nonetheless, getting the system into a form with non-singtdanay involve very sub-
stantial computational work if it is done ad hoc, on an even moderately large system. And
itis often useful to display the dependence oh current, past, and expected future exoge-
nous variables directly, rather than to make precise assumptions on how expectedduture
depend on current and pa&. For these reasons, we will below display solution methods
that work on more general canonical forms. While these more general solution methods
are themselves harder to understand, they shift the burden of analysis from the individual
economist/model-solver toward the computer, and are therefore useful.

3. USING THE JORDAN DECOMPOSITION WITH SERIALLY UNCORRELATED SHOCKS
3.1. Discretetime. In this section we consider the special case of
y(t) =Tay(t — 1) +C+ W¥z(t) +TIn(t), (6)
with E;z(t 4+ 1) = 0. The system matrik; has a Jordan decomposition
I, =PAPL, 7)

whereP is the matrix of right-eigenvectors @f;, P~1 is the matrix of left-eigenvectors,
and A has the eigenvalues af; on its main diagonal and O’s everywhere else, except
that it may havel; ;1 = 1 in positions where the corresponding diagonal elements satisfy
Zii = Ai11i+1- Multiplying the system on the left bp—1, and definingv = P~ 1y, we arrive
at

w(t) = Aw(t — 1)+ P IC+ P (Pz(t) +TIn(t)) . (8)

In this setting, we can easily consider non-homogeneous growth rate restrictions. That is,
suppose that we believe that a set of linear combinations of variafgs), i = 1,...,m,

have bounded growth rates, with possibly different bounding growth rates foi.€@bht

is we believe that a solution must satisfy

Es[oy()& ], .0 (©)

for eachi ands, with & > 1 for everyi. Equation (8) has isolated components of the system
that grow at distinct exponential rates. The matrix has a block- diagonal structure, so that
the system breaks into unrelated components, with a typical block having the form

A 1 0 - 0]
0 7Lj 1
wit)=10 0 . . 0|W({t—1)+P'C+PI.(Pzt)+In(t)),  (10)
7Lj 1
K 0 0 A
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whereP!" is the block of rows oP~1 corresponding to th¢th diagonal block of (8). If the
disturbance term (including the combined effectz @hdn on the equation) is zero and
Aj # 1, this block has the deterministic steady-state solution

wj(t) = [I —Aj] TPIC, (11)
whereA| is the Jordan block displayed in (10). [ij| > 1, thenEs[w; (t +5)] grows in

absolute value at the rate p’tj |t ast — oo, for any solution other than that given in (11).
Now consider thd’th restriction on growth,

Es[oky(t)] & = PEs[w(t)] &
= gP[A"S(W(s) — (1 —A)"PTIC)+ (1 —A)IPTIC] gt — 0. (12)

In order for this condition to hold, every one of the vectajscorresponding to #&j \ > &
and to agxPj # 0 must satisfy (11). This is obvious for cases whayds scalar. When
Aj is a matrix with ones on the first diagonal above the main diagonal, a somewhat more
elaborate argument is required. We need to observe that we can expand terms of the form
on the right of (12) as
s-(s—1

XASq = A{X- (q+slj‘1q1 + %
wherecy(s) is the (k,s)'th binomial coefficient, i.e.s! /((s—k)!-k!), for s< k, and is 0
otherwise, and|_ is the vectom shifted up byk with the bottom elements filled out with
zeros, i.e.

Aj‘zqu +...+ cn(s)lj‘””an) . (13)

—1)x1
O-k = [(n O) 0 J “O—k+1- (14)
1x1 1x(n—-1)

Using (13), it is straightforward, though still some work, to show that indeed, for (12) to
hold, every one of the vectoss; corresponding to ¢/IJ| > & and to a¢xPj # 0 must
satisfy (11).

Of course a problem must have special structure in order for it to turn out that there
is ak, j pair such thagyPj = 0. This is the justification for the (potentially misleading)
common practice of assuming that if any linear combinatiogfs constrained to grow
slower than&!, then all roots exceeding in absolute value must be suppressed in the
solution. If (11) does hold for atlthen we can see from (10) that this entails

Pl". (¥z+1In) = 0. (15)

Collecting all the rows oP~1 corresponding t¢’s for which (15) holds into a single matrix
PY" (where the U stands for "unstable"), we can write

PY (¥z+TIn) = 0. (16)
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Existence problems arise if the endogenous shqogannot adjust to offset the exogenous
shocksz in (16). We might expect this to happenff- has more rows than has columns.
This accounts for the usual notion that there are existence problems if the number of unsta-
ble roots exceeds the number of "jump variables”. However, the precise condition is that
columns ofPY TI span the space spanned by the columri“o¥, i.e.

span(PY ¥) ¢ span(PY 1) . (17)

In order for the solution to be unique, it must be that (16) pins down not only the value of
PY"TIn, but also all the other error terms in the system that are influenceg fhat is,

from knowledge oPV TIn we must be able to determif®®I1n, wherePS is made up of

all the rows ofP~1 not included inPY". Formally, the solution is unique if and only if

span(l‘[’ (PS >/> C span(l‘[’ (PU')'> . (18)
In this case we will have

PSTIn = ®PY TIn (19)

for some matrixd.

Usually we aim at writing the system in a form that can be simulated from arbitrary
initial conditions, delivering a solution path that does not violate the stability conditions.
We can construct such a system by assembling the equations of the form delivered by the
stability conditions (11), together with the lines of (10) that deterrmgethe components
of w not determined by the stability conditions, and use (16) to eliminate dependemnce on
Specifically, we can use the system

o] = [Slmseve S <o Sl

To arrive at an equation i we usey = Pw to transform (20) into
y(t) = PsASPZY(t—1) + (PsPS +Py(I—Ay)? PU') c
+ (P.sPS - P.sd)PU'> Yz. (21)

Labeling the three matrix coefficients in (21), we can give it the form

y(t) = O1y(t— 1)+ 6L+ Oz(t), (22)
which can in turn be used to characterize the impulse respongeaafording to
s-1
y(t+s) —Ey(t+s) =) 010z(t+s—-V). (23)

v=0
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Of course to completely characterize the mapping from initial conditiong a@alizations
toy, we need in addition to (23) a formula for the predictable paxt, ok.

Ery(t+5) =03y(t) + (1 —65™) - (1 —01) tecC. (24)

However all the information needed to compute both (23) and (24) is contained in a report
of the coefficient matrices for (21). Note that (21), while it insures that the second row of
(20),

wy (t) =P y(t) = (I - Ay) TPUC, (25)

holds for allt after the initial dateé = O, it does not in itself impose (25) at= 0, which in
fact is required by the solution.

3.2. Continuoustime. In this type of canonical form, the analysis for continuous time is
nearly identical to that for discrete time. The equation we start with is

y=T1y+C+%¥Yz+IIn, (26)

wherez andn are both assumed to be derivatives of martingale processes, i.e. white noise.
Just as in discrete time, we form a Jordan decompositidn @ff the form (7). Again we

use it to change variableswo= P~y and split w into componentss andwy that need not

be suppressed, and need to be suppressed, respectively, to satisfy the stability conditions.
The stability conditions in continuous time are naturally written, analogously to (12),

Es[oky(t) e = gPEsw(t)] e 5 = gyPeM =9 [w(s) —A~P7IC] e — 0. (27)

The restricted components wfare then those that correspond both to a non-ggd and

to aA;j with real part exceeding the correspondifig Once we have partitioned, P, and
P~1into SandU components according to this criterion, the analysis proceeds as in the
discrete case, with the conditions for existence and uniqueness applying in unchanged form
— (17) and (18) . The final form of the equation usable for simulation is

J = PsAsPSy-+PsPSC + P (P% — 0P ) Wz, (28)

This equation is usable to compute impulse responses, according to

y(t+s) —Ey(t+s) = [ €9V0,z(t+s—v)ds (29)

o\w

—

and the deterministic part gf according to

Ery(t +5) = €915y(t) (l - e®15) o;lec. (30)
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In this case, in contrast to the discrete time case, the preceding three equations contain
no information about the stability conditions restricting the levelg af all. We need to
specify separately the condition

wy (t) = PYy(t) = —AgTPY'C (31)

4. DISCRETE TIME, SOLVING FORWARD

In this section we consider the generic canonical form (1), allowing for possibly singular
I'o and not requiring to be serially uncorrelated. At first, though, we consider only the
case where there is a single bouh@n the maximal growth rate of any componentyof
We find conditions that prevent such explosive growth as follows. First we compute a QZ
decomposition

QAZ =Ty

QQzZ =17;.
In this decomposition))Q = Z’Z = |, whereQ andZ are both possibly complex and the
/ symbol indicates transposition and complex conjugation. Adsand A are possibly
complex and are upper triangular. The QZ decomposition always exists. Letting-
Z'y(t), we can multiply (1) byQ to obtain

Aw(t) = Qw(t —1) + QC+ QIIn(t) + Q¥z(t). (33)

Though the QZ decomposition is not unique, the collection of values for the ratios of di-
agonal elements & andA, {wii/ 4 } (called the set of generalized eigenvalues), is usually
unique (if we include~ as a possible value). The generalized eigenvalues are indetermi-
nate only whery andT'; have zero eigenvalues corresponding to the same eigenvector.
We can always arrange to have the largest of the generalized eigenvalues in absolute value
appear at the lower right. In particular, let us suppose that we have partitioned (8) so that
| @i /Aii| > & for all i>k and | wii /Aii| < & for all i < k. Then (8) can be expanded as

[l o B s B o]

(32)

(34)

Q1
+ {Qz} (C+Wz(t)+TIIn(t))

Note that some diagonal elements/gf, but not of A11, may be zero. Also note that
zeros at the same positioron the diagonals of botiA and 2 cannot occur unless the
equation system is incomplete, meaning that some equation is exactly a linear combination
of the others.

This would imply that a linear combination of the equations contains no y’s, i.e. that there is effectively
one equation fewer for determining the y’s than would appear from the order of the system.
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Because of the way we have grouped the generalized eigenvalues, the lower block of
equations in (33) is purely explosive. It has a solution that does not explode any faster than
the disturbancesso long as we solve it "forward" to make a function of future z's. That
is, if we label the last additive term in (3%jt) and seM = 92‘21~A22,

ZLy(t) = wa(t) = Mwa(t +1) — Q2 %(t + 1)
= M2 Wa(t+2) — M- Q5 - Xo(t +2) — Qi - Xo(t + 1)

)

=Y M1Q 7 %(t+s). (35)
s=1
The last equality in (35) follows on the assumption th8tv,(t) — O ast — . Note
that in the special case @f; = O there are equations in (34) containing no current values
of w. While these cases do not imply explosive growth, the corresponding components of
(35) are still valid. For example, if the lower right elementofs zero, the last equation of
(34) has the form
0-Wn(t) = @pn-Wn(t — 1) +xn(t). (36)
Solving forw,(t — 1) produces the corresponding component of (35). Sice 0 cor-
responds to a singularity ifp, the method we are describing handles such singularities
transparently.
Note that (35) asserts the equality of something on the left that is known at time
something on the right that is a combination of variables diatetl and later. Since taking
expectations as of datdeaves the left-hand side unchanged, we can write

)

Zy(t) =wa(t) = —E | Y M5 1 Q0 - xo(t +9)

s=1
=— Y M*1.Q,5 - x(t+s). (37)
s=1

If the original system (1) consisted of first order conditions from an optimization problem,
(37) will be what is usually called the decision rule for the problem. When the original
system described a dynamic market equilibrium, (37) will be composed of decision rules
of the various types of agents in the economy, together with pricing functions that map the
economy’s state into a vector of prices.

The last equality in (37) imposes conditionsyrthat may or may not be consistent with
the economic interpretation of the model. Recall thais made up of constants, terms in
z, and terms im. But z is an exogenously given stochastic processes whose properties
cannot be taken to be related g andI';. Thus if it should turn out thax, contains
no n component, the assertion in (37) will be impossible — it requires that exogenously
evolving events that occur in the future be known precisely nowy, does contain am
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component, then (37) asserts that this endogenously determined component of randomness
must fluctuate as a function of futuzs so as exactly to prevent any deviation of the right-
hand side of (37) from its expected value.

Replacingx’s in (37) with their definitions, that equation becomes

ZLy(t) = (Azz—Q22) ' QC—Et | Y M5 100 Qo Wzt +9)

s=1

= (Aoa— Q) 1QaC— i M3 10 1Qs (Pz(t +9) +TIn(t+9)) . (38)

s=1
The latter equality is satisfied if and only if

QIIN(t+1) = Y QoM 10 Q¥+ (Esrz(t +9) — Eiz(t +9)) . (39)
s=1
A leading special case is that of serially uncorrelatedi.e. E;z(t +s) =0, alls> 1. In
this case the right-hand-side of (39) is j&&t¥z(t + 1), so a necessary condition for the
existence of a solutidnsatisfying (39) is that the column space®@j.¥ be contained in
that of Q..I1, i.e.
span Q2. ) C spanQ2.IT) . (40)
This condition is necessary and sufficient witgnt + 1) = 0O, allt. A necessary and suf-
ficient condition for a solution to exist regardless of the pattern of changes in the expected
future time path of’s is®

span({ngMs‘nglez.\P}zi) C span(Qx.1I1) . (41)

In most economic models this latter necessary and sufficient condition is the more mean-
ingful one, even if it is always true th&z(t + 1) = 0, because ordinarily our theory places
no reliable restrictions on the serial dependence ofztheocess, even if we have made
some assumption on it for the purpose at hand.

Assuming a solution exists, we can combine (39), or its equivalent in terms(85),
with some linear combination of equations in (34) to obtain a new complete system in
w that is stable. However, the resulting system will not be directly useful for generating

Note that here it is important to our analysis that there are no hidden restrictions on variatitirain
cannot be deduced from the structure of the equation system. In an equation system in which there are two
exogenous variables with(t) = 2z (t — 2), for example, our analysis requires that this restriction connecting
the two exogenous variables be included as an equation in the system and the number of exogenous variables
be reduced to one.

31t may appear thas should range from 1 to infinity, rather than 1 mo- k, in this expression. But
Qz‘lez.‘P is in some invariant subspaceMf if only the trivial full n—k-dimensional space Euclidean space.
The invariant space containing it, say of dimensjomvill be spanned byj elements of theMsflﬁz‘lez.‘I’
sequence.
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simulations or distributions of from specified processes faunless we can free it from
references to the endogenous error teymFrom (39), we have an expression that will
determineQ..ITn(t) from information available atand a known stochastic process for
However the system also involves a different linear transformatiom, @;.11n(t). Itis
possible that knowin@..In(t) is not enough to tell us the value @h.TIn(t), in which

case the solution to the model is not unique. In order that the solution be unique it is
necessary and sufficient that the row spac@ofl be contained in that d..I1. In that

case we can write

QuIT = ®Q,.I1 (42)

for some matrix®. Premultiplying (34) byjl — ®] gives us a new set of equations, free
of references t@), that can be combined with (35) to give us

lAél A12 —ICDAzz} _ m;gﬂ

_ {Qll le—CDsz] . [Wl(t - 1)] L [ Q1 —PQ2 }C
0 0 Wo(t —1) (Qoo— Azz)lez.

Qr —PQ2 B 0
i LR VTS IO
This can be translated into a systenyiof the form
y(t) = O1y(t — 1) + O+ Ooz(t) + Oy Y, OF 'OEz(t+5). (44)
s=1

The details of the translation are

1 a1 _
H=2Z [Aél Aqj (AlIZ ®A22):| . 91 = Z'lA]TJEL [Q]_l (Q12— @922)] Z,;
Q1 — PQo. . Q1 — Q. . (45)
c=H- < ;. ©p=H- o7
© {(922 —Az) " Qzl i @ { 0 }

Oy=-Hz;, 0;=M; 0,=Q,,Q¥.

The system defined by (44) and (45) can always be computed and is always a complete
equation system foy satisfying the condition that its solution grow slower ti&neven if
there is no solution fon in (39) or the solution foQ.ITin (42) is not unique. If there is no
solution to (39), then (44)-(45) implicitly restricts the wagnters the system, achieving
stability by contradicting the original specification. If the solution to (42) is not unique,
then the absence aof from (44)-(45) contradicts the original specification. If the solution
is not unique, but is computed to satisfy (42), the (44)-(45) system generates one of the
multiple solutions to (1) that grows slower thélt If one is interested in generating the
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full set of non-unique solutions, one has to add back in, as additional “disturbances", the

components of)1.I1n left undetermined by (42).
To summarize, we have the following necessary and sufficient conditions for existence

and uniqueness of solutions satisyfing the bounded rate of growth condition:

(A) A necessary and sufficient condition that (1) has a solution meeting the growth con-
dition for arbitrary assumptions on the expectations of fusgés that the column
space spanned by

(QoM* 10,2 Q, W}
be contained in that d».I1.

(B) A necessary and sufficient condition that any solution to (1) be unique is that the
row space ofQ1.I1 be contained in that d,.I1.

Condition A takes a simpler form if the system has fully specified the dynamics of exoge-
nous variables:

A’. A necessary and sufficient condition that (1) has a solution meeting the growth con-
dition for arbitrary assumptions on the covariance matrix of serially uncorretasted
is (40), i.e. that the column space spannedlpy¥ be contained in that aP,.I1.

When condition A is met, a solution is defined by (44)-(45). In the special case of

Etz(t+ 1) = 0, the last term of (44) (involvin®y, ©+ and®, ) drops out.

5. COMPUTATIONAL DETAILS

If A has full column rank, we can check to see whether the column space of a Aatrix
includes that of a matriB by “regressing'B on A to see if the residuals are zero, i.e. by
checking

(I-AAA)A)B=0. (46)
If A has full row rank, then its column space automatically includes any other space of the
same dimension. If A has neither full row nor full column rank, other methods are required.
The singular value decomposition (svd) of a makiis a representation

A=UDV’ 47
in whichU andV satisfyU’'U = | = V'V (but are not in general square) abds square
and diagonaf. If B's svd isTCW, A’s column space includeB's if and only if

(I—UU’)T:O. (48)

“This is not actually the standard version of the svd. Matlab returnsvitndV squareD of the same
order asA. From such an svd, the form discussed in the text can be obtained by refdawiity a square
non-singular matrix that has the non- zero diagonal elements of the ofmathe diagonal and by forming
U andV from the columns of the origin&l andV corresponding to non-zeros on the diagonal of the original
D.
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If (48) holds, then
B=A-VD U’'B. (49)

Equation (48) gives us a computationally stable way to check the column and row space
spanning conditions summarized in A and B at the end of the previous section, and (49)
is a computationally stable way to compute the matrix transforndirig B, and thus to
compute theb matrix in (42)°

Though the QZ decomposition is available in Matlab, it emerges with the generalized
eigenvalues not sorted along the diagonala ahdQ. Since our application of it depends
on getting the unstable roots into the lower right corner, an auxiliary routine is needed to
sort the roots around&level®

If T'oin (1) is invertible we can multiply through by its inverse to obtain a system which,
like that in section 3, haBy = |. In such a system the QZ decomposition deliv@rs Z’,
and the decompositidi, = Q'QQ is what is known as the (complex) Schur decomposition
of the matrixI'1. Since the Schur decomposition is somewhat more widely available than
the QZ, this may be useful to know. Also in such a system we may be able to use an
ordinary eigenvalue decompositionIof in place of either the Schur or the QZ. Most such
routines return a matri¥ whose columns are eigenvectordgf together with a vectat
of eigenvalues. I¥/ turns out to be non-singular, as it willlif; has no repeated roots, then
I'; =V diag(A)V 1, and this decomposition can be used to check existence and uniqueness
and to find a system of the form (44) that generates the stable solutions.

With V, V1 andA partitioned to put the excessively explosive roots in the lower right,
we can write the conditions for existence and uniqueness just as in A and B of the previous
section but setting the matrices in those conditions to the following:

Qp=diagdzz); M=diagi,;); Q2 =V?%; Qun=V7%. (50)

HereV' refers to the i'th block of rows o 1. The calculations in (45) can be carried
out based on (50) also, with = I. The advantage of this approach to the problem is that,
even though (50) is written witl, V~! andA ordered in a particular way, if the roots to
be re-ordered are distinct, they can be re-ordered simply by permuting the eleménts of
the columns of/, and the rows o¥/ 1. There is no need here, as there is with QZ, to
recompute elements of the matrices when the decomposition is re-ordered.

An intermediate form of simplification is available whEg is singular, but the general-
ized eigenvalues are all distinct. In that case it is possible to diagonabrelQ in (32) to

SOf course sinc® is applied to rows rather than columns, corresponding adjustments have to be made in
the formula.

5The routinegzdiv does this and is available, with other Matlab routines that implement the methods of
this paper, ahttp://www.princeton.edu/~sims/#gensys.
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arrive at

PAoR=TY}

PAIR=T}
in which theA; are diagonal an& andR are both nonsingular. Here the conditions, which
we omit in detail, are almost exactly as in the QZ case, but as with (50), any re-ordering of
the decomposition that may be required can be done by permutations rather than requiring
new calculations.

(51)

6. MORE GENERAL GROWTH RATE CONDITIONS

Properly formulated dynamic models with multiple state variables generally do not put
a uniform growth rate restriction on all the equations of the system. Transversality con-
ditions, for example, usually restrict the ratio of a wealth variable to marginal utility not
to explode. In a model with several assets, there is no constraint that individual assets not
exponentially grow or shrink, so long as they do so in such a way as to leave total wealth
satisfying the transversality condition. Ignoring this point can lead to missing sources of
indeterminacy.

No program that simply calculates roots and counts how many fall in various partitions
will be able to distinguish such cases. To handle conditions like these formally, we proceed
as follows. We suppose that boundary conditions at infinity are given in the form

ETHiY() 0, (52)

i=1,...,p. HereHy is the set of linear combinations of y that are constrained to grow
slower thart!. Suppose we have constructed the QZ decomposition (32) for our system and
the j'th generalized eigenvalugj; /;; exceeds; in absolute value. To see whether this
root needs to be put in the forward part of the solution or instead belongs in the backward
part —i.e. to see whether the boundary condition generates a restriction — we must re-order
the QZ decomposition so that the j'th root appears at the upper left. Then we can observe
that

Hy=HZZ'y = HiZw, (53)
wherew = Z'y as in (8). Assuming that no componentwfther than the first produces
explosive growth inH;y faster thanZ!, the first component produces such growth if and
only if the first column ofH;Z is non-zero. If this first column is non-zero, the j'th root
generates a restriction, otherwise it does not. A test of this sort, moving the root in question
to the upper left of the QZ decomposition, needs to be done for each root that exceeds in
absolute value any of thg’s. Roots can be tested this way in groups, with a block of roots
moved to the upper left together, and if it turns out that the block generates no restrictions,
each one of the roots generates no restrictions. However if the block of roots generates
restrictions, each root must then be tested separately to see whether it generates restrictions



LINEAR RE MODELS 16

by itself. The only exception is complex pairs of roots, which in a real system should
generate restrictions or not, jointly.

When we have this type of boundary condition, there may be a particular appeal to trying
to achieve the decomposition (51), as with that decomposition the required re-orderings
become trivial. Note that all that is essential to avoiding the work of re-ordering is that
the generalized eigenvalues that are candidates for violating boundary conditions all be
distinct and distinct from the eigenvalues that are not candidates for violating boundary
conditions. In that case we can achieve a block diagonal version of (51), with all the roots
not candidates for violating boundary conditions grouped in one block and the other roots
entering separately on the diagonal.

The Matlab programgensys andgensysct that accompany this paper do not au-
tomatically check the more general boundary conditions discussed in this section of the
paper. Each has a component, however, called respectigelyys andrawsysct, that
computes the forward and backward parts of the solution from a QZ decomposition that
has been sorted with all roots that generate restrictions grouped at the lower right. There
is also a routine available, called gqzswitch, that allows the user to re-order the QZ in any
desired way. With these tools, it is possible to check existence and uniqueness and find the
form of the solution when boundary conditions take the form (52).

7. EXTENSION TO A GENERAL CONTINUOUS TIME SYSTEM

Consider a system in continuous tifref the form
Ioy=TI1y+C+Yz+IIn, (54)

with an endogenous white noise ernprandz an exogenous process that may include a
white noise component with arbitrary covariance matrix. By a "white noise" here we mean
the time-derivative of a martingale. The martingales correspondirmatad could have
jump discontinuities in their paths without raising problems for this paper’s analysis. A
fully general analysis of continuous-time models is messier than for discrete-time models,
because whenis an arbitrary exogenous process, the solution may in general contain both
a “forward component"” like that in the discrete time case and a “differential component”
that relatey to the non-white-noise components of first and higher- order derivatives of
We therefore first work through the case of white-nasehich is only a slight variation

on the analysis for the discrete-time model with serially uncorrelated

’In this section we assume the reader is familiar with the definition of a continuous time white noise and
understands how integrals of them over time can be used to represent continuous time stochastic processes.
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An example of such a system is the continuous time analogue of (2),

[}

w(t) = 36 / & 3W(t +5)ds— o - (U(t) — tn) + v(t)

s=0
7 (55)
W(t) =.3 / e w(t —s)ds
s=0
ut) =—0-u(t)+y-W(t)+u+et),
which can be rewritten as
W= .3w—.3W—ol+.3a- (U—Upn)+21—.3v+1n
V= 21
. (56)
W= —-3W-+.3w

U=—-0u+W+u+2.

Note that to fit the framework with all exogenous disturbances white noise, we have made
v a martingale. We could make other assumptions instead on the process generiating

to stay in this simple framework we need an explicit form for the process. In the notation
of (54), (56) has

100 « 3 -3 -3 3o
0100 0 0 0 O
To=1g 010" |3 0 -3 0ol"
000 1 0o 0 y -0
—.30un 10 1
0 1 0 _ o
C= 0 "P_OO’H_O
m 01 0

We can proceed as before to do a QZ decompositiohgandI'; using the notation of
(32), arriving at the analogue of (8)

AW = Qw+ QC + QIln + Q¥z. (57)

Again we want to partition the system to arrive at an analogue to (34), but now instead of
putting the roots largest in absolute value in the lower right cornée,oive want to put
there the roots with algebraically largest (most positive) real parts.

Cases wherd has zeros on the diagonal present somewhat different problems here than
in the discrete case. In the discrete case, we can think of the ratio of a nofjz¢oca
zeroAj; as infinite, which is surely very large in absolute value, and then treat these pairs
as corresponding to explosive roots. Here, on the other hand, we are not concerned with
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the absolute values of roots, only with their real parts. The ratio of a non- zero value to
zero cannot be treated as having a well-defined sign on its real part. Nonetheless, it turns
out that we want to treat zeros on the diagonahafs producing “unstable” roots.

If Ajj is close to zero andm/?ui has positive real part, there is no doubt that we classify
the corresponding generalized eigenvalue as unstable; /IiLii has negative, extremely
large real part, or a negative real part of any size combined with an extremely large imag-
inary part, we may still be justified in treating it as an unstable root. This is true as a
matter of numerical analysis because extremely sipallalues may differ from zero only
by accumulated rounding error. But also as a matter of economic interpretation, extremely
large generalized eigenvalues correspond to componemntshait, though they are tech-
nically defined as random variables at each date, behave so erratically that they approach
white-noise like behavior.

We now proceed with our plan to partition (57) to obtain an analogue to (34). In the
lower right we place all cases @f; extremely close to zero, then just above that all cases
of a)ii/ﬂui positive and exceeding some boundary le€yet 0. The resulting system is

A1 A2 A1z] [Wp Q11 Q12 Q3| (W Q1
0 Ax Agz| - |We|=| 0 Qp Q|- |(W2|+ |Q2|(C+¥Yz+IIn). (58)
0 0 As3 W3 0 0 Q33 W3 Qs

The last block of equations in (58) can be written as
W3 = Qgg‘ (A33\/V3 — Q3 (C+W¥Yz+ HTI)) . (59)

Because we require that; be a random variable observabletaE;ws (t) = ws(t). For
white-noisez andn, E;z(t) = E;n (t) = 0. SinceAss is upper triangular with zeros on the
diagonal, its bottom row is zero. Thus we can see from (59) that the bottom element in the
w vector,wsp, satisfieswvz, = —a)n_le3n.C, wherewn, is the lower right diagonal element
of Q. But now we can proceed recursively up to the second-to-last row of (59), etc. to
conclude that in fact

W = —Q33QsC

Qs (¥z+1In) = 0.

Proceeding to the second block of equations in (58), we see it is purely explosive at a
growth rate exceeding, so that as in the case of the explosive component in the discrete
time model, we must insist that it follows its unique non-explosive solution, which is simply
a constant.

Thus the full set of stability conditions is

- 218

(60)
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[Qz-
Qs
Just as in the discrete case, we can now translate the equations and stability conditions in
terms ofw back in to a stable equation ynhere taking the form

y=01y+ O¢+ Opz. (63)

As in the discrete case also, (62) will allow us, when conditions for existence are met, to
write

] (Wz+1In) = 0. (62)

Qzﬂl (64)

Qulln = {Qgﬂ
for somed. Letting the subscript (for “unstable™) refer to the range of indexes in blocks 2
and 3 of (58), and then letting thesubscript play the role of the 2 subscript in the formulas
of (45), we get the correct answers for the coefficients of (63). The conditions for existence
and uniqueness are exactly the same as in the discrete case without serial correlation in
i.e. A'and B.

8. CONTINUOUS TIME, UNRESTRICTEDZ

In discrete time, a first-order polynomial of the fori+ QL, in which A andQ are
upper triangular and for eadheither ;i /Aii| > 1 or Aij = 0, wii # 0, always has a con-
vergent “forward" inverse, in the form of the sum that appears in the right-hand side of
(44). In continuous time, the operation analogous to inverting such an “unstabi€iL
is inverting a polynomial in the differential operatbrof the form AD + Q in which for
everyi, either the real part ab;; /Aii is negative otl;j = 0. If there are 0’s on the diagonal
of A in this case, the resulting inverse is not simply a “forward" operator in continuous
time, with integrals replacing sums, but is a convolution of such operators with finite-order
polynomials in the differential operat@. To be specific, ifA is upper triangular and has
zeros on its main diagonal, then

n—1
(I-AD) *= Y A°DS, (65)
s=0
wheren is the order of the\ matrix. This can be checked easily, and follows from the fact
that for aA of this form it is guaranteed that" = 0. Unless the upper triangle of is
dense, it is likely that terms in (65) for largeturn out to be zero.

If as before we group blocks 2 and 3 of (34) inta hlock, still using 1 to label the other

block, we can write that equation, using the differential operBtaas

([Aél kﬂ - {Qolsll?j UD Mi] = [gﬂ (C+W¥z+IIn) . (66)
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Using the fact we observed in (65), we can see that the differential operator on the left-
hand side of this equation, in the lower blodk,D — Q,, has a stable inverse that is a
convolution of a finite-order matrix polynomial D with exponentially weighted averages

of future values. While it is not worthwhile to write out the whole inverse explicitly, we
can observe that the lower block can be solved recursively as

s = — (I — Q33 AgaD) Q33 Qs (C+Wz(t)) (67)
Wo(t) = — /O e M) L.
(Qg. (C+Yz(t+9)+ IIn(t+5s)) — A23Dws(t + S) + Qo3ws3(t + S)) ds.

The inverted polynomial in (67) becomes a finite order polynomi& eccording to (65),
and theD operators appearing on right of (68) are interpreted as applyifgzo+ s),
considered as a function efand (ats = 0) taken as right-derivatives.

Existence and uniqueness questions are determined by exactly the same conditions as
in conditions A and B for the discrete case, with theubscript playing the role of the
2 subscript in those conditions. To get a complete solution, we combine the recursive
solution forwy in (68) and (67) with the stable equationwn, free of occurrences af,
that is obtained by multiplying (58) b}}f — @], where® has been computed to solve
(42).

The continuous time version of the matlab softwayensysct, does not attempt to
provide an explicit complete solution for this general case. It checks existence and unique-
ness and provides the matrices needed to write out an explicit solution for the case of pure
white noisez in the form (63), and it provides the QZ decomposition ordered as in (58).

Note that if one wants the two-sided (on future and past) projectionaf z, and if
one is confident (perhaps because of havinggansys) that there are no existence or
uniqueness problems, one can find the projection by Fourier methods directly. That is, one
can formi(a)) =iwl'o—I'1 and form the projection as the inverse Fourier transform of
E-1¥, where the inverse in this expression is frequency-by-frequency matrix inversion. Of
course this only produces stable results if the projection does not involve delta functions or
derivative operators.

(68)
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