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1. Introduction

I am very grateful to have been given the opportunity to discuss this important and
influential paper by Del Negro, Schorfheide, Smets and Wouters (DSSW). It repre-
sents a notable step forward in the ongoing enterprise of introducing Bayesian ideas
into the analysis of macroeconomic time series (the closest antecedents are Ingram
and Whiteman (1994) and Del Negro and Schorfheide (2006).) As dynamic, stochas-
tic general equilibrium (DSGE) models become increasingly useful from an empirical
standpoint, we need increasingly sophisticated methods to diagnose how well they
fit. Because these developments in DSGE modeling are relatively recent, and have
occurred rather suddenly, we are short on diagnostic methods. The contribution of
this paper is to present and apply such a method, building on the work of Del Negro
and Schorfheide (2006).

I begin with a brief review of the DSSW procedure. That procedure works with a
‘hybrid model’ that is a combination of an unrestricted vector autoregression (VAR)
for the data and the VAR implied by the econometrician’s DSGE model. The com-
bination is indexed by a scalar parameter, A, where the hybrid model reduces to the
unrestricted VAR when A is small and to the DSGE model as A — oo. The best
hybrid model is the one associated with ;\, the value of \ that results in the highest
marginal likelihood for the data. If s large, then the DSGE model is a good one.
If \ is sufficiently small, this is evidence that the researcher needs to go back to the
drawing board to improve the DSGE model.

My comment focuses on two questions: ‘what is the rationale for using the mar-
ginal likelihood to assess alternative values of \?’, and ‘what should the cutoff values
of X be for deciding whether a DSGE model is good or bad?’. After addressing these

questions, I ask whether there are other procedures for evaluating model fit. I turn



to this question in the conclusion.

The two basic ingredients in the marginal likelihood are the likelihood of the data,
which is assumed to be Normal, and the priors over model parameters. In practice,
the choices made on both dimensions are controversial. Based on the skewness and
kurtosis properties of residuals in an estimated VAR, I find strong evidence against
the Normality assumption. Also, the choice of priors is as heavily influenced by
computational tractability as by plausibility. The marginal likelihood is a compelling
only to the extent that its two ingredients are compelling.

I report the results of computational experiments with simple examples which
suggest that the magnitude of deviation from Normality, which is statistically very
significant, is not large enough to distort the DSSW analysis. Regarding the choice
of priors, in my comment I merely question the appropriateness of the DSSW priors.
I suggest a way to construct an alternative set of priors that may better capture
a researcher’s actual priors over VAR parameters. However, it is beyond the scope
of this comment to investigate whether a DSSW-style analysis is robust to such an
alternative specification of priors.

Next, I turn to the question of how large is a ‘large’ and how small is ‘small’; in
the case of . I construct two Monte Carlo experiments in which artificial data are
generated by a DSGE model, and the econometrician correctly specifies the model.
This allows me to assess how small A must be for the econometrician to conclude that
there is something wrong with the DSGE model. Not surprisingly, I find that the
answer depends on two things: (i) the details of the DSGE model and (ii) the number
of free parameters in the unrestricted VAR relative to the number free parameters
in the DSGE model. This suggests that the DSSW method could be made even
more useful if explicit guidance could be provided to link the lower cutoff value of A

to the model used in the analysis and to the number of degrees of freedom. I also
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construct a Monte Carlo experiment in which the econometrician’s DSGE model is
misspecified. The DSSW method is shown to have power in that it discovers with very
high probability that the DSGE model is a poor one. All the experiments suggest
one simple improvement to the DSSW method, which would help it to better identify
weaknesses in model fit. In addition to reporting A itself, there should be an analysis
of the rate at which the marginal likelihood declines for \ > \. The experiments
suggest that such a measure would help to sharply differentiate between good and
bad-fitting DSGE models. On the whole, the Monte Carlo experiments support
DSSW’s conclusion that there is information about model fit in their method.

DSSW argue that the best hybrid model which emerges from their analysis is of
independent interest. The idea is that it can serve as a basis for thinking about how
to improve the DSGE model in cases when ) is small. This is possible, though I am
skeptical. As emphasized by DSSW, the marginal likelihood penalizes models with
a large number of free parameters. In practice, the parameters of the hybrid model
are those of the unrestricted VAR, modified to resemble those implied by the DSGE
model. Such a hybrid model can lead to improvement in the marginal likelihood
simply because the DSGE model has substantially fewer free parameters and not
because the hybrid model is necessarily closer to the ‘true’ reduced form in a sense
that is relevant to the economic analyst. Still, it is possible to evaluate the DSSW
idea that the hybrid model is useful for identifying directions for improvement in
the DSGE model by constructing the type of experiments analyzed in this comment.
In such an experiment, the econometrician would be modeled as analyzing artificial
data that are generated from a wrong model, and uses the hybrid model to identify
directions for improvement.

The following section briefly reviews the DSSW procedure. Section 3 evaluates

the marginal likelihood as a measure of model fit. Section 4 investigates how one
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should interpret the magnitude of \. The final section concludes.

2. The DSSW Procedure

Let the constants and the parameters on the lag coefficients in the VAR represen-
tation of the data, Y, be denoted by ®. Let the variance-covariance matrix of the
one-step-ahead forecast errors in this VAR be denoted by . The mapping from the
DSGE model parameters, 6, to the VAR representation of Y is denoted ® () and
¥ (0) . DSSW assume the data have a Normal distribution, so that the likelihood of

the data is a function only of ® and X :
L(Y]®,3).

To evaluate the marginal likelihood requires integration over the model parameters.
One possibility is to replace ® and ¥ by ® (0) and X (), respectively, and specify
a prior over . But, this does not serve DSSW’s purpose because this presumes the
DSGE model is true, and that the only thing not known about it is the values
of #. In their assessment of the fit of the DSGE model, DSSW want to be open
to the possibility that the model does not fit well. To see how DSSW proceed,
consider Figure 1. On the horizontal axis are the VAR parameters, reduced to a
single dimension for the sake of the discussion. In the middle of the horizontal
axis, I have placed the values of the VAR parameters implied by the DSGE model,
with parameter values, . If the DSGE model were true, then the prior over ®, 3
conditional on # would be a single spike above zero on the horizontal axis. But, this
would defeat a basic objective of DSSW, which is to evaluate the fit of the DSGE
model and, in particular, to entertain the possibility that the fit of the DSGE model

is poor. For this reason, DSSW construct a prior distribution on @, which assigns



a positive probability to the state of the world in which the DSGE model is false.

Conditional on a value for ¢, the prior has mode ® (), % (f) and is denoted
P (9,30, ),

where the value of the scalar, A, controls how quickly the prior drops to zero (see
Figure 1). As A goes to infinity, the prior converges to a single spike over ® (6),% (6),
and corresponds to the case in which the DSGE model is believed to be true. With
small values of A, the prior becomes more and more diffuse and a sufficiently small
value of A captures the view that the DSGE model provides very little prior infor-
mation ®, 3. The marginal likelihood of the data, conditional on the priors and on

a value for X is denoted L (Y, ), which is defined as follows:

LY\ = /@/@ L (Y|, %) P (®,%]6,\) P (0)d(®,X)db.

The DSSW procedure computes )\ as the solution to

A = arg r/r\lggcﬁ (Y, N). (2.1)

In principle,evaluating £ (Y, \) requires solving a massive numerical integration
problem. For example, suppose we had an m = 10 variable VAR with four lags and
a constant term in each equation, so that £ = 41. Then, the number of elements in ®
is 410 and the number of elements in ¥ is 55. In this case, the parameters ®, > alone
contribute 465 dimensions to the integration problem, while the model parameters,
6, contribute another 30-40. Numerical integration in such a high-dimensional space,
while not impossible, would be a major impediment to implementing the DSSW pro-
cedure. To avoid this, DSSW specify P (®,¥|0,\) to be conjugate with the normal
likelihood. That is, P (®, 3], \) is the product of the inverse Wishart density for ¥

and the Multivariate Normal density for ® conditional on ¥. The scalar, A, controls
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how tightly concentrated this density is about ® (), (). With this specification

of the prior the product,
|tz P@eN@D),
C))

can be evaluated analytically for given values of 6, A\. With this dramatic reduction
in the dimension of the integration problem, evaluating £ (Y, A) is computationally
feasible. The computational problem is nevertheless quite cumbersome, however, so
that in practice the maximization problem in (2.1) must be limited to a coarse grid
of N’s.

For a specific value of A the mode of the posterior distribution of ®,% is DSSW’s
hybrid VAR. So, a side-product of the calculations is a ‘best’ hybrid parameteriza-
tion. If that parameterization is ‘far’ from the DSGE model (i.e., A is small) this is
indication that the DSGE model fits poorly. If the hybrid parameterization corre-
sponds closely to that implied by the DSGE model (i.e., \is large) this is an indicator
of good fit.

3. The DSSW Strategy: A priori Considerations

In this section, I raise some questions about the a priori appeal of using the marginal
likelihood to evaluate model fit. That the strategy in principle has some appeal
is suggested by the fact that we even use it in ordinary day-to-day conversation.
For example, in a discussion about the reason one’s car will not start or about the
solution to a murder mystery, the hypothesis that best explains the pertinent facts
commands the most attention. However, although the marginal likelihood may seem
in principle to be an attractive way to select among models, in practice one has to

make severe compromises for the approach to be tractable. This is a shortcoming



of the strategy, because the impact of these compromises on the outcome of the
analysis is hard to judge. I now review these considerations by examining the two
basic ingredients in constructing the marginal likelihood: the likelihood function and
the priors.

DSSW follow convention in specifying the likelihood function of the data to be
Normal. I investigated the plausibility of this specification by fitting a four-lag, seven
variable VAR using monthly US data for the period 1955Q4-2006Q1. The variables

used are
v = [log Cy /Y, log 1,/Y;, inflation, log Y;/L; — log W,/ P, Ry, log Ly, GD Pgrowth].

Here, C; denotes real, per capita non-durables and services consumption; Y; denotes
real, per capita GDP; L; denotes per capita hours worked; inflation denotes inflation
in the personal consumption expenditure index; W;/P; denotes real labor compensa-
tion for whole economy (e.g., farmers and government included); R; denotes federal
funds rate; I; denotes real, per capita gross private domestic investment plus house-
hold purchases of durable goods. All real variables were obtained by deflating by the
GDP chain price index. I computed skewness and kurtosis statistics for each of the
seven VAR disturbances and I computed their p—value relative to the null hypothesis
that the underlying disturbances are Normal. The p—values were computed by (i)
simulating 1,000 artificial data sets using the fitted VAR, drawing the disturbances,
uy, from the multivariate Normal distribution with mean zero and variance-covariance
matrix equal to its estimated sample analog and (ii) computing the percent of times
that the empirically estimated statistic is exceeded by its analog computed across
the artificial samples. The results are reported in Table 1. The kurtosis statistics are
particularly large, and all kurtosis statistics but the one on the disturbance in the in-

flation equation have p—values that are less than one percent. The kurtosis statistic
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on the interest rate has a p—value that is less than 0.00 percent, after rounding. The
kurtosis statistic on GDP growth is also particularly large, having a p—value of 0.02
percent. The skewness statistic on the interest rate and on inflation are both very
large, having a p—value below one percent. I conclude that the evidence against the

normality assumption is substantial.

Table 1: Empirical Skewness and Kurtosis Statistics, and Corresponding p — values

Disturbance Kurtosis Skewness
statistic, s | prob(s > s| normal) | statistic, s | prob(s > s| normal)

logCy/Y; 1.40 0.18% -0.17 84.64%
logl;/Y; 1.59 0.12% 0.07 33.04%
PCE inflation, 0.79 2.00% 0.41 0.68%
logY;/l; — log W,/ P, 1.04 0.66% 0.39 1.22%
R, 11.01 0.00% 1.62 0.00%
logl; 1.27 0.40% 0.11 26.46%
GDP growth; 1.85 0.02% -0.02 55.00%

Next, consider the priors over the VAR parameters. In practice, it is difficult to
deviate from the usual Normal/Wishart assumption. This is because doing so results
in a prior that is not conjugate with the Normal distribution, which then forces one
to confront the formidable numerical integration problem discussed in the previous
section. But, whether the DSSW strategy is compelling requires that one accept the

Normal/Wishart specification as a reasonable specification of one’s priors over VAR
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parameters. DSSW do take some steps in the direction of a defense. They show that
under their assumptions, the height of the prior in Figure 1 is inversely proportional
to how surprised one expects to be at VAR parameterizations different from & (6),
Y (6). The surprise is measured by the expected drop in the likelihood, conditional
on the DSGE model and on 6.

The DSSW defense of their specification of the prior over the VAR parame-
ters may have some appeal. Perhaps it is consistent with the notion that in case
one’s most preferred DSGE model is wrong, the most likely alternative is somewhere
nearby. However, for this type of argument to rationalize the type of Normal/Wishart
prior distribution used here would seem to require an extraordinary coincidence. One
could assess how well the Normal /Wishart represents a researcher’s priors over VAR
parameters by the following exercise. Assign a set of probabilities to a range of mod-
els, and a sub-probability distribution over the parameters of each model, conditional
on that model being true. This specification of model priors induces a prior distri-
bution over VAR parameters. If each DSGE model were not too similar, it seems
safe to speculate that these priors over VAR parameters would have a very different
shape - possibly with multiple local peaks - than what we see in Figure 1.

In sum, the use of the marginal likelihood to assess the plausibility of alternative
hypotheses requires a number of detailed assumptions. The Normality assumption
on the likelihood function seems outright inconsistent with the data. The primary
advantage of the prior distribution over VAR parameters seems to lie with compu-
tational tractability. Use of the marginal likelihood to select models has some a
priori appeal. But, this appeal rests on two propositions: that the right likelihood
is used and that the prior distribution corresponds to the priors held by actual re-
searchers. Evidence has been presented that the first proposition is false. The second

proposition is yet to be established.
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4. The DSSW Strategy: How it Works in Practice

The DSSW paper does not provide guidance on how exactly )\ should be used to
evaluate model fit. How big should A be for one to feel comfortable about a DSGE
model? How small does A have to be to justify going back to the drawing board to
redesign the model? In the DSSW paper, a value of \ in the region of 0.75 and 1.5 is
presented. Does this mean the model fits well, or poorly, or something in between?

To shed light on these questions, I implemented Monte Carlo experiments using
artificial data sets of length 200 observations generated using three DSGE models.
One DSGE model, which I refer to as the RBC model, is the Long-Plosser real
business cycle model. The other two DSGE models are different versions of the
Clarida, Gali and Gertler (2000) (CGG) sticky price model (CGG1 and CGG2) (see
also Gali, Lopez-Salido, and Valles (2003).) Three experiments were done. The
first two use RBC and CGG1. In these experiments the econometrician computes
A knowing the true model, though not the values of some of its parameters. These
experiments provide a sense of the sort of s to expect when the right model is in
hand. In the third experiment, the true model is CGG2, but the econometrician
mistakenly believes the true model is a version of the real business cycle model. This
experiment provides a sense of the sort of N's to expect when the econometrician’s
model is wrong. In the first subsection below I describe the technical aspects of the
data generating mechanisms and experiments (this could be skipped in a quick read).

In the second subsection I summarize the Monte Carlo results.

4.1. The Experiments

To help economize on computer time, each Monte Carlo experiment is designed so

that the mapping from the DSGE model parameters estimated by the econometrician

11



to a VAR representation for the data, ® (#) and X (6) is trivial. Multiple artificial
data sets of length 200 observations are generated from a specific true DSGE model
and the \ that solves (2.1) is computed in each data set. In each data set, the integral
in £ (Y, \) is computed using Geweke’s (1999) modified harmonic mean method and
100,000 MCMC trials. The procedure was tuned so that the acceptance rate in
the MCMC trials averaged approximately 30 percent. Marco Del Negro and Frank
Schorfheide kindly supplied me with their MATLAB code for the calculations.

As an additional step to keep the required computer time down, the maximization

in (2.1) is restricted to the following set of possible values of A:

0.11 025 043 0.67 1.00 1.5 233 4.00 9.00 oo -

When transformed into A/ (1 + X), this corresponds to the ten equally spaced grid
points, 0.1, 0.2, ..., 1.0. The quantity, A/ (1 + A), is of interest because it corresponds
to the relative weight assigned in the hybrid model to the DSGE model.

The RBC Model

The preferences, technology and shocks in the Long-Plosser model are as follows:

E t 1 C exp (Tt)ll-i-w
025 lO t 1+ ¢ )

Ci+Kipn < KV (GXP (2t) lt)( ) — Y,

2

z9

T4, % : iid mean zero random variables, variance o2, o

where C; denotes consumption, /; denotes labor, K;,; denotes capital, z; is a tech-
nology shock, and 7, is a preference shock. I set « = 1/3, § = 0.99. The parameters

whose values are estimated by the econometrician are § = (1, 0%,0?), whose true
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values are (1,0.02%,0.02?) . The econometrician’s prior distribution for each parame-
ter is inverted gamma, with mode equal to the corresponding true value. Specifically,

denote the inverted gamma density for the random variable, z, by f (x). Then,

Fo) = g e (<4).

where I is a gamma function. I assume o = 10 and ( is determined by the assumption
on the mode of the distribution.

Artificial data sets on ki1 = log (Ki+1) and log (Y:/l;) are generated by the
RBC model and provided to the econometrician, whose mapping from 6 to a VAR

representation is defined by

kot NEANER ke Lo (5 - 5m)
log (Y;/11) Ya a 0 log (Yi—1/li-1) (1 =)z + 1557
where
1 -« 1l-«a
= 1 1
Vi 150 0g<1_6a>+ogﬁa

« | l—a
= — 0 :
Ta 1+ E\1- Ba
This VAR representation can be derived from the wel-known fact that the solution

to this model is given by K;,; = faY;.
The CGG1 Model

In the CGG model the equilibrium allocations under a specific monetary pol-
icy rule (the ‘equilibrium’) are expressed as a deviation from the best equilibrium
achievable when the monetary policy rule is dropped (the ‘Ramsey equilibrium’, or
the ‘natural equilibrium’). In the Ramsey equilibrium inflation, 7, is always zero

and the nominal rate of interest is given by

1 1-—
rry = log 3 + pAa; + ﬁn, (4.1)
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where f3 is the discount rate of the representative household (see Appendix A for the
specification of preferences and technology underlying this economy).The equilibrium

conditions are:

BEmi1 + key — 7y = 0 (Calvo pricing equation) (4.2)
—[re = Eymepr — rrf] + Ewxgy — ¢ = 0 (intertemporal Euler equation) (4.3)
ur + ¢.m —r¢ = 0 (monetary policy rule), (4.4)

where 7, is the equilibrium nominal rate of interest and z; = vy, — y; is the deviation

of equilibrium output, y;, from Ramsey equilibrium output, y;. Also,

(1 - 5p) (1 - ng) (1+¢)

R = y

3

where &, is the probability that an intermediate goods producer is not able to re-

optimize its price in any given period. The monetary policy shock, wu;, the growth
rate of technology, Aa,;, and a labor preference shock, 7, are assumed to have the

following scalar first order autoregressive representations, respectively:

uy = oup—1+m,
Aa;, = pAay_1+¢
Ty = (T4 +€f.

2

In these expressions, the innovations are iid and have variances, 072], o2, o2, respec-

tively. I adopt the following model parameterization:

6 = 1.5, =099, p=1, p=02, £, =0.75, § = 0.2,

¢ = 05, A\f =125, o, = 0.005, 0. = 0.01, o = 0.006.
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To solve this model, first write the four equilibrium conditions, (4.1), (4.2), (4.3),

and (4.4), in matrix form:

Ey [aozei1 + a1z + Bosipr + Bis) =0,

where
Tt
Aat
Ty
Zr = , St = Ut , St = Psi_1 + ¢,
ry — log (1/5)
Tt

rri —log (1/5)

and ay, a1, By, By, P are functions of the model parameters. Then, the solution is
2z = Bsy,
were the 4 x 3 matrix B uniquely solves the following linear system of equations:
(Bo + B)P + f; + a1 B = 0.

The vector of DSGE model parameters, 6, estimated by the econometrician has
8 dimensions, and is composed of ¢, £, and the two parameters associated with
each of the three shocks. In the case of each element of 0, the prior is an inverted
gamma distribution with mode equal to the true value of the parameter, and standard
deviation equal to the true value of the parameter, divided by 2. The econometrician
estimates a three variable VAR using data on z;, m;, and r;. In Appendix B it is

verified that with this DSGE, the data satisfy a first order VAR.
The CGG2 Model

In this version of the CGG model I replaced the technology shock process by the

following stationary representation:
Ay = Paz—1 + &,
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where p = 0.95 and all other parameters are as in the CGG1 model. With this
change, the equilibrium condition for the Ramsey rate of interest, (4.1), is replaced
by

1
rri =log—+ (1 —p)as + —CTt,

B I+¢
and log of the Ramsey level of output satisfies
1 log A¢
F = — =—-—" 4.5
Y= e T T VS T (4.5)

Here, A\; (= 1.25) is a parameter that controls the elasticity of demand for interme-
diate goods and corresponds to the markup earned in steady state by monopolists

in the model. Equilibrium output, Y;, is obtained as follows:
logY; =z +y;,
and equilibrium employment, /;, is obtained from:
logl;, = logV; —ay

1
1+¢

= Tr+77— Tt

Artificial data on logY; and logl; are generated using CGG2 and provided to the
econometrician, who mistakenly assumes the data were generated by a version of the
RBC model. In this version the preference shock has a first order autocorrelation
structure

Tt = PrTt—1 T Ert,
where p,. = 0.9 and E&tg’t = 02 . The first order, bivariate VAR representation that

the econometrician (falsely) deduces for the data is

logV; \ [ Nk (1—a)p, log Vi1 N (1—06)(%—@6”:)

log I; v 0 P logl; 4 —ﬁém
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where

vy = alog(aB)+(1—a) 11162 o (11—_;;> ’

B 1—pT1 l—-«
no= 1+ ©8 1-Ba)’

To derive the first row of this representation, note first that the log of the production

function is

1 2
logy; = gkt + 3 (2 + log (I})) .

Then, use the solution of the model to express k; as a function of logY; ; and to
express log (I;) as a function ] and log (I;—1) .

The DSGE model parameters estimated by the econometrician are § = (¢, 0,,0._) .
The econometrician is assumed to use an inverted gamma prior on each of the three
parameters with mode (1,0.02,0.02), respectively, and standard deviation equal to

the mode, divided 7.

4.2. The Results

In this section, I present the results of the Monte Carlo experiments described above.
Consider first the results when the data generating mechanism is RBC and the DSSW
method is implemented with a bivariate, unrestricted VAR that has 1 lag (see RBC
(lag 1) in Table 2). In this case, the unrestricted model has 9 free parameters (e.g.,
six parameters associated ® and three with ¥), while the econometrician’s DSGE
model has 3 free parameters. Note that even though the econometrician has the
true model in hand, a substantial fraction (6 percent) of artificial data sets result
in a A that assigns a relative weight of 1/2 or less to the DSGE model. The reason

A sometimes provides evidence against the DSGE model when it is true is that

there is a positive probability of data sets in which the unrestricted VAR fits better
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than the true VAR. To see this, consider the likelihood ratio statistic formed from
twice the difference of the log-likelihood associated with the estimated unrestricted
VAR and the log-likelihood associated with the true VAR implied by the DSGE.
Asymptotically, this is a realization from a Chi-square distribution with 9 degrees
of freedom. The average value of this statistic over all data sets with the indicated
value of A is reported in the row beneath the results for RBC (lag 1). Note how these
likelihood ratio statistics tend to be higher in data sets associated with a low . With
some exceptions, this general pattern is also a feature of the CGG1 experiment. The
exceptions may reflect Monte Carlo sampling uncertainty.

There are two features of the log marginal likelihood in the RBC (lag 1) results
that are worth emphasizing. One is illustrated in Figure 2. This shows a type of
shape that occurs a nontrivial fraction of times in data generated by RBC (lag 1).
In these cases the log, marginal likelihood is concave over most values of A\, and then
rises sharply for A near co. The abrupt change in the behavior of the log marginal
likelihood for large values of A seems puzzling. A consequence of this shape is that
results are sensitive to the specification of the set of A\’s over which the maximization
in (2.1) is done. For example, if the upper bound is A = 200 rather than A\ = oo, then
the percent of artificial data sets with A/ (1 + 5\> < 0.9 is 64, rather than the 26.5
reported in Table 1. In the calculations for the oral presentation of this comment,
the upper bound on A was A = 5 and the reported frequency of small Ns was even
greater. To see this, note from Figure 2 that \ is 0.43 if the upper bound on the \’s
considered in the maximization in (2.1) is 9, and A = o0 if the upper bound on is .
The puzzling shape of the log, marginal likelihood in the case of RBC (lag 1) was
not observed in the other Monte Carlo experiments.

A second notable feature of the log, marginal likelihood corresponding to RBC

(lag 1) is that it exhibits very little variation across different values of A. For example,
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the average difference between the log marginal likelihood at the smallest value of A
and the one associated with \ is only 7.7, which is considerably smaller than what
is reported in the empirical example presented in DSSW. This finding is illustrated
in Figure 3, which displays the log, marginal likelihood associated with a different
artificial data set from the one underlying Figure 2. It bears emphasis that the log,
likelihoods in Figures 2 and 3 are chosen for illustrative purposes. Both are atypical,
in that they imply very low values of A.

The lack of variation in the log marginal likelihood motivated me to consider an
unrestricted VAR with additional lags. The results are reported in Table 2, in the row
labeled ‘RBC (lag 4). In this case, A = oo in almost all the artificial datasets. Also,
the mean difference of the log marginal likelihood at the lowest value of \ and at ) is
now 32.4. This degree of variation in the log marginal likelihood is similar to what is
reported in DSSW. In RBC (lag 4) the number of free parameters in the unrestricted
VAR jumps to 21, versus the 3 free parameters in the econometrician’s DSGE model.
As emphasized by DSSW, the log marginal likelihood assigns a substantial penalty
to free parameters and this is manifest here in the form of a sharp preference in favor
of the DSGE model over the unrestricted VAR.

Consider now the CGG1 experiment with 1 lag. In this case, the VAR has three
variables, and so the number of unrestricted parameters is 18, compared with the
8 free parameters of the econometrician’s DSGE model. In this experiment small
Ns are still possible, though this is less likely than it is in the case of RBC (lag 1).
Thus, in 4 percent of the data sets, the relative weight assigned to the DSGE model
is 60 percent or less in the case of CGG1 (lag 1), versus 10 percent for RBC (lag
1). Presumably, the improved performance of the DSSW method reflects the greater
number of parameters in the unrestricted VAR in the CGG (lag 1) experiment than
in the RBC (lag 1) experiment.
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In CGGI1 (lag 1), the average difference between the log marginal likelihood at
the lowest value of A and at \ is 16.6, which is smaller than the value reported for
the empirical example reported by DSSW. This led me to consider the case in which
there are four lags in the unrestricted VAR, raising the number of free parameters
from 18 to 45, while the number of free parameters in the DSGE model remains at 8.
As in the case of the RBC model, the frequency of low values of A declines, though
less dramatically than we saw in RBC (lag 4). In particular, 9.5 percent of the N's
assign a weight of 70 percent or less to the DSGE model in CGG1 (lag 4), versus
zero percent for RBC (lag 4). In CGG1 (lag 4), the average difference between the
log marginal likelihood at the lowest value of A and at A is 35.4, which is closer to
the empirical example in DSSW.

In the lag 4 versions of both RBC and CGGI1, there is a substantial difference
between the log marginal likelihood at the lowest value of A and at A = 5\, as in
DSSW. However, in my examples there is relatively less difference between the log
marginal likelihood at A = A and at A = co. For example, in CGG2 the mean decline
in the log marginal likelihood from \ = A to A = oo when \ < oo is a little less
than unity. This is substantially smaller than the sharp drop in the log marginal
likelihood reported in DSSW.

My next experiment, CGG2, investigates the behavior of A and the log marginal
likelihood when the econometrician’s DSGE model is by construction false. In this
case the data are generated by a version of the CGG model, but the econometrician’s
DSGE model is a version of the RBC model. The unrestricted VAR is estimated with
1 lag. Because two variables are included in the analysis, the unrestricted VAR has
9 free parameters. The econometrician’s DSGE model has 3 free parameters. The
results for this experiment are dramatic. In each artificial data set, ) is the lowest

value of \.Thus, the DSSW method correctly reveals, with probability one, that the
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DSGE model is misspecified. Moreover, the slope of the log marginal likelihood is
very steep, with the difference between the log marginal likelihood at the lowest
and highest values of A being on the order of 300-500. I presume that the finding
that the unrestricted VAR is always the best model in this experiment is an artifact
of the specification that it has only one lag. If more lags had been permitted in
the unrestricted VAR, then A would have exceeded the lowest value of A at least
occasionally. The feature of this example that I expect to be robust is that \ is
substantially less than infinity, and that the log marginal likelihood declines steeply
for A > A,

Of the examples considered, the only one that can replicate DSSW’s finding
that the log marginal likelihood declines steeply for A > ) is the one in which the
econometrician’s model is false. The two examples in which the econometrician’s
DSGE model is true do occasionally produce a A substantially less than infinity.
However, it is rare for the slope of the log marginal likelihood to be steeply negative
for A > . These findings suggest that the DSSW method would have even greater
power to identify evidence against DSGE models if the method formally integrated
the slope of the log marginal likelihood for A > A into the diagnostic procedure.

Finally, recall the empirical evidence of leptokurtosis reported in the previous
section. In principle, the use of the Normal likelihood in Bayesian analysis entails
specification error. To investigate whether this error distorts the DSSW analysis, I
redid the RBC experiment using disturbances that exhibit the amount of kurtosis
observed in the data. My results were essentially unchanged from what is reported in
Table 2, consistent with the proposition that the amount of leptokurtosis observed in
the data is not enough to distort Bayesian analyses that use the Normal likelihood.
Of course, these findings (as all other findings in Table 2!) are only indicative and

need to be substantiated by similar additional experiments.
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Table 2: Cumulative Distribution of
A

Experiment s
01 (02 |03 |04 (05 |06 |07 |08 [09 |10

RBC (lagl) 0 0 05 |25 |60 |10.0|15.020.5]|26.5| 100
likelihood ratio | NA | NA |18 |21.4|17.3|16.2|14.4 | 13.3|13.0 | 88

RBC (lag4) 0 0 0 0 0 0 0 0 0.5 | 100
likelihood ratio | NA | NA | NA | NA | NA | NA | NA | NA | 275|225
CGG1 (lagl) 05 |10 |10 |1.0 |15 |40 |11.0]24.5|53.0| 100
likelihood ratio | 14.3 | 12.5 | 12.5 | 12.5 | 15.2 | 20.7 | 21.7 | 189 | 16.9 | 15.3
CGG1 (lag4) 0 0 0 0 0 20 [9.5 |23.5]50.5 | 100
likelihood ratio | NA | NA | NA | NA | NA | 70.5 | 59.4 | 54.3 | 49.1 | 45.1

CGG2 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100

Notes: (i) Entries indicate percent, out of 200 simulations, that ) is less than

or equal to value indicated in column heading; (ii) (lag x): x indicates the

number of lags in the unrestricted VAR; (iii) likelihood ratio - average

likelihood ratio (LR) statistic over all artificial data sets having X indicated

in column heading, where LR is twice the difference of log-likelihood of

unrestricted VAR versus log likelihood of true VAR; (iv) NA indicates

‘Not Applicable’ because there were no N’s in this entry.

5. Conclusion

DSSW have provided a valuable service in describing and implementing a measure of
fit for DSGE models. The Monte Carlo evidence presented in this comment suggests

four ways in which the DSSW measure of fit could be made even more useful:
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e it would be useful if a lower cutoff value of \ were provided, such that for
smaller 5\, the researcher knows there is with high probability a problem with
the DSGE model. The Monte Carlo experiments in my comment suggest that
such a cutoff would be a function of, among other things, the difference between

the number of free parameters in the unrestricted VAR and in the DSGE model.

e the rate at which the marginal likelihood declines for \ > ) should be integrated
formally into the DSSW procedure. The Monte Carlo experiments suggest that
a steep rate of decline is a reliable signal that the econometrician’s DSGE model
fits poorly. There are various ways this rate of decline could be measured. One

way would be to report Bayesian probability intervals for .

e in the absence of a stronger defense for the priors used in the DSSW analysis,
it would be useful to have evidence that results based on the DSSW priors are
robust to plausible alternatives. A practical impediment to evaluating robust-
ness is that priors which deviate from DSSW’s are unlikely to have convenient
conjugacy properties. As a result, the numerical integration problem in (2.1)
would be computationally very burdensome in practical situations. Still, ro-
bustness could be studied in the type of simple examples considered in my

comment, where computational limitations are less binding.

e [ have provided evidence that the DSSW results are robust to the kind of
evidence against Normality one observes in the data. A more systematic inves-

tigation of robustness would be useful.

DSSW compare their procedure with alternative measures of model fit based on

out-of-sample forecasting performance. Further comparisons of this type would be of
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interest. Measures of out-of-sample forecasting performance appear to offer at least

four advantages over the DSSW method:

1. the computational burden is minimal by comparison with the substantial re-

sources required to evaluate (2.1).

2. computational tractability limits the range of model comparisons that can be
done with the DSSW method, while there is no limit to the models one can
compare under out-of-sample forecasting criteria. For example, one can com-
pare the forecasting performance of the DSGE model with that of a Bayesian
VAR, as in Ingram and Whiteman (1994). In practice, Bayesian VAR’s are
more useful at forecasting than unrestricted VAR’s because of parameter par-
simony. Alternatively, one could compare DSSW’s hybrid model under alterna-
tive specification of \ with a Bayesian VAR under the out-of-sample forecasting

criterion.

3. classical sampling theory offers some assistance in determining whether differ-
ences in the out-of-sample root mean square error performance of alternative
models are statistically significant (see, e.g., Christiano 1990, Appendix D).
This contrasts with the DSSW method, in which a small A suggests the pres-
ence of evidence against a DSGE model, but there is no guidance, as yet, on

how small such a A must be (see the first bullet point above).

4. the out-of-sample forecast performance criterion is transparent and is of obvious
interest to everyone. By contrast, for the marginal likelihood to be compelling,
one must first confront several difficult - in some cases, possibly unresolvable
- questions. What likelihood is appropriate for the data? Are the researcher’s

priors faithfully captured by the choice of prior distribution? Implicit in the
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DSSW procedure is the assumption that one prior is suitable for everyone.
But, why should researchers with different backgrounds and experiences use

the same prior?

DSSW show that an out-of-sample forecast root mean square error criterion produces
fit results similar to what the DSSW procedure produces. In view of the advantages
of the out-of-sample forecasting approach, DSSW’s findings would appear to be a

powerful argument in its favor.
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A. Preferences and Technology Underlying Clarida-(Gali-(Gertler
Model.

Although the preferences and technology underlying the Clarida-Gali-Gertler model
are well known, we include them here for completeness. In particular, the represen-
tative household’s preferences are:

1
[

E " logC, — L >0,
OZB (og t eXp(ﬂ)l_'_(p) '

t=0

where C; and [; denote consumption and employment, respectively, and 7, is a labor
supply shock. A budget constraint allows the household to finance consumption by
participating in a competitive labor market and by participating in a loan market
in which the log of the gross nominal rate of interest is ;. In equilibrium the loan
market must clear with zero trade.

Final output is produced by competitive firms using intermediate intputs, Y; (),

i € (0,1) using the following technology:

1 n As
Yt:(/Yt(z’)*fdz') . Ap > 1
0

The technology for producing Y; (i) is
}/;5 (Z) = Atlt (’L) , Ay = log (At> y

where [; (i) is employment by the i’* intermediate good producer. This producer,
subject to Calvo-sticky price frictions, is able to reoptimize its price with probability
1 —¢,. With the complementary probability, the intermediate good producer cannot
change its price. In steady state, equilibrium inflation is zero, Y; = C}, and [; =

fol l; (7) di.. In the text, Aa; denotes the first difference of a;.
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B. First Order VAR Representation of CGG1 Model

Let Z; denote the 3 x 1 vector composed of the first three elements of z; and let
B denote the first three rows of B, so that B is a square matrix. I found that B
is invertible in the numerical examples I considered. The solution for Z; is written

gt = BSt or,

Bilgt = S¢.
Then, multiply on the left by the matrix lag operator, I — PL, to obtain:
(I — PL)B7'3, = ¢,

or,

Bilgt == PBilgtfl + €.
Multiply on the left by B to obtain the first order VAR representation for  :
Et = BPBilgt_l + BEt.

Then, ® (6) is constructed from BPB~" and ¥ () corresponds to BV B, where V is
the variance-covariance matrix of ¢,. This establishes that the variables in the CGG1

model has a first order, VAR representation.
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Figure 1: Priors Over VAR Parameters
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Figure 2: Realization of log, Marginal Likelihood, RBC (lag 1)
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Figure 3: Realization of log, Marginal Likelihood, RBC (lagl)
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