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11 Getting the Ramsey Policy Rule



These notes describe a set of monetary models which have been coded into Dynare,
and which can be solved for the optimal monetary policy using code recently written for
use in Levin, Lopez-Salido, (2004) and Levin, Onatski, Williams and Williams (2005) (LL-
SLOWW). The first section below describes the logic of the algorithm. The sequence of
models goes from the least complicated to the most complicated, a version of the monetary
model in Christiano, Eichenbaum and Evans (2004). In each case, the code is provided in a
zip file available on the website where this document is posted.

1. Ramsey-Optimal Policy

Let x; denote a set of N endogenous variables in a dynamic economic model. Let the private
sector equilibrium conditions be represented by the following N — 1 conditions:

Z //Jlu(ist))f (x (st) T (St—H) , S¢, 5t+1) =0, (1.1)

sttt

for all ¢ and all s*. Here, s' denotes a history:

s' = (80,51, ..., 8t)

and s; denotes the time t realization of uncertainty, which can take on n possible values:

se € {s(1),...,s(n)}
p(s') = prob[s’,
so that p (s'™) /i (s') is the probability of history s'*1, conditional on s’. This economy is
not ‘closed’ because there are fewer equations than unknowns. One way to close it would be
to add an equation which characterizes policy, perhaps a Taylor rule. Instead, we consider
the Ramsey optimal equilibrium.
Suppose preferences over z (s') are follows:

>0 S n) U (o () ). 12

The Ramsey problem is to maximize preference by choice of x (s') for each s', subject to
(1.1). We express the Ramsey problem in Lagrangian form as follows:

max Y5 () U (o () 0+ A () 0 B () o (7))

St+l|8t N v
1xN—-1 N-1x1

where A (s') is the row vector of multipliers on the equilibrium conditions. Consider a par-
ticular history, s' = (s'™1, s;), with ¢ > 0. The first order necessary condition for optimality

of x (s') is
U () o50) 4 A () 3 20D g () s (577) s ) (1.3)
——— \V/st-*-l\st L (St) N -
IxN IxN—-1 N—-1xN
+871A (St_l)fg (x (st_l) , T (st) ,St_1, st) = 0
IxN—-1 N:1r><N DTV/



after dividing by u (s?) 3°. In more conventional notation,
Ut (@4, 5¢) + MELf1 (0, @er, 86, Se41) + B N1 fa (@1, T, Se-1, 8¢) = 0.

The first order necessary condition for optimality at ¢ = 0 is (1.3) with A_; = 0.

The equations that characterize the Ramsey equilibrium are the N — 1 equations, (1.1),
and the N equations (1.3). The unknowns are the N elements of = and the N —1 multipliers,
A. We will solve these equations by first or second order perturbation using Dynare.

To apply the perturbation method, we require the nonstochastic steady state value of x.
We compute this in two steps. First, fix one of the elements of z, say the inflation rate, 7.
We then solve for the remaining NV — 1 elements of = by imposing the N — 1 equations, (1.1).
In the next step we compute the N — 1 vector of multipliers using the steady state version
of (1.3):

U+ A[fi+B7"fa] =0,

where a function without an explicit argument is understood to mean it is evaluated in
steady state. Write

G
X = [fi+ph)
B =

so that Y is an IV x 1 column vector, X is an N x (N — 1) matrix and fis an (N —1) x 1
column vector. Compute [ and u as

B = (X'X)'XY
v = Y —Xg.

Note that this regression will not in general fit perfectly, because there are N —1 ‘explanatory
variables’ and N elements of Y to ‘explain’. We vary the value of 7 until max |u;| = 0. This
completes the discussion of the calculation of the steady state.

Equations (1.1) and (1.3) form a system of dynamic equations in the endogenous variables,
x(s') and A (s'). Dynare can approximate the solution to these equations using first or
second order perturbations about the nonstochastic steady state. To do this, one provides a
Dynare-formated code with the equilibrium conditions, (1.1), and with the utility function
and discount rate in (1.2). The code written by (LLSLOWW) takes this as input, computes
the equations in (1.3) symbolically and sets up (1.1) and (1.3) as a new set of Dynare-
formated code. Dynare can be applied to the result.

2. Rotemberg-Sticky Prices

We describe the agents in the model, and then summarize the equilibrium conditions. The
example is sufficiently simple that (1.3) can be computed by hand, and the law of motion of
the multipliers can be established anlytically.!

'We are grateful to Ippei Fujiwara for suggesting this example to us.



2.1. Household

Household ¢ maximizes discounted utility, where the period utility function is:
X
log (Cit) — §h12,t'
The budget constraint is:
Biy
B

B, 4%
; L it T Fthi,t + IL; 4,
t t

= (1+ Ri)

where II;; denotes lump-sum profits and taxes. The first order necessary conditions for
household optimality are:

Wi
hCi = = 2.1
xhiC B (2.1)
and . e
= BE,—*tt 99
v m - PP ey (2:2)
fort=0,1,2,....
2.2. Firms
Firm j maximizes profit:
P; P; 2
(1 + 7') %Cj,t — MC, x Cj,t — % (# — 1) ;. (2,3)
Js

The first term is firm revenues, including a tax subsidy, 7, received from the government

(this is financed by a lump-sum tax on the household). The term after the first minus sign

corresponds to the labor costs incurred in producing C};. We assume that to produce 1 unit

of C;;, exp (—Z;) units of labor are required, where Z, denotes a shock to technology. Thus
W, xhiCy

MC; = = ,
! Pyexp(Z;)  exp(Z;)

after substituting out for the real wage using (2.1). The term after the second minus sign in
(2.3) is the quantity of of the final good lost when the firm chooses to adjust its prices. The
quantity of goods lost is positively related to the aggregate level of output, C;. Firm j faces
the following demand curve:

P\’
Cii = (P%t) Gy, 0> 1.
The Lagrangian representation of the firm’s problem is:

=~ ., C P\’
max EtZB” - [(1—1—7’)( s > Ciin
n=0

{Pj t+n} e Piin

Pivin) "’ Piiin 2
—MCyyp X <A) Ct+n_é<L_1> Cinl,
2 Pj,t71+n




where 3"C;/C}., represents the state-contingent value, to households, of profits. This is
taken as exogenous, by the firm. The first order necessary condition associated with the
optimal choice of the price level is:

PN\’ C (Pt e P, C,
1—-0)(1+7 L) — +0x MCy x | == — ¢ =-1
(1=6)( )(Pt P >\ A U o

Cy Piii1 P11
E P 1) = 0.
o t@ﬁ( Py pz, Ol

In a symmetric equilibrium, P;; = P, for all j, so that the efficiency condition associated
with firms is:

lT_ 1 1 } (1—=0)+0(MC, —1) — ¢(my — 1) m + BE (w41 — 1) mpy = 0.

2.3. Equilibrium Conditions
The equilibrium conditions of the model are the household’s intertemporal Euler equation,

1 C
= BE,——,
1+ R, 41Ot

(2.4)

the firm’s efficiency condition:

|:7' ~ @ i 1)} (1-0)+0 (e}fg"&) — 1) = ¢ (1 — 1) — BE) (mpyy — D) mepn,  (2.5)

and the resource constraint:
Ct [1 + g (ﬂ't - 1)2:| = exp (Zt) ht- (26)

According to the latter, final goods are partly consumed by households, and partly they are
used up in adjustment costs, if prices are being adjusted, i.e., if m; # 1. The law of motion
for the exogenous shock is:

Zt = pZt_1+Ut, (27)
U N(0,0’u)

In the case where monetary policy is exogenous, we specify the following Taylor rule:

*

T
Rt = — —1+a(7rt—7r*), (28)
g
where 7* is the target inflation rate. According to this, when inflation is above target,
m > 7*, they raise the nominal rate of interest above what the rate of interest would be
expected to be at the target inflation rate and in steady state, 7*/3 — 1.



2.4. Ramsey Policy

We have three private sector equilibrium conditions and four endogenous variables, C;, 7y,
h; and R;. Absent a monetary policy rule, we do not have enough relations to determine all
three variables. The Ramsey optimum is the value {C}, 7, by, R;} that maximizes household
utility, subject to the three equilibrium conditions. It is perhaps obvious what the optimum
is. Note that if we set

T = 9—11, Ty — 1, Xh? = 1, Ct = exXp (Zt) ht,
then (2.5) and (2.6) are satisfied. If we let the intertemporal Euler equation define the
nominal rate of interest, R;, then (2.4) is satisfied too. This is the Ramsey equilibrium
because this setting of h; and C} solves the planning problem: maximize discounted utility
subject to the version of the technology in which there are no losses to price adjustment.
With these preferences and technology, you cannot do better than to set x,h? = 1. Note
that m; = 1, yh? = 1 is the Ramsey equilibrium only if 7 = 1/(6 — 1). If, for example, 7 = 0,
then (2.5) indicates there must be some deviation from 7; = 1, yh? = 1, given firm profit
maximization.
The Lagrangian representation of the Ramsey problem is:

> X 2 1 Ct
max F t flog (C}) — Zh? + A — B ——
{Re;he,me 32, ° ; ﬁn{ 8(G) 2" M L + Ry & t7rt+1Ct+1:|

xh:Cy
€Xp (Zt)

oy (exp (Z,) hy — C, [1 + g (ms — 1)2} > I3

+)\2,t |i7_ (1 - 9) + 1 + 0 ( — 1) — ¢ (7Tt — 1) Tt + B¢Et (7Tt+1 — 1) Wt+11

where 3, is the planner’s discount rate, which may in principle be different from 3. In
principle, we should also add as an additional constraint, R; > 1. However, ignore that in
the hope that it is non-binding.

The first order necessary condition associated with R; is:

1
Mi————— =0, t=0,1,2,... 2.9
l,t(1+Rt>2 ( )

From this it is evident that
Al,t - 07

for all £. We simplify the derivatives by imposing this from here on. The first order necessary
condition associated with h; is, for t = 1,2, ...,

0 X Ct

—v.hy + A
Xefte & Ao exp (Zy)

+ Asrexp(Zy) = 0 (2.10)

The first order condition associated with m; is:
Aoy (1 =2m) ¢ + B, Aay—18¢ (2m — 1) — A3 Cip (m — 1) = 0. (2.11)

7



with the understanding, Ay _; = 0.
Finally, the first order condition with respect to C; is
1 xhi ¢ 2
) + )\Z’teexp ) A3t {1 + 5 (my — 1) ] =0 (2.12)
The equations that characterize the Ramsey equilibrium are the 7, (2.4)-(77?), (2.10)-
(2.12). There are 7 unknowns, Aa¢, A3y and x; = (Cy, 7wy, by, Ry, Zy) , for t = 0,1,2,... . The
required initial conditions are A\g_; = 0 and Z_;. We solve these equations by linearizing
around steady state. This requires first computing the steady state of the Ramsey equilib-
rium, and then linearizing those equations about the steady state.
We compute the steady state of the Ramsey problem by first fixing an arbitrary value
for w. Then, we solve for the remaining 4 elements of = using the four equations, (2.4)-(?7?).
Solving (2.4) for steady state R :

1+ R = %
Solving (2.5) and (2.6) for h:
h = {% [1+ g (m — 1)2] (1 =) (m—1)7+(0—1) (1+T)]}§ : (2.13)

Given h, C' can be recovered from (2.6). Also (2.7) can be solved for Z. Thus, we have solved
for x as a function of 7 :
x(m).

We now use two of the three equations, (2.10)-(2.12), to solve for the two multipliers,
A2, A3.. We adjust 7 until values for the two multipliers can be found which set these three
equations to zero in steady state. In case the model we’re working with is actually the one
with exogenous monetary policy, (2.8), then the steady state inflation rate is just the target
rate, m*.

2.5. Numerical Examples

We computed some examples, to illustrate the calculations. We set
£=0.99, =5 ¢=100, p=0.9, =15, 5, =0.99, T:L x=1 n"=1
As explained above, in this example the Ramsey optimal policy is
T =1, xhi =1, C; = exp(Z;) hy,

and the steady state values of h; and C} are both unity in both the Ramsey and exogenous
monetary policy equilibrium. The following figure displays the path of the actual variables
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The shock is a one percent jump in technology, which decays over time. Hours worked
and consumption correspond to the percent deviation from steady state. In the Ramsey
equilibrium, the percent deviation in hours is zero and the percent deviation in consumption
corresponds exactly to what technology. The technology shock creates an expectation that
current consumption is high and later consumption is lower. Other things the same, this
creates an intertemporal smoothing motive, which makes people want to consume less in
the current period and save for the future. The Ramsey equilibrium responds to this by
reducing the interest rate by precisely the amount that is required to induce people to follow
the Ramsey-optimal consumption path. In the example, the reduction is quite large, nearly
40 percent! That is, the steady state interest rate is 0.01, and the reduction in the first
period is —0.10. So, the actual quarterly nominal rate of interest in the first period is —0.09.
When multiplied by 400 to convert to annualized percent terms, this is the -36 percent that
we see for Ramsey in the figure. (This example draws obvious attention to the fact that we
ignore the non-negativity constraint on the nominal rate of interest.) The monetary policy
rule evidently cuts the interest rate more than what is called for in the Ramsey equilibrium.
However, expected inflation falls by a lot too. Consumption is determined by the real
rate of interest. The figure indicates that in the exogenous monetary policy equilibrium,
the real interest rate is cut by less than in the Ramsey. As a result, the consumption
smoothing motive is not undercut by enough in the exogenous monetary policy equilibrium.
In particular, they cut their consumption relative to the Ramsey optimum. This leads to a
fall in demand for goods, which leads to a fall in employment and marginal costs. The fall
in marginal costs induces firms to cut prices and so inflation falls relative to the Ramsey

9



optimum.

Next, we set 7 = 0 and redid the calculations. The steady state inflation rate in both
equilibria is unity. Consumption and hours worked are both lower, now, at 0.8944. To see
why, consider the firm efficiency condition for prices:

1+0(R*—1)=¢(r—1)7— B¢ (r—1).

The term on the right of the equality is zero. As a result,

h= {1—%12, C, = exp (Z) b,

in the Ramsey equilibrium. So, in terms of percent deviations from steady state, the Ramsey
equilibrium is (numerically) the same with 7 = 0 and 7 = 1/(6 — 1). In the exogenous

monetary policy equilibrium, the drop in hours and consumption is a little bigger than what
it was with the tax subsidy.
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Interestingly, not only is A\;; = 0 for all £, but in the above numerical experiments, we
found Ay = 0 also. By contrast, A3, is non-zero. Interestingly, however, the lagged values
of A3; do not appear in the state of the system, and so therefore the optimal plan is not
time-inconsistent. This is true if 7 is set to ensure an efficient steady state, or not.
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3. Model with Calvo-Sticky Prices and No other Frictions

3.1. Firms

We adopt the usual assumption that a representative final good producer manufactures final
output using the following linear homogenous technology:
I R
Y, = U Yjp—tdj} J1< A <o (3.1)
0

Intermediate good j is produced by a price-setting monopolist according to the following
technology:

a ) 11—« . . a ) 11—«
Y}'t _ EtKjt (Ztl]t) (bZt if EtKJt'(Ztljt) > (I)Zt : 0<a< 1’ (32)

0, otherwise
where ®z; is a fixed cost and Kj;; and [;; denote the services of capital and homogeneous
labor. Capital and labor services are hired in competitive markets at nominal prices, PyrF,

and W;, respectively. The object, z;, in (3.2), is assumed to evolve deterministically:

2t = 2t 1/l (3.3)

For now, we assume that z; = 1, constant, with p, = 1. In the last section below, we consider
the possibility, @, > 1.

In (3.2), the shock to technology, €;, has the time series representation in (?7). We adopt
a variant of Calvo sticky prices. In each period, ¢, a fraction of intermediate-goods firms,
1 — ¢, can reoptimize their price. If the i" firm in period ¢ cannot reoptimize, then it sets

price according to:
Py =m P 1,

where

fo=m_ m (3.4)
Here, 7; denotes the gross rate of inflation, 7, = P,/ P;_1, and 7 denotes steady state inflation.
If the " firm is permitted to optimize its price at time ¢, it chooses P;; = P; to optimize
discounted profits:

Ey Z (86)" M [PrisYiurs — Prrgsirg (Yier, + @245)]. (3.5)

Jj=0

Here, A;y; is the multiplier on firm profits in the household’s budget constraint. Also,
P, i+;, 7 > 0 denotes the price of a firm that sets F;; = P, and does not reoptimize between
t+1,...,t+J. The equilibrium conditions associated with firms appear in the next subsection.

3.2. Households

The household maximizes utility

h1+oL (PHLdCtH ) o

t Mt+l

_ — 3.6
T T =, (3:6)

E} Zﬂlit u(cet)
1=0

11



subject to the constraint
Pt (Ct + Zt) + Mtd+1 — Mtd + ﬂ+1 S VVt,jlt,j + Pﬂ’fkt + (1 + Rf) ﬂ, (37)

where M¢ denotes the household’s beginning-of-period stock of money and T; denotes nom-
inal bonds issued in period ¢ — 1, which earn interest, Ry, in period ¢. This nominal interest
rate is known at ¢ — 1. In the interest of simplifying, we suppose that v in (3.6) is positive,
but so small that the distortions to consumption, labor and capital first order conditions
introduced by money can be ignored. The household’s problem is to maximize (3.6) subject
to the standard capital accumulation technology linking investment, ¢, to capital.

3.3. Monetary Authority

The monetary authority controls the supply of money, M. When policy is exogenous, it
does so to implement a following Taylor rule. The target interest rate is:

T

Y,
R} = 5 1+ ax [Ey (Te41) — T + oy log (Y—i) ,
t

where Y, is aggregate output on a nonstochastic steady state growth path. The monetary
authority manipulates the money supply to ensure that the equilibrium nominal rate of
interest, R, satisfies:

Ry =p;Ry 1+ (1 —p;) Ry (3.8)

3.4. Equilibrium Conditions of the Model

Real marginal cost, s;, can be represented as the ratio of the real cost of capital to its
marginal product and the real cost of labor to its marginal product:

G = — 1t (3.9)

S = (3.10)

where r¥ and 1; denote the real rental rate on capital and the real wage rate, respectively.
The household’s first order condition for labor:

Y hi o = Wy (3.11)
The household’s intertemporal first order condition for the nominal return on capital:
1 1
LB R )= (3.12)

Ct Tt+1 Ci41

The capital accumulation equation:

ke — (1 —0)keq =iy (3.13)

12



The definition of the nominal rate of return on capital:
Ri=(rf+(1—-6))m—1 (3.14)

The resource constraint, including possible distortions due to price dispersion:

=i le' -«
o+ < (p))N T {etkt 1y gb} (3.15)
Here, ¢; is a technology shock, with the following law of motion:
loge; = p.loge 1 + &, (3.16)

where ¢, is iid with variance o2.
Substitute out for @, from (3.11) into (3.10):

h )
1 (k, 1) 0
Substitute out for Rf,; in (3.12) using (3.9) and (3.14), to obtain:
1 h l—«
—+ i [O{Gt+1 ( t+1> Ser1+ (1 — 6)] =0 (3.18)
Ct Ct+1 kt

Eliminate i; in the resource constraint using (3.13):

— A 1—
c + kt (]. - (S)I{Zt 1= (pt Af ! {Etka h e qb} (319)

We now turn to the equations pertaining to sticky prices. The equilibrium condition per-
taining to pj is:

Ag

1-¢, (—ﬂsz ) o w2 mlmi Y
pi— | (1-¢) ¢ +¢, (—m p;‘_l) =0 (3.20)
p

Note that when there are no sticky prices, so that £, = 0, then p; = 1 and (3.19) reduces to
a more standard-looking resource constraint.
We also have the following equations:
1 q1=Xy
o ()
F AT =0

K " =

pt

1

T
E, {)\z,tyz,t + ( t+1) 55 Foip1 —

Tt+1

Tt4+1

Af
T 7>\f71
E, )‘f/\z,t}/jz,tst_’_ﬁ&p( t+1> Ky — K, } = 0

1—t2

Ty = M2 T (we set 13 = 0)

13



Note that when there are no sticky prices, then K,, = F,,; and

1
Sp = —
t )\f )
so that the markup is a constant (being real marginal cost, s; is the reciprocal of the markup).
Sticky prices in effect make the markup fluctuate.
Substitute out K, and 7, replace s; using (3.17) above and replace Y, ;, A, using

2
Yoo = )M [eki 1hy™ — ¢
1
>\zt =

Cy

so that we end up with the following two equations:

1
1, ., Af _ e megl-e 1255
E, {— ()T ek hy ™ — @] + ( : ) BEpFpte1 — Fp,t} =0, (3.21)
Ct Tt41
and
1 * /\—/\—Ll 1.0 11—«
c_)\f ()N [ekiiihy ™ = @] sit (3.22)
t
17}\f 1 1_/\f
’7'I'L27_T'17L —s 71_;27 1=t I—X
65 71.;277.1—1,2 1:\§f 1-— fp ( tTrH_l 2) o F 1_§P< 17rt 2) ’ — 0
P\ m 1-¢, Pt bt 1-¢, -

To conclude, we have N = 7 unknowns, (k, s, [, ¢, 7, F,,p*), in the N — 1 equations (3.17),
(3.18), (3.19), (3.20), (3.21), (3.22). These equations have been entered into the Dynare file,
newsimplemodel.mod, in subdirectory stickypricesonly. We also computed the nominal rate
of interest, by including the following equation:

1
E, [——+5(1+Rt)—} = 0.
Ct Ct+1Tt41

3.5. Analysis of Ramsey Equilibrium

Suppose we start in period 0, in a steady state, when 7_; = 7 and p*, = 1. Consider a
monetary policy which results in 7, = 7 for ¢ =0, 1, ... . Then, (3.20) implies

1-X

p=1=1-6) +6,60) ™|

Substituting this into (3.20) for ¢t = 1,2, 3, ..., produces the result, p; = 0 for t = 0,1, ... .
This policy minimizes the distortion in the resource constraint, because (it can be shown)
p; <1 for all t. Thus, the resource constraint is:

ek — (1= 0)ki_y = ek (hi ™ — 6. (3.23)

14



Under the stated monetary policy, we can combine (3.21) and (3.22) to obtain:

1 * A/\fl 1.0 11—« 1 * % 7.Q 1—«
c_t(pt) ” [etkt—lht _¢} = C_t)‘f (pt) ” [ﬁt t—lht —(,b] St
or,
1
St = —
t )\f’

for all £. Combining this with (3.17), we infer

(I1—a)e (1:;) h
A ’

th?LCt — (324)
That is, the marginal rate of substitution between consumption and leisure equals the mar-
ginal product of labor, divided by the markup. The final equation of our equilibrium is the
intertemporal Euler equation, (3.18), which becomes

1 her) O 1
L la% (f) pyRa 5)] — 0. (3.25)

Note that if A\; = 1, then (3.23), (3.24) and (3.25) characterize the efficient allocations
for the economy with the preferences and technology that we assume. Thus, if \; is nearly
unity, the constant inflation monetary policy is nearly optimal. However, if A; is substantially
above unity, then we cannot expect the constant monetary policy to be optimal. If there is a
positive markup in steady state, then it is possible that with inflation allowed to vary in the
right way, the markup can fall in response to a shock, and this would improve utility relative
to the scenario in which inflation is held constant. To see this, note that in (3.24) and (3.25),
there appear wedges between marginal rates of substitution in preferences and marginal rates
of technical transformation that are different from unity. If instead s; appeared and could
be made to rise, then welfare would increase. Of course, this involves complicated tradeoffs.
In this economy, fluctutations in s; are induced by fluctuations in inflation and these in turn
introduce an inefficiency wedge, p;, in the resource constraint. In addition, if welfare rises
as s; rises in response to a shock, then when the shock takes on the opposite sign, s; will fall
and reduce welfare. All these considerations have to be balanced off against each other to
determine the optimal response of inflation to a shock.

We illustrate these observations with an example. Suppose

B =099, ¥y =109.8, \f = 1.002, @ = 0.40, § = 0.025, £, = 0.75, 15 = 0.6, 01 = 1, p. = 0.8.

With this parameterization, we computed the dynamic response of ¢;, hy, m;, ki, €, ¢, Ry
to a one-percent shock in ¢p, 0.01. We computed a linear approximation using Dynare, and
so the output of Dynare is a sequence, Ac;, Ahy, Ay, Ak, Aloge;, Asy, ARy, where A
denotes deviation from steady state. In the case of Ac;, Ahy, Ak;, As;, we divided the
variable by its corresponding steady state. Because the shock actually fed to Dynare was
g0 = 1., we interpret the output of Dynare as being in percent terms. In the case of inflation,
we computed 400 (7 + Am; /100 — 1), where 7 is the steady state inflation rate. Thus, we
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report the net inflation rate, expressed at an annual rate. Similarly, in the case of the nominal
interest rate, we computed 400 (R + AR;/100), where R is the steady state nominal rate of
interest. Thus, the nominal rate of interest is reported in net terms, at an annual percent
rate. The response of the state of technology, Aloge;, is expressed in percent deviation from
steady state and is not further adjusted. The results are displayed in the following figure:

o consumption o hours worked net inflation (APR)

w —pe w

£ 0.26 £ 3.6608)\ ™ ctual

*é 0.24 *é 0.4 3.6608 —— steady state
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3 02 . 3 0.2

g g 3.6608

g 0.18 g 0

[ [<5} K

= 5 10 15 207 5 10 15 20 5 10 15 20

P capital stock P technology shock real rpgrginal cost (% dev from ss)

§ 035 § o8

£ 03 F g 4

= = 0.6

8 0.25 8

> >

§ 0.2 % 0.4 2

c o

g 015 g 02 o

[ [

= 5 10 15 20° 5 10 15 20 5 10 15 20
net nominal rate of interest
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@ —— sticky price model

S 7.85 — actual

e —— steady state Markup = .2 percent (}»f =1.002)

5 7.8

N

©

2 7.75

c

<

5 10 15 20

This graph displays both the response of the variables in the sticky price model, as well
as in the real business cycle model characterized by (3.23)-(3.25).2 Note that the quantity
allocations in the RBC model and the sticky price model are essentially the same. Also,
there is essentially no response in inflation or the markup in the Ramsey equilibrium, as
expected.

Next, we consider a very high markup of 80 percent, or Ay = 1.80. The response to the

2The subdirectory, stickypricesonly, also contains the mod file, rbcmodel.mod, which was used to compute
the dynamic response of the variables in the RBC model.
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same technology shock is as follows

" consumption " hours worked inflation (APR)
w (%]
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S =]
S < 3.6
3 05 F 3 02
27 2 3.55 — actual
§ o 4%6 § 0 A —— steady state
T @ 3.5
= 5 10 15 20 5 10 15 20 5 10 15 20
” capital stock . technology shock real marginal cost (% dev from ss)
%] At %]
1 HE (0]
= 08 Fe -0.05
e i)
8 06 g 0° -0.1
é é 04 0.15
- 04 - —-0.
g 7 g 0.2
g 02 g -0.2
5 10 15 20 5 10 15 20 5 10 15 20
" nominal rate of interest
% —¥— rbc model
g 6 —— sticky price model
J:
g 4 Markup = 80 percent (A, = 1.80)
N — actual
g2 —— steady state
S
<

5 10 15 20

First, note how the quantities respond very differently in the Ramsey and in the RBC
economy. Also, there is now a non-negligible deviation from constant inflation and constant
marginal cost. Marginal cost, s; drops, implying a rise in the markup. This may seem
puzzling at first, since a rise in the markup is clearly not directly welfare-increasing. However,
recall that this is the response to an unexpected positive shock to technology. With equal
probability, the shock would have the other sign. So, to evaluate the welfare consequence of
the non-constancy of inflation, one has to trade off the welfare loss of the rise in the markup
with the positive technology shock against the welfare gain of the fall in the markup with
the negative technology shock. Presumably, the gain associated with a fall in technology
outweighs the loss associated with the rise in technology.

Now consider a more ‘normal’ setting for the markup, Ay = 1.20, or 20 percent. With
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this setting, we obtain the following impulse response function:

” consumption ” hours worked net inflation (APR)
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These responses resemble those in the low markup economy, though the differences are not
completely insignificant.

4. Adding Money to the Model with Calvo Sticky Prices
We now consider the model of the previous section, with money in the utility function.

4.1. Equilibrium Conditions
The household’s Lagrangian problem is:

Py yc 1=oq
o0 oL (—Aj;;f t*’)
‘ !
Ly Zﬁ {ulerss — berri1) — 9y, 1:_ e Tlila
1=0 L a

+\ [tht + Ptrfkt +(1+R1) T+ D+ X, — (Pt (e + 1) + Mtd_t,_l - Mtd + Tt+1)]
i .
—}—/,Lt |i(1 — 5) k/’t + (1 - S (’L_t>) 1y — kt+11 },
t—1
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where D; denotes profits and X, is a transfer from the government:
Xt = M1 — My,

and in equilibrium it must be that M = M,. Note that we have introduced money in the
utility function, and investment adjustment costs habit persistence in consumption have also
been introduced.

The first order conditions for consumption is:

) ) P l1—0oq L
PX=u (Ct - th—l) — Bbu (Ct+1 - th) - v (Mtd) ¢,
t

or,

1-0o
1 1 T T _,
Aot = 2 — b i vl — c Y
Ct — 0Cg—1 Ct+1 — 0Ct my

where my = M;/P,_;.
The first order condition for [; is:

lefL = AW, = )\z,twtv

where w; = W,/ P,.
The first order condition for 7}, is:

Ae = B (1+ Ry),

or,
1+ Ry Piq
)\z,t = ﬁAz,tJrl—a Ti41 = .
41 P,

The first order condition for i, is:

wrn 15 (1) - (1) 5] oo (2 (42)
141 Tt—1 141 i i

Define

so that

. , , ' . )
1= Py ll -5 (Z—t> -9 (Z—t) L} + ﬁAz’tH Py 115 (Zti> (th) :
Le—1 1) -1 Ast it i

The first order condition M, ; :

—c oq—2
At = By + Bo (Pt+0t+1)1 ! (Mtd+1) )
or, after multiplying by P, :

)\z t

- ;41 l1—0q l—ogq  04—2

Aot = B—— + 1 Boc i my T
41
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The first order condition associated with k;, 4 is:

/"Lt = 6 |:)\t+1Pt+17nf+]_ + ,ut+1 (1 — 5)i| s

or, after dividing by AP, :

Az
Pk’,t = —)\’t+lﬁ [rf+1 + Pk',t+1 (1 — (5)] .
2.t

The monetary policy rule is:

T _ c 1
R, =p;Ri1+(1—p;) 3™ 1+ ag [By (m41) — 7] + ay log <%>] + &
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Putting all the equations together, and including the equations related to sticky prices:

1—0q
(1) ! - Bb 1 — v (ﬂ) Ct_Uq

¢ — beyy Ctr1 — bey my

) . ) . . )
-5 () - () ] o (32) ()
L—1 -1/ %_1 >‘z,t i i

Az
z,t

_— .
(4)5;’—i + 0B (Teacen) 7 Myl

(5)8254 (1 4 Ry)

T+1

(6) (1= ) ks + 1—5(2,;—;))@

Zf
() ()77 e (K 117 — @)

(8) A.yseer (1 — ) <,;_:>a

lt 11—«
(9) sie E)

1 Af 1;;\f
1-¢ <h) 1=2f ~ LY
D\ Tt . =Xy
(]-0) (1 - gp) 1 B é—p + gp (ﬂ_tptl)
T 1 1>\ 1
7T —Af
(11) By | AspYs + ( ’f“> B, Fyir1 — Fyy
Tt+1

A -

s 1=Af
(12) E; >\f)\z,thSt + ng < t+1> Kp,t+1 - Kp,t

T+1

1

(13)

(1-¢,)
(14) piRe—1 + (1 = py) % — 1+ ag [Ey (m41) — 7| + oy log (Ct}/—izt)} +e

)\z,t

The 14 variables to be solved using these 14 equations are A, , ¢;, my, T, @4, Py y, rf , Ry, Ky,

*
P> le, st, Fpi? Kp,t-
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4.2. Steady State

The equations associated with Calvo sticky prices imply:

S f— i
= )\f,
ALY
F pu—
P 1I- pr

This is as expected. When there are no price distortions in the steady state, then the firm
markup is 1/s = As in the present case of a constant elasticity demand curve. The resource
constraint is

c+ 0k =k — @,

We use the supposition that profits are zero in the steady state to determine a value for ®.
If we think of the Cobb-Douglas part of the production function as the firm’s ‘production
function’, then with fixed costs, ®, the firm which sells Y;; must actually produce Yj; + ®.
Given fixed marginal costs, the firm’s total cost associated with selling Y}; is s; (Y}, + @), in
units of the final good (i.e., scaling by F;). The firms’ revenues are P;;Y};, so its profits in
units of final goods are

Pt

I
In steady state, Py = P, Y;; = Y; for all j because our assumptions guarantee that prices
and resources are not distorted in a steady state. So, the zero profit condition in steady
state is

Yie — s (Yie + ).

1
Y= — (Y +d),
Af

or,

A\ —1)Y = .

In the steady state, profits are 100 (Ay — 1) of output sold, and fixed costs must be equal to
this amount if profits are to be zero. Substituting in the production function,

(Ar— 1) (K1 — @) = @,

so that
()\f -1) kel = Af®

Combining this with the resource constraint, we obtain:

Ar—1 1
_ pajl-a f al—oz: ajl—a
c+ ok = k°l —)\f k<l —)\fk: .
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Collecting our results, we have that the steady state equations are:

P]c/ﬂg = 1,
A, = (1=08b)u (¢c—be)—wv <1>1_0q ¢ 7
= m
L Fy1-96
— — r .
B
T
- = 1+R
B
A m\l=a _, rcC
- ) M )
[or
w
1 ajl—«
c+dok = —k%
As
1 11—« 1 @ o -
= () () e
5 = rt
- 11—«
a(z)
1
s —
Af

which represents 10 equations in 11 unknowns:
¢, S, la )\27 w, rka T, R7 m, k; Pk"

Another equation is provided by the assumption that transfers are made to the household
to provide them with money:

My — My = Xy,
and dividing this by M, :

My — My .

Mt ty
so that in steady state,
™ —m
=r—1=ux
m

We will just treat m as an exogenous variable, with the understanding that it is actually x
that is exogenous. So, by deleting 7 from the list of 11 unknowns, we have 10 equations in

10 unknowns.
We solve these equations as follows. The variables, R, s, Py, v*, I/k, ¢/k and w are
virtually immediate. Thus, Py =1, s=1/A; , R=7/f — 1 and

Tk:%—(l—(S),
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and

so that

I :i_ i s
"~ r U a ’

The resource constraint can be written:
c 1
ch=—=—1""—6
TR AT ’
and the wage rate can be solved using the fact that r* is known and

1

1 l—«
P M
M) T (G) )
We still require k, A,, m. The equations that remain available to us are the following
three:

l1—0oyq

A = (1—Bb)m—v(%) CORE

)\Z T\ 1= —og Ckk‘
)\z = 6? + Uﬁ (E) (C]Ji‘) m

lbL (lkk)UL
A

which now reduces to two equations in two unknowns, k and m. Multiply the first equation
by cxk and use the expression for A, from the household’s first order condition for labor:

wL (lkk)UL 1 - ﬁb 7 1=a4 l1—0
k — _ (_> a
C ( 1 b) () (Ck]{)
SSubstitute from the labor euler equation into the second of the previous two equations:

SR [y ] (1) () "

w ™ m

= w

or,

k' ].70]1
a0k1+0L+UCL1 — = Qa9
m

2—0y
bok’lJrUL = 'Ubl (ﬁ) .

for known constants, ag, a1, as, by, by and the parameter, v :

[7r 1-05b
ap = Ck—wL =m0 ay = 1o ;
w 1-0
[7r
by = wL—k ll _ é} by = 57?1_0q0k1_0q.
w 7r
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From the second expression

m vby Ty
k| bokltor ’

so that

1 ay |b ;:ZZ a wiLl
Eitow +U2—Gq_1 [_Oklﬂml _ %2 14; > 0.
o | 01 Qo Cldﬁd/f
Note that the function on the left of the equality is zero at £k = 0 and strictly increasing
and convex. As a result, there is a unique value of k that solves this equation. In the case,
v = 0, this value can be found analytically:

1
1-8b \ TFo7
b — W g
Ck:¢ngL .

With £ in hand, k/m may be found from the previous expression. Note that when v = 0
then k/m = oo so that m = 0. We would expect that the price level would be infinite when
v = 0 because in this case there is no use for money.

4.3. Numerical Analysis of the Model

We considered the following parameter values.
f=1.03%% p=0.63 a=0.36, 6 =0.025 p=0.95,
and

Ay = 120, §,=0.75, : =084, T=1+ 0.025/4, v = 0.0005,
p; = 081, o =195, a, =018, o =1, 0,=-1, a=5.
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With this parameterization, we have [ = 0.996, y/m = 4.16, k/y = 11.11. The impulse
response function to

Response to Technology Shocks,ocn = 1.95 velocity = 4.1598
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Next, we greatly increase the importance of money, by raising v to 5. In this case, we
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obtain the following impulse response function to a technology shock:

Response to Technology Shocks,ocn =1.95 velocity = 0.18729
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There is a noticeable difference in the response of consumption, with consumption rising by
more here. The response in the other variables is not very different. Presumably, the rise
in real balances associated with the fall in the price level is making the marginal utility of
consumption rise more, as the real balance effect on consumption is more important.

Next, we consider the effect of reducing the importance of money, by reducing v to
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0.0000005. The resulting impulse responses are as follows:

Response to Technology Shocks,ocn =1.95 velocity = 41.6548
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Note that with this ten-fold increase in velocity, the impulse responses have hardly change
from our initial, baseline responses.

Next, we set v = 0. The steady state algorithm described above works for this case, and
produces m = 0. In the dynamic equations, we set v = 0 in (1) and drop equation (4) and
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the variable, m;. With «, = 1.95, the following impulse response function was obtained:

o
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Note that the results are essentially the same. In addition, the range of determinacy is un-
changed from before. From this we have to conclude that there must be a mistake somewhere
because this model is essentially the standard model with no money.

Next, we consider the response of the system to a monetary policy shock. Here is the
response to a 0.0025 shock to monetary policy. This corresponds to a 100 basis point rise in
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the interest rate, at an annual rate.

Response to Monetary Policy Shock, o = 1.95 velocity = 4.1598
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Note that to get the interest rate up, they need to reduce the money supply. Also, the interest
rate does not rise by the full 100 basis points immediately, because the fall in prospective
inflation exerts a countervailing force on the interest rate.
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Now v is reduced, and the impulse response function becomes:

Response to Monetary Policy Shock, o = 1.95 velocity = 41.6548
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This result is the same as before.
Evidently, the size of v does not matter for the responses of the model economy to
monetary policy and technology shocks.

5. Adding Wage Frictions to the Model

We now add Calvo-style wage frictions to the model of the previous section, following the
analysis of Erceg, Henderson and Levin. We begin by deriving the equations that pertain
to household wage setting. After this, we turn to implications for the aggregate resource
constraint. We then display the other equilibrium conditions.

5.1. Households

We derive a law of motion for the aggregate real wage () by combining the optimality
of the condition of of households which reoptimize their wage, with a cross-household-wage
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consistency condition.

We suppose there is a continuum of households, j € (0,1), each of which supplies a
differentiated labor service which is aggregated into a homogeneous labor good by perfectly
competitive labor contractors using the following constant returns to scale technology:

Aw

1
|, = U (hej)™ dj} L 1<\, < oo (5.1)
0

Aggregate labor is sold competitively by the representative labor contractor to intermediate
goods producers for wage W; and the j* household’s wage is W, ;. The contractor hires h; ;,
j € (0,1), in order to maximize profits:

1 R 1
max W, [/ (P j) > d]} - / Wil ;dj,
0 0

hi,j

which leads to the first order condition:

Aw—1

¥ 1-dg
Wil, ™ (htj) Aw :M/tJ?
or,
W | T
hiy =l l V;’:] (5.2)

The j* household views (5.2) as a demand curve for its specialized labor services. The rules
are that if the household posts a wage, W, ;, then it must supply the services, h; ;, implied
by the demand curve.

Thus, the household’s problem is to choose its wage rate, W, ;. With probability, 1 — &,
it can optimize its wage rate and with the complementary probability, it cannot. In this
case, we suppose that it sets its wage as follows:

Wt?] - ,ﬁ-wvt_lm_lﬂ’ ﬁw,t = (ﬂ-t—l)l‘wg ,ﬁ-liLw"Q‘ (5.3)

The 1 — ¢, households that set their wage optimally in period ¢ all find it optimal to set the
same wage, W;. The household which can optimize its wage in period ¢ does so to optimize
the following objective:

Ey Z (BEw)" {=2(hjass) + MexiWiasihijari},
i=0
where A;y; is the multiplier on the household’s budget constraint, (3.7). The household
discounts by (¢, because it is only interested in continuation histories in which it does not
reoptimize its period ¢ wage. Here, z indicates the household’s disutility of labor:

wL 1+o
z(his) = h. 7.
( j,t) 1 + O_L ],t
Also, \;y; represents the marginal value of a unit of currency to the household in period t+7.

Given the utility function
1

A= —.
' Piey
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Substituting out for hours worked using the labor demand curve, we obtain:

This can be written

0o Ay Aw
‘ Witij | Wit Wiy | 700
E 2l 2 + MgiPrvi—— — .
t ?:o (BEw) {—2(lis {WM ] )+ Aigi P W {Wm }

To express the household’s objective in terms of 1, it is necessary to express Witij; in
terms of its period t value. We adopt the following definitions:

W W,
Wy = —, Wy = )\z,tJri = MyiPigi.
B’ W’
Then,
VVtJrz',j  TMwtdi s 7Tw,t+1VVt L Mds * 7Tw,t+1Wt - wtth
= — 2 = — P - = t,25
Wit Wi L t+i Wi iTiqs - * - Tp1d¢ W4
where

7Tw R 7P%w,t—|—1
Xii = :

Tts =t " T4l
Substituting this into the household’s objective,

Ay
= i WW =Aw N W [RET
Ey E (ﬁfq,J) {—Z(lt+i l—u; tXm’} )+/\z7t+iwt+ilt+i l j tXt z] }
i=0

t+i Wi

The variable that the household must choose is w; (note, whether the household is viewed
as choosing w; or Wt makes no difference, since w; is W; scaled by a variable over which
the household has no control). Maximizing the household’s objective with respect to w;, we
obtain:

A
> >\w wtﬁ)t =w Ii
livi | =Xt .
B (06 gt ] T G,
Aw
. Aw W 1=
+>\z,t+iwt+ilt+i +1 d tth th} =0
1 — Ay Wy Wy

or, after rearranging,

Ay
- i w 1=2w )\z i ~
E Y (BE,) by L@ti 1 { )\’H wly Xpi — 24,1 =0
i=0 v

w

The marginal utility of leisure can be written, after taking into account that labor must
always be on the demand curve

Aq oL
wtwt 1=Aw
! J—
Zipi =2 (M) =Yg (lt+i [[U Xm]

t+i

33



Then, the first order condition reduces to

Aw Aw oL
- ; i N A Wy Aw
E, Z (55@) liti LI} ! Xt,z} { XH wttht,i - @DL (lt+i {wt %Xt,z} ) } =0

i—0 t+1 w

Since w; is not a random variable at time ¢, we can multiply through the expectation operator
AL)\ (o2
by it or by any power of it. Multiplying by (w;)” =" |

0o - Aw - Dw \ 9L
i Wy [RETID W [1-2%—0y] -~ Wy 1-2w
FE liN Xz — Ty 7L Xz_ lz~—Xz =
t;(ﬂfw) t+ {wHi t,} {)‘w (wt) Wi A, P | it e t, }
or,
1 w
Kyt =— (wt)(l_li*w or) WeF oyt
(05
where
- ; 1+ Wy =i )
Kue = B3 (06, (o)™ {—~ X]
t t; t+ wt_H‘ t
0o - Aw
i Wy =\
Fo, = E Vol | —2 X, Zabbiy
R M e 0
Then,

1—)
Kw 1—(1+ w)o
w, = {ﬁ—t] " (5.4)

Wy Fw,t

The infinite sums, K,,; and F),;, have a recursive representations. It is crucial to exploit
this fact, for computational tractability. Thus

1
(Xt,l) T— w

Ay
Az Wy | T A\,
For = 1 \ Ly (BEw) I l ! ] ;H

Wi+1

)\zt 1

7 +2

—— (X411 X4 1) T
Aw

Aw
2w )\

Aw
Wy Wy | T
+<ﬁ§w>2zml~f ]

Wi41 Wi42

(B60) Lo [ @i Doy “’}

W1 W2 Wi43

A

; Wi Wiy Wepi—1 | 7 Apppi 1

() s | mteh S T e ()
Wi1 We42 Wi4i Aw

z,t+3 1
(Xig12Xp 1) T
Aw

_i_...,
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or,

T (B6) s {Z*

~ ~ TS v A .
(5511;)2 Livs {thﬂ U~1t+2} z,t+3 (Xpnr 2)m

Wit2 Wi4-3

~ Aqg )\
i—1 W1 ’LUt+ 1|7 AL 1
+(BEw)" e LD e —— ] 2 (X )T

t+2 Wit
+ . }

Note, . ~
o= Wi o w P _ WiTy
w,t — - = - = )
Wiy W1 P Wi—1

so that @ /W,y = 7,/ Substituting and rearranging,

1
ST IR v v
P Aot 1 1=Aw 7Tw,t+1F
w,t — Ut w w,t+17
Aw

Tw,t+1

(5.6)

which corresponds to the expression we have worked with in the past. (But, (5.5) is simpler!)

Now consider K, ; :

24— (1+01)

o o ,le
Kuoi = LT+ 86, () ™" [~ ! Xt,l]
Wt41

dw
~ — (1+O’L)
Wy Wit A

+(BE,)" (lis2) [ Xiy1,2X; 1]

Wiy Wig2

{(er)

1:\)\1” (1+UL)

op | W
+BEy (li2)™" |:wt+1Xt+1 2} +--}

t+2
1— )\ (1+UL)
Xia Ky

- } 1%E(HUL)

= lt1+0'L +B§w |:1Dt+1Xt’1

= LT+, {

Wyt1

=iy (14oL)
:| Kw,t+1~

— ltl-i-aL +6§w|: w,i+1

Tw,t+1
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In order for (5.5) and (5.7) to be well-defined objects, it is necessary that they be finite.
This requires that the ‘discount rate’ in (5.5) and (5.7) be less than unity in steady state:

4 2% (1407)
1w 1—w
55 (W:tﬂ) 55 <7th+1) <1,

t+1 Tw,t+1

or, because of (5.3) and that m,,; = 7 in steady state,

5sw(_)1“‘1 s, (2 )_” R

We have completed the derivation of the wage rate from the household’s first order
condition. We now identify a consistency condition that must hold across all household
wages, which will allow us to express the real wage, ;, just in terms of aggregate variables.
The object, w; = W, /Wy, will disappear from the analyis. Substituting the demand curve
for the j™ specialized input, (5.2) into (5.1), we obtain

W\ ™
L= I, (=i d
T

D ! 1 ,)\w
= 1y (Wy)3e T {/ (Wi )T d]} ;
0

Aw 1 1
Dy — l/ (V[/%’j)lfxw djl
0

so that the condition across all wages is:

W, = {/Ol(m,j)ﬁdj}

1-Aw
_ [/ (Wi, =5 dj + / <Wt,j>mdj} |
1-¢ /

w w

Aw

or,
Aw

(W)

1-Aw

In the limits of integration, 1 — ¢, refers to the households that reoptimize in period ¢, while
&, refers to the households that do not. Making use of the fact that whether households are
selected to optimize or not is determined randomly, we can simplify the previous expression
as follows:

1 N
Wi = [0 (1) ™ + 6 (uatic) ™|
Divide both sides by W,



or, after rearranging,
1 1 —>\w

1, (22T
1_€w

Wt =

(5.8)

Combining the optimality condition on wy, (5.4), with the consistency condition, (5.8),
1-Aw

1
1=y i1\ 17w
[wL Kw,t] 1-(1+Aw)op, 1 - é.w ( Tt )

Wy Fw,t 1- fw
or,
: L (1-(14+Aw)or)
P (5 (5.9)
wit = b, w,t Wt 1—¢, , .

which is an expression which relates the real wage to aggregate variables only. It is interesting
to consider the case, ,, = 0, when there are no sticky wages. In this case, (5.9) reduces to

Kw t ~
b _ i,
d}L Fw’t t
or, after substituting out for K,,; and F,,; and rearranging,
YLl
Ap—— = Wy,
)\z,t !

which says that the real wage in units of the consumption good, w;, is a markup, A,,, above
the household’s marginal cost, ¥ l{" /A, +, also expressed in terms of the consumption good.
This is exactly what we would expect.

Sticky wages also have an impact on household utility. Cross-household dispersion in
wages lead to cross household dispersion in labor effort and therefore in utility. It can be
verified that the cross-sectional average of utility in period ¢ is:

w Aw 1+<7L)
w* Aw—1 -
log(ey) — 1+LUL (wi> h%+ L
t

where h; is the unweighted sum of household hours and w;" satisfies the following equation:

1—Xq

1\ Aw(ltor) o (i+or)
1 _5 (frw,t> 1-Aw B Aw (140,
wh=[(1-¢,) L TP T . (5.10)
w 1 _ fw w 7Tw7t —
For purposes of computing the steady state, it is convenient to wite (5.10) as follows:
L Aw(l+or)
T —Xw A (140

N Aw (140, 1-— gw (ﬁ) Tt Jl_j\'—le N Aw(1+or)

() TR = (1 ¢,) peu(2) T ()
1-— gw 7Tw,t
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From this expression, it is evident that existence of a steady state will require

)\w(1+aL) )\w(1+aL)

Tt Aw—1 Wy Ty 1 Aw—1 s (1—@%
é—w — 2 pr— é-w = 2 _17[/ == é-w (t) < ]_,
Tt Wiy (mq)? T2 m

where 7 denotes the actual steady state inflation rate and 7 denotes the constant in the price
updating equation. A ‘natural’ specification might be 7 = 1. However, note that if we set
Ay small market then the power in the above expression can be quite large. For example, if
Aw = 1.05, then A\, /(A, — 1) = 21. Then, if 15 is small (say, 0.13) 7 has to be only a little
above unity for the condition to be violated. For example, suppose m = 1.0092 (a 3.7 percent
annual inflation rate), ¢, 2 = 0.13, A, = 1.05, o, = 1, then

Aw(1+op)

(1—tw,2) —
&(2) 7T~
T

5.2. Aggregate Resource Constraint

We now develop a relationship linking aggregate homogeneous labor effort in the goods
market, [;, to aggregate household employment, h;,

) VVt | 1w )
hy = hidj =1 — d 5.11
t /0 3t &4 t/o [ W, } 9 ( )
= lt (U):)l#i)t )
say, where
A 1 Wt . 1_33‘?
wH) T = — dj
() [ 15e]a
A Ay
Wtj] 1=dw / [Wt ] 1=dw
= — dj + — d
/:l‘_gw |~ Wt ] gw Wt j
A ﬁw p&ﬂw VVt—l 1 sz
e (B)F [ [,
( &) Wy Tod . W, J)
Ay
A ~ T
N P T U :
w t . t—1
so that .
* % /ﬁ_Wt * %t .
wi = [(1=&,)w ™ + | —wi,
7Tw,t
We substitute out the expression for w; using (5.8):
1 Aw
Tw,t | 17 w ~ Aw
w* — [(1 _5 ) 1 - S’LU (Ww,t> _’_5 M . lwa]/\;wu (5.12)
! v 1- fw h Tw,t =
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In order for w; to have a well-defined steady state value, we require that the coefficient on

Ay
(wj_y) ™ be less than unity:

or, in steady state:
7\ (I=tw,2) 3o
Ew (—) < 1.

We now can write the resource constraint in terms of aggregate household employment
like this:

A

_ _ A _ Aw l1-«
ot Ey— (1= )y = (pH) 1 {etkgl [(w;‘)m ht] - ¢} : (5.13)

where w; satisfies (5.12). Note that when there are no sticky wages, so that &, = 0, then
w; =1 and no adjustment is made.

Combining (5.6), (5.7), (5.9) and (5.11), we obtain:

Dw
A 1\ T
(w:)kwil ht (Ww,t+1)

Et{ + ng (ﬁ-w,t—i—l) 1=2w Fw,t+1 — Fw,t} :(614)
wCt Tt41
1 17)\1U(1+0'L)
e 1o (22)
w 1+o w T—Aw 1 w\ Tt R
E{ [(w;" )T ht] e, (D — - W1 Fly i (5.15)
Tw,t+1 (453 1-¢, 7

3 ﬁ 1-Aw(14+0L)
D -s ()T
wL - gw

'lI)tFw,t} = 0

5.3. The Other Equilibrium Conditions

Sticky wages has replaced the labor supply curve, (3.11), with the equilibrium conditions in
the previous subsection. above. In terms of the equilibrium conditions for the version of the
model with just sticky prices, this means that we must replace (3.17) by (3.10). Also, if we
are to write the firm efficiency conditions in terms of hours supplied by workers, h;, then we
must use (5.11). Thus, equation (3.10) must be replaced by

- *% @
5y = ot <<w’f) ht) (5.16)

(1 — Oé) €t kt,1

In addition, the intertemporal Euler equation for the household, with the rental rate of
capital substituted out using the firm marginal cost condition, must be replaced by:

Dw l-a
1 wi )t h
—— + i (07N ( t+1) t+1 St+1 + (1 — 5) =0 (517)
Gt Ci41 Ky
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Finally, the pricing equations need to be modified, given the new definition of Y, ; (see
(5.13)).

1 AV - D\ e rlgl-e T8y
E; {_ (pi)™ " [616]??1 ((w:)m_l ht) - 4 + (t7> BEpFp i1 — Fp,t} =0,

Ct Tt+1
(5.18)
and
1 * % 7.0 | o -
C_t)‘f (p) " ek, ((wt)“”_l ht) —¢| st
_1 ~1=Xf 1 1=Xy
A T2zl-e T—X 71—in Fl—ta DY
65 Wézﬁ.lsz 1_*% 1- é.p ( t7rt+1 2) ! F P 1 - é.p ( : 17rt ) !
P Toat 1 — fp p,t+1 p,t 1 — gp

Note that for F,; and K,; to be finite, it is necessary that the relevant discount rates be
less than unity in steady state:

2

() 5055, <1

We now have N = 11 unknowns, (k, s, h, ¢, 7, F,, p*, Fyy, 0, w*, w"). The N—1 equilibrium
conditions are (5.16), (5.17), (5.13), (3.20), (5.18), (5.19), (5.12), (5.14), (5.15) and (5.10).
These equilibrium conditions have been entered into the Dynare file, newsimplemodel.mod,
in subdirectory stickypriceswages.

5.4. Analysis of the Equilibrium

With both sticky prices and wages, it should be clear that the RBC equilibrium allocations
are not attainable. From the point of view of the wedges in the resource constraint, this
would require setting m; and m,; to 7, but this would in effect fix the real wage, and the
efficient allocations require that the real wage react to shocks.

Consider a case in which we have a hope that the Ramsey equilibrium coincides with the
RBC equilibrium. Suppose there are only sticky wages and no sticky prices, so that £, = 0,
&, > 0. Let’s see if we can identify an equilibrium that coincides with the equilibrium in the
RBC economy. Suppose we set:

Twt = Tt (5.20)

By (5.12), this implies that, if w*; = 1, then w; = 1 for all ¢ > 0. This will be necessary
if we’re to reproduce the RBC model allocations, because w; appears as a wedge in several
places and setting it to unity eliminates those wedges. For convenience, we repeat the
definitions of the objects in (5.20):

Wt tht . WiT ¢ w2 =1ty

Tw,t = y Twt = (71—1‘,71) ™

Wiy W1 Py Wg—1

Evidently, achieving 7,,; = m,+ requires that there be no indexing to inflation, i.e., ¢, 2 =0
(obviously, wages can’t be the same across households - as efficiency requires - if some
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households link their wages to inflation, which must be time varying to ensure real wage
flexibility.) Now, consider (5.14) and (5.15). Imposing (5.20):

h Tw
Et{ L + BfwﬁFw,t—‘rl - Fw,t} =0

>\th
EhTot L F, 1~F =0
1 + BEy—W1 Fppi1 — — Wi Fy i} =
(5 L
or, using,
WeT oy 41 ~ -
— = Wt41, Twit+1 = Twt+1
Tt+1
these reduce to:
ht ﬁwt
b +1
S —E, | BE—"—Fuir1 — Fuy
wCt Tt41

- 1 . Tw
h,-ZH b= ——w Iy lﬁfw7—tHFw,t+1 - Fw,t] .
wL T41

Equating these two, we obtain:

1 h
hy 7 = Y tCt, (5.21)
L w
or, 3
Wy
hite, = —.
Yrhite Ao

This is just the static efficiency condition for households in the RBC model, if A, = 1.
Presumably, efficiency of our proposed policy will require A, = 1.
Now let’s pursue the implications of §, = 0. By (5.18) and (5.19) (and, that p; = 1 by
(3.20)),
1 -
— [etk‘f‘_lhiﬂ — (b} = F,4,
Ct
and .
C—)\f [etkf‘_lhtl_o‘ — gb] st = Fpy.
t

Then, equating these two, we obtain:

_ L
-3

St

If Ay =1, then (5.21) and (5.16) imply that the intratemporal Euler equation in the RBC
model is satisfied. We conclude that if A\ = A\, = 1, t,2 = 0, then an equilibrium in which
Twt = Twe = 7 for all ¢ has the property that all three efficiency conditions of the RBC model
are satisfied: (i) the resource constraint, (5.13), reduces to the RBC resource constraint, (ii)
conditions (3.10), (5.21) and Ay = 1 imply that the RBC intratemporal efficiency condition
hols and (iii) condition (5.17) with w; = s; = 1 corresponds to the RBC model intertemporal
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equation. Since the three efficiency conditions of the RBC model uniquely (together with
a boundedness condition) characterize the best possible allocations given preferences and
technology, it follows that under the stated conditions, 7, + = 7, = 7 is the Ramsey policy.
We summarize these results in the form of a proposition

Proposition 5.1. If A\ = Ay, = 1, §, = 1,2 = 0, then the Ramsey allocations coincide with
those of the RBC economy, and m,,; = 7.

We now compare the Ramsey and the RBC allocations. Consider the following parameter
values:

=099, ¥, =109.8, \y =1.002, a =0.40, 6 = 0.025, §, = 0.75, 1 = 0.6, A\, = 1.05, o, = 1.

We consider several special cases. We begin with the case, £, ~ 0, Ay = A, = 1.002,
when prices are sticky and wages are not, and monopoly power is minimized. The Ramsey
and RBC economy responses to a technology shock are presented below.

" consumption " hours worked net inflation (APR)
(2] e 2]
£ 0.26 £ 3.661 M
2 2
= 0.24 =
S 5§04
< 0.22 ©
2 2 3.6605
S 02 L S 02
= = — actual
g 0.18 S 5 —— steady state
g g kkk  3.66
5 10 15 20 5 10 15 20 5 10 15 20
2 capiwtﬁl stock 2 technology shock reaj grginal cost (% dev from ss)
‘ 2
IS £
g 0.35 % g 08
c 0.3 fc 0
£ 025 g 0o
go. g
K 0.2 ] 0.4 -2
= 1=
g 015 g 0% -
g g
5 10 15 20 5 10 15 20 5 10 15 20
net nominal rate of interest
I 785 p———y —#— rbc model
(] . o . .
,g — steady state sticky price model
S 78
I £ =1e-006 & =0.75 A, =1.002 A =1.002
[ W p f w
2 7.75
o
<

5 10 15 20

Note that the Ramsey and RBC allocations virtually coincide, as expected
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Now we consider the opposite case, in which &, = 0.83 and &, = 0.000001 :

* consumption " hours worked net inflation (APR)

] = ]

£ 0.26 £ 4

o S
c 0.24 =
S §04 3
8 022 8

3 g 2
3 02 « 3 02 — actual

1= I —— steady state

g 0.18 3 5 1

g g Fobok

5 10 15 20 5 10 15 20 5 10 15 20
2 capit:il stock 2 technology shock real pgrginal cost (% dev from ss)
5

IS £
5035 % o8
S 03 S 06 °
.g 0.25 .g 5
g 0w ] 0.4

€ € _

3 015 3 0.2 10

g g

5 10 15 20 5 10 15 20 5 10 15 20
net nominal rate of interest

= —%— rbc model

9 — actual — sticky price model

g 8.2\ — steady state

3

N 8 & =083 & =1e-006 A, =1.002 A =1.002 v =0
S w p f W w,2
g

< 78

5 10 15 20

The two allocations are also very similar here, consistent with our proposition. Note now
inflation drops sharply with the technology shock, to allow the real wage to rise. Marginal
cost is essentially constant.

We now investigate how far from the RBC model you end up when the conditions for
RBC=Ramsey are not satisfied. Here is what happens when you set ¢,,2 = 0.13. It makes
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virtually no difference, although there is some noticeable impact on R;.

" consumption " hours worked net inflation (APR)

7] y %] 4

£ 0.26 £

o 2
= 0.24 =
5 § 04 °
T 0.22 ®

> > 2
3 o2 ¢ S 02
= = — actual

@ 0.18 g 1| | — steady state

5 5 5 0 o

=% o K

5 10 15 20 5 10 15 20 5 10 15 20

2 capjte:l stock 2 technology shock real npgrginal cost (% dev from ss)
IS £
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% 0022 ( % 06
s S -5
g 2 204
< =

g 015 g 0.2 -10

g g

5 10 15 20 5 10 15 20 5 10 15 20
net nominal rate of interest

= —*— rbc model

o — actual — sticky price model

© 8.1

] —— steady state

= 8

°

X E =083 £ =1e-006 A, =1.002 A =1.002 v _=0.13
=79 w p f W w,2

2

z78
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Now consider the case, £, = 0.75, {,, = 0.83, Ay = 1.20, A, = 1.05

" consumption " hours worked net inflation (APR)
17} ey o 0.6
§ 0.5 §
N— — 3.6
S 504
g o3 g a4
@) v 0.2 :
© £ ©
I I
® 0.25 8 o 392 — actual
@ @ 3 —— steady state ||
e 5 10 15 20% 5 10 15 20 5 10 15 20
" capital stock ” technology shock real marginal cost (% dev from ss)
%] SR %]
E 05 % : O
2 2 os
IS g
3 03 2 04
ko] ko] ) —0.4
§ 0.2 § 0.2
ag_ k ag_ -0.6
5 10 15 20 5 10 15 20 5 10 15 20
net nominal rate of interest
z /8 —— rbc model
(O] . .
g —— sticky price model
o
- 7.6
©
N E =083 & =075 A, =12 A =1.051 _=0.13
= I W o] f W w,2
= —— actual
Z —— steady state

5 10 15 20

This change has a more noticeable impact on the interest rate. And, predictably, it reduces
the inflation impact of the shock. In terms of the impact on quantity allocations, the effect
is rather small.

A surprising result was obtained by perturbing the previous parameterization, and setting
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Af = Ay = 1.002 and otherwise leaving the parameters unchanged. We obtained:

consumption hours worked net inflation (APR)

15 3.65

o
~

0.5] 3.55
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0 L 35 —— steady state

5 10 15 2 5 10 15 20 5 10 15 20
capital stock technology shock real marginal cost (% dev from ss)

o©
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o
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o
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o
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net nominal rate of interest

o
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78 —*— rbc model

— actual — sticky price model
7.75 —— steady state

7.7 £ =0.83 & =0.75 A, =1.002 A =1.002 1 _=0.13
W p f w w,2

Annualized, percent

7.65

5 10 15 20

Note how much stronger the response of the allocations in the Ramsey equilibrium are!

6. Adding Habit Persistence and Investment Adjustment Costs to
the Model

6.1. The Equilibrium Conditions

The marginal utility of consumption, A, ;, is now

1 1
Et )\z,t - + bﬁ - 0 (6].)

¢y — beyq Cv1 — by

With this change, 1/¢; must be replaced by A, in (5.18), (5.19), and (5.14).
Adjustment costs in investment change the household first order condition for investment,
(5.17):
Aw l-a
(w:—l-l) Mot fygg

L St+1 + qt+1<]- - 6) = 0, (62)
t

1
A+ )\z,t+15q— Q€ i
t

and add a new first order condition for investment:
Ey DaqiFry — Mot + BAaia@ia Fopia] = 0.
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We suppose that

F(ly, I 1) = [1=SU/Li1)] L

so that
S It
Fy, = 1-2(=L -1 N
Y 2 (It ] ;-8 G Vs
I I\ 2
F _ 1 Lt+1 o 1 t+1 '
2,t+1 S ( It ) It

Substituting this into the first order condition for investment:

S P It}
E{aqg |1 ——=—(—-1)"=5(——-1)— 6.3
|1 = G = 1 = S~ ©3)

Iy I\
—)\zt+5)\zt+1%+15//(t_+ - 1)( t; > } = 0.
I t

With the investment adjustment costs, the resource constraint is changed

_)‘L _ Aw e
ot 1= i) Lt [yt h) " - o) (6.4
where g
ki — (1 —6)kiy = {1——(— —1) 1 I (6.5)
2 1,4

The equation defining the nominal rate of interest is:

Ey

1
)\Z’tJr]_ (1 + Rt) - )\z,t} - O (66)
1

The variables to be determined in equilibrium are the following N = 15: Ry, A, It, T, qu,
he, ¢ty key1, Sty Fpy p*, Fy, 0, w*, wt. The N — 1 equations are (5.18), (5.19), (5.14) with
1/¢; replaced with A, ., (5.15), (5.16), (3.20), (5.12), (5.10), (6.1), (6.2), (6.3), (6.6), (6.4)
and (6.5).

With some algebra, it can be verified that the average, across all households, of period
utility is:

w Aw(1+aL)
w* Aw—1 o
log(c; — bey—1) — N +LOL (wi hitor.
t

We use this utility function to define the objective in the Ramsey problem. The equilibrium
conditions of this version of the model have been entered into the Dynare file, newsimple-
model.mod, in subdirectory sticypriceswageshabitadjust.
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6.2. Analysis of Equilibrium

Consider the following parameter values:

3 0.99, ¢, =109.8, Ay = 1.2, A\, = 1.05, a = 0.40, § = 0.025, (6.7)

L2

0.6, " =5.1, o, =1, b=0.63, 1,5 = 0.13, &, = 0.83, £, = 0.75

There are special cases of this model worth considering. Consider, for example, the case,
5" =0.000001, £, = 0.83, Ay = A, = 1.002, b = 0, §,, = 0.000001, ¢,,2 = 0. This corresponds
to a case that we considered before, and it’s worth verifying that we reproduce it now:

consumption
"

hours worked

net inflation (APR)

Consider now the ‘opposite’ from the above case, the one in which £, = 0.75, &,
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0.000001 :

g, =1e-006 & =0.75 A =1.002 & =1.0021,,=0

@ consumption @ hours worked net inflation (APR)
£ 026 5 3.661 /\
5% § 04
g 022 2 3.6605
L 02 3 02
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¢ 0.18 @ —— steady state
[3) o 0
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This reproduces what we had before.

To establish a suitable benchmark for this model with habit persistence, we solve the
version of the RBC model with habit persistence and adjustment costs (see rbemodel.mod).
The first order condition for investment is (6.3), which, in steady state implies ¢; = 1. The
intertemporal Euler equation for this model is (5.17) with w} = s; = 1. In steady state, that

equation is:
1 h l—«
- = — 1—96
i (k) e

or,

The intratemporal Euler equation is, in steady state:

A (1—a) (%) =P h%t.

The resource constraint is (6.4). This, combined with the capital accumulation equation,

(6.5), is, in steady state:
h 1-a
=||= —J| k.
= |(0)
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The marginal utility of consumption is (6.1), which, in steady state is:

1— 03

©oce(1-0)

Combining the previous three equations:
1=b8)(1—a) (K" [(R\'™ o
1-b k) |\k O| Reh™,

1
1-b8 py1—a | 1top
h— | 1zb (1-a) (E)

(&) o]

Given this RBC model benchmark, we simulated the model with A, = Ay = 1.002,
¢, = 0.000001, £, = 0.75, S" = 5.1, b = 0.63. We found the following

or,

g, =1e-006 & =0.75 A =1.002 & =1.0021,,=0

) consumption @ hours worked net inflation (APR)

g 05| S o M M
S04 S -02 S.001
8 ks

3 0.3 3 —04 3.66
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S L 3.659 Y
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£ 02 SR £ 5
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g 01 3 0.4 -5
© ©
£ 0.05 £ 02
g g -10
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= 2
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(] b . .
5 <15 —— sticky price model
o o
g6 8 1
N — actual %
5 —— steady state ® o5
c c
c []
< 4 g 0

5 10 15 20 & 5 10 15 20

Again, it looks like the Ramsey policy duplicates the RBC model.
Next, we considered the case, £, = 0.83, £, = 0.000001. The results are consistent with
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expectations:

E =083 & =1e-006 A, =1.002 A =1.0021 ,=0

" consumption " h(fJurs worked WV Het inflation (APR)
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Now let’s see how far off things get when there are both sticky prices and sticky wages.
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First, we simply set £, = 0.83, {, = 0.75 and kept Ay = A, = 1.002, ¢, 2 = 0. Then,

& =083 & =0.75 A,.=1.002 A, =1.002, _=0
W p f w W,

consumption hours worked

2

» n net inflation (APR)
£ 15 e
E .
S s e 3.65
s 1 g 1 3.6
8 8 05
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Q
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Note - starred line for price of capital is sticky price model and solid line is rbc

Note that the response of the allocations is now dramatically higher than it is in the RBC
model! This is the same as the striking result we observed when we were studying sticky
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prices and wages alone. When \; was changed to 1.009%:

£,=083 ¢

he]

=075 A,=1.009 A =1.002t _=0
f W w,2

Note - starred line for price of capital is sticky price model and solid line is rbc

31n all cases, we did the calculations using initval in Dynare, so that our initial guess of the steady state
was given to Dynare as an initial guess. Typically, since we compute the steady state exactly ourselves in
ssnew.m, Dynare simply accepts our steady state. However, in the cases Ay = 1.009, and Ay = 1.02 Dynare
got lost when it started with our initial conditions. In these cases, we manually verified that our steady state
is correct, and then forced Dynare to accept our steady state. The results in this figure are based on this
type of run. We bypassed Dynare’s steady state calculation by replacing line 59 in dynare solve.m with ‘if

5> 2.
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When we tried Ay = 1.02, we obtained the following result:

£, =083 & =075 A =102 & =1.0021,,=0

w )
@ consumption @ hours worked net inflation (APR)
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Note - starred line for price of capital is sticky price model and solid line is rbc

Note how the results appear to be continuous in the parameter A, and how the Ramsey
allocations are converging to the RBC model calculations. When we tried Ay = 1.20, the
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two almost coincide:

£ =0.83 & =075 A, =12 A =1.0021 .=0
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Note - starred line for price of capital is sticky price model and solid line is rbc

We then set all parameters to their benchmark values, A, = 1.05, ¢,,2 = 0.13, when we
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obtained
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Note - starred line for price of capital is sticky price model and solid line is rbc

Interestingly, the Ramsey and RBC model allocations almost coincide now.

7. Anticipated Shocks

We now consider an alternative representation of the technology shock. We replace the
representation (3.16) with

loge; = p.loge 1 + €412 + &,

The code pertaining to this case appears in the subdirectory, ‘mirage’. We began by simu-
lating this model under the benchmark parameterization, (6.7), modified so that A\ = A, =
1.002, £, = 0.000001, &,, = 0.83, 1,2 = 0. This is the case of sticky wages and flexible prices.
The figure below shows that the Ramsey allocations exactly reproduce the RBC allocations
in this case. The experiment is one in which there is an expectation that techology will
rise by 1 percent in period 13, an expectation which turns out not to be fulfilled. Note how
sharply the real rate of interest rises ultimately with the shock. Note, too, that the real wage
falls. This reflects that the real wage must be equal to the marginal product of labor, and
the latter must fall. The increase in employment, therefore, reflects a positive labor supply
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effect.
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Next, we made prices sticky and wages flexible, £, = 0.75, £,, = 0.000001. We obtained
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the following results:
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Note how the inflation rate is essentially constant now, so that the fall in the real wage is
accomplished by a fall in the nominal wage rate.
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Next, we raised &, to 0.83, and obtained the following results:
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We have seen this sort of result several times now. Apparently, when there are sticky wages
and prices, then low markups cause the Ramsey allocations to look very different from the
RBC allocations. Note, for example, that the real wage now increases.
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Finally, we consider our benchmark parameter values, (6.7):
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These results are very interesting in several ways. First, the Ramsey quantity allocations are
very similar to the RBC allocations. Second, note that the Ramsey real wage is now rising
rather than falling. This is an important finding, and needs further explanation. We have
also reported the output gap

i * DU (1)

gapy = (p;) w7

This quantity is extraordinarily small, its maximum is 2.5x107°. This is in percent deviation
from steady state.

We investigated what happens when wages and prices are virtually completely sticky, so
that the real wage cannot change, by setting £, = £, = 0.99 and keeping all other parameters
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at their benchmark values. We obtained essentially the same results:
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8. Pulling All the Equilibrium Conditions Together and Adding
Growth

We now consider the case, p, > 0, in (3.3). With this change, the economy follows a
deterministic growth path in steady state. All variables should be interpreted as scaled
by z;. This causes the dynamic equilibrium conditions in the model to acquire growth rate
adjustments. We repeat all the equilibrium conditions of the previous section, except the
growth adjustments have been incorportated. The equations pertaining to prices are:

1-Xy
w2 mloe\ T=X A N YA
1-— gp (%) f ﬂ_iz lﬁ.l—Lg 1—_)%
- |0-¢) — & (P 1)
and
* 2 ke @ oy D -« 7rL2ﬁ-1*L2 ﬁ
E, {)\z,t (pt)kf—l [Et (/Z—l> ((wt)kwfl ht) - Qb} + <4t7r ) ﬁprp,t-&-l — Fp,t} =0,
z t+1

(8.2)
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and

- 1 1-Xy v 1 1-Ay
Af r2gl-2\ T-x m2 e\ Tox;
65 <7T;27T1_L2> 1-Ap 1 - £P ( t7rt+1 ) ’ F Ja 1—- 510 ( : 17Tt )
p pt+1 = L'pi
T41 11— é.p 11— Sp

In the price equations, the only required adjustment is in the production function, where
k;—1 needs to be adjusted.

Now, consider the wage equations. These are (5.14), (5.15), (5.12), and (5.10). In
adjusting these equations, it is to be born in mind that the wage updating term, 7, +41, does
not need to be adjusted, since in t he model with technological growth we suppose that
the wages of non-optimizing households must be augmented by the growth rate of technology
as follows:

lw,2 —

Wit = Rutht.Wii-1, Fuwr = (Te-1) qltwe,
At the same time the definition of nominal wage growth, m,,;, must be interpreted as

_ Wi, Tt
Twt = ~
Wi—1

)

Y

where 0, is the real wage, scaled by z;. The version of (5.14) with technical growth is derived
elsewhere. Using the derivation there, we find that the adjusted equation is:

A

Aq Wi 1=Aw
w) w1 h e (ﬂ}t = )
Et{M% + B T Fppi1 — Fuy} =0 (8.4)
w Ti41

£ W 1+or
Ef | (w}) ™7 I (8.5)
1 1-Xw(l+0r)

Aw Twttl o~ | 172w
~ 140 — _—
Twit+l  ~ g (o) 1 L—&, (wt+17rt+1 wt)
+5§w Wy

— Ups1 F
@bL 11— fw W14 w,t+1

Wi 1Tt 41

~ - 1)\ 1—>\w(1+0'L)
1|1 -6 (B )T
¢L 1- Sw

thw,t} — 0

and no adjustment is required. Similarly, no adjustment is required for the following equa-
tion:

(8.6)
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Similarly, no adjustment is required to the following equation:

1 Aw(l4or) Aw(1+op)

Rt ~ 1—w Aw(1+0p)
]_ Sw (Q’Dtﬂ.twt—l) + (ﬂ-wi 5 n 1—Aw

In the definition of marginal cost, an adjustment is required:

St = (“’ SUT ht) (8.8)

(]_ — Oé) €t kt—l

A similar adjustment is required in the resource constraint:

ot 1= e (B[] - o (59)

M

where o2 g
ki — (1= 0 ks = |1 — 2 E2 (2 )2 g, (8.10)
2 i

Here, we interpret [; as investment scaled by z;.
The equation defining the nominal rate of interest must be adjusted:

EA{B

)\z,t+1 (1 + Rt) - )\z,t} - 0 (811)

Ter1My
The adjustment to the equation for A, ; is:

1
By Ay — —t= 108 } —0. (8.12)
Cepr, — bepq oCry1 — by
The adjustment for the investment equation is:
)\—w 1—Oé
1 pe (Wisa) ™" R
_)\z,t + )\z,t+1ﬁ €yl ( Hl) s St41 + Qt+1(1 - (5) =0, (8-13)
G ke
The adjustment for the investment equation is:
S//ILLQ [t [t [t
E{daq |1 — —2(— -1 = 9" (— - 1)— 8.14
O |1 = R — 1P = 82— D7 (814
", 2 ItJrl ]t+1 2 .
—Ast + B S"ps(— -1 (— ) } = 0.
Iy I
The equations for the steady state of the RBC version of the model are:
_ 1
wh  |F-@=d
ko «




9. Introducing Monetary Policy

To the 14 private sector equilibrium conditions we add the following monetary policy rule:

log R, = (1~ p)log (R) + plog Ry + % (1= p) aymlog == + (1 —p)ayﬁlog% ﬁx

(9.1)
where 27 is an iid monetary policy shock and y; denotes output, ¢; + I;. The parameters
values are (6.7) and

a, =195, a, =0.18, p = 0.81.

Following compares the impulse responses associated with this model, with the corresponding
Ramsey allocations:
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There are several things of interest here. First, the real wage in the exogenous monetary
policy equilibrium is lower than it is in the Ramsey equilibrium. This seems to reflect a rise
in inflation in the immediate aftermath of the signal shock. Wage inflation also increases,
but by an order of magnitude less than the change in inflation. If policy allowed inflation
to fall more, this would produce the rise in the real wage necessary to achieve the optimum
sought by the Ramsey allocations. Second, the rise in marginal cost is the same across the
two equilibria. Presumably, this reflects the much greater rise in employment in the Ramsey
equilibrium. Third, and most important, the stock price rises and falls, and the real quantity
allocations rise and fall too.

To explore the issue of what would be a better policy, we simulated the system with a
change in the monetary policy rule, in which the coefficient on inflation was reduced to 1.05
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from 1.95. The result was as follows:
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Notice how consumption, hours, inflation, investment real marginal cost and the real wage
now more nearly resemble the corresponding Ramsey allocations. Also, the behavior of the
real wage now more closely resembles what it is in the Ramsey equilibrium. By reducing
the emphasis on inflation targetting, policy has been able to come closer to the ideal policy.
This has happened primarily via a drop in inflation. Wage growth has fallen too, but by a
much smaller amount.

We explored an alternative idea. We replaced 711 /7 with 7y, 11/(7p,) in the monetary
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policy rule, (9.1). We then obtained the following results
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Interestingly, we obtained virtually the same results as when we reduced the coefficient on
inflation in the Taylor rule.
Next, we set the coefficient on the lagged interest rate, p, equal to zero. We then obtained
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the following result
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The output effects are even stronger now. They are associated with an even bigger fall
in the real wage. This is consistent with the idea that the ‘problem’ with the estimated
monetary policy is that it allows the real wage to drop too much. Again, the growth rate of
the nominal wage rate exhibits substantial gyrations. However, these are much smaller than
the variations in inflation.

Next, we considered the possibility of raising the coefficient on output. We obtained
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these results:
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This also works quite well.

10. Adding Financial Frictions

We now add the financial frictions proposed by Bernanke, Gertler and Gilchrist. This intro-
duces 3 new relations: the optimality condition associated with the standard debt contract
offered to entrepreneurs, a zero profit condition on banks and the law of motion for entre-
preneurial net worth.
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10.1. The Addional Equilibrium Conditions
The optimality condition associated with standard debt contracts is:

1+ Ry, I (@i41) 1+ Ry,
1+ Ry T'(@p1) = pG' (@) | 1+ Ry

B {11~ @) (M(@n) = nG(@0) = 1] | =0

(10.1)
Here, the rate of return on capital, R, is defined as follows:
k 1-9
Rf—&-l = [l * ) T — 1,
q
and the rental rate of capital is
Aw 1-a
w, (wr, )1 h
Tf+1 = Q€41 ( t+1])€ s St+1-
t
Also, in (10.1),
I'w) = @w[l-F()]+GWw) (10.2)
G(wy) = / wdF(w)
0
The zero profit condition on banks is:
_ _ 1+ R, N1
I'w — pG(w = 1— , 10.3
(@e41) — G (@r41) 11 RfH ( ke ( )
and the law of motion for net worth is:
we . 1+ R\ 1
Npp1 = 7* {Rf — Ri4 —u/ wdF(w) (l—l—Rf)}ktqt_l +w® + 1y <7t1) —n.
Ty, 0 Ty M
(10.4)

Some existing equations need to be changed. The resource constraint becomes:

1 —x =i e\ w1
diy+c+1;+© > (g1 —w] = (py) N {et (E) [(wf)*wfl Lt} - gb} (10.5)
Here, [n;11 — w®] /v denotes the assets of entrepreneurs before they have received their real
transfer, w®, and before it is determined if they are to be selected to exit. The fraction that
exit is (1 — ) times this amount, and they consume © of their assets, with the other 1 — ©
being transferred to households. Also, d; denotes the resources used up in monitoring:

_ pG(wr) (1+ R}) Gi—1ke 1

0 T
In the modified economy, entrepreneurs rather than households accumulate capital. This
means that the household intertemporal equation, (6.2), must be deleted. So, we have
added three new equations, (10.1), (10.3) and (10.4) and deleted one. The net increase in

the number of equations is two. We increase the number of endogenous variables by two,
i1 and ngyq.

dy
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10.2. The Steady State

To solve this model, we need to develop an algorithm for computing its steady state. In our
analysis, we distinguish between steady state inflation, 7, and the quantity appearing in the
price and wage updating equations, 7. Equation (8.1) in steady state, is:

lfAf

r a1\ AT Ty
1-¢ (,rL27rTr1 L2>17>\f
1) (==
Af

mlogl—ta 17>\f

Note that, if 7 = 7 then p* = 1. Equation (8.2):

A

A )5 () (= m) -]

F, = :
mlegl—t 1-X
1 (=) g,

)

assuming

1
wleql=2 =57
(B2 e o

m
Equation (8.3) in steady state is:

Af

o 75 [(£) () o) s
o (m2mimay Ty Y y
B ner

Equating the preceding two equations:

rt2gl—t2 171)\ 1=2s A
1*5,)(7) ! 1_ 65 <ﬂbzﬁ1fb2> -7
1 1—§p p ™

§=—

Af

F, =

— (10.6)
1 (=) Y g,

In the case, m = 7, s = 1/A;. Equation (8.4) in steady state is:

A (w*)ﬁﬁh

F — Z >\u1
v i (;)%h ’
1 — B, fw ™"

™

as long as the condition,

1\1T%
ﬁﬁwﬁﬁ“’—(“) <L



is satisfied. Also

Equation (?7?) is

as long as
=\ T (1+or)
T— Mo
5g(ﬂﬂ <1
7r

Equating the two expressions for F;,, we obtain:

hor
wzw&ﬁa , (10.7)
where
o 1 7 Aw(der)-l N
w 1 P Tw |\ 1-Aw 1 —_ Tw |\ 1-Aw
W = (w*)xiflaL giﬂ(g) Bguj(ﬂ_k)u;(l_&_ %
: - e, () PO
In steady state, (8.6) reduces to:
FES Y
B - )\w ] Aw
1_fw ﬂTw 1=2w
(1-¢,) ( =) )
w* = —~— (10.8)

According to the wage equation, the wage is a markup, W\, over the household’s marginal
cost. Note that the magnitude of the markup depends on the degree of wage distortions in
the steady state. These will be important to the extent that 7, # .

Equation (5.10) reduces to:

~
b~
—

as long as
Aw (1+o
ﬁ-w T— o
f'u) — <1
s
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The marginal cost equation, (8.8) implies:

s = w (Mz (W*)% h>a
(1—a) k ’

where w* is determined by (10.8). The steady state rental rate of capital is:

Dw l-a
r* =a (M> s. (10.9)

k

In steady state, the capital accumulation equation, (8.10), is
[1—Q—=6p k=1

In steady state, the equation for the nominal rate of interest, (8.11), reduces to:

1+R="L_1 (10.10)
p
In steady state, the marginal utility of consumption, (8.12), is
Tup,—b
VY il (10.11)
c pu,—b

Finally, the euler equation for investment, (8.14), reduces to
qg=1.

We proceed as follows. First, fix the nominal rate of interest according to (10.10). Now,
fix a value for r*. Solve (10.9) for h/k :

h 1 Dw Tk ) 1-o
g w* 1-Aw J— ,
koo, ) (
where s is determined by (10.6). Then,
RF = [ 4+ (1—8)] 7 — 1.

Then, solve

1@ T+ 5 | T (@) -~ 1G@) - 1] =0

for w. Then, find n/k which solves (10.3):




In steady state, (10.4) is
“ k 1+ R
n:i*{Rk—R—,u/ wdF(w)(1+Rk)}(—>n+we+’y( +*>n,
T, 0 n T,

e

so that

w

L= 2 AR~ R G (@) (1+ B} (5) — (22)
k
f= ()

h = (%)k (10.12)
I = [1-(1—=06)u ']k,

where G (w) is obtained from (10.2).

We now need to solve the resource constraint for consumption. But, first we require ¢. We
compute ¢ to guarantee that firm profits are zero in a steady state where m = 7. Let h*® and
k** denote hours worked and capital in such a steady state. Also, let F*** denote gross output
of the final good in that steady state. Write sales of final good firm as F'** — ¢. Real marginal
cost in this steady state is s = 1/A;. Since this is a constant, the total costs of the firm are
s* %%, Zero profits requires s** F'** = ['** — ¢. Thus, ¢ = (1 — s°°) F** = F*(1 — 1/)y), or,

- () wr(-3)

Solve the steady state version of the resource constraint, (10.5), for ¢ :

1_ —AL k @ _Aw I-a
d+c+1+0 Vv[n—we] = (p")M ! (E) [(w*)kif1 h} — ¢.

Compute the steady state real wage using (8.8):

A —a

N Xw—1 f
5= s(l—a) [%l |

k
Then, solve the labor supply equation, (10.7), for h :

A oL
h = /]
|:W)\w¢L w:| 7

where )\, is obtained using (10.11). These calculations began by fixing a value for r*. Adjust

r* until the value of h obtained from the above expression coincides with the value implied
by (10.12).
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10.3. Simulation Results

We considered the following parameter values:

A = 105 0 =1, 3=1.01358"%% b=0.63, ¢, = 109.82, 1,5 = 0.13,

¢, = 081, 8" =123, o, = 1000000, F (@) =0.013, p=0.33, v =1—0.0238,
w = 0.009, © =01, p, =1.0136"", A\ =1.20, a =0.40, § = 0.025, &, = 0.63,
1y = 0.84, 7= (1+0.009152)/p,, ar =195, a, =0.18, p; = 0.81, p = 0.83.

We then simulated the response of the economy with the monetary policy rule to a signal
shock, and compared it to the response of the economy without the financial frictions. Note
that qualitatively, things have not changed much. Interestingly, the financial frictions reduce
the response of the economy somewhat. An exception is the price of capital, which has a

slight]
& Figure 9: Simple Monetary Model and Associated Ramsey Equilibrium
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—— Equilibrium with Financial Frictions

It is interesting to compare the steady state of the economies with and without financial
frictions:

f h' k!
Y
— =072, — =094, — =0.51
y ) h 7 k Y

where the superscript, f, indicates the economy with financial frictions. Evidently, the impact
of financial frictions on the average values of the variables is quite substantial. Ouput (here
defined as ¢ + I) is reduced by 28 percent, hours by 6 percent and the stock of capital by
nearly 50 percent. As a check on the calculations, we repeated the above calculations setting
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1 = 0.033. The results are as follows:

Figure 9: Simple Monetary Model and Associated Ramsey Equilibrium
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Note that, as expected, the two responses are now vitually the same. Similarly, the steady
states are more similar too:

f ht kS
y = —_— = —_— =
v 0.93, A 0.99, 2 0.87.

Next, we turn to the Ramsey equilibria. Following is the Ramsey equilibrium of the
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Figure 9: Simple Monetary Model and Associated Ramsey Equilibrium

n output 0 investment n consumption
[%2] , [%2] %]
IS £ £ 03
2 = 2
s 0.3 = 0.6 =
9 o 5 0.2
g 02 g 04 k&
3 A g 0.1
S o1 202 hs
5 - 5 5 o
3} o 0 3}
5 O ° 5 5 ¥
o 5 10 15 20 o 5 10 15 20 =3 5 10 15 20
9 hours worked net real rate of interest 9 price of capital
£ i = ' £
£ 04 : 2
5 g 10 5 f
8 g 8
3 0.2 N 5 % 0.5
© © ©
= S E K
@ = @
% 09 k © 0 g -1 Y%
o 5 10 15 20 5 10 15 20 o 5 10 15 20
net inflation (APR) net nominal rate of interest ) real wage
€ 15
2.4 m g 5 02
ek % 10 .S 0.15
2.2 3 ®
i g 01
2 S s . e S A
c W 8
1.8 \ < 5 0 5
5 10 15 20 5 10 15 20 o 5 10 15 20

—%— Ramsey Equilibrium, Model without Financial Frictions
— Ramsey, Model with Financial Frictions

Note how very similar these paths are. We also considered the case, ;1 = 0.033. The results
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are as follows:

Figure 9: Simple Monetary Model and Associated Ramsey Equilibrium
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The quantities seem to converge to the = 0 case, but the financial variables, the real and
nominal rate of interest and the price of capital, seem to not to.

11. Getting the Ramsey Policy Rule

Suppose the endogenous variables are in the m x 1 vector, z;, and multipliers are in the n x 1
vector, ;. The solution to the system can be written:

At

2

B,

= A N1+ Aoz + By

St,
where A; is an (m + n) xn matrix and A, is (m + n) xm. The (m + n) x (m + n) orthonormal
matrix, (), and the (m + n) x n upper triangular matrix R denote the elements of the QR
decomposition of A; :

QR — Al-
Then,
By

=RN_1+Q Az 1 +Q B
2

St,

where

0 )



where R is upper triangular and square. Write this out more carefully,

/ / D
11 QQI )‘t _ R / / Bl
[ " QéQ](Zt)_lO}At1+QA2Zt1+QlBg]St
Then, the second set of equations says:

The task is to use the second equation to express \; as a function of other stuff. Then, use
the result to substitute out for \;_; in an expression involving z;. Now you’ve got a system
that involves only z; and s;.
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