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Abstract

In this paper, we survey the principal theoretical models of endogenous growth and
explore their common components through analyzing a series of planning problems. Our
aim is to provide the reader with a consistent approach to the emerging literature on
growth as an introduction to the field.
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1. Introduction

Our purpose in this paper is to provide a concise summary of the different
methods that have developed in the recent literature on endogenizing the rate of
growth in economic models (in this regard see also Sala-i-Martin, 1990;
Grossman and Helpman, 1991¢; Helpman, 1992). Historically, the method for
dealing with the phenomenon of perpetual growth in dynamic economic models
comes from Solow’s (1956) seminal work on the topic which is based on the
assumption of exogenous technical change. The difficulty with this approach lies
in its weaknesses in two distinct areas. First, it is impossible using this model to
explain the observed long-run differences in performance exhibited by different
countries. Examples of this are well documented. They include differences in
average rates of growth among countries of up to 8% (from —4%, Chad, to
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+4%, Japan) over periods of up to 30 years. Second, it seems reasonable that

the productivity changes that are assumed exogenous in the Solow model are, in
fact, the result of conscious decisions on the part of economic agents. If this is the
case, it is then important to explore both the mechanism for these productivity
changes as well as the factors that can give rise to the observed long-run
differences if we are to understand these phenomena.

Our emphasis in this paper is on the models that have been used in the
literature to help understand these facts. For this reason, we will concentrate on
the theories used by different authors to endogenize productivity change. Our
main goal in discussing these models is to try and uncover their common
properties and in this manner see what are the important features that underlie
all models of the process of growth. As we shall see, the essence of the problem in
an intertemporal setting with optimizing consumers is guaranteeing that the
combination of the aggregate technology and assumed market structure imply
that the market rate of interest does not decline to zero as the economy grows
without bound. This will be emphasized throughout the presentation.

Our emphasis on basic structural properties of preferences and technologies
precludes the possibility of discussing a number of other interesting problems
related to the long-run performance of the economy. These include (but are not
limited to) the effects of tax policy on growth and the form of optimal taxation,
the effects of government spending on growth (especially when it has a produc-
tive role) and its optimal form, and the role of the collective decision making
process on growth. These topics are covered elsewhere in this volume.

The theories that we survey can be roughly classified into two groups. The
first uses convex models of growth that satisfy the standard welfare theorems in
their simplest form and rely on differences in country-specific economic policy
variables to understand the differences in country performance. These will be
discussed in Sections 3 and 4 below. The second group relies on models with
either nonconvexities on the technological side or externalities (or both). These
will be discussed in Sections 5 and 6.

At this point, the conflict between these two approaches has not been
resolved. Although most researchers agree that there are both nonconvexities at
the individual firm level and some form of externality at the local level, neither of
these implies (necessarily) that the aggregate technology will exhibit similar
behavior. Examples of this are abundant in the economics literature. It is
straightforward to show that even with a fixed cost and constant marginal
costs, the Nash equilibrium of a partial equilibrium quantity-setting game
with free entry is approximately the same as the Walrasian equilibrium when
the market is large. Analogously, the Tiebout argument gives a similar result
when externalities are local in nature. Thus, this important issue is yet to be
decided.

The remainder of the paper is organized as follows. In Section 2, we give
a brief review of the Solow model and its implications for growth. In Sections
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3 and 4, we outline two simple convex models that endogenize the rate of growth
of the economy. In Sections 5 and 6, we discuss two of the more popular models
with externalities and aggregate nonconvexities that have been used. Finally, in
Section 7, we consider the effect of including heterogeneity of the overlapping
generations sort.

2. Growth and the Solow model

In the simplest time-invariant version of the Solow model, it can be shown
that the per capita stock of capital converges to a unique value independent of
initial conditions. It is then necessary to assume some exogenous source of
productivity growth in order to account for long-run growth. In Solow (1956), it
is assumed that labor productivity grows continually and exogenously. In
response, the capital stock (assumed homogeneous over time) is continually
increased allowing for a continual expansion in the level of output and con-
sumption. The literature on endogenous growth has concentrated on replacing
this assumed exogenous productivity growth by an endogenous process. If this
change in productivity of labor is thought to arise from the invention of
techniques consciously developed, the literature on endogenous growth can
then be thought of as explicitly modeling the decisions to create this technolo-
gical improvement (see Shell, 1967, 1973). For this to go beyond a reinterpreta-
tion of the Solow treatment, it must be that the technology for discovering and
developing these new technologies does not have itself a source of exogenous
technological change. Because of this, these models all feature technologies that
are time-stationary.

To understand the common elements of all of these models let us first examine
the simple intertemporal optimization problem of a representative agent:

x
max » flu(c,)
€ t=0

subject to

(1) z pile + x)=Wo + Z Pr":kn

=0 =0
(“) kt+1 = (1 - ())kz + X

where ¢, is the level of consumption, x, is investment, k, is the capital stock, p, is
the price of consumption (relative to time 0), r, is the rental price of capital, all in
period t, and W, is initial wealth.
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It is easy to derive the first-order conditions from this problem. In particular,
it can be shown that if the solution is interior,

u'(cz) = ﬁul(('1+1){1 -0+ rl+l}~

Since perpetual growth requires that ¢, ; > ¢, for all t and v’ is decreasing, we
can see that for perpetual growth of consumption to be an optimal intertem-
poral plan for the consumer, it is necessary that

pll—0+r.}>1 foralls.

This property is very general, it must hold for any model with maximizing
consumers that generates positive long-run growth.

One can actually say more than this. In order to have both constant interest
rates (roughly a fact) and constant consumption growth rates (roughly a fact) it
is necessary that preferences be of the constant elasticity form,

u@=c""7(1 —a), 620

(In fact, any two of these implies the third — see Rebelo, 1991.)
In this case, we see that

S T

where - is the growth rate of consumption. Thus, for 7 > 1, we need that r is
large enough so that {1 — o +r} > 1.

It is instructive to see how this is accomplished in the Solow framework. Since
this approach is a standard neoclassical treatment, the interest rate is deter-
mined as the marginal product of capital. In this formulation, output is given by
v, = F(k,. B;n,), where n, is the supply of labor and F is constant returns to scale.
One can think of n, as being given exogenously at 1 in the consumer problem
above, an assumption we will impose hereafter. Here, B, determines the produc-
tivity of labor and is assumed to follow the dynamic law: B,., =(l + ¢)B,,
where g is given exogenously.

Assume that F is CRS in its two arguments and that u(c) = ¢! ~7/(1 — a).
Then, letting F,(¢) denote the partial derivative of F with respect to k evaluated
at the time t equilibrium value and imposing the equilibrium condition
r, = F,(t), the first-order condition for the consumer’s problem is

Coorie, =Bl — & + Fult + 1] (1)
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If the solution is going to display balanced growth (or constant growth rates),
it is necessary that F, be constant. However, since F,(k,, B,) is homo-
geneous of degree zero, it follows that k,/B, is also constant. Therefore,
kivr = (1 + g)k,.

From the feasibility constraint it follows that ¢,,, = (1 + g)c, and the first-
order condition (1) can be used to determine the balanced growth level of capital
per effective worker, » = k,/B,, as the solution to

(1 +¢)=[B0 — 0 + Fu(, 1)1

Thus, in the Solow model, steady state growth in per capita consumption is
fueled by an exogenous source of labor productivity growth. This is accom-
panied by an enabling growth response on the part of the capital stock. In this
case, the capital stock, consumption, and output all grow at the common rate
1+g.

Because of the assumed exogeneity of the process of labor productivity,
this model is one of exogenous growth. Put another way, if g = 0, it follows
that the growth rate of output is also zero in the long run. Thus, in this
model, exogenous change in the productivity of labor is the engine of growth.
Moreover, it is easy to see that if g = 0, perpetual growth is not feasible if 6 > 0.
This will hold for any production function as long as lim,.., F,(k, 1) < d since in
this case it follows that for large k., F(k, 1) < dk, effectively limiting the capital
stock.

In what follows, we will analyze a series of examples building on this one in
which labor productivity does not grow exogenously, and yet output still does
grow (even though F is time-stationary). As we shall see. how fast output grows
in these models depends on a variety of factors (e.g., parameters of preferences).
Because of this, these models have the property that the rate of growth is
determined by the agents in the model. They are, therefore, known as models of
endogenous growth.

Throughout, there will be one common theme. This mirrors the point empha-
sized above, that for growth to occur the interest rate (either implicit in
a planning problem or explicit in an equilibrium condition) must be kept from
being driven too low. This follows immediately from the discussion above. As
noted above, this occurs in the standard Solow model because of the assumed
growth in B, along with the enabling growth in k,. Thus, an alternative inter-
pretation of the goal of endogenous growth theory is to generate and analyze
plausible models in which, without assumed exogenous productivity growth, the
implied interest rate remains bounded below (so that {1 — & + r} > 1) even as
the capital stock grows without bound.

In terms of key features of the environment that are necessary to obtain
endogenous growth there is one that stands out: it is necessary that the marginal
product of some augmentable input be bounded strictly away from zero in the
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production of some augmentable input which can be used to produce consump-
tion.

Note that this rules out (as it should) the version of the Solow (or Cass, 1965;
Koopmans, 1965) growth model with g = 0. To see why, note that the produc-
tion function F is used to produce both the consumption good, ¢, and the
investment good, x, and that the only augmentable input is capital. Thus, for this
model to violate the principle just stated, it is sufficient to show that the
marginal product of capital is not bounded strictly away from zero. In the
standard neoclassical model, it is assumed that lim,_, ,, F;(k, 1) = 0. This, how-
ever, 1s stronger than necessary to obtain zero asymptotic growth. More precise-
ly,if lim,. 1 — 0 + Fy(k, 1) < 1, it 1s physically impossible for this economy to
grow without bound. The argument is as follows: The highest feasible invest-
ment policy is the one that allocates all the output to investment. Under this
policy, capital evolves according to

kiey = Flk, 1) + (1 — )k,

However, the condition lim,_,  Fy(k, 1) + 1 — 0 < 1 implies that there exists
some k such that for all capital stocks, k, greater than or equal to k, the function
on the right-hand side has slope less than one. Thus, if it is above the 45° line, it
cannot stay there forever. That is, there is a maximum sustainable capital stock,
k... that solves

k= Flkp, 1) + (1 — d)k,,.

In this case the sector providing the augmentable input (capital) is not
productive enough to guarantee unbounded output.

In what follows, we will describe a number of economic environments (prefer-
ences and technologies) that generate sustained growth and highlight how the
technological specification guarantees that the marginal product of some aug-
mentable input is bounded below. To keep the presentation as simple as
possible, we concentrate on the solution of planner’s problems in the models
that we will examine. Although for some of the examples the well-known
connection between the solution to planner’s problems and equilibrium will
hold, this will not be the case for all of the models we will examine. Although this
will make some difference in both the quantitative answers to questions that one
would like to ask and the details of the algebra, there is no qualitative loss of
generality in this restriction when it comes to analyzing the sources of growth. In
those cases where there is a difference between the planner’s solution and the
equilibrium, the reader is invited to consult the original sources (or work out the
details!).
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3. Simple convex one-sector models of growth

In this section we outline the details and properties of the simplest class of
models of endogenous growth. These are based on straightforward generaliz-
ations of the Solow model discussed above (see Jones and Manuelli, 1990;
Rebelo, 1991). They have been used in some form by a variety of authors in
studying questions related to growth. A partial list includes Eaton (1981),
Easterly (1989), Barro (1990), Greenwood and Jovanovic (1990), King and
Rebelo (1990), Alesina and Rodrik (1991), Devereaux and Mansorian (1992), Lee
(1992), Obstfeld (1992), Roubini and Sala-i-Martin (1992), Chang (1993), Easter-
ly (1993), Jones, Manuelli, and Rossi (1993), Rebelo and Stokey (1995), and
Glomm and Ravikumar (1994). Although the specifics of these models differ in
the number of capital goods considered and the market structure that is used
(e.g., whether or not some of the goods are provided by the government), they all
share the feature that the basic aggregate technology is a simple convex general-
ization of the basic Solow approach.

For simplicity we will assume that labor supply is exogenous. Consider the
general planning formulation of a Cass (1965) and Koopmans (1965) growth
model,

max ) flulc,),

subject to
o +x <y =F(k,n),
kior =1 — 0k, + x,,

where ¢, is consumption, x, is investment, k, is the capital stock, and n, is labor
supply at time t.
If n, is set equal to one, the resource constraint becomes

o+ x <Flk, )= f(kt)a

where [ is concave and increasing.

From above, we can see that for growth to be possible, lim, ., f'(k) > 0. (Or
else 6k > f(k) for large k.) Moreover, since in the case usually studied in the
literature, f(k) =k*% ['(x)=0, and thus growth is not feasible without
exogenous labor productivity growth. This (i.e., f'(oc) = 0) is not a property
shared by all of the models of this type, however. That is, there are many forms
for F for which f’(oc) > 0. The simplest of these is what has become known as
the Ak model. Here, f(k) = Ak. Other asymptotically equivalent versions in-
clude f(k) = Ak + g(k), where g is (for example) Cobb-Douglas.
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This also holds for the CES form. F(k,n) = b{ak ™ ® + (1 — 2)n #} '/ for
—1 < p <0. In this case, the two inputs are substitutes in the sense that the
elasticity of substitution between capital and labor (1/(1 + p)) is greater than
one. In this case, lim,_ . f'(k) = ba~'# > 0. Thus, even this case is capable of
generating growth endogenously for certain parameter values (ie., ba ™ '* > 9).

This gives a large list of simple models that have the potential for generating
growth endogenously. To see when growth actually will occur in these models,
we must analyze the solution to the planning problem presented above.

The first-order condition (for an interior solution) to this problem is given by

u'(Cl) = LI’((’H, l)ﬁ{l — 0 +f’(kt+1)}'

Iflimg., f'(k)=A>1/f—(1—9) (e, B(l —d + A) > 1), it follows (from the
concavity of f) that [’ (k) > 1/ — (1 — J) for all k and hence u'(c,) > u'(¢;+1)
for all t. Since u is strictly concave, it follows that ¢,y > ¢, for all ¢ if
B(1 — 3 + A) > 1. It is because of this that conditions like these are typically
referred to as ‘growth conditions’. This property is also shared by the Solow
model. The important difference is that in the Solow model the sequence {c, }
converges to the steady state value ¢*, while in the model just described
lim,., ¢, = oc. To see this recall that a monotone increasing sequence either
converges or grows without bound. To prove that ¢, cannot converge suppose to
the contrary that ¢, — ¢* for some finite ¢*. Since u'(¢) and f’(k) are continuous
the previous equation is

u(c*)y=u'(c*)B(1 — 6 + f'*),
where f'* is the limiting value of f*. This implies
I=p1—-0+f*)=p1l—-3+A4)>1,

a contradiction. Note that the last two inequalities follow from the assumption
that f is concave and the growth condition.

That is, in equilibrium, consumption will grow. It can also be shown that
k, grows monotonically in time as well in this model. Because of this, it follows
that f’ is decreasing over time.

If we further specialize to preferences of the form u(c)=c'"7/(1 — a), it
follows that, for all models in this class,

Y, = ¢/ = (e (e 1)) Lo
is monotonically decreasing and has a limiting value, Y = {$[1 — ¢ + A]}'".
As we can see the asymptotic rate of growth in these models is determined by the
parameters of taste and technology.
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Note that although with the preferences given, the model generates asymp-
totic constant growth, this does not necessarily occur. As an example,
consider the case where u(¢c) = —e *, 2 > 0. Here, ¢,y , — ¢, = In{B[1 —d +
[k 1)1 /72— In{B[1 —6 + A]}/~ and Y, — 0. Thus, although consumption
(and investment and the capital stock) grows without bound if
L1 — o + A] > 1, it need not be true the asymptotic growth rate is positive.
Thus, within this simple class of models, whether the resulting consumption
series is ‘trend-stationary’ (i.e., constant growth rates) or ‘difference-stationary’
(ie., the difference ¢, — ¢,_; is stationary) is determined by the properties of the
utility function.

To complete the discussion of the asymptotic growth rate of this class of
models, note that if f(1 — 6 + A) < 1, there are two possibilities. First, if
B(l — 3 + f'(0)) < 1, the solution has consumption shrink monotonically to
zero. On the other hand, if (1 — o +f'(0)) > 1, the solution averages to
a positive steady state. This is the usual Cobb-Douglas case where f'(0) = «
and f'(cc) = 0.

One striking implication of this class of simple endogenous growth models is
that labor’s share of income becomes asymptotically zero. To see this consider
any function F that is concave, continuous, and homogeneous of degree one. In
a competitive environment labor’s share of income is given by

Fu(k,, n) n,
k, [Fk(krs n) + Fulk,, n)(n/k, )] )

It can be shown that our assumptions on F imply that for all n,
lim, ., F,(k, n)/k = 0. Since F, is, by assumption, bounded away from zero and
n, is bounded above, the above expression for labor’s share in income shrinks to
zero as k goes to infinity.

One interpretation of this result is that capital’s share is one asymptotically.
This interpretation depends on the assumption that reproducible stocks reflect
physical capital. If one of the capital stocks (that is used in positive quantities in
an optimal path) is interpreted as human capital, knowledge, or any other form
augmenting the efficiency of labor, this class of models puts no restrictions on
‘measured’ labor’s share (see below).

In summary, we see that the class of standard neoclassical growth models
suitably modified to incorporate a lower bound on the marginal product of
capital is quite capable of generating growth endogenously. Growth here is
endogenous in three senses. First, that no growth solutions are feasible in the
model, but they are not chosen. Second, that different growth rates are possible
and the one selected depends on tastes (i.e., § and o). Finally, growth is not
exogenous because the production function is time-stationary.

This class of models does bring some problems with it however. In particular,
the property noted above that labor’s share in income converges to zero is
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particularly troublesome. In the comments below and in the succeeding sections,
simple alterations of the model will be presented in which this is no longer
true.

Extensions and reinterpretations of the model

(A) Human Capital. This model can be extended along a variety of dimen-
sions. In particular, although the usual interpretation of k corresponds to
physical capital (i.e., machines, structures, etc.), this is not essential. All that is
necessary 1s that there be one fully reproducible productive input whose mar-
ginal product (net of depreciation) is bounded away from zero as its level is
increased without bound. Although physical capital is one natural interpreta-
tion of this factor, others are available.

As a first alternative, drop n from the model altogether and interpret k, as the
individual’s level of knowledge or stock of human capital at time ¢. Then by
assuming that output is produced using ‘effective labor’ as in Lucas (1988) and
assuming that

(i) effective labor is given by n,k,, where n, is the fraction of time spent
working, and

(1) labor is supplied inelastically -- n, = 1,

gives an alternative interpretation in which ‘knowledge’ or investment in know-
ledge is the engine of the growth machine.

Alternatively, one can think of k, as being an aggregate of human and physical
capital where the ratio of investments in these two assets are constant over time.
See Jones and Manuelli (1990 working paper version) for an example of an
extreme version of this interpretation.

(B) Quality Improvements. Some people object to the model of growth
presented above (and to growth models in general) because they imply that
individuals consume more and more of a given good over time whereas in reality
most of the growth that occurs is in the quality rather than the quantity
dimension.

A simple reinterpretation of the model is sufficient to handle this problem. Let
k, be the quality of the capital good used in production at time t and assume that
only one unit of capital goods can be used at any given time. Assume that ¢, and
X, measure, respectively, the qualiry of consumption and investment goods also
available only in indivisible amounts. (The assumption of indivisibilities can be
easily relaxed.) Assume that the law of motion for the production of the capital
good depends on the quality of the old capital good and the quality of the
investment good according to k, ., < (1 — &)k, + x, (perhaps 0 = 0) and that the
quality of consumption and investment goods possible given the current quality
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of capital (or knowledge in keeping with (A) above) is given by ¢, + x;, < f(k,).
Then, the consumer faces the same problem as that outlined above.

Thus, this simple version of the model is sufficient to capture notions of
quality improvement (cf. Stokey, 1991; Grossman and Helpman, 1991a).

(C) Multiple Capital Goods. The results of this section can be extended to
models of multiple capital goods. In particular, it is of interest to see if an
extension of the growth condition, f[1 — d + 4] > 1, beyond the one capital
good model is possible. One such extension was alluded to in (A) above. Here,
a general treatment is outlined. See Jones and Manuelli (1990) for details.

Suppose that there are n capital goods and that the planner’s problem is
given by

max ) fu(c,),

subject to

o+ Y X <flk) =y, keR".

kigv1 =1 = 0)ki + X
Suppose that:

Assumption G.  There is a function h: R” - R which is homogeneous of degree
one with f(k) > h(k) for all k and for some k > 0, and some a > 0,

Blhik)y +1 -81>1+a
holds.

Then, it can be shown that the solution to the planner’s problem exhibits
growth. Of course, Assumption G is the generalization of the growth condition
that we were looking for. See Jones and Manuelli (1990) for details.

It is straightforward to check that all of the examples discussed to this point
fit into this category. In particular, if n=1, using h(k) = Ak where
A =lim,_, f'(k) suffices for condition G in this case.

Other complications of the basic structure are essentially special cases of this
extension. A simple example related to what we will discuss below is non-
externality versions of learning by doing models. It is straightforward to con-
struct fully convex models with all of these qualitative features by going to
a multiple capital good framework and having the law of motion for each
individual’s human capital depend on his own work effort in the market (see also
the discussion in Section 5 concerning models of human capital formation).






