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41 Lqwurgxfwlrq

Wkhuh lv frqvlghudeoh lqwhuhvw lq vwxg|lqj wkh txdqwlwdwlyh surshuwlhv ri g|qdplf jhqhudo htxl0

oleulxp prghov1 Iru wkh prvw sduw/ h{dfw vroxwlrqv wr wkhvh prghov duh xqrewdlqdeoh dqg vr

lq sudfwlfh uhvhdufkhuv pxvw zrun zlwk dssur{lpdwlrqv1 Dq lqfuhdvlqj qxpehu ri wkh prghov

ehlqj vwxglhg kdyh lqhtxdolw| frqvwudlqwv wkdw rffdvlrqdoo| elqg1 Lpsruwdqw h{dpsohv ri wklv

duh khwhurjhqhrxv djhqw prghov lq zklfk wkhuh duh ydulrxv nlqgv ri frqvwudlqwv rq wkh �qdq0

fldo dvvhwv dydlodeoh wr djhqwv1� Rwkhu h{dpsohv lqfoxgh pxowlvhfwru prghov zlwk olplwdwlrqv rq

wkh lqwhuvhfwrudo prelolw| ri idfwruv ri surgxfwlrq/ dqg prghov ri lqyhqwru| lqyhvwphqw12 Iru

uhvhdufkhuv vhohfwlqj dq dojrulwkp wr dssur{lpdwh wkh vroxwlrq wr prghov olnh wkhvh/ lpsruwdqw

fulwhuld lqfoxgh qxphulfdo dffxudf| dqg surjudpphu dqg frpsxwhu wlph uhtxluhphqwv1 Wkdw

wkh odvw ri wkhvh vkrxog uhpdlq d vljql�fdqw frqvlghudwlrq lv shukdsv vxusulvlqj/ lq ylhz ri wkh

gudpdwlf/ rqjrlqj sdfh ri lpsuryhphqwv lq frpsxwhu whfkqrorj|1 Vwloo/ wkh hfrqrplf prghov

ehlqj dqdo|}hg duh jurzlqj lq vl}h dqg frpsoh{lw| dw dq hyhq idvwhu sdfh/ dqg wklv phdqv wkdw

h!flhqf| lq wkh xvh ri frpsxwhu wlph uhpdlqv dq lpsruwdqw frqfhuq lq wkh vhohfwlrq ri d vroxwlrq

dojrulwkp1 Rxu sxusrvh lq wklv sdshu lv wr surylgh lqirupdwlrq xvhixo wr uhvhdufkhuv lq pdnlqj

wklv vhohfwlrq1

Zh ghvfuleh vhyhudo dojrulwkpv/ dqg hydoxdwh wkhlu shuirupdqfh lq vroylqj wkh rqh0vhfwru

lq�qlwh krul}rq rswlpdo jurzwk prgho zlwk d udqgrp glvwxuedqfh wr surgxfwlylw|1 Lq wklv prgho

wkh qrqqhjdwlylw| frqvwudlqw rq jurvv lqyhvwphqw lv rffdvlrqdoo| elqglqj1 Zh fkrvh wklv prgho

iru wzr uhdvrqv1 Iluvw/ lwv vlpsolflw| pdnhv lw ihdvleoh iru xv wr vroyh wkh prgho e| grlqj g|qdplf

surjudpplqj rq d yhu| �qh fdslwdo julg1 Ehfdxvh zh wdnh wkh g|qdplf surjudpplqj vroxwlrq

wr eh yluwxdoo| h{dfw/ wklv frqvwlwxwhv dq lpsruwdqw ehqfkpdun iru hydoxdwlqj wkh dojrulwkpv

frqvlghuhg1 Vhfrqg/ wkh rqh vhfwru jurzwk prgho lv ri lqghshqghqw lqwhuhvw/ vlqfh lw lv d edvlf

exloglqj eorfn ri wkh w|sh ri jhqhudo htxloleulxp prghov dqdo|}hg lq wkh olwhudwxuh1�

Doo wkh phwkrgv zh frqvlghu zrun gluhfwo| ru lqgluhfwo| zlwk wkh Hxohu htxdwlrq dvvrfldwhg

zlwk wkh uhfxuvlyh uhsuhvhqwdwlrq ri wkh prgho/ lq zklfk wkh qrqqhjdwlylw| frqvwudlqw lv dffrp0

prgdwhg e| wkh phwkrg ri Odjudqjh pxowlsolhuv1 Vxlwdeo| prgl�hg yhuvlrqv ri wkh dojrulwkpv

hpskdvl}hg e| El}hu dqg Mxgg +4<;<,/ Frohpdq +4<;;,/ Gdqwklqh dqg Grqdogvrq +4<;4, dqg
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Mxgg +4<<5, zrun gluhfwo| zlwk wklv irupxodwlrq/ dqg duh hydoxdwhg khuh1 Zh dovr frqvlghu wkh

dojrulwkp dgyrfdwhg e| PfJudwwdq +4<<9,/ lq zklfk wkh pxowlsolhu dqg srolf| ixqfwlrq duh ds0

sur{lpdwhg xvlqj dq dssurdfk edvhg rq shqdow| ixqfwlrqv1 Ilqdoo|/ zh frqvlghu dq dojrulwkp lq

zklfk srolf| dqg pxowlsolhu ixqfwlrqv duh dssur{lpdwhg lqgluhfwo| e| vroylqj iru wkh frqglwlrqdo

h{shfwdwlrq ri qh{w shulrg*v pdujlqdo ydoxh ri fdslwdo1 Zh uhihu wr dojrulwkpv zklfk vroyh iru d

frqglwlrqdo h{shfwdwlrq ixqfwlrq lq wklv zd| dv sdudphwhul}hg h{shfwdwlrqv dojrulwkpv +SHDv,1

Wkh �uvw xvh ri d SHD dsshduv wr eh gxh wr Zuljkw dqg Zlooldpv +4<;5d/ 4<;5e/ 4<;7,/ dqg zdv

ixuwkhu ghyhorshg e| Pludqgd +4<;8,/ dqg Pludqgd dqg Khopehujhu +4<;;,1 Odwhu/ d yduldqw rq

wkh lghd zdv lpsohphqwhg lq Pdufhw +4<;;,1e Zh ghvfuleh SHDv zklfk duh dw ohdvw dv dffxudwh

dv doo wkh rwkhu dojrulwkpv frqvlghuhg dqg zklfk grplqdwh wkhvh rwkhu dojrulwkpv lq whupv ri

surjudpphu dqg frpsxwhu wlph1D

Lq rxu h{dpsoh/ dq lpsruwdqw dgydqwdjh ri SHDv lv wkdw wkh| pdnh lw srvvleoh wr dyrlg

d fxpehuvrph gluhfw vhdufk iru wkh srolf| dqg pxowlsolhu ixqfwlrqv wkdw vroyh wkh Hxohu htxd0

wlrq1 Phwkrgv zklfk irfxv gluhfwo| rq wkh srolf| ixqfwlrq pxvw mrlqwo| sdudphwhul}h wkhvh wzr

ixqfwlrqv/ dqg grlqj wklv lq d zd| wkdw wkh Nxkq0Wxfnhu frqglwlrqv duh vdwlv�hg lv wulfn| dqg

dggv wr surjudpphu wlph1 Dq dowhuqdwlyh wr zrunlqj zlwk Odjudqjh pxowlsolhuv lv wr zrun zlwk

d shqdow| ixqfwlrq irupxodwlrq1 Krzhyhu/ wklv dssurdfk uhtxluhv vhdufklqj iru wkh ydoxh ri d

shqdow| ixqfwlrq sdudphwhu/ dqg wklv fdq dgg vxevwdqwldoo| wr surjudpphu dqg frpsxwhu wlph1

SHDv h{sorlw wkh idfw wkdw/ lq rxu h{dpsoh/ Hxohu htxdwlrqv dqg Nxkq0Wxfnhu frqglwlrqv lp0

so| d frqyhqlhqw pdsslqj iurp d sdudphwhul}hg h{shfwdwlrq ixqfwlrq lqwr srolf| dqg pxowlsolhu

ixqfwlrqv/ holplqdwlqj wkh qhhg wr vhsdudwho| sdudphwhul}h wkh odwwhu1 Lq dgglwlrq/ wkh vhdufk iru

d frqglwlrqdo h{shfwdwlrq ixqfwlrq wkdw vroyhv wkh prgho fdq eh fduulhg rxw zlwkrxw zruu|lqj

derxw lpsrvlqj dgglwlrqdo vlgh frqglwlrqv dqdorjrxv wr wkh Nxkq0Wxfnhu frqglwlrqv1 Lq h�hfw/

e| zrunlqj zlwk d SHD rqh uhgxfhv wkh qxpehu ri xqnqrzqv wr eh irxqg/ dqg holplqdwhv d vhw

ri dznzdug frqvwudlqwv1 Zh hpskdvl}h wkdw wkhvh revhuydwlrqv kdyh ehhq yhul�hg wr eh wuxh rqo|

lq rxu h{dpsoh1 Lw zrxog eh ri lqwhuhvw wr lqyhvwljdwh wr zkdw h{whqw wkh| dsso| pruh jhqhudoo|1

Dowhuqdwlyh SHDv gl�hu rq dw ohdvw wzr glphqvlrqv= wkh sduwlfxodu frqglwlrqdo h{shfwdwlrq

ixqfwlrq ehlqj dssur{lpdwhg dqg wkh phwkrg xvhg wr frpsxwh wkh dssur{lpdwlrq1 Pdufhw*v

dssurdfk dssur{lpdwhv wkh h{shfwdwlrq frqglwlrqdo rq wkh ehjlqqlqj ri shulrg vwdwh yduldeohv/
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zkloh Zuljkw dqg Zlooldpv sursrvh dssur{lpdwlqj wkh h{shfwdwlrq frqglwlrqdo rq d fxuuhqw

shulrg ghflvlrq yduldeoh1 D srwhqwldo vkruwfrplqj ri Pdufhw*v dssurdfk lv wkdw ixqfwlrqv ri

ehjlqqlqj ri shulrg vwdwh yduldeohv whqg wr kdyh nlqnv zkhq wkhuh duh rffdvlrqdoo| elqglqj

frqvwudlqwv1 Wkh frqglwlrqdo h{shfwdwlrq ixqfwlrq wkdw lv wkh irfxv ri Zuljkw dqg Zlooldpv*

dqdo|vlv/ e| frqwudvw/ dsshduv wr eh vprrwkhu lq wkh jurzwk prgho1 Ehlqj vprrwkhu/ wkh Zuljkw

dqg Zlooldpv frqglwlrqdo h{shfwdwlrq lv olnho| wr eh hdvlhu wr dssur{lpdwh qxphulfdoo|1 Wklv

ghvhuyhv ixuwkhu vwxg| lq rwkhu dssolfdwlrqv1

Zh dovr ghvfuleh lpsuryhphqwv rq wkh Pdufhw*v phwkrg iru dssur{lpdwlqj wkh frqglwlrqdo

h{shfwdwlrq1 D nh| frpsrqhqw ri klv dssurdfk lv d fxpehuvrph qrqolqhdu uhjuhvvlrq vwhs/ srwhq0

wldoo| lqyroylqj whqv ri wkrxvdqgv ri v|qwkhwlf gdwd srlqwv1 Zh vkrz wkdw vxfk d odujh qxpehu ri

revhuydwlrqv lv uhtxluhg ehfdxvh wkh dssurdfk lqh!flhqwo| frqfhqwudwhv wkh h{sodqdwru| yduldeohv

ri wkh uhjuhvvlrq lq d qduurz udqjh derxw wkh kljk suredelolw| srlqwv ri wkh lqyduldqw glvwulexwlrq

ri d prgho1 Wklv ihdwxuh ri wkh phwkrg lv vrphwlphv flwhg dv d yluwxh lq wkh dqdo|vlv ri exvlqhvv

f|foh prghov/ zkhuh rqh lv lqwhuhvwhg lq fkdudfwhulvwlfv ri wkh lqyduldqw glvwulexwlrq vxfk dv �uvw

dqg vhfrqg prphqwv1 Exw/ lw lv zhoo nqrzq lq qxphulfdo dqdo|vlv wkdw wkh uhjlrq zkhuh rqh

lv lqwhuhvwhg lq d jrrg txdolw| �w dqg wkh uhjlrq rqh fkrrvhv wr hpskdvl}h lq frqvwuxfwlqj wkh

dssur{lpdwlrq qhhg qrw frlqflgh1

Wklv srlqw sod|v dq lpsruwdqw uroh lq rxu dqdo|vlv dqg vr lw ghvhuyhv hpskdvlv1 D fodvvlf

looxvwudwlrq ri lw lv edvhg rq wkh sureohp ri dssur{lpdwlqj wkh ixqfwlrq/ �*E�n &2�c gh�qhg ryhu

& 5 d�Dc Doc e| d sro|qrpldo1S Li rqh fduhg xqlirupo| ryhu wkh grpdlq derxw wkh txdolw| ri

�w/ wkhq lw pljkw vhhp qdwxudo wr vhohfw dq htxdoo| vsdfhg julg lq wkh grpdlq dqg fkrrvh wkh

sdudphwhuv ri wkh sro|qrpldo vr wkdw wkh wzr ixqfwlrqv frlqflgh rq wkh julg srlqwv1 Exw/ lw lv

zhoo nqrzq wkdw wklv vwudwhj| ohdgv wr glvdvwhu lq wklv h{dpsoh1 Wkh xsshu sdqho lq Iljxuh 4

vkrzv wkdw wkh �f|� rughu sro|qrpldo dssur{lpdwlqj ixqfwlrq h{klelwv qrwlfhdeoh rvfloodwlrqv lq

wkh wdlov zkhq wklv phwkrg lv dssolhg zlwk wkh 44 julg srlqwv lqglfdwhg e| .*v lq wkh �jxuh1

Pruhryhu/ zkhq pruh julg srlqwv duh dgghg/ nhhslqj wkh glvwdqfh ehwzhhq julg srlqwv frqvwdqw/

wkh rvfloodwlrqv lq wkh wdlo duhdv ehfrph lqfuhdvlqjo| ylrohqw zlwkrxw erxqg1 Qrw vxusulvlqjo|/

rqh zd| wr �{ wklv sureohp lv wr uhglvwulexwh julg srlqwv d olwwoh wrzdug wkh wdlo duhdv1 Wklv lv

zkdw kdsshqv zkhq wkh julg srlqwv duh fkrvhq edvhg rq wkh }hurv ri d Fkhe|vkhy sro|qrpldo/
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dv lq wkh orzhu sdqho lq Iljxuh 41 Qrwh krz pxfk ehwwhu wkh dssur{lpdwlrq lv lq wklv fdvh1 Lq

dgglwlrq/ lw lv nqrzq wkdw dv wkh qxpehu ri julg srlqwv lv lqfuhdvhg/ wkh dssur{lpdwlqj ixqfwlrq

frqyhujhv wr wkh ixqfwlrq wr eh dssur{lpdwhg lq wkh vxs qrup1 Wkxv/ hyhq li rqh fduhv xqlirupo|

ryhu wkh lqwhuydo derxw wkh txdolw| ri �w/ lw qhyhuwkhohvv pdnhv vhqvh wr cryhuvdpsoh* wkh wdlo

duhdv/ xvlqj wkh }hurv ri d Fkhe|vkhy sro|qrpldo1

Dffruglqj wr wkh Fkhe|vkhy lqwhusrodwlrq wkhruhp/ wklv lv d yhu| jhqhudo uhvxow dqg krogv

iru d odujh fodvv ri ixqfwlrqv/ qrw mxvw wkh rqh ghslfwhg lq Iljxuh 41 Zh wdnh rxu fxh iurp wklv

lq prgli|lqj Pdufhw*v frpsxwdwlrqdo vwudwhj| vr wkdw wdlo duhdv uhfhlyh uhodwlyho| pruh zhljkw

lq dssur{lpdwlqj wkh prgho*v vroxwlrq1. Dv d uhvxow/ zh duh deoh wr jhw vxshulru dffxudf| zlwk

pdq| ihzhu v|qwkhwlf gdwd srlqwv +qr pruh wkdq 43,1 Pruhryhu/ wkh fkdqjhv zh pdnh frqyhuw

wkh qrq0olqhdu uhjuhvvlrq lq Pdufhw*v dssurdfk lqwr d olqhdu uhjuhvvlrq zlwk ruwkrjrqdo h{sodqd0

wru| yduldeohv1 Wkh dsshqgl{ wr Fkulvwldqr dqg Ilvkhu +4<<7,/ zklfk vkrzv krz wr lpsohphqw

rxu surfhgxuh lq d yhuvlrq ri wkh jurzwk prgho zlwk dq duelwudu| qxpehu ri fdslwdo vwrfnv dqg

h{rjhqrxv vkrfnv/ hvwdeolvkhv wkdw wkh olqhdulw| dqg ruwkrjrqdolw| surshuw| jhqhudol}hv wr duel0

wudu| glphqvlrqv1 Lq wklv sdshu/ zh vkrz wkdw zkhq dssolhg wr wkh vwdqgdug jurzwk prgho/ rxu

shuwxuedwlrq rq Pdufhw*v frpsxwdwlrqdo vwudwhj| surgxfhv uhvxowv dw ohdvw dv dffxudwh dv wkh

ehvw rwkhu phwkrg frqvlghuhg/ dqg lv rughuv ri pdjqlwxgh idvwhu1H

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh iroorzlqj vhfwlrq wkh prgho wr eh vroyhg lv ghvfulehg/

dqg ydulrxv zd|v ri fkdudfwhul}lqj lwv vroxwlrq duh suhvhqwhg1 Wkh dojrulwkpv glvfxvvhg odwhu

pdnh xvh ri wkhvh dowhuqdwlyh fkdudfwhul}dwlrqv1 Lq vhfwlrq 6 zh ghvfuleh d jhqhudo iudphzrun

zklfk frqwdlqv wkh dojrulwkpv frqvlghuhg khuh dv vshfldo fdvhv1 Kdylqj d vlqjoh iudphzrun lv

frqyhqlhqw erwk iru suhvhqwlqj dqg frpsdulqj wkh ydulrxv vroxwlrq phwkrgv frqvlghuhg1 Vhfwlrq

7 suhvhqwv d glvfxvvlrq ri d vxevhw ri wkh dojrulwkpv frqvlghuhg1 Wkh ghwdlov ri rwkhu dojrulwkpv

dsshdu lq dq dsshqgl{ wr wklv sdshu1 Vhfwlrq 8 suhvhqwv wkh uhvxowv ri rxu qxphulfdo dqdo|vlv ri

fdvh vwxglhv1 Wkh �qdo vhfwlrq r�huv vrph frqfoxglqj uhpdunv1
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51 Wkh Prgho dqg Dowhuqdwlyh Fkdudfwhul}dwlrqv ri Lwv Vroxwlrq

Lq wklv vhfwlrq zh suhvhqw wkh prgho wkdw zh vwxg|/ dqg zh surylgh wkuhh dowhuqdwlyh fkdudf0

whul}dwlrqv ri lwv vroxwlrq1 Wkh �uvw h{sorlwv wkh Odjudqjldq irupxodwlrq ri rxu sureohp/ dqg

fkdudfwhul}hv d vroxwlrq e| d srolf| dqg d pxowlsolhu ixqfwlrq1 Wkh vhfrqg dqg wklug fkdudfwhul}h

wkh vroxwlrq dv wzr gl�huhqw frqglwlrqdo h{shfwdwlrq ixqfwlrqv1 Dowkrxjk wkh �uvw ri wkhvh fkdu0

dfwhul}dwlrqv lv zhoo nqrzq/ zh glvfxvv lw qhyhuwkhohvv lq rughu wr vhw xs qrwdwlrq dqg frqfhswv

xvhixo iru glvfxvvlqj wkh vhfrqg dqg wklug fkdudfwhul}dwlrqv1 D irxuwk fkdudfwhul}dwlrq/ edvhg

rq shqdow| ixqfwlrqv/ lv ghvfulehg lq wkh dsshqgl{1 Wkh irxu fkdudfwhul}dwlrqv irup wkh edvlv

iru wkh frpsxwdwlrqdo dojrulwkpv vwxglhg lq wklv sdshu1

Diwhu glvfxvvlqj wkh prgho dqg dowhuqdwlyh fkdudfwhul}dwlrqv ri lwv vroxwlrq/ zh suhvhqw wkh

irupxodv wkdw zh xvh wr frpsxwh dvvhw sulfhv dqg udwhv ri uhwxuq iru rxu prgho hfrqrp|1

5141 Wkh Prgho

Zh vwxg| d vlpsoh yhuvlrq ri wkh vwrfkdvwlf jurzwk prgho1 Dw gdwh 3 wkh uhsuhvhqwdwlyh djhqw

ydoxhv dowhuqdwlyh frqvxpswlrq vwuhdpv dffruglqj wr .f
S
"

|'f q
|LES|�c zkhuh S| ghqrwhv wlph |

frqvxpswlrq/ q 5 Efc �� lv wkh djhqw*v glvfrxqw idfwru/ dqg L ghqrwhv wkh xwlolw| ixqfwlrq1 Wkh

djjuhjdwh uhvrxufh frqvwudlqw lv jlyhq e|

S| n i TE&|n��� E�� B� i TE&|� � sE&|c w|� � i TEw| n k&|�c +4,

zkhuh &| 5 d&c &o � ? ghqrwhv wkh orjdulwkp ri wkh ehjlqqlqj0ri0shulrg0| vwrfn ri fdslwdo/ dqg Bc

k 5 Efc ��1b Khuh/ �4 	 & 	 & 	 4c B lv wkh udwh ri ghsuhfldwlrq ri fdslwdo/ dqg k lv fdslwdo*v

vkduh lq surgxfwlrq1 Zh dvvxph w| 5 X kdv d �uvw rughu Pdunry vwuxfwxuh zlwk wkh ghqvlw| ri

w|n� frqglwlrqdo rq w| jlyhq e| Rw�Ew|n� m w|�� Lq wkh luuhyhuvleoh lqyhvwphqw yhuvlrq ri wkh prgho/
zh uhtxluh wkdw jurvv lqyhvwphqw eh qrq0qhjdwlyh/ l1h1=

i TE&|n��� E�� B� i TE&|� � f� +5,

Lq wkh uhyhuvleoh lqyhvwphqw yhuvlrq/ +5, lv ljqruhg1
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5151 Wkh Vroxwlrq dv Srolf| dqg Odjudqjh Pxowlsolhu Ixqfwlrqv

Ohw �E&c w� ghqrwh wkh Odjudqjh pxowlsolhu rq +5, lq wkh sodqqlqj sureohp dvvrfldwhg zlwk wklv

prgho hfrqrp|1 Dffruglqj wr rqh fkdudfwhul}dwlrq/ wkh vroxwlrq wr wkh sodqqlqj sureohp lv d

vhw ri wlph lqyduldqw ixqfwlrqv } G d&c &o�X $ d&c &oc dqg � G d&c &o�X $ ?n vdwlvi|lqj dq Hxohu

htxdwlrq/

-E&c w( }c �� ' fc iru doo E&c w� 5 d&c &o�Xc +6,

dqg d vhw ri Nxkq0Wxfnhu frqglwlrqv

i T E}E&c w��� E�� B� i TE&� � fc �E&c w� � fc @?_ �E&c w� di T E}E&c w��� E�� B� i TE&�o ' fc

+7,

iru doo E&c w� 5 d&c &o�X� Khuh/

-E&c w( }c �� ' LS E&c }E&c w�c w�� �E&c w�� q
]
6 E}E&c w�c w�( }c �� Rw�Ew

� m w�_w�c +8,

dqg

6E&�c w�( }c �� ' LS E&
�c }E&�c w��c w�� ds& E&

�c w�� n �� Bo� � E&�c w�� E�� B� � f� +9,

Lq +9,/ s& ' k i T Ew� n Ek� ��&�� lv qh{w shulrg*v pdujlqdo surgxfw ri fdslwdo/ jlyhq wkdw wkh

ehjlqqlqj0ri0qh{w0shulrg*v fdslwdo vwrfn lv &� dqg qh{w shulrg*v whfkqrorj| vkrfn lv w�� Vlploduo|/

LSE&
�c }E&�c w��c w�� lv qh{w shulrg*v pdujlqdo xwlolw| ri frqvxpswlrq/ jlyhq wkdw qh{w shulrg*v

lqyhvwphqw ghflvlrq lv ghwhuplqhg e| }c dqg wkdw frqvxpswlrq kdv ehhq vxevwlwxwhg rxw xvlqj

+4, hydoxdwhg dw htxdolw|1 Lq +8,/ wkh ehjlqqlqj0ri0qh{w0shulrg*v fdslwdo vwrfn/ &�c lv hydoxdwhg

xqghu wkh dvvxpswlrq wkdw wklv shulrg*v lqyhvwphqw ghflvlrq lv ghwhuplqhg e| }�

Wkh lqhtxdolw| lq +9, uh hfwv= +l, 6 lv wkh ghulydwlyh ri wkh ydoxh ixqfwlrq dvvrfldwhg zlwk

wkh g|qdplf surjudpplqj irupxodwlrq ri wkh sodqqlqj sureohp/ dqg +ll, d vxlwdeo| prgl�hg

yhuvlrq ri wkh surri wr Wkhruhp 71: lq Vwrnh| dqg Oxfdv/ zlwk Suhvfrww +4<;<, fdq eh xvhg wr

vkrz wkdw wkh ydoxh ixqfwlrq lv lqfuhdvlqj lq wkh fdslwdo vwrfn1�f Wkxv/ rqh zd| wr fkdudfwhul}h

d vroxwlrq wr wkh prgho lv wkdw lw lv d sdlu ri ixqfwlrqv/ } dqg �c wkdw duh frqvlvwhqw zlwk wkh

Nxkq0Wxfnhu frqglwlrqv dqg wkdw dovr vdwlvi| wkh ixqfwlrqdo htxdwlrq/ -E&c w( }c �� ' f���

9



5161 Wkh Vroxwlrq dv d Frqglwlrqdo H{shfwdwlrq Ixqfwlrq

Vroxwlrqv wr wkh jurzwk prgho fdq dovr eh fkdudfwhul}hg lq whupv ri ydulrxv frqglwlrqdo h{shfwd0

wlrq ixqfwlrqv1 Zh �uvw glvfxvv wkh frqglwlrqdo h{shfwdwlrq wkdw lv wkh irfxv ri Pdufhw +4<;;,*v

dqdo|vlv dqg zh wkhq frqvlghu wkh frqglwlrqdo h{shfwdwlrq xvhg e| Zuljkw dqg Zlooldpv +4<;5d/

4<;5e/ 4<;7,1

516141 D Fkdudfwhul}dwlrq Gxh wr Pdufhw

Dffruglqj wr wkh dssurdfk xvhg e| Pdufhw +4<;;,/ d vroxwlrq lv d ixqfwlrq/ e G d&c &o�X �$ ?
vdwlvi|lqj

7-Re@E&c w( e� ' fc iru doo E&c w� 5 d&c &o�Xc +:,

zkhuh

7-Re@E&c w( e� ' i T deE&c w�o�
]
6 E}E&c w�c w�( }c �� Rw�Ew

� m w�_w�c +;,

dqg 6 lv gh�qhg lq +9,1 Hylghqwo|/ i T deE&c w�o lv d frqglwlrqdo h{shfwdwlrq ixqfwlrq1 Wkh

ixqfwlrqv } dqg � rq wkh uljkw ri wkh htxdolw| lq +;,/ duh ghulyhg iurp e� Wr vhh krz/ �uvw ohw wkh

ixqfwlrq 7} G d&c &o�X �$ ? eh gh�qhg lpsolflwo| e|=

LS E&c 7}E&c w�c w� ' q i T deE&c w�o �

Wkhq/

}E&c w� '

;A?A=
7}E&c w�c li 7}E&c w� : *L}E�� B� n &

*L}E�� B� n &c rwkhuzlvh/
+<,

dqg

�E&c w� ' LS E&c }E&c w�c w�� q i T deE&c w�o � +43,

Wklv pdsslqj jxdudqwhhv wkdw } dqg � vdwlvi| wkh Nxkq0Wxfnhu frqglwlrqv/ uhjdugohvv ri wkh

fkrlfh ri ixqfwlrq/ e G d&c &o � X �$ ?� Wr vhh wklv/ qrwh �uvw wkdw/ wulyldoo|/ 7}E&c w� � *L}E� �
B�n & lpsolhv �E&c w� ' f� Dovr/ li 7}E&c w� 	 *L}E�� B�n &c wkhq �E&c w� : f ehfdxvh ri wkh vwulfw

frqfdylw| ri wkh xwlolw| ixqfwlrq1

:



Iru frpsxwdwlrqdo sxusrvhv/ lw lv xvhixo wr qrwh wkdw wkh e ixqfwlrq zklfk vroyhv wkh prgho

fdq htxlydohqwo| eh fkdudfwhul}hg dv vdwlvi|lqj=

-Re@E&c w( e� ' fc iru doo E&c w� 5 d&c &o�Xc +44,

zkhuh

-Re@E&c w( e� ' eE&c w�� *L}
�]

6 E}E&c w�c w�( }c �� Rw�Ew
� m w�_w�

�
c +45,

dqg 6c }c dqg � duh gh�qhg dffruglqj wr +9,/ +<, dqg +43,/ uhvshfwlyho|1

516151 D Fkdudfwhul}dwlrq Gxh wr Zuljkw dqg Zlooldpv

Zuljkw dqg Zlooldpv +4<;5d/ 4<;5e/ 4<;7, zrun zlwk d voljkwo| gl�huhqw frqglwlrqdo h{shfwdwlrq

ixqfwlrq1 Lqvwhdg ri h{suhvvlqj lw dv d ixqfwlrq ri wkh fxuuhqw shulrg vwdwh yduldeohv/ &c wc wkh|

h{suhvv lw dv d ixqfwlrq ri wkh fxuuhqw shulrg ghflvlrq/ &�c dqg wkh fxuuhqw shulrg whfkqrorj|

vkrfn/ w� Lq sduwlfxodu/ wkh| fkdudfwhul}h d vroxwlrq dv d ixqfwlrq � G d&c &o�X �$ ?c vdwlvi|lqj

�-Re@E&�c w( �� ' fc iru doo E&�c w� 5 d&c &o�Xc +46,

zkhuh

�-Re@E&�c w( �� ' �E&�c w�� *L}
�]

6 E&�c w�( }c �� Rw�Ew
� m w�_w�

�
c +47,

dqg 6 lv gh�qhg lq +9,1 Wr frqvwuxfw 6c zh qhhg qh{w shulrg*v srolf| dqg pxowlsolhu ixqfwlrqv/

} dqg �� Wkhvh duh ghulyhg iurp � dv iroorzv� Iluvw/ ohw wkh ixqfwlrq 7} G d&c &o � X �$ ? eh

gh�qhg lpsolflwo| e|=

LS E&
�c 7}E&�c w��c w�� ' q i T d� E7}E&�c w��c w��o �

Wkhq/ } lv gh�qhg e| +<, zlwk &c w uhsodfhg e| &�c w� dqg � lv gh�qhg e|

�E&�c w�� ' LS E&
�c }E&�c w��c w��� q i T d�E}E&�c w��c w��o � +48,

Zlwk wkh deryh rshudwru iurp � wr } dqg �c wkh Nxkq0Wxfnhu frqglwlrqv duh qrw vdwlv�hg iru

;



duelwudu| � G d&c &o�X �$ ?� Lq sduwlfxodu/ iru d � ixqfwlrq wkdw lv vx!flhqwo| lqfuhdvlqj lq lwv

�uvw dujxphqw/ 7}E&c w� 	 *L}E��B�n& lpsolhv �E&c w� 	 f�Pruhryhu/ d vx!flhqwo| qrq0prqrwrqh

� ixqfwlrq frxog lpso| d } wkdw lv d fruuhvsrqghqfh udwkhu wkdq d ixqfwlrq1 Wkhvh pd| qrw eh

sureohpv lq sudfwlfh1 Iluvw/ lw lv hdvlo| yhul�hg wkdw iru � ixqfwlrqv zklfk duh ghfuhdvlqj lq

wkhlu �uvw dujxphqw/ wkh deryh rshudwru grhv jxdudqwhh wkdw wkh Nxkq0Wxfnhu frqglwlrqv duh

vdwlv�hg dqg wkdw } lv d ixqfwlrq1 Vhfrqg/ frqfdylw| ri wkh ydoxh ixqfwlrq dqg wkh idfw wkdw 6

lv wkh ghulydwlyh ri wkh ydoxh ixqfwlrq zlwk uhvshfw wr fdslwdo/ lpsolhv wkdw wkh h{dfw � ixqfwlrq

lv ghfuhdvlqj lq lwv �uvw dujxphqw1 Wklug/ dq rshudwru xvhixo lq frpsxwlqj �/ zklfk pdsv wkh

vsdfh ri ixqfwlrqv � G d&c &o � X �$ ? lqwr lwvhoi/ kdv wkh surshuw| ri pdsslqj wkh vxevsdfh

ri � ixqfwlrqv ghfuhdvlqj lq &� lqwr lwvhoi1 Iru dq duelwudu| � wklv rshudwru/ SE��c lv gh�qhg dv

iroorzv=

SE��E&�c w� ' *L}
�]

6 E&�c w�( }c �� Rw�Ew
� m w�_w�

�
c +49,

zkhuh } dqg � duh rewdlqhg iurp � lq wkh zd| ghvfulehg deryh1�2 Wkxv/ dv orqj dv lw ehjlqv

zlwk d � ixqfwlrq ghfuhdvlqj lq &�c dq dojrulwkp wkdw dssur{lpdwhv � dv wkh olplw ri d vhtxhqfh

ri ixqfwlrqv jhqhudwhg e| wkh S rshudwru pd| qhyhu hqfrxqwhu � ixqfwlrqv zklfk lpso| } dqg

� wkdw duh qrw ixqfwlrqv ru duh lqfrqvlvwhqw zlwk wkh Nxkq0Wxfnhu frqglwlrqv1 Vwloo/ zlwk rwkhu

prgho hfrqrplhv dqg rwkhu w|shv ri frpsxwdwlrqdo dojrulwkpv rqh fohduo| kdv wr eh rq wkh dohuw

iru wkhvh srvvlelolwlhv1 Zh lqyhvwljdwh wkhp lq wkh qxphulfdo dqdo|vlv ehorz1

5171 Glvfxvvlrq

Lw lv hdvlo| frq�uphg wkdw wkh vroxwlrqv wr wkh irxu ixqfwlrqdo htxdwlrqv/ -c -Re@c 7-Re@c dqg

�-Re@c fruuhvsrqg wr irxu htxlydohqw fkdudfwhul}dwlrqv ri wkh vroxwlrq wr wkh prgho1 Iurp d

frpsxwdwlrqdo shuvshfwlyh/ krzhyhu/ wkh| duh txlwh gl�huhqw zkhq +5, elqgv rffdvlrqdoo|1 D

frpsxwdwlrqdo vwudwhj| edvhg rq vroylqj wkh ixqfwlrqdo htxdwlrq/ - ' fc uhtxluhv �qglqj wzr

ixqfwlrqv/ } dqg �c vxemhfw wr wkh frqvwudlqw wkdw wkh| vdwlvi| wkh Nxkq0Wxfnhu frqglwlrqv1 Lq

frqwudvw/ �qglqj e wr vroyh -Re@ ' fc 7-Re@ ' fc ru � wr vroyh �-Re@ ' f lqyroyhv kdylqj wr �qg rqo|

rqh ixqfwlrq1 Pruhryhu/ vwudwhjlhv edvhg rq �qglqj e qhhg qrw lpsrvh dq| h{wud vlgh frqglwlrqv1

Ilqdoo|/ dq dujxphqw suhvhqwhg deryh dv zhoo dv qxphulfdo uhvxowv uhsruwhg ehorz vxjjhvw wkdw

<



lq sudfwlfh wklv pd| eh wuxh iru � dv zhoo1

Wkhuh duh vrph dgglwlrqdo gl�huhqfhv ehwzhhq wkh fkdudfwhul}dwlrqv edvhg rq e dqg �� Iluvw/

lq rxu prgho hfrqrp| wkh rshudwru iurp e wr } dqg � kdv d forvhg irup h{suhvvlrq dqg vr

lv wulyldo wr lpsohphqw frpsxwdwlrqdoo|1 Lq frqwudvw/ wkh dqdorjrxv rshudwru iurp � wr } dqg

� uhtxluhv vroylqj d qrqolqhdu htxdwlrq/ dqg vr lv frpsxwdwlrqdoo| pruh exughqvrph1 Wklv

glvwlqfwlrq shu vh lv qrw sduwlfxoduo| vljql�fdqw/ krzhyhu/ vlqfh lw uh hfwv d vshfldo ihdwxuh ri

rxu prgho hfrqrp|1 Lq jhqhudo wkh pdsslqj iurp e wr } dqg � dovr uhtxluhv vroylqj d qrqolqhdu

htxdwlrq1

D srwhqwldoo| pruh lpsruwdqw gl�huhqfh lv wkdw � lv olnho| wr eh vprrwkhu wkdq e� Wklv pdnhv

� dq hdvlhu remhfw wr dssur{lpdwh qxphulfdoo|1 E| � ehlqj vprrwkhu wkdq e zh phdq wkdw � lv

pruh olnho| wr eh gl�huhqwldeoh lq lwv wzr dujxphqwv wkdq lv e1 Wr xqghuvwdqg wklv/ lw lv xvhixo

wr uhfdoo wkdw wkhvh ixqfwlrqv pxvw vdwlvi|

�E&�c w� ' *L}
�]

6 E&�c w�( }c �� Rw�Ew
� m w�_w�

�
c

eE&c w� ' *L}
�]

6 E}E&c w�c w�( }c �� Rw�Ew
� m w�_w�

�
� � E}E&c w�c w� c +4:,

zkhuh 6 lv gh�qhg lq +9,1 Wkhvh uhodwlrqv lqglfdwh wkdw wkh vprrwkqhvv surshuwlhv ri e dqg �

ghshqg rq wkh vprrwkqhvv surshuwlhv ri } dqg �� Zh �uvw frqvlghu vprrwkqhvv lq & dqg zh wkhq

frqvlghu vprrwkqhvv lq w�

Zkhq ylhzhg dv ixqfwlrqv ri &c iru �{hg wc } dqg � duh h{shfwhg wr kdyh d nlqn +l1h1/ qrq0

gl�huhqwldelolw|, dw wkh ydoxh ri wkh fdslwdo vwrfn zkhuh wkh luuhyhuvlelolw| frqvwudlqw ehjlqv

wr elqg1 Zh h{shfw wklv nlqn wr kdyh d juhdwhu lpsdfw rq e wkdq rq �� Wr vhh zk|/ �{ w dqg

frqvlghu wkh fdvh zkhuhX frqwdlqv d �qlwh qxpehu ri , hohphqwv/ iw�c ���c w,j c hdfk kdylqj srvlwlyh
suredelolw|1 Wkhq/ +4:, uhgxfhv wr

eE&c w� ' *L}

%
,[

�'�

6 E}E&c w�c w�( }c �� Rw�Ew� m w�
&
�

AIurp wklv h{suhvvlrq/ zh fdq vhh wkdw wkhuh duh wzr w|shv ri nlqn lq e� Wkh �uvw w|sh rffxuv

dw wkh ydoxh ri & zkhuh wkh luuhyhuvlelolw| frqvwudlqw elqgv lq wkh fxuuhqw shulrg1 Wklv rshudwhv
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wkurxjk wkh nlqn lq }c dqg kdv d uhodwlyho| odujh lpsdfw rq e ehfdxvh lw lv suhvhqw lq hdfk whup

lq wkh vxppdqg1 Wkh vhfrqg w|sh ri nlqn rffxuv iru ydoxhv ri & zklfk fdxvh wkh luuhyhuvlelolw|

frqvwudlqw wr elqg lq wkh qh{w shulrg iru vrph w� 5 X� Wklv w|sh ri nlqn lv olnho| wr kdyh d

uhodwlyho| vpdoo lpsdfw rq e ehfdxvh lw d�hfwv rqo| rqh ri wkh whupv lq wkh vxppdqg1�� Vlploduo|/

zkhq wkh glvwulexwlrq ri w� kdv frqwlqxrxv vxssruw/ wkhq/ dv orqj dv wkh glvwulexwlrq grhv qrw

kdyh pdvv srlqwv/ zh h{shfw wkh vhfrqg w|sh ri nlqn lq e wr ydqlvk dowrjhwkhu1 Wr vxppdul}h/

zkhwkhu wkh glvwulexwlrq ri w� lv frqwlqxrxv ru glvfuhwh/ zh h{shfw wkh lpsdfw rq e ri wkh �uvw

w|sh ri nlqn wr eh uhodwlyho| odujh dqg ri wkh vhfrqg w|sh ri nlqn wr eh vpdoo ru qrq0h{lvwhqw1

E| frqwudvw/ wkh ixqfwlrq � grhv qrw kdyh wkh �uvw w|sh ri nlqn ehfdxvh wkh fxuuhqw shulrg

srolf| uxoh vlpso| grhv qrw hqwhu �� Zh h{shfw � wr eh d uhodwlyho| vprrwk ixqfwlrq lq &� iru �{hg

w ehfdxvh wklv ixqfwlrq kdv rqo| wkh vhfrqg w|sh ri nlqn1 Lq wkh fdvh zkhuh w� kdv d frqwlqxrxv

glvwulexwlrq/ zh h{shfw � wr kdyh qr nlqnv lq &� dw doo1�e

Zh qrz frqvlghu wkh vprrwkqhvv ri � dqg e lq w iru hdfk �{hg &�Zh frqvlghu wklv lvvxh lq wkh

rqo| fdvh zkhuh lw lv lqwhuhvwlqj/ qdpho|/ zkhuh w kdv frqwlqxrxv vxssruw1 Iluvw/ wkh rqo| zd|

wkdw w hqwhuv � lv yld wkh frqglwlrqdo ghqvlw|/ Rw�Ew
� m w�� Wkh frqglwlrqdo ghqvlwlhv w|slfdoo| xvhg

lq sudfwlfh duh gl�huhqwldeoh lq wc dqg vr iru wkhvh ghqvlwlhv/ � lv wrr1�D Vhfrqg/ zkhq } lv ylhzhg

dv d ixqfwlrq ri w iru �{hg &c lw lv olnho| wr kdyh d nlqn lq lw1 Wkh dujxphqw lq wkh suhylrxv

sdudjudskv lqglfdwhv wkdw wklv nlqn zloo eh lqkhulwhg e| wkh e ixqfwlrq wrr1 Zh frqfoxgh wkdw �

lv dovr olnho| wr eh vprrwkhu wkdq e lq w�

5181 Dvvhw Sulfhv

Zh duh lqwhuhvwhg lq wkh surshuwlhv ri wkh txdqwlw| doorfdwlrqv wkdw vroyh wkh sodqqlqj sureohp/

dqg dovr lq wkh udwhv ri uhwxuq dqg sulfhv lq wkh xqghuo|lqj frpshwlwlyh ghfhqwudol}dwlrq1 Lq

sduwlfxodu/ zh duh lqwhuhvwhg lq wkh frqvxpswlrq frvw ri hqg0ri0shulrg fdslwdo +l1h1/ Wrelq*v ^�

dqg wkh dqqxdol}hg udwh ri uhwxuq rq htxlw| dqg ulvn iuhh ghew/ -e dqg -s � Zh wklqn ri wkh wlph

xqlw ri wkh prgho dv ehlqj rqh txduwhu/ vr wkdw rewdlqlqj dqqxdol}hg uhwxuqv uhtxluhv udlvlqj

txduwhuo| uhwxuqv wr d irxuwk srzhu1 Wkh udwhv ri uhwxuq dqg sulfhv wkdw lqwhuhvw xv duh=

^E&c w� ' �� �E&c w�

LS E&c }E&c w�c w�
c +4;,
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-sE&c w� ' �ff

;?=
%

LS E&c }E&c w�c w�

q
U
LS E}E&c w�c } E}E&c w�c w

�� c w�� Rw�Ew
� m w�_w�

&e
� �

<@> c

-eE&c wc w�� ' �ff

;?=
%
s � E}E&c w�c w�� n E�� B� ^ E}E&c w�c w��

^E&c w�

&e
� �

<@> �

Lw lv hdv| wr hvwdeolvk wkdw f � ^E&c w� � �� Wkh uhvxow/ ^ � �c iroorzv iurp wkh qrq0qhjdwlylw|

ri wkh Odjudqjh pxowlsolhu/ �� Wkh uhvxow/ ^ � fc iroorzv iurp +6,/ +8,/ LS � fc dqg wkh qrq0

qhjdwlylw| ri 6 lq +9,1 Wkh hyhqw lq zklfk wkh frqvwudlqw elqgv fruuhvsrqgv wr wkh hyhqw

^E&c w� 	 �� Lw lv hdvlo| yhul�hg wkdw lq d frpshwlwlyh ghfhqwudol}dwlrq ri wklv hfrqrp| zkhuh

krxvhkrogv rzq wkh fdslwdo vwrfn dqg xqghuwdnh lqyhvwphqw/ ^ lv wkh sulfh ri hqg0ri0shulrg

fdslwdo lq frqvxpswlrq xqlwv/ -e lv wkh udwh ri uhwxuq rq fdslwdo/ dqg -s lv wkh udwh ri uhwxuq rq

ulvn iuhh ghew1�S

61 Zhljkwhg Uhvlgxdo Vroxwlrq Phwkrgv

Wkh frpsxwdwlrqdo dojrulwkpv zh frqvlghu lq wklv sdshu duh vshfldo fdvhv ri wkh iudphzrun lq

Uhgg| +4<<6,*v qxphulfdo dqdo|vlv wh{w/ zklfk fruuhvsrqgv forvho| wr wkh iudphzrun suhvhqwhg

lq Mxgg +4<<5/ 4<<;,1 Wklv iudphzrun lv ghvljqhg iru sureohpv lq zklfk rqh vhhnv d ixqfwlrq/

vd| s G ( $ 'c zklfk vroyhv wkh ixqfwlrqdo htxdwlrq/ 8 Er( s� ' f iru doo r 5 (c zkhuh ( lv

d frpsdfw vhw1 Wklv fdq eh d gl!fxow sureohp zkhq/ dv lq rxu fdvh/ wkhuh lv d frqwlqxxp ri

hohphqwv lq (� Wkhq/ �qglqj d vroxwlrq fruuhvsrqgv wr d sureohp ri vroylqj d frqwlqxxp ri

htxdwlrqv +rqh iru hdfk r, lq d frqwlqxxp ri xqnqrzqv +rqh s ydoxh iru hdfk r�� Dsduw iurp d

ihz vshfldo fdvhv/ lq zklfk 8 kdv d frqyhqlhqw vwuxfwxuh/ dq h{dfw vroxwlrq wr wklv sureohp lv

frpsxwdwlrqdoo| lqwudfwdeoh1

Lqvwhdg/ zh vhohfw d ixqfwlrq/ es@c sdudphwhul}hg e| d �qlwh vhw ri frh!flhqwv/ @c dqg fkrrvh

ydoxhv iru @/ @Wc wr pdnh 8 Er( es@� cvpdoo*1 Zhljkwhg0uhvlgxdo phwkrgv frpsxwh @W dv wkh vroxwlrq

wr zkdw Uhgg| +4<<6/ s1 8;3, uhihuv wr dv wkh zhljkwhg0uhvlgxdo irup=

]
8 Er( es@���Er�_r ' fc +4<,

zkhuh � udqjhv iurp xqlw| wr d qxpehu zklfk htxdov wkh glphqvlrq ri @� H{suhvvlrq +4<, fruuh0
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vsrqgv wr d qxpehu ri htxdwlrqv htxdo wr wkh qxpehu ri xqnqrzqv lq @� Wkh fkrlfh ri zhljkwlqj

ixqfwlrqv lq +4<, rshudwlrqdol}hv wkh qrwlrq ri cvpdoo*1 Iru h{dpsoh/ li iru vrph �c �� ' � iru doo

rc wkhq 8 Er( es@� vpdoo phdqv/ dprqj rwkhu wklqjv/ wkdw wkh dyhudjh ri 8 Er( es@�c ryhu doo srvvleoh
rc lv }hur1 Li iru vrph �c �� lv d Gludf ghowd ixqfwlrq lvrodwlqj vrph sduwlfxodu srlqw rc wkhq

8 Er( es@� vpdoo phdqv lw lv suhflvho| }hur dw wkdw srlqw/ dqg vr rq1

Wr dsso| wkh zhljkwhg0uhvlgxdo phwkrg/ rqh kdv wr vhohfw d idplo| ri dssur{lpdwlqj ixqfwlrqv/

es@c d vhw ri zhljkwlqj ixqfwlrqv/ ��Er�c dqg vwudwhjlhv iru hydoxdwlqj wkh lqwhjudo +4<, dqg dq|

lqwhjudov wkdw pd| jr lqwr gh�qlqj 8 1 Wkh surfhgxuhv zh frqvlghu pdnh gl�huhqw fkrlfhv rq

wkhvh wkuhh glphqvlrqv1 Wzr jhqhudo w|shv ri es@ ixqfwlrqv lqfoxgh vshfwudo dqg �qlwh hohphqw

ixqfwlrqv1 Lq wkh iruphu/ hdfk frpsrqhqw ri @ lq xhqfhv es@/ ryhu wkh zkroh udqjh ri r zkloh lq
wkh odwwhu/ hdfk frpsrqhqw ri @ kdv lq xhqfh ryhu rqo| d olplwhg udqjh ri r*v1 Zh frqvlghu wkuhh

w|shv ri zhljkwlqj ixqfwlrqv1 Lq rqh/ wkh ��Er�*v duh uhodwhg wr wkh edvlv ixqfwlrqv jhqhudwlqj es@/
lq zklfk fdvh wkh dojrulwkp lv dq h{dpsoh ri wkh Jdohunlq phwkrg1 Lq dqrwkhu/ @ lv fkrvhq vr

wkdw 8 lv }hur dw d qxpehu ri ydoxhv ri r htxdo wr wkh qxpehu ri xqnqrzq hohphqwv lq @� Lq wklv

fdvh/ wkh ��Er�*v duh Gludf ghowd ixqfwlrqv/ dqg wkh dojrulwkp lv dq h{dpsoh ri wkh froorfdwlrq

phwkrg1 Ilqdoo|/ wzr qxphulfdo surfhgxuhv duh xvhg wr hydoxdwh wkh lqwhjudov lq +4<, dqg 8 =

txdgudwxuh phwkrgv dqg Prqwh Fduor lqwhjudwlrq1 Zh qrz wxuq wr d ghwdlohg glvfxvvlrq ri

vhyhudo ri wkh dojrulwkpv frqvlghuhg1

71 Dojrulwkpv iru Vroylqj wkh Prgho

Vrph ri wkh dojrulwkpv frqvlghuhg duh hlwkhu ruljlqdo wr wklv sdshu/ ru duh vljql�fdqw prgl�fd0

wlrqv wr dojrulwkpv sursrvhg lq wkh olwhudwxuh1 Wkhvh duh uhylhzhg lq wklv vhfwlrq1 Wkh| duh doo

vshfwudo phwkrgv1 Rqh dssur{lpdwhv wkh srolf| ixqfwlrq dqg pxowlsolhu ixqfwlrq zlwk Fkhe|0

vkhy sro|qrpldov1 Wklv lv dq dgdswdwlrq ri wkh phwkrgv dgyrfdwhg lq Mxgg +4<<5/ 4<<6/ 4<<;,1

Mxgg grhv qrw frqvlghu sureohpv zlwk rffdvlrqdoo| elqglqj frqvwudlqwv/ zklfk lv wkh irfxv ri rxu

dqdo|vlv1 Wkh rwkhu vhw ri vshfwudo phwkrgv vwxglhg duh ghulyhg iurp Pdufhw*v +4<;;, dqg Zuljkw

dqg Zlooldpv* +4<;5d/4<;5e/4<;7, vwudwhj| iru dssur{lpdwlqj frqglwlrqdo h{shfwdwlrq ixqfwlrqv1

Lq rxu qxphulfdo dqdo|vlv vhyhudo �qlwh hohphqw phwkrgv duh frqvlghuhg wrr1 Krzhyhu/ zh iroorz
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forvho| wkh sxeolvkhg yhuvlrqv ri wkhvh dojrulwkpv/ dqg vr zh ohdyh wkh ghwdlov wr wkh dsshqgl{1

Lq wkh �uvw vxevhfwlrq zh frqvlghu d vroxwlrq vwudwhj| edvhg rq sdudphwhul}lqj wkh srolf| dqg

pxowlsolhu ixqfwlrqv1 Lq wkh vhfrqg vxevhfwlrq zh frqvlghu vwudwhjlhv edvhg rq dssur{lpdwlqj

frqglwlrqdo h{shfwdwlrq ixqfwlrqv1 Wr vlpsoli| wkh suhvhqwdwlrq/ zh irfxv rq wkh wzr0vwdwh

Pdunry fdvh/ w| 5 X � i�jc jj� Odwhu/ zh gr yhuli| urexvwqhvv ri rxu qxphulfdo uhvxowv e|

frqvlghulqj wkh frqwlqxrxv w| fdvh iru rqh prgho sdudphwhul}dwlrq1

7141 Sdudphwhul}lqj wkh Srolf| dqg Pxowlsolhu Ixqfwlrqv

Lq wklv vxevhfwlrq/ zh zrun zlwk wkh srolf| ixqfwlrq dqg Odjudqjh pxowlsolhu fkdudfwhul}dwlrq

ri wkh vroxwlrq wr wkh prgho1 Frqvlghu �uvw wkh uhyhuvleoh lqyhvwphqw yhuvlrq ri rxu prgho/ vr

wkdw wkh dssur{lpdwlrq wr �c e�@c lv lghqwlfdoo| f1 Lq wklv fdvh/ zh dssur{lpdwh wkh srolf| uxoh

dv iroorzv=

}E&c w� � e}@E&c w� � @�wA E)E&�� c iru w ' �jc jc +53,

zkhuh @w lv dq��� yhfwru ri sdudphwhuv wr eh vroyhg iru/ w ' �jc jc dqg A E%� ' dAfE%�c A�E%�c ���c

A�3�E%�o
�� Wkh edvlv ixqfwlrqv iru e}@c A�E%� G d��c �o $ d��c �o c � ' fc ���c � � �c duh Fkhe|vkhy

sro|qrpldov1�. Dovr/

) G
k
&c &

l
$ d��c �o c )E&� ' 2

& � &

& � &
� �� +54,

Ohw @ ' d@�j @�3jo
� ghqrwh wkh 2� � � glphqvlrqdo yhfwru ri sdudphwhuv iru e}@�

Wkh 2� zhljkwlqj ixqfwlrqv/ ��E&c w�/ duh frqvwuxfwhg iurp wkh edvlv ixqfwlrqv dv iroorzv=

��E&c w� '
�

E�� )E&�2��*2
_e}@E&c w�

_@�
c +55,

iru � ' �c � � � c 2�� Lw lv uhdglo| yhul�hg iurp +53, wkdw rqh ri _e}@E&c j�*_@� dqg _e}@E&c�j�2_@� lv

}hur dqg wkh rwkhu lv d Fkhe|vkhy sro|qrpldo/ iru hdfk ��

Lq wkh luuhyhuvleoh lqyhvwphqw yhuvlrq ri wkh prgho/ zh pxvw sdudphwhul}h wkh srolf| dqg

Odjudqjh pxowlsolhu ixqfwlrqv vr wkdw wkh| uhvshfw wkh Nxkq0Wxfnhu frqglwlrqv/ +7,1 Zh lpsrvh

+dqg vxevhtxhqwo| yhuli|, wkdw wkh luuhyhuvleoh lqyhvwphqw frqvwudlqw qhyhu elqgv iru w ' j�
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Wkxv/ zh uhvwulfw wkh vsdfh ri dssur{lpdwlqj ixqfwlrqv iru }E&c w� dv iroorzv=

}E&c j� � e}@E&c j�c +56,

}E&c�j� � e}@E&c�j� � 4@ ih}@E&�c *L}E�� B� n &jc iru doo & 5 d&c &o� +57,

Dovr/

�E&c�j� � e�@E&c�j� �
;A?A=

fc e}@E&c�j� : *L}E�� B� n &

4@ ih�@E&�c fjc e}@E&c�j� � *L}E�� B� n &
� +58,

Zh fkrrvh ixqfwlrqdo irupv iru e}@E&c j�/ h}@E&�/ dqg h�@E&� dv iroorzv=
e}@E&c j� ' @�jA E)E&��c h}@E&� ' @�3jA E)E&��c

h�@E&� ' K�A E)E&���

Khuh/ A lv wkh � � � froxpq yhfwru ri Fkhe|vkhy sro|qrpldov gh�qhg diwhu +53,/ dqg @jc @3jc

K duh � � � froxpq yhfwruv ri sdudphwhuv1 Doo hohphqwv ri @j duh shuplwwhg wr eh qrq0}hur/

zkloh rqo| wkh �uvw �3j dqg �K hohphqwv ri @3j dqg K/ uhvshfwlyho|/ fdq eh qrq0}hur1 Zh

dgrsw wkh uhvwulfwlrq � ' �3j n�K� Dovr/ ohw wkh yhfwru ri sdudphwhuv/ @c eh frpsrvhg ri wkh

qrq}hur hohphqwv ri @jc @3jc Kc vr wkdw @ kdv ohqjwk 2� 1 Wkh 2� zhljkwlqj ixqfwlrqv duh fkrvhq

dqdorjrxvo| wr +55,1

Wkh dqdorj ri htxdwlrq +4<, lv hydoxdwhg xvlqj ��srlqw Jdxvv0Fkhe|vkhy txdgudwxuh1 Wr

gr wklv/ zh qhhg wkh � � � julg srlqwv/ &�c zkhuh

&� ' )3�Eo��c o� ' ULt

#
ZE� � f�D�

�

$
c � ' �c � � � c�� +59,

Khuh/ wkh o�*v duh wkh � urrwv ri wkh � |� rughu Fkhe|vkhy sro|qrpldo/ A�E%�� Iru duelwudu|

@c wkh �� srlqw Jdxvv0Fkhe|vkhy txdgudwxuh dssur{lpdwlrq wr wkh zhljkwhg uhvlgxdo irup ri

wkh sureohp +l1h1/ wkh dqdorjxh ri +4<,, lv=

] ]
-E&c w( e}@c e�@���E&c w�_&_w

� Z

�

�[
�'�

-E&�c j( e}@c e�@���E&�c j� n
Z

�

�[
�'�

-E&�c�j( e}@c e�@���E&�c�j�c
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iru � ' �c ���c 2�� Wr h{suhvv wklv v|vwhp ri htxdwlrqv lq pdwul{ whupv/ zh irup wkh��� pdwul{

f ri udqn � =

f '
�
A Eo�� A Eo2� � � � A Eo��

��
� +5:,

E| dq ruwkrjrqdolw| surshuw| ri Fkhe|vkhy sro|qrpldov/ wkh froxpqv ri f duh ruwkrjrqdo1

Xvlqj wklv qrwdwlrq/ wkh Jdxvv0Fkhe|vkhy txdgudwxuh dssur{lpdwlrq ri wkh zhljkwhg uhvlgxdo

irup lv zulwwhq frpsdfwo| dv iroorzv=

f �-E@c w� ' fc w ' �jc jc +5;,

zkhuh

-E@c w� � d-E&�c w( e}@c e�@�c -E&2c w( e}@c e�@�c � � � c -E&� c w( e}@c e�@�o�� +5<,

H{suhvvlrq +5;, uhsuhvhqwv d qrqolqhdu v|vwhp ri 2� htxdwlrqv lq wkh 2� xqnqrzqv/ @c zklfk fdq

eh vroyhg xvlqj zlgho| dydlodeoh vriwzduh1 Ehorz/ zh uhihu wr wklv phwkrg dv Vshfwudo0Jdohunlq1

Iru odwhu sxusrvhv lw lv frqyhqlhqw wr qrwh wkdw li � ' �c wkhq f lv vtxduh dqg lqyhuwleoh/

vr wkh phwkrg uhgxfhv wr vhwwlqj -E&�c w( e}@c e�@� ' f iru � ' �c ���c� dqg iru w ' �jc j� Lq wklv

fdvh/ Vshfwudo0Jdohunlq uhgxfhv wr d froorfdwlrq phwkrg1

7151 Sdudphwhul}lqj wkh Frqglwlrqdo H{shfwdwlrq

Zh qrz glvfxvv phwkrgv edvhg rq dssur{lpdwlqj frqglwlrqdo h{shfwdwlrqv1 Zh glvwlqjxlvk eh0

wzhhq wkh w|sh ri frqglwlrqdo h{shfwdwlrq ehlqj dssur{lpdwhg dqg wkh phwkrg xvhg wr frpsxwh

wkh dssur{lpdwlrq1 Zh frqvlghu wzr w|shv ri frqglwlrqdo h{shfwdwlrqv/ wkh rqh wkdw lv wkh irfxv

ri Pdufhw +4<;;,*v dqdo|vlv +vhh e lq +;, ru +45,, dqg wkh rqh wkdw lv wkh irfxv lq Zuljkw dqg

Zlooldpv +4<;5d/ 4<;5e/ 4<;7, +vhh � lq +47,,1 Zh frqvlghu wzr zd|v ri dssur{lpdwlqj wkh frq0

glwlrqdo h{shfwdwlrq/ rqh edvhg rq wkh qrqolqhdu uhjuhvvlrq phwkrgv dgyrfdwhg e| Pdufhw +4<;;,

dqg dqrwkhu wkdw lv forvho| uhodwhg wr wkh phwkrgv dgyrfdwhg e| Mxgg +4<<5, iru dssur{lpdwlqj

htxloleulxp ixqfwlrqv1 Wr vlpsoli| wkh glvfxvvlrq/ zh irfxv rq phwkrgv wkdw dssur{lpdwh wkh e

ixqfwlrq dqg zh lqglfdwh eulh | krz wkh phwkrgv pxvw eh dgmxvwhg wr rewdlq dq dssur{lpdwlrq

wr ��
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Iru SHDv zklfk dssur{lpdwh e/

]
6 E}E&c w�c w�( }c �� Rw�Ew

� m w�_w� � i Tdee@E&c w�o�
Khuh/ ee@E&c w� lv d ixqfwlrq zlwk d �qlwh vhw ri sdudphwhuv/ @� Lq wkh uhyhuvleoh lqyhvwphqw yhuvlrq
ri rxu prgho hfrqrp|/ e�@ � f dqg wkh uhodwlrq olqnlqj wkh srolf| ixqfwlrq/ e}@c wr ee@ fdq eh

h{suhvvhg dqdo|wlfdoo|=

e}@E&c w� ' *L}
q
i TEw n k&� n E�� B� i TE&�� L3�

S dq i T Eee@E&c w��or c +63,

zkhuh L3�
S d�o lv wkh ohyho ri frqvxpswlrq lpsolhg e| d jlyhq ydoxh iru LS� Lq wkh luuhyhuvleoh

lqyhvwphqw yhuvlrq ri wkh prgho/ +<,0+43, uhgxfh wr

e}@E&c w� ' *L}
k
4@ 

q
E�� B� i TE&�c i TEw n k&� n E�� B� i TE&�� L3�

S dq i T Eee@E&c w��orl c
dqg

e�@E&c w� ' LS E&c e}@E&c w�c w�� q i Tdee@E&c w�o�
Zh ehjlq e| ghvfulelqj d SHD lpsohphqwhg e| Pdufhw +4<;;,/ zklfk zh uhihu wr dv frqyhq0

wlrqdo SHD1 Zh wkhq lqwhusuhw wkdw dojrulwkp dv d zhljkwhg uhvlgxdo phwkrg dqg xvh wklv dv d

edvlv iru glvfxvvlqj dowhuqdwlyh SHDv1

715141 Frqyhqwlrqdo SHD

Lq rxu lpsohphqwdwlrq ri frqyhqwlrqdo SHD/ zh sdudphwhul}h wkh frqglwlrqdo h{shfwdwlrq ixqf0

wlrq dv iroorzv=

ee@E&c w� ' @�w� E)E&��c iru w ' �jc jc +64,

zkhuh @w lv wkh � � � yhfwru ri sdudphwhuv wr eh vroyhg iru/ dqg � E%� ' d�fE%�c ��E%�c ���c

��3�E%�o
�� Wkh edvlv ixqfwlrqv iru ee@c ��E%� G d��c �o $ d��c �o c � ' fc ���c � � �c duh wkh Ohjhq0

guh sro|qrpldov1�H Wkh ixqfwlrq ) lv gh�qhg lq +54,/ dqg @ ' d@�j @�3jo
� ghqrwhv wkh 2� � �

4:



glphqvlrqdo yhfwru ri sdudphwhuv iru ee@�
Wkh frqyhqwlrqdo SHD dssolhv wkh iroorzlqj vxffhvvlyh dssur{lpdwlrq phwkrg iru �qglqj @W1

Ehiruh lqlwldwlqj wkh fdofxodwlrqv/ vlpxodwh d vhulhv ri ohqjwk � n �/ iwfc w�c � � � c w�jc xvlqj d

udqgrp qxpehu jhqhudwru1 Vxssrvh dq lqlwldo jxhvv iru wkh 2� 0glphqvlrqdo sdudphwhu yhfwru @

lv dydlodeoh1 D qhz ydoxh/ �@c lv frpsxwhg lq wzr vwhsv=

41 frpsxwh i&�c &2c � � � c &�n�j uhfxuvlyho| iurp &|n� ' e}@E&|c w|�c | ' fc �c � � �� xvlqj +63, dqg

d jlyhq lqlwldo ydoxh/ &f/ dqg vlpxodwh 6|n� ' 6
�e}@E&|c w|�c w|n�( e}@c e�@� c iru | ' �c ���c�

xvlqj +9,c

51 �qg �@c wkh vroxwlrq wr wkh iroorzlqj qrqolqhdu ohdvw0vtxduhv uhjuhvvlrq sureohp=

�@ ' @h}4�?
7@M^2�

�

�

�3�[
|'f

d6|n� � i TEee7@E&|c w|��o2 � +65,

Ohw wkh pdsslqj iurp @ wr �@ gh�qhg e| wkh deryh wzr vwhsv eh ghqrwhg e| �@ ' 7E@(�c���

Wkh frqyhqwlrqdo SHD vhhnv @W/ zkhuh @W � 7E@W(�c�� ' f / dv wkh olplw ri wkh vhtxhqfh

@c 7E@(�c��c 7 d7E@(�c��(�c� o c � � � �Dv qrwhg e| Mxgg +4<<;/ fkdswhu 46, dqgPdufhw +4<;;,/

wklv dojrulwkp fdq |lhog h{sorvlyh/ rvfloodwru| vhtxhqfhv/ @c �@c � � �/ sduwlfxoduo| iru kljk ydoxhv ri

�� Rqh dowhuqdwlyh lv wr lqvwhdg lwhudwh rq wkh rshudwru h7c zkhuh h7E@(�c�� ' E� � >�@ n

>7E@(�c��c iru d vpdoo �{hg ydoxh ri >� D sureohp zlwk wklv dssurdfk lv wkdw lw pd| uhtxluh

wlph0frqvxplqj h{shulphqwdwlrq zlwk dowhuqdwlyh ydoxhv ri >� Lq rxu h{shulhqfh/ vroylqj iru @W

e| dsso|lqj qxphulfdo phwkrgv wr vroyh wkh v|vwhp ri htxdwlrqv/ @ � 7E@(�c�� ' fc riwhq

|lhogv vxshulru uhvxowv1 Vhh Pdufhw dqg Pduvkdoo +4<<7, iru d glvfxvvlrq ri wkh h{lvwhqfh ri @W

dqg ri wkh surshuwlhv ri i Tdee@WE&c w�oc e}@WE&c w� dv �c � $ 4�

Wzr ihdwxuhv ri frqyhqwlrqdo SHD duh sduwlfxoduo| qrwdeoh1 Iluvw/ wkh vlpxodwlrq vwhs zklfk

surgxfhv wkh v|qwkhwlf wlph vhulhv ri 6|n�*v zrunv zlwk srlqwv dvvljqhg kljk suredelolw| e| Rw�

dqg e}@� Vhfrqg/ frqyhqwlrqdo SHD lqyroyhv d qrqolqhdu uhjuhvvlrq lq vwhs 5/ zklfk lv frpsx0

wdwlrqdoo| exughqvrph1�b Wklv uh hfwv= +l, wkh ixqgdphqwdo qrqolqhdulw| ri wkh sureohp/ +ll,

wkh odujh ydoxh ri � wkdw lv uhtxluhg lq sudfwlfh wr rewdlq dffhswdeoh dffxudf|/ dqg +lll, wkh

sureohpv ri pxowlfroolqhdulw| dprqj uhjuhvvruv wkdw dulvh lq sudfwlfh iru hyhq prghudwh ydoxhv

4;



ri � +ghq Kddq dqg Pdufhw +4<<3,,1

Dq dssur{lpdwlrq/ e�@c wr wkh � ixqfwlrq lq +47, fdq eh rewdlqhg xvlqj frqyhqwlrqdo SHD e|

lpsohphqwlqj d vlpsoh dgmxvwphqw wr hdfk ri wkh wzr vwhsv lq wkh deryh dojrulwkp1 Lq vwhs 4/

wkh srolf| dqg pxowlsolhu ixqfwlrqv duh ghulyhg iurp wkh sdudphwhul}hg h{shfwdwlrq/ e�7@E&|n�c w|�c
xvlqj wkh pdsslqj gh�qhg diwhu +47,1 Lq vwhs 5/ ee7@E&|c w|� lv uhsodfhg e| e�7@E&|n�c w|�� Dv qrwhg
suhylrxvo|/ zkhq wkh w|*v duh llg ryhu wlph/ w| fdq eh gursshg dv dq dujxphqw lq e�7@E&|n�c w|�c
uhgxflqj wkh qxpehu ri sdudphwhuv wr eh frpsxwhg iurp 2� wr ��

715151 Frqyhqwlrqdo SHD dv d Zhljkwhg Uhvlgxdo Phwkrg

Wr vhh wkdw wkh frqyhqwlrqdo SHD lv d sduwlfxodu zhljkwhg uhvlgxdo phwkrg/ qrwh �uvw wkdw iru

� odujh dqg iru jlyhq @/ wkh �uvw rughu qhfhvvdu| dqg vx!flhqw frqglwlrqv dvvrfldwhg zlwk wkh

ydoxh ri �@ wkdw vroyhv +65, duh=

]]] k
6

�e}@E&c w�c w�( e}@c e�@�� i T Eee�@E&c w��l i T Eee�@E&c w�� _ee�@E&c w�
_@�

RE&c wc w�( @�_&_w_w� ' fc

iru � ' �c � � � c 2� 1 Khuh/ RE&c wc w�( @� lv wkh mrlqw ghqvlw| ri &c wc w�c lqgxfhg e| e}@ dqg Rw� � Lw lv

uhdglo| yhul�hg wkdw/ iru odujh �c @W vroyhv wkh yhuvlrq ri +4<, zlwk 8 ' 7-Re@ +iru 7-Re@c vhh +;,,

dqg zhljkwlqj ixqfwlrqv

��E&c w( @W� '
RE&c wc w�( @W�

Rw�Ew
� m w� i TEee@WE&c w��_ee@WE&c w�

_@�
c +66,

iru � ' �c � � � c 2��

Lq vxp/ frqyhqwlrqdo SHD lv d zhljkwhg uhvlgxdo phwkrg wkdw zrunv zlwk wkh idplo| ri ds0

sur{lpdwlrq ixqfwlrqv/ e}@c gh�qhg e| +63, dqg +64,> wkdw xvhv wkh vhw ri zhljkwlqj ixqfwlrqv

jlyhq e| +66,> dqg wkdw hydoxdwhv doo lqwhjudov e| Prqwh Fduor vlpxodwlrq1 Wkh zhljkwlqj ixqf0

wlrqv hpskdvl}h E&c wc w�� wkdw duh dvvljqhg kljk suredelolw| e| wkh prgho1 Dv qrwhg deryh/ wklv

lv uh hfwhg lq vwhs 4 ri wkh frqyhqwlrqdo SHD/ wkh vlpxodwlrq vwhs1

4<



715161 Dowhuqdwlyh Zhljkwhg Uhvlgxdo SHDv

Rqfh wkh frqyhqwlrqdo SHD lv h{suhvvhg dv d zhljkwhg uhvlgxdo phwkrg/ lw lv fohdu wkdw wkhuh

duh pdq| rwkhu SHDv1 Dowhuqdwlyh �qlwh sdudphwhu ixqfwlrqv fdq eh xvhg wr sdudphwhul}h

h{shfwdwlrqv/ dqg wkhuh h{lvwv d ydulhw| ri dowhuqdwlyh zhljkwlqj vfkhphv dqg vwudwhjlhv iru

hydoxdwlqj lqwhjudov1 Khuh/ zh glvfxvv rqh sduwlfxoduo| surplvlqj fodvv ri dssurdfkhv/ zklfk

lqfoxghv wkh Jdohunlq dqg froorfdwlrq zhljkwhg uhvlgxdo phwkrgv1 Zh uhihu wr wklv fodvv dv

Fkhe|vkhy SHD/ ehfdxvh ri lwv uholdqfh rq Fkhe|vkhy sro|qrpldov dv edvlv ixqfwlrqv1 Djdlq/

wkh irfxv ri wkh dqdo|vlv lv rq dssur{lpdwlqj wkh e ixqfwlrq/ gh�qhg lq +45,/ dqg zh lqglfdwh

eulh | krz wklqjv pxvw eh dgmxvwhg zkhq � lv wkh ixqfwlrq wr eh dssur{lpdwhg1

Wkh Fkhe|vkhy SHDv dgrsw wzr prgl�fdwlrqv rq wkh zhljkwhg uhvlgxdo irupxodwlrq ri frq0

yhqwlrqdo SHD1 Iluvw/ wkh| zrun zlwk d voljkwo| prgl�hg uhsuhvhqwdwlrq ri wkh uhvlgxdo ixqfwlrq/

-Re@c gh�qhg lq +45,1 Vxevwdqwlyho|/ wkhuh lv qr gl�huhqfh ehwzhhq wkh e ixqfwlrq wkdw vroyhv

-Re@ ' f ru 7-Re@ ' f� Krzhyhu/ zh vkdoo vhh wkdw zrunlqj zlwk wkh iruphu doorzv Fkhe|vkhy

SHDv wr dyrlg wkh fxpehuvrph qrqolqhdu uhjuhvvlrq lq vwhs 5 ri wkh frqyhqwlrqdo SHD1 Vhfrqg/

ee@ lv frqvwuxfwhg xvlqj Fkhe|vkhy sro|qrpldov dv edvlv ixqfwlrqv1 Wkxv/

ee@E&c w� ' @�wA E)E&��c iru w ' �jc jc +67,

zkhuh @w lv dq ��� yhfwru ri sdudphwhuv dqg @ ' d@�3j @�jo
�c dv ehiruh1 Dovr/ ) lv gh�qhg lq +54,/

dqg A E�� lv gh�qhg diwhu +53,1 Dgydqwdjhv ri xvlqj Fkhe|vkhy sro|qrpldov dv edvlv ixqfwlrqv

iru ee@ duh glvfxvvhg ehorz1

Wkh zhljkwhg uhvlgxdo irup ri wkh sureohp lv +4<, zlwk 8 uhsodfhg e| -Re@ dqg

��E&c w� '
�

E�� )E&�2��*2
_ee@E&c w�

_@�
c

zkhuh ee@ lv gh�qhg lq +67,1 Dv lq +5;,/ iru duelwudu| @c wkh �� srlqw Jdxvv0Fkhe|vkhy txdgud0

wxuh dssur{lpdwlrq wr +4<, lv/ lq pdwul{ irup/

f �-Re@E@c w� ' fc iru w ' �jc jc +68,
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zkhuh f lv dq � � � pdwul{ gh�qhg dv lq +5:,1 Dovr/ wkh � � � yhfwru -Re@E@c w� lv gh�qhg

dqdorjrxvo| wr -E@c w� lq +5<,1

Lw lv frqyhqlhqw wr zulwh +68, lq d zd| wkdw uh hfwv lwv vshfldo vwuxfwxuh1 Ohw
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+69,

zkhuh e}@ lv ghulyhg iurp 	e@ xvlqj +63,1 Dovr/
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111
111
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111

f f � � � 2

6:::::::::8
�

Suhpxowlso|lqj +68, e| ( dqg wdnlqj lqwr dffrxqw 	e@Ew� ' f@wc +68, pd| eh zulwwhq

(f �-Re@E@c w� ' (f � dt@Ew��f@wo ' (f �t@Ew�� @Ew� ' fc iru w ' �jc j�

Ru/ vwdfnlqj wklv iru w ' �j dqg j=

7Re@E@(�c��� @ ' fc 7Re@E@(�c�� '

597 (f �t@E�j�

(f �t@Ej�

6:8 � +6:,

Vlqfh +6:, lv mxvw wkh lqglylgxdo htxdwlrqv lq +68, vfdohg e| qrq0}hur frqvwdqwv/ wkh wzr v|v0

whpv duh htxlydohqw1 Wkxv/ �qglqj @W wkdw vroyhv +68, lv htxlydohqw wr �qglqj @W vxfk wkdw

7Re@E@W(�c��� @W ' f�

Frqvlghu wkh iroorzlqj vxffhvvlyh dssur{lpdwlrq phwkrg iru �qglqj @W1 Ehiruh lqlwldwlqj wkh

fdofxodwlrqv/ frpsxwh d �{hg vhw ri julg srlqwv/ &�c � ' �c ���c�c xvlqj +59,1 Vxssrvh d jlyhq

lqlwldo jxhvv iru wkh 2�0glphqvlrqdo sdudphwhu yhfwru @ lv dydlodeoh� D qhz ydoxh/ �@c lv frpsxwhg
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lq wzr vwhsv=

41 frpsxwh wkh � � � yhfwruv/ t@Ew�c w ' �jc jc

51 �qg �@ ' E�@�3jc �@
�
j�
�c wkh frh!flhqwv lq wkh olqhdu uhjuhvvlrqv ri t@Ew� rq wkh froxpqv ri f=

�@w ' Ef �f�
3�

f �t@Ew� ' (f �t@Ew�c w ' �jc j� +6;,

Li wkh vhtxhqfh/ @c 7Re@E@(�c��c 7Re@ d7Re@E@(�c��(�c� o c ��� frqyhujhv/ wkhq wkh olplw srlqw/

@Wc vroyhv +68,1 Zh lpsohphqw dq dowhuqdwlyh vwudwhj| wr vroyh iru @Wc e| dsso|lqj qxphulfdo

phwkrgv wr vroyh wkh v|vwhp ri htxdwlrqv/ @ � 7Re@E@(�c�� ' f� Zkhq � ' �c wkhq f lv

vtxduh dqg +68, uhgxfhv wr -Re@E&�c w( ee@� ' fc � ' �c ���c �c w ' �jc j� Lq wklv fdvh wkh dojrulwkp

lv d froorfdwlrq phwkrg/ dqg zh uhihu wr lw dv SHD froorfdwlrq� Zkhq � : �c zh uhihu wr wklv

dv SHD Jdohunlq1 Hdfk lv d vshfldo fdvh ri Fkhe|vkhy SHD1

Zh fdq qrz kljkoljkw vrph ri wkh gl�huhqfhv ehwzhhq frqyhqwlrqdo dqg Fkhe|vkhy SHD1 Lq

hdfk fdvh/ wkh khduw ri wkh dojrulwkp olhv lq wzr vwhsv/ d vlpxodwlrq vwhs +vwhs 4, dqg d uhjuhvvlrq

vwhs +vwhs 5,1 D glvwlqfwlyh ihdwxuh ri wkh vlpxodwlrq vwhs xqghu Fkhe|vkhy SHD lv wkdw d �{hg

glvwulexwlrq ri fdslwdo vwrfnv lv frqvlghuhg12f Odwhu zh vkrz wkdw wkrvh fdslwdo vwrfnv duh pruh

zlgho| glvshuvhg uhodwlyh wr wkh rqhv frqvlghuhg xqghu frqyhqwlrqdo SHD1 Zh dujxh wkdw wklv

ihdwxuh ri Fkhe|vkhy SHD shuplwv lw wr dfklhyh d jlyhq dprxqw ri dffxudf| zlwk d vpdoohu ydoxh

ri � wkdq lv uhtxluhg iru frqyhqwlrqdo SHD1 Dv iru wkh uhjuhvvlrq vwhs/ lw lv frpsxwdwlrqdoo|

exughqvrph xqghu frqyhqwlrqdo SHD dqg hyhq euhdnv grzq iru � odujh gxh wr pxowlfroolqhdulw|

uhdvrqv1 Lq frqwudvw/ xqghu Fkhe|vkhy SHD/ wkh uhjuhvvlrq vwhs lv wulyldo1

Wr rewdlq dq dssur{lpdwlrq/ e�@c wr wkh � ixqfwlrq lq +47, xvlqj Fkhe|vkhy SHD vlpso|

uhtxluhv dq dgmxvwphqw wr wkh �uvw vwhs lq wkh deryh dojrulwkp1 Qdpho|/ frpsxwh t@Ew� dv lq

+69, zlwk e}@E&�c w� uhsodfhg e| &�c � ' �c ���c�� Lq dgglwlrq/ wkh ixqfwlrqv e}@ dqg e�@ xvhg lq

frqvwuxfwlqj t@Ew� duh ghulyhg iurp e�@ xvlqj wkh pdsslqj gh�qhg diwhu +47,/ zlwk &� hydoxdwhg

dw &�c � ' �c ���c� 1 Dv qrwhg deryh/ zkhq w lv llg ryhu wlph/ wklv prgl�hg yhuvlrq ri t@Ew� lv qrw

d ixqfwlrq ri w dqg vr e�@ lv qrw hlwkhu1
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715171 Wkh Uroh ri Fkhe|vkhy Sro|qrpldov lq Fkhe|vkhy SHD

Zh vhh wzr dgydqwdjhv ri xvlqj Fkhe|vkhy sro|qrpldov lq Fkhe|vkhy SHD1 Iluvw/ wkh ruwkrjr0

qdolw| surshuw| ri wkh froxpqv ri f gh�qhg diwhu +68, uh hfwv wkdw zh frqvwuxfw wkh julg ri &�*v

edvhg rq wkh }hurv ri d Fkhe|vkhy sro|qrpldo1 Wklv lv zk| wkh olqhdu uhjuhvvlrq vwhs lq +6;, lv

wulyldo1 Iru h{dpsoh/ zh kdyh dssolhg wkh dojrulwkp zlwkrxw gl!fxow| zlwk � dv kljk dv 4331

Lq frqwudvw/ zh kdg gl!fxow| h{hfxwlqj wkh uhjuhvvlrq vwhs lq frqyhqwlrqdo SHD +vhh +65,, iru

� odujhu wkdq 8 ehfdxvh ri pxowlfroolqhdulw| sureohpv12� Vhfrqg/ wkh Fkhe|vkhy lqwhusrodwlrq

wkhruhp +vhh Mxgg +4<<5/ 4<<;,, surylghv vrph prwlydwlrq iru vhohfwlqj wkh julg ri fdslwdo vwrfnv

edvhg rq wkh urrwv ri d Fkhe|vkhy sro|qrpldo/ dw ohdvw iru SHD froorfdwlrq1 Wkhuh lv vrph krsh

wkdw rqh fdq hvwdeolvk uljrurxvo| wkdw

t�T
E&�cw�Md&c&ofX

ne�@ � �n $ fc dv � $ 4c

zkhq � ' �� Iru ixuwkhu glvfxvvlrq/ vhh Fkulvwldqr dqg Ilvkhu +4<<:,1

81 Hydoxdwlqj wkh Dojrulwkpv

Wklv vhfwlrq hydoxdwhv wkh shuirupdqfh ri vhyhudo dojrulwkpv lq vroylqj hdfk ri vhyhq sdudphwhul0

}dwlrqv ri rxu prgho1 Zh frqvlghu d eurdg udqjh ri dojrulwkpv1 Wklv lqfoxghv wkh rqhv ghvfulehg

lq wkh suhylrxv vhfwlrq1 Lq dgglwlrq/ zh frqvlghu wzr �qlwh hohphqw phwkrgv +IHP, zklfk duh

ghvfulehg lq ghwdlo lq wkh dsshqgl{1 Wkh �uvw ri wkhvh IHP*v/ IHP froorfdwlrq/ lv d ydulhqw

ri wkh phwkrg lpsohphqwhg e| El}hu dqg Mxgg +4<;<,/ Frohpdq +4<<:,/ Frohpdq/ Jloohv dqg

Odedglh +4<<5,/ Frohpdq dqg Olx +4<<:,/ dqg Gdqwklqh dqg Grqdogvrq +4<;4,1 Lw zrunv zlwk

wkh Odjudqjldq irupxodwlrq ri wkh sodqqlqj sureohp dqg dssur{lpdwhv wkh srolf| uxoh dqg pxo0

wlsolhu ixqfwlrq zlwk d slhfhzlvh sro|qrpldo1 Dv lwv qdph vxjjhvwv/ wklv lv d froorfdwlrq phwkrg/

lq zklfk wkh zhljkwlqj ixqfwlrqv duh Gludf Ghowd ixqfwlrqv1 Wkh vhfrqg IHP/ IHP Jdohunlq/

lv d ydulhqw ri wkh phwkrg lpsohphqwhg lq PfJudwwdq +4<<9,1 Lw dovr dssur{lpdwhv wkh srolf|

ixqfwlrq zlwk d slhfhzlvh sro|qrpldo1 Krzhyhu/ lqvwhdg ri wdnlqj wkh luuhyhuvlelolw| frqvwudlqw

lqwr dffrxqw xvlqj d pxowlsolhu ixqfwlrq/ wklv phwkrg pdnhv xvh ri shqdow| ixqfwlrqv1 Dovr/ wkh
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zhljkwlqj ixqfwlrq xvhg lq wklv phwkrg lv wkh vhw ri edvlv ixqfwlrqv iru slhfhzlvh sro|qrpldov1

Iru frqyhqlhqfh/ Wdeoh 4 frqwdlqv qdphv dqg vxppdu| ghvfulswlrqv ri wkh ydulrxv dojrulwkpv

glvfxvvhg lq wklv sdshu1

Lpsohphqwdwlrq ri hdfk phwkrg uhtxluhv dq lqlwldo jxhvv ri wkh vroxwlrq1 Iru wkh Odjudqjh

pxowlsolhu zh xvh wkh }hur ixqfwlrq/ dqg iru wkh srolf| ixqfwlrq zh xvh d vwdqgdug orj0olqhdu

dssur{lpdwlrq/ wuxqfdwhg vr wkdw jurvv lqyhvwphqw lv qrq0qhjdwlyh122 Zh dovr rewdlq d vroxwlrq

wr hdfk sdudphwhul}dwlrq xvlqj vwdqgdug g|qdplf surjudpplqj phwkrgv/ dqg wuhdw wklv dv wkh

cwuxh* vroxwlrq iru wkh sxusrvh ri hydoxdwlqj wkh rwkhu dojrulwkpv1 Ghwdlov derxw wkh g|qdplf

surjudpplqj phwkrg xvhg duh uhsruwhg lq wkh dsshqgl{1

Lq dqdo|}lqj wkh surshuwlhv ri ydulrxv prgho vroxwlrqv/ zh gr qrw h{dplqh wkh frpsxwhg ydo0

xhv ri @Wc vlqfh wkhvh duh kdug wr lqwhusuhw1 Lqvwhdg/ zh dqdo|}h wkh lpsolfdwlrqv ri @W iru ydulrxv

�uvw dqg vhfrqg prphqw surshuwlhv ri vhyhudo prgho yduldeohv1 Zh rewdlq wkhvh lpsolfdwlrqv iru

dq| sduwlfxodu prgho vroxwlrq e| vlpxodwlqj d gdwd vhw ri ohqjwk 433/833/ glvfduglqj wkh �uvw

833 revhuydwlrqv/ dqg xvlqj wkh uhvw wr frpsxwh wkh �uvw dqg vhfrqg prphqwv ri lqwhuhvw1 Lq

dgglwlrq wr dqdo|}lqj wkh vhfrqg prphqw lpsolfdwlrqv ri wkh vroxwlrqv/ zh dovr gluhfwo| h{dplqh

frpsxwhg srolf| ixqfwlrqv dqg wkh lpsolhg Hxohu htxdwlrq uhvlgxdov1

Wkh �uvw vxevhfwlrq wkdw iroorzv glvfxvvhv wkh vhyhq prgho sdudphwhul}dwlrqv wkdw zh frq0

vlghu1 Zh wkhq dqdo|}h wkh surshuwlhv ri wkh SHDv1 Wkh �qdo vxevhfwlrq suhvhqwv d gluhfw

frpsdulvrq ri doo wkh dojrulwkpv1

8141 Prgho Sdudphwhul}dwlrqv Frqvlghuhg lq wkh Dqdo|vlv

Wkh xwlolw| ixqfwlrq/ Lc dqg Pdunry wudqvlwlrq pdwul{/ Rw� c xvhg lq wkh dqdo|vlv kdyh wkh iroorzlqj

irup=

LES� '
S�3� � �
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c Rw� '

597 �n4
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�34
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�34
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�n4
2

6:8 �
Wkh sdudphwhu 4 lv wkh �uvw rughu dxwrfruuhodwlrq ri w dqg j lv wkh dvvrfldwhg vwdqgdug ghyldwlrq1

Lq wkh ehqfkpdun sdudphwhul}dwlrq/ odehoohg prgho +4, lq Wdeoh 5/ q ' ��f�3f�2Dc � ' ��fc

k ' f��c B ' f�f2c j ' f�2�c 4 ' f� Wkh uhodwlyho| odujh ydoxh ri j zdv fkrvhq wr jxdudqwhh

wkdw wkh lqyhvwphqw frqvwudlqw zrxog elqg d vxevwdqwldo iudfwlrq ri wlphv1 Iru wkh rwkhu prgho
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sdudphwhul}dwlrqv/ zh shuwxue wkh ehqfkpdun ydoxhv lq wkh pdqqhu lqglfdwhg lq urzv +5,0+:,

ri Wdeoh 51 Wkh shuwxuedwlrqv zhuh fkrvhq wr surylgh lqirupdwlrq derxw wkh urexvwqhvv ri rxu

uhvxowv1 Wkh| lqfoxgh sdudphwhul}dwlrqv zlwk lqfuhdvhg fxuydwxuh lq xwlolw| +vhh urz +5,, dqg

surgxfwlrq ++6, dqg +7,,/ dqg zlwk pruh shuvlvwhqfh dqg yduldqfh ++8, dqg +9,/ uhvshfwlyho|,

lq wkh whfkqrorj| vkrfn1 Zkhq zh lqfuhdvhg wkh fxuydwxuh lq surgxfwlrq/ zh irxqg wkdw j

kdg wr eh dgmxvwhg vlpxowdqhrxvo| vr wkdw wkh frqvwudlqw rq lqyhvwphqw zrxog frqwlqxh wr elqg

rffdvlrqdoo|1 Lq wkhvh fdvhv zh dgmxvwhg j vr wkdw wkh frqvwudlqw elqgv urxjko| 2f shufhqw ri

wkh wlph1 Urz +:, uhsruwv d sdudphwhul}dwlrq lq zklfk fxuydwxuh lq suhihuhqfhv dqg whfkqrorj|/

dqg shuvlvwhqfh lq wkh whfkqrorj| vkrfn/ zhuh lqfuhdvhg vlpxowdqhrxvo|1 Zh dovr frqvlghuhg

d shuwxuedwlrq lq zklfk wkh whfkqrorj| vkrfn lv d frqwlqxrxv udqgrp yduldeoh/ dqg wkdw lv

glvfxvvhg ehorz1

Iljxuhv 5 dqg 6 suhvhqw lqirupdwlrq derxw wkh prgho vroxwlrqv iru wkh vhyhq sdudphwhul}d0

wlrqv1 Wkh vrolg fxuyhv judsk UE&c w� � }E&c w�� *L}E�� B�� &c dqg wkh sulfh ri fdslwdo/ ^E&c w�c

djdlqvw & iru w ' j dqg �j� Lq wkh wrs wzr urzv ri wkhvh �jxuhv wkh gdvkhg fxuyhv judsk

UE&c w� zlwk wkh h{dfw }E&c w� uhsodfhg e| lwv orj0olqhdu dssur{lpdwlrq1 Ilqdoo|/ hdfk judsk kdv

wkuhh yhuwlfdo olqhv1 Wkh plggoh rqh lv wkh qrqvwrfkdvwlf vwhdg| vwdwh ydoxh ri & dqg wkh rwkhu

wzr gh�qh d v|pphwulf bD shufhqw frq�ghqfh lqwhuydo iru &� Vhyhudo wklqjv duh zruwk qrwlqj lq

wkhvh �jxuhv1 Iluvw/ zkhq w ' jc wkh qrq0qhjdwlylw| frqvwudlqw rq lqyhvwphqw lv qhyhu elqglqj1

Vhfrqg/ wkh lqwhuydo ryhu zklfk lw elqgv zkhq w ' �j lv lq prvw fdvhv lq wkh uhjlrq ri odujh

fdslwdo vwrfnv1 Krzhyhu/ lq prgho +5, lw elqgv iru vpdoo ydoxhv ri wkh fdslwdo vwrfn12� Wklug/ wkh

ixqfwlrqv duh txlwh vhqvlwlyh wr prgho sdudphwhul}dwlrq1 Lq vl{ ri wkh vhyhq sdudphwhul}dwlrqv/

lqyhvwphqw lv ghfuhdvlqj lq & zkhq w ' �j dqg lq wkh rwkhu rqh lw lv lqfuhdvlqj1 Dovr/ wkh jhqhudo

ghjuhh ri qrqolqhdulw| lq wkh ixqfwlrqv ydulhv frqvlghudeo| dfurvv sdudphwhul}dwlrqv/ dowkrxjk

wkhuh lv dozd|v d surqrxqfhg nlqn lq wkh qhljkerukrrg zkhuh wkh frqvwudlqw vwduwv wr elqg1
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8151 Wkh SHDv

815141 Frqyhqwlrqdo SHD

Wdeoh 6 surylghv lqirupdwlrq rq wkh shuirupdqfh ri frqyhqwlrqdo SHD lq dssur{lpdwlqj wkh

frqglwlrqdo h{shfwdwlrq/ i T deE&c w�o c wkdw lv wkh irfxv ri Pdufhw +4<;;,*v dqdo|vlv1 Wkh txhvwlrq

wkdw lqwhuhvwv xv lv krz zhoo wkh dojrulwkp zrunv iru wkh ydoxhv ri� dqg � xvhg lq sudfwlfh1 Iru

wkh uhvxowv lq Wdeoh 6/ zh vhw � ' �fc fff� E| zd| ri frpsdulvrq/ wr vroyh wkh jurzwk prgho/

ghq Kddq dqg Pdufhw +4<<3, xvh� ' 2c Dffc ghq Kddq dqg Pdufhw +4<<7, xvh� ' 2bc fff/ dqg

ghq Kddq +4<<8, xvhv � ' 2Dc fff1 Dovr/ zh vhw � ' �� Dv zh vkdoo vhh/ zlwk wklv ydoxh iru �

dqg jlyhq � ' �fc fffc wkh ehqfkpdun prgho*v lpsolfdwlrqv iru wkh vhfrqg prphqw surshuwlhv

ri txdqwlwlhv duh dffhswdeoh1

Uhfdoo wkdw @W rewdlqhg e| frqyhqwlrqdo SHD lv d ixqfwlrq ri d udqgrp gudz ri � n �

udqgrp yduldeohv/ iwfc w�c � � � c w�j� Dv d uhvxow/ @W lv lwvhoi d udqgrp yduldeoh1 Wr dvvhvv wkh

xvhixoqhvv ri frqyhqwlrqdo SHD dv d vroxwlrq phwkrg/ wkhuhiruh/ lw lv lpsruwdqw wr frqvlghu

erwk eldv dqg Prqwh Fduor vdpsolqj xqfhuwdlqw| lq wkh �uvw dqg vhfrqg prphqw surshuwlhv

lpsolhg e| dssur{lpdwh vroxwlrqv rewdlqhg zlwk lw1 Wr lqyhvwljdwh wklv/ zh vroyhg hdfk prgho

sdudphwhul}dwlrq U ' Dff wlphv/ hdfk wlph zlwk dq lqghshqghqw udqgrp gudz/ iwfc w�c � � � c w�j�
Zkhq lpsohphqwlqj frqyhqwlrqdo SHD/ zh dozd|v vwduwhg e| xvlqj qxphulfdo phwkrgv wr vroyh

wkh v|vwhp ri htxdwlrqv/ @W � 7E@W(�c�� ' f�2e Zkhq wklv phwkrg lv vxffhvvixo dw �qglqj d

vroxwlrq/ zh irxqg lw grhv vr pruh txlfno| wkdq grhv wkh vxffhvvlyh dssur{lpdwlrq phwkrg1

Wkh �uvw wkuhh whupv lq hdfk foxvwhu ri irxu qxpehuv lq Wdeoh 6 surylgh lqirupdwlrq derxw

eldv1 Wkh xqeudfnhwhg whup lv wkh ydoxh ri wkh vwdwlvwlf/ rc lqglfdwhg lq wkh �uvw froxpq lpsolhg

e| wkh g|qdplf surjudpplqj vroxwlrq1 Zh ghqrwh wklv whup e| r_R� Wkh whup lq vtxduh eudfnhwv/

�ffE7r� r_R�*r_Rc phdvxuhv wkh eldv lq frqyhqwlrqdo SHD1 Khuh/ 7r lv wkh phdq ri r dfurvv wkh U

frqyhqwlrqdo SHD vroxwlrqv1 Wkh whup lq sduhqwkhvhv lv wkh Prqwh Fduor vwdqgdug huuru lq wkh

eldv vwdwlvwlf lq vtxduh eudfnhwv1 Wkh irxuwk whup lq hdfk foxvwhu/ lq dqjxodu eudfnhwv/ phdvxuhv

krz pxfk Prqwh Fduor vdpsolqj xqfhuwdlqw| wkhuh lv lq @W� Lw uhsruwv wkh frh!flhqw ri yduldwlrq/

�ffjr*7rc zkhuh jr lv wkh vwdqgdug ghyldwlrq ri r dfurvv U frqyhqwlrqdo SHD vroxwlrqv1

Wkh uhvxowv lq Sdqho D ri Wdeoh 6 shuwdlq wr ydulrxv vhfrqg prphqw surshuwlhv ri frqvxps0
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wlrq/ lqyhvwphqw/ dqg rxwsxw1 Khuh/ j�/ � ' +c Sc � ghqrwh wkh vwdqgdug ghyldwlrq ri jurvv rxwsxw/

frqvxpswlrq dqg jurvv lqyhvwphqw/ uhvshfwlyho|/ dqg 4E+c ��/ � ' Sc � ghqrwh wkh fruuhodwlrq ri

jurvv rxwsxw zlwk frqvxpswlrq dqg jurvv lqyhvwphqw/ uhvshfwlyho|1 Wkh uhvxowv lq Sdqho E ri

Wdeoh 6 shuwdlq wr �uvw dqg vhfrqg prphqw surshuwlhv ri Wrelq*v ^ dqg dvvhw uhwxuqv1

Wkh uhvxowv lq Sdqho D lqglfdwh wkdw/ dw ohdvw iru prghov +4,0+9,/ wkh frqyhqwlrqdo SHD

shuirupv uhdvrqdeo| zhoo1 Iru wkh prvw sduw/ eldv lv qrw pxfk pruh wkdq 4 shufhqw1 Iru 4E+c S�c

wkh eldv lv d olwwoh kljkhu lq wkh fdvh ri prghov +4, dqg +5,/ zkhuh lw lv derxw ��D shufhqw1 Wkh

frh!flhqw ri yduldwlrq iru wkhvh prghov lv dovr uhdvrqdeo| vpdoo/ dowkrxjk lw lv e�e shufhqw iru

4E+c S� lq prgho +5,1 Wkh glvwruwlrqv duh vrphzkdw kljkhu iru prgho +:,/ zkhuh wkh eldv lq jS lv

S�� shufhqw dqg wkh dvvrfldwhg frh!flhqw ri yduldwlrq lv �f�S shufhqw1 Dowkrxjk dujxdeo| wkhvh

odvw glvwruwlrqv duh jhwwlqj forvh/ qrqh dsshduv wr h{fhhg wkh erxqgv iru dffhswdelolw|1

Dffruglqj wr wkh lqirupdwlrq lq Sdqho E/ wkhuh lv juhdwhu hylghqfh ri glvwruwlrqv lq dvvhw

sulfhv dqg uhwxuqv wkdq lq wkh txdqwlw| doorfdwlrqv1 Iru h{dpsoh/ hyhq lq wkh ehqfkpdun prgho/

wkh htxlw| suhplxp lv xqghuvwdwhg e| urxjko| 2S shufhqw/ dqg wkh vwdqgdug ghyldwlrq ri wkh

htxlw| suhplxp lv urxjko| 2f shufhqw ri lwv dyhudjh ydoxh1 Dovr/ wkh iuhtxhqf| ri wlphv wkdw

wkh lqyhvwphqw luuhyhuvlelolw| frqvwudlqw lv elqglqj +l1h1/ wkh iuhtxhqf| ri wkh hyhqw/ ^ 	 �� lv

xqghuvwdwhg e| �2�D shufhqw1 Vwloo/ wkhvh glvwruwlrqv gr qrw vhhp odujh lq dq hfrqrplf vhqvh1

Wkh glvwruwlrqv duh juhdwhu iru prghov +5, 0 +:,1 Iru h{dpsoh/ zlwk kljk ulvn dyhuvlrq +prgho

+5,,/ wkh vwdqgdug ghyldwlrq ri wkh sulfh ri fdslwdo/ ^c lv ryhuvwdwhg e| 2S�H shufhqw rq dyhudjh/

dqg lwv vwdqgdug ghyldwlrq dfurvv gl�huhqw prgho vroxwlrqv lv D� shufhqw ri lwv phdq1 Exw/

wkh glvwruwlrqv whqg wr eh odujhvw iru vwdwlvwlfv lqyroylqj wkh udwh ri uhwxuq rq htxlw|1 Iru

h{dpsoh/ zlwk prgho +5, wkh htxlw| suhplxp lv ryhuvwdwhg e| forvh wr rqh kxqguhg shufhqw1 Wkh

shuirupdqfh ri frqyhqwlrqdo SHD ghwhulrudwhv gudpdwlfdoo| iru prgho +:,/ zkhuh txdqwli|lqj

wkh eldv lq vwdwlvwlfv lqyroylqj -e uhtxluhv vflhqwl�f qrwdwlrq1 Wr frq�up wkh urexvwqhvv ri wklv

�qglqj/ zh udlvhg � dqg � wr Dfc fff dqg Dc uhvshfwlyho|/ dqg jrw yhu| vlplodu uhvxowv +wkhvh

uhvxowv duh edvhg rq U ' Df�1 Wkhvh duh uhsruwhg lq froxpq 5 ri Wdeoh 7 +froxpq 4 vlpso|

uhsurgxfhv wkh uhvxowv iurp Wdeoh 6 iru frqyhqlhqfh1,

Wr gldjqrvh wkh uhdvrqv iru wkh srru shuirupdqfh ri frqyhqwlrqdo SHD iru prgho +:,/ frqvlghu

wkh �uvw irxu urzv ri �jxuhv lq Iljxuh 71 Wkh| glvsod| wkh �uvw 53 lqyhvwphqw srolf| uxohv
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dvvrfldwhg zlwk wkh U ' Df srolf| uxohv xqghuo|lqj wkh fdofxodwlrqv lq wkh � ' Dc � ' Dfc fff

froxpq ri Wdeoh 71 Wkh vrolg olqh uhsruwv rxu hvwlpdwh ri wkh h{dfw lqyhvwphqw srolf| ixqfwlrq/

}E&c w� � *L}E� � B� � &c zkloh wkh gdvkhg olqh uhsruwv e}@E&c w� � *L}E� � B� � &c zkhuh e}@ lv

gh�qhg lq +63,/ dqg ee@E&c w� zdv rewdlqhg xvlqj frqyhqwlrqdo SHD1 Qrwh wkdw lq vhyhudo fdvhv/

wkh dssur{lpdwh lqyhvwphqw ixqfwlrq rewdlqhg xvlqj frqyhqwlrqdo SHD jrhv wr }hur iru orz

ydoxhv ri wkh +orj ri wkh, fdslwdo vwrfn1 Zkhq wklv kdsshqv/ wkh hvwlpdwhg sulfh ri fdslwdo/ ^c

idoov ehorz xqlw|/ vrphwlphv gursslqj forvh wr }hur12D Vlqfh ^ dsshduv lq wkh ghqrplqdwru ri wkh

irupxod iru wkh udwh ri uhwxuq rq htxlw| +vhh +4;,,/ zkhq lw dssurdfkhv }hur wkh udwh ri uhwxuq rq

htxlw| ulvhv zlwkrxw erxqg1 Dowkrxjk wkh }hur lqyhvwphqw uhjlrq lq Iljxuh 7 rffxuv zlwk orz

suredelolw|/ hyhq yhu| lqiuhtxhqw ylvlwv kdyh d gudpdwlf lpsdfw rq wkh hvwlpdwhg phdq uhwxuq

wr htxlw|1

Wkh srru shuirupdqfh ri wkh SHD iru �qdqfldo udwhv ri uhwxuq uh hfwv wkdw lw ryhuvdpsohv

wkh kljk suredelolw| uhjlrq ri wkh fdslwdo vwrfn1 Rqh zd| wr vhh wklv lv wr h{dplqh wkh uhvxowv

iru cPrgl�hg Frqyhqwlrqdo SHD* uhsruwhg lq froxpqv 6 dqg 7 lq Wdeoh 71 Wkrvh duh edvhg rq

d prgl�hg yhuvlrq ri frqyhqwlrqdo SHD zklfk vdpsohv uhodwlyho| pruh khdylo| iurp wkh wdlov

ri d&c &o12S Wkh prgl�fdwlrq zrunv e| dowhulqj vwhs 4 lq frqyhqwlrqdo SHD dv iroorzv1 Zh

vhohfwhg �yh ydoxhv ri wkh fdslwdo vwrfn/ &�c ���c &Dc iurp wkh lqwhuydo d&c &o xvlqj wkh }hurv ri d

�iwk rughu Fkhe|vkhy sro|qrpldo1 Wkhq/ fruuhvsrqglqj wr hdfk E&�c w� zh guhz Dc fff wlphv iurp

Rw�Ew
�mw� iru � ' �c ���c D dqg w ' �jc jc uhvshfwlyho|1 Wklv uhvxowv lq Dfc fff E&c wc w�� sdluv zklfk

zhuh xvhg wr frpsxwh Dfc fff 6�*v xvlqj 6� ' 6
�e}@E&c w�c w�( e}@c e�@� � Wkh �yh fdslwdo vwrfnv

xvhg e| frqyhqwlrqdo SHD duh lqglfdwhg e| wkh flufohv lq Iljxuh 8E1 Qrwh krz wkh| duh vkliwhg

wrzdugv wkh erxqgdulhv ri wkh lqwhuydo d&c &o uhodwlyh wr d �{hg lqwhuydo julg1 Iru frqyhqlhqfh/

Iljxuh 8E dovr glvsod|v wkh ghqvlw| ri fdslwdo vwrfnv wkdw zrxog uhvxow li wkh cjulg* zhuh rewdlqhg

xvlqj wkh }hurv ri d yhu| kljk rughu Fkhe|vkhy sro|qrpldo1 Wkh glvwulexwlrq ri fdslwdo vwrfnv

dvvrfldwhg zlwk frqyhqwlrqdo SHD lv glvsod|hg lq Iljxuhv 8D/ 8F dqg 8G1 Wkhvh h{klelw wkh

prgho*v lpsolfdwlrqv iru wkh xqfrqglwlrqdo glvwulexwlrq ri &c dqg wkh glvwulexwlrq ri & frqglwlrqdo

rq w ' j dqg w ' �j� Wkh �jxuhv frq�up wkdw/ e| frpsdulvrq zlwk prgl�hg frqyhqwlrqdo SHD/

frqyhqwlrqdo SHD hpskdvl}hv fdslwdo vwrfnv wkdw duh uhodwlyho| pruh frqfhqwudwhg lq wkh lqwhulru

ri d&c &o12.
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Wkh uhvxowv lq froxpqv 6 dqg 7 ri Wdeoh 7 duh edvhg rq U ' Df uhshwlwlrqv ri prgl�hg

frqyhqwlrqdo SHD1 Lqwhuhvwlqjo|/ wkh sureohpv zlwk vwdwlvwlfv dvvrfldwhg zlwk wkh udwh ri uhwxuq

rq htxlw| kdyh ehhq gudpdwlfdoo| uhgxfhg1 Wklv uh hfwv wkdw wkh sureohpv zlwk wkh lqyhvwphqw

srolf| ixqfwlrq hylghqw lq wkh wrs kdoi ri Iljxuh 7 kdyh ehhq hvvhqwldoo| holplqdwhg +vhh wkh

erwwrp kdoi ri Iljxuh 7,1 Eldv dqg frh!flhqw ri yduldwlrq lqglfdwhv wkdw prgl�hg frqyhqwlrqdo

SHD zlwk � ' D dqg � ' Dfc fff surgxfhv d wrohudeo| dffxudwh vroxwlrq1 Zkhq � lv uhgxfhg

wr �fc fffc eldv uhpdlqv dffhswdeoh/ exw frh!flhqw ri yduldwlrq lv qrz idluo| odujh iru vwdwlvwlfv

uhodwhg wr wkh udwh ri uhwxuq rq htxlw|1 Wkh lpsuryhg dffxudf| wkdw uhvxowv iurp lqfuhdvlqj

glvshuvlrq lq E&c w� khosv prwlydwh wkh shuwxuedwlrqv lq frqyhqwlrqdo SHD dqdo|}hg lq wkh qh{w

vxevhfwlrq1

Sdqho F lq Wdeohv 6 dqg 7 uhsruw frpsxwdwlrq wlphv rq d 533 PK} Shqwlxp Sur pdfklqh

xvlqj JDXVV wr gr wkh fdofxodwlrqv12H Wkh wlphv uhihu wr wkh plqlpxp wlph qhhghg wr vroyh wkh

prgho e| frqyhqwlrqdo SHD rqfh1 Wkh wlphv iru prghov +4, 0 +9, duh uhodwlyho| orz ehfdxvh rxu

qxphulfdo htxdwlrq�vroylqj surfhgxuh zdv vxffhvvixo lq wkhvh fdvhv1 Wkh wlph iru prgho +:, lv

kljkhu ehfdxvh wkh vxffhvvlyh dssur{lpdwlrq phwkrg kdg wr eh xvhg khuh1 Frpsxwdwlrq wlphv

ulvh vxevwdqwldoo| zkhq � dqg � duh lqfuhdvhg iurp � wr Dc jrlqj iurp urxjko| vl{ plqxwhv wr

ryhu rqh dqg rqh0kdoi krxuv1

815151 Fkhe|vkhy SHD

Dssur{lpdwlqj Pdufhw*v Frqglwlrqdo H{shfwdwlrq Ixqfwlrq e| SHD Froorfdwlrq

Zh dssolhg SHD froorfdwlrq wr dssur{lpdwh e lq doo vhyhq prghov/ dqg rewdlqhg dffhswdeoh

dffxudf| zlwk � ' � ' � iru prghov +4, wr +9,1 E| cdffhswdeoh*/ zh phdq wkdw doo vwdwlvwlfv

dqdo|}hg lq Wdeoh 6 dqg 7 duh zlwklq 43 shufhqw ri wkhlu h{dfw ydoxhv1 Zh rqo| vwxg| eldv iru wklv

phwkrg/ vlqfh Prqwh Fduor xqfhuwdlqw| lv qrw dssolfdeoh1 Dowkrxjk dffxudf| iru prghov +4, wr

+9, zdv frpsdudeoh wr wkdw rewdlqhg e| frqyhqwlrqdo SHD/ frpsxwdwlrq wlphv zhuh gudvwlfdoo|

orzhu/ forvhu wr rqh0kdoi vhfrqg lqvwhdg ri rqh0kdoi plqxwh ru pruh1 Wr vdyh vsdfh/ zh gr qrw

glvfxvv wkhvh uhvxowv dqg zh lqvwhdg irfxv rq wkh dqdo|vlv ri prgho +:,1

Wkh odvw wzr froxpqv ri Wdeoh 7 uhsruw uhvxowv xvlqj SHD froorfdwlrq wr dssur{lpdwh wkh

ixqfwlrq/ ec iru prgho +:,1 Lq wkhvh froxpqv/ zh vhw � ' � ' �1 Iljxuh 9 h{klelwv wkh lpsdfw
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ri lqfuhdvlqj � dqg� rq wkh Hxohu huuruv/ -Re@E&c w( 	e@� +vhh +44,,1 Vlqfh wkh huuruv duh gl!fxow

wr lqwhusuhw gluhfwo|/ zh frqyhuw wkhp lqwr wkh shufhqw fkdqjh lq frqvxpswlrq qhhghg wr pdnh

wkh Hxohu huuru }hur/ kroglqj Wrelq*v ^ dqg wkh ohyho ri lqyhvwphqw xqfkdqjhg12b

D qrwdeoh ihdwxuh ri Iljxuh 9 lv wkdw wkh Hxohu huuruv duh yhu| vpdoo iru � ' � ' �� Iru

h{dpsoh/ dffruglqj wr Iljxuh 9/ zkhq w ' �j wkh � ' � ' � uxoh idlov wkh �uvw rughu frqglwlrq

e| rqo| rqh/ rqh0kxqguhgwk ri d shufhqw ri frqvxpswlrq1 Zkhq w ' j wkh uxoh idlov e| rqo|

vl{/ rqh0wkrxvdqgwkv ri d shufhqw ri fxuuhqw frqvxpswlrq1 Wkhvh duh wlq| qxpehuv dqg |hw wkh

� ' � ' � uxoh grhv qrw surgxfh dffhswdeoh dffxudf| +vhh Wdeoh 71, Wr jhw wkh ghvluhg ghjuhh

ri dffxudf|/ rqh kdv wr jr wr � ' � ' D� Zh frqfoxgh wkdw d uhvhdufkhu lqwhuhvwhg lq �qdqfldo

vwdwlvwlfv uhdoo| pxvw zrun wr pdnh wkh Hxohu huuruv h{wuhpho| vpdoo1

Hylghqwo|/ wkh shuirupdqfh ri SHD froorfdwlrq zlwk � ' � ' D lv frpsdudeoh ru ehwwhu

wkdq wkdw ri frqyhqwlrqdo SHD zlwk � ' Dfc fffc � ' D/ hyhq wkrxjk wkh iruphu xvhv �fc fff

wlphv ihzhu revhuydwlrqv wkdq wkh odwwhu1 Wklv gl�huhqfh lv uh hfwhg lq wkh dprxqw ri frpsxwhu

wlph uhtxluhg wr vroyh wkh prgho1 Zkhuhdv frqyhqwlrqdo SHD uhtxluhv ryhu rqh dqg rqh0kdoi

krxuv wr vroyh wkh prgho/ SHD froorfdwlrq uhtxluhv d olwwoh ryhu rqh0kdoi ri d vhfrqg wr jhw wkh

vdph ghjuhh ri dffxudf|1

Wzr Ixuwkhu H{shulphqwv zlwk Fkhe|vkhy SHD

Frqwlqxrxv H{rjhqrxv Vkrfn

Zh frqvlghuhg wzr rwkhu vhwv ri h{shulphqwv zlwk Fkhe|vkhy SHD1 Lq wkh �uvw zh frqvlghu

d yhuvlrq ri prgho +4, lq zklfk wkh whfkqrorj| vkrfn kdv d frqwlqxrxv/ qrupdo glvwulexwlrq1 Zh

glg wklv rxw ri d frqfhuq wkdw wkh h{shulphqwv lq Wdeohv 6 dqg 7 pljkw eh frqihuulqj wrr juhdw

dq dgydqwdjh wr SHD froorfdwlrq/ ryhu frqyhqwlrqdo SHD1 SHD froorfdwlrq lv lq idfw frpsdwleoh

zlwk hydoxdwlqj lqwhjudov olnh wkrvh lq +;,/ +45, dqg +47, e| dq| phwkrg zkdwhyhu/ lqfoxglqj

Prqwh Fduor phwkrgv1 Krzhyhu/ lq prvw ri wkh h{shulphqwv zlwk SHD froorfdwlrq uhsruwhg

lq wklv sdshu/ wkhvh lqwhjudov zhuh hydoxdwhg h{dfwo| e| ixoo| h{sorlwlqj wkh sduwlfxodu wzr0vwdwh

glvwulexwlrq dvvxphg iru wkh whfkqrorj| vkrfn1 Frqyhqwlrqdo SHD zdv qrw jlyhq wklv dgydqwdjh1

Wkh Prqwh Fduor phwkrg lw dssolhv wr hydoxdwh wkhvh lqwhjudov pdnhv qr xvh zkdwhyhu ri wkh

vwuxfwxuh ri wkh vkrfn glvwulexwlrq1 Wr yhuli| wkdw rxu uhvxowv duh qrw xqgxo| lq xhqfhg e|

63



wklv dv|pphwu| ri wuhdwphqw/ zh dovr glg wzr h{shulphqwv zlwk yhuvlrqv ri prgho +4, lq zklfk

wkh whfkqrorj| vkrfn kdv d frqwlqxrxv glvwulexwlrq1 Wkh uhvxowv duh uhsruwhg lq Wdeoh 81 Wkh

froxpq odehoohg cehqfkpdun* fruuhvsrqgv wr wkh fdvh lq zklfk wkh vkrfn lv llg ryhu wlph/ zkloh

wkh rwkhu froxpq fruuhvsrqgv wr wkh fdvh lq zklfk wkh vkrfn kdv dxwrfruuhodwlrq/ 4c htxdo wr

f�bD� Wkh lqwhjudo lq +45, zdv hydoxdwhg xvlqj M�srlqw Jdxvv0Khuplwh txdgudwxuh lqwhjudwlrq/
zlwk M ' e lq hdfk fdvh1 Wkh wdeoh vkrzv wkh ydoxhv ri � dqg � xvhg iru frqyhqwlrqdo

SHD dqg Fkhe|vkhy SHD qhhghg wr dfklhyh dffhswdeoh dffxudf|/ dv zhoo dv wkh wlph qhhghg

wr h{hfxwh wkh frpsxwdwlrqv1 Wkh uhvxowv duh frqvlvwhqw zlwk rxu suhylrxv �qglqjv1 Qdpho|/ wr

jhw d jlyhq ghjuhh ri dffxudf| zlwk Fkhe|vkhy SHD uhtxluhv dw ohdvw dq rughu ri pdjqlwxgh ohvv

frpsxwdwlrq wlph wkdq grhv frqyhqwlrqdo SHD1

Dssur{lpdwlqj wkh Zuljkw0Zlooldpv Frqglwlrqdo H{shfwdwlrq

Iru rxu vhfrqg vhw ri h{shulphqwv/ zh dssolhg SHD froorfdwlrq wr dssur{lpdwlqj wkh frqgl0

wlrqdo h{shfwdwlrq ixqfwlrq/ i T d�E&�c w�o c hpskdvl}hg e| Zuljkw dqg Zlooldpv +4<;5d/ 4<;5e/

4<;7,1 Zh dgguhvv wzr lvvxhv udlvhg lq rxu glvfxvvlrq diwhu +46,0+48,= +l, zh lqyhvwljdwh zkhwkhu

wkh ydulrxv srwhqwldo sdwkrorjlhv glvfxvvhg wkhuh duh olnho| wr rffxu lq sudfwlfh/ dqg +ll, zh lq0

yhvwljdwh wkh uhodwlyh vprrwkqhvv ri wkh e dqg � ixqfwlrqv1 Zh zrun zlwk wkh ehqfkpdun prgho/

prgho +4,/ dqg vhw � ' � ' D1 Vlqfh wkdw prgho dvvxphv dq llg whfkqrorj| vkrfn/ w lv qrw dq

dujxphqw ri �1 Frqvhtxhqwo|/ dssolfdwlrq ri SHD froorfdwlrq uhtxluhv ghwhuplqlqj wkh ydoxhv

ri rqo| D sdudphwhuv dqg qrw wkh �f qhhghg wr dssur{lpdwh e zkhq � ' D� Lw ehduv uhshdwlqj

wkdw wkh uhvxowv zh rewdlq dsso| rqo| wr wkh h{dpsoh frqvlghuhg1 Wkh uhvxowv duh dw ehvw rqo|

vxjjhvwlyh ri zkdw zrxog kdsshq lq pruh jhqhudo vhwwlqjv1

Rxu uhvxowv duh glvsod|hg lq Iljxuh :1 Wr khos dvvhvv wkh dffxudf| ri wkh fdofxodwlrqv/ Iljxuh

:D glvsod|v wkh Hxohu huuruv/ phdvxuhg lq wkh vdph xqlwv dv wkh huuruv lq Iljxuh 91 Wkh frqwlqxrxv

fxuyh lqglfdwhv wkh Hxohu huuruv ryhu d yhu| �qh julg/ dqg wkh vwduv lqglfdwh wkh orfdwlrq ri wkh �yh

julg fdslwdo julg srlqwv xvhg lq wkh fdofxodwlrqv1�f Wkh SHD froorfdwlrq phwkrg irufhv wkh Hxohu

huuruv wr eh }hur dw wkhvh srlqwv1 Wkh odujhvw huuru rffxuv iru & voljkwo| deryh e dqg lv qhduo|

vl{ rqh kxqguhwkv ri shufhqw ri frqvxpswlrq1 Wkh uhvxowv lq Iljxuh :E doorz xv wr frqvlghu

lvvxh +l,1 Lw glvsod|v wkh lqlwldo dqg �qdo 	�@ ixqfwlrqv lq wkh vhtxhqfh ri ixqfwlrqv surgxfhg
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lq wkh fdofxodwlrqv1 Dv lq doo rwkhu fdofxodwlrqv lq wkh sdshu/ wkh lqlwldo ixqfwlrq lv wkh rqh

dvvrfldwhg zlwk d }hur pxowlsolhu ixqfwlrq dqg wkh orj0olqhdul}hg vwhdg| vwdwh lqyhvwphqw ixqfwlrq/

wuxqfdwhg vr wkdw jurvv lqyhvwphqw lv qrq0qhjdwlyh1 Wkh dssur{lpdwh vroxwlrq zdv irxqg e|

lqlwldwlqj wkh fdofxodwlrqv zlwk 43 vxffhvvlyh dssur{lpdwlrq vwhsv/ iroorzhg e| vzlwfklqj wr rxu

qxphulfdo htxdwlrq0vroylqj surfhgxuh1 Doo ixqfwlrqv lq wkh vhtxhqfh jhqhudwhg e| wklv dssurdfk

duh prqrwrqlfdoo| ghfuhdvlqj/ dqg wkh| urwdwh vprrwko| iurp wkh lqlwldo uhodwlyho|  dw rqh wr wkh

vwhhshu rqh zkhuh wkh fdofxodwlrqv whuplqdwhg1 Wkh idfw wkdw wkhvh ixqfwlrqv duh prqrwrqlfdoo|

ghfuhdvlqj lv vljql�fdqw/ vlqfh lw hvwdeolvkhv wkdw zh dyrlghg wkh ydulrxv sdwkrorjlhv glvfxvvhg

diwhu +46,0+48,1

Iljxuhv :F 0 :I doorz xv wr dgguhvv lvvxh +ll,/ frqfhuqlqj wkh uhodwlyh vprrwkqhvv ri �E&�c w�

yhuvxv wkdw ri eE&c w� � � E}E&c w�c w� � Wr dvvhvv wkh uhodwlyh vprrwkqhvv ri wkhvh wzr ixqfwlrqv/

zh frpsduh
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zkhuh 	}@ dqg 	�@ duh ghulyhg iurp rxu dssur{lpdwh vroxwlrq/ 	�@� Wzr vhwv ri revhuydwlrqv duh

uhohydqw lq dvvhvvlqj wkh uhodwlyh vprrwkqhvv ri . dqg T� Wkh �uvw fdq eh vhhq lq Iljxuhv :F

dqg :G/ zklfk glvsod| jurvv lqyhvwphqw/ 	}@E&c w�� *L}E�� B�� &c iru wkh wzr orzhvw ydoxhv ri w

xvhg lq wkh Jdxvv0Khuplwh txdgudwxuh fdofxodwlrqv1 Hylghqwo|/ wkh vorsh ri 	}@E&c w� xqghujrhv

dq deuxsw mxps dw wkh ydoxh ri wkh fdslwdo vwrfn zkhuh wkh luuhyhuvlelolw| frqvwudlqw ehfrphv

elqglqj/ d ydoxh wkdw lv lqfuhdvlqj zlwk w� Wkh vhfrqg revhuydwlrq lv wkdw wkh ixqfwlrq T dsshduv

wr eh txlwh vprrwk1 Wklv fdq eh vhhq lq Iljxuhv :H dqg :I/ zklfk sorw _T E&�( @�*_&� djdlqvw &����

Wkhvh surshuwlhv ri T dqg 	}@ vxjjhvw wkdw T lv vprrwkhu wkdq .� Lq sduwlfxodu/ wkh| lqglfdwh

wkdw . pxvw kdyh d nlqn dw wkh srlqw zhuh wkh luuhyhuvlelolw| frqvwudlqw ehfrphv elqglqj/ vlqfh

.E&c w( @� ' T E	}@E&c w�( @��

Wkh suhvxphg odfn ri vprrwkqhvv lq .E&c w( @� lv wrr voljkw wr eh ylvleoh lq d judsk ri .

djdlqvw &1 Krzhyhu/ lw lv hylghqw lq wkh judsk ri wkh vorsh ri .� Wklv fdq eh vhhq lq Iljxuhv

:H dqg :I/ zklfk judsk _.E&c w( @�*_& djdlqvw & iru wkh vdph wzr ydoxhv ri w xvhg lq Iljxuhv
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:E dqg :F1 Lw lv qrw vxusulvlqj wkdw wkh vorshv ri . dqg T frlqflgh lq wkh uhjlrq zkhuh wkh

luuhyhuvlelolw| frqvwudlqw lv elqglqj/ vlqfh wkh ghulydwlyh ri 	}@E&c w� zlwk uhvshfw wr & lv xqlw|

wkhuh1 Pruhryhu/ lq oljkw ri wkh qhjdwlyh vljq lq wkh vorsh ri T dqg wkh idfw wkdw wkh vorsh ri 	}@

mxpsv zkhq wkh luuhyhuvlelolw| frqvwudlqw ehjlqv wr elqg/ lw lv dovr qrw vxusulvlqj wkdw wkh vorsh

ri .E&c w( @� idoov deuxswo| dw wklv ydoxh ri &1 Wkhvh revhuydwlrqv duh frqvlvwhqw zlwk wkh uhpdunv

diwhu htxdwlrq +4:,/ vxjjhvwlqj wkdw � lv d vprrwkhu ixqfwlrq wkdq ec dqg wkhuhiruh hdvlhu wr

dssur{lpdwh qxphulfdoo|1

8161 Frpsdulqj wkh Dojrulwkpv

Zh qrz frpsduh frqyhqwlrqdo SHD dqg SHD froorfdwlrq zlwk wkuhh rwkhu dojrulwkpv1 Wkh rwkhu

wkuhh lqfoxgh wkh Vshfwudo0Jdohunlq phwkrg ghvfulehg deryh/ zklfk dssur{lpdwhv wkh srolf| dqg

pxowlsolhu ixqfwlrqv zlwk Fkhe|vkhy sro|qrpldov1 Lq dgglwlrq/ zh frqvlghu wkh IHP froorfdwlrq

dqg IHP Jdohunlq phwkrgv phqwlrqhg lq wkh lqwurgxfwlrq wr wklv vhfwlrq dqg vshoohg rxw lq

ghwdlo lq wkh dsshqgl{1 Zh hydoxdwh wkh dojrulwkpv lq whupv ri wkhlu delolw| wr dfklhyh d jlyhq

vwdqgdug ri dffxudf| dqg lq whupv ri wkh vhfrqgv ri frpsxwhu wlph uhtxluhg wr gr wklv1

Wr phhw rxu dffxudf| vwdqgdug/ d vroxwlrq pxvw lpso| d vhw ri ydoxhv iru wkh 44 vwdwlvwlfv

vwxglhg lq Wdeohv 6 dqg 7 wkdw frph zlwklq dw ohdvw �fI ri wkh fruuhvsrqglqj h{dfw ydoxhv

rewdlqhg e| g|qdplf surjudpplqj1 Rxu �qglqjv duh edvhg sulqflsdoo| rq wkh uhvxowv uhsruwhg lq

Wdeoh 91 Zlwk wkh h{fhswlrq ri frqyhqwlrqdo SHD/ uhvxowv qrw lq sduhqwkhvhv duh wkh plqlpxp/

zlwk uhvshfw wr wkh dojrulwkp sdudphwhuv lqglfdwhg lq wkh wdeoh/ uhtxluhg iru wkh dvvrfldwhg

dojrulwkp wr dfklhyh wkh dffxudf| vwdqgdug1 Hqwulhv iru frqyhqwlrqdo SHD vlpso| uhsurgxfh wkh

frpsxwhu wlphv wdnhq iurp Wdeoh 6/ zklfk uhihu wr wkh fdvh � ' � dqg� ' �fc fff1 Ilqglqj wkh

plqlpdo frpsxwdwlrq wlph iru wklv phwkrg zdv lpsudfwlfdo vlqfh dqdo|vlqj lw uhtxluhv frpsxwlqj

d odujh qxpehu/ U ' Dffc vroxwlrqv iru hdfk vhw ri dojrulwkp sdudphwhu ydoxhv1 Lq dq| fdvh/

frqyhqwlrqdo SHD glg qrw dfklhyh wkh dffxudf| vwdqgdug iru prghov +5,/ +6,/ +7, dqg +:,1 Wkxv/

iru wkhvh h{dpsohv/ wkh uhsruwhg frpsxwhu wlph pd| eh ylhzhg dv d orzhu erxqg iru wkh wuxh

plqlpdo frpsxwhu wlph qhhghg wr dfklhyh wkh dffxudf| vwdqgdug1 Qxpehuv lq sduhqwkhvhv

lq Wdeoh 9 uhsruw wkh dojrulwkp sdudphwhu ydoxhv xqghuo|lqj wkh dvvrfldwhg frpsxwhu wlphv1

Dowkrxjk zh gr qrw uhsruw ghwdlov rq wklv/ wkh dffxudf| fulwhulrq zdv kdughvw wr phhw iru wkh
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�qdqfldo vwdwlvwlfv1 Prvw rwkhu vwdwlvwlfv zhuh zlwklq �I ri wkhlu h{dfw ydoxhv1�2

Vhyhudo wklqjv duh zruwk qrwlqj derxw wkh uhvxowv1 Iluvw/ SHD froorfdwlrq lv deoh wr dfklhyh

wkh wdujhw ghjuhh ri dffxudf| dw ohdvw whq wlphv idvwhu wkdq dq| rwkhu dojrulwkp1 Vhfrqg/ rqh

ri wkh dojrulwkpv/ Vshfwudo0Jdohunlq/ dfwxdoo| idlohg wr dfklhyh d vroxwlrq iru wzr ri wkh prghov1

Vlqfh doo wkh dojrulwkpv zhuh jlyhq wkh vdph lqlwldo ydoxhv/ wklv idloxuh pd| uh hfw d uhodwlyh

zhdnqhvv ri wkh Vshfwudo0Jdohunlq dssurdfk1 D pruh gh�qlwlyh lqwhusuhwdwlrq ri wkh whqghqf| ri

wklv dojrulwkp wr fudvk zrxog uhtxluh slqsrlqwlqj wkh suhflvh uhdvrqv iru wkh fudvkhv1 Zh kdyh

qrw grqh wklv1 Wklug/ frqyhqwlrqdo SHD idlov wr phhw wkh wdujhwwhg ohyho ri dffxudf| lq prghov

+5,/ +6,/ +7, dqg +:, +uhfdoo Wdeoh 6,1 Wdeoh 7 vkrzv wkdw frqyhqwlrqdo SHD vwloo grhv qrw dfklhyh

wkh wdujhwwhg ohyho ri dffxudf| iru prgho +:,/ hyhq zlwk � ' Dc � ' Dfc fff� Iru prgho +:,/

frqyhqwlrqdo SHD xvhv d sduwlfxoduo| odujh dprxqw ri frpsxwhu wlph1 Wklv uh hfwv wkdw rxu

qxphulfdo htxdwlrq0vroylqj surfhgxuh/ zklfk zrunhg zhoo iru wkh rwkhu prghov/ fudvkhg rq wklv

rqh1 Dv d uhvxow/ zh kdg wr xvh wkh vorzhu/ vxffhvvlyh dssur{lpdwlrq dojrulwkp ghvfulehg deryh1

Irxuwk/ qhlwkhu IHP dojrulwkp frqvlvwhqwo| grplqdwhg wkh rwkhu1 IHP froorfdwlrq lv idvwhu

wkdw IHP Jdohunlq lq prghov +5,/ +6, dqg +7, dqg vorzhu lq wkh rwkhuv1 Krzhyhu/ zkhq sur0

judpphu wlph lv dovr wdnhq lqwr dffrxqw/ zh �qg wkdw IHP Jdohunlq lv frqvlghudeo| vorzhu dqg

pruh fxpehuvrph wr lpsohphqw wkdq IHP froorfdwlrq1 Wr vhh wklv/ uhfdoo wkdw IHP Jdohunlq lv

d shqdow| ixqfwlrq dssurdfk/ vr wkdw lw uhtxluhv vroylqj d vhtxhqfh ri prghov/ fruuhvsrqglqj wr

dq lqfuhdvlqj vhtxhqfh ri shqdow| ixqfwlrq sdudphwhu ydoxhv1 Wkh frpsxwdwlrq wlphv uhsruwhg

lq Wdeoh 9 duh wkh wrwdo pdfklqh wlph xvhg iru wkh frpsxwdwlrqv iurp dq lqlwldo shqdow| ixqfwlrq

sdudphwhu ydoxh ri }hur wr lwv �qdo ydoxh1 Iru prghov +4, wr +:, wkh qxpehu ri shqdow| ixqfwlrq

ydoxhv frqvlghuhg zhuh 53/ <:</ 56/ 9;/ 56/ :5 dqg 7;/ uhvshfwlyho|1 Wkh odujh qxpehu ri shqdow|

ixqfwlrq ydoxhv frqvlghuhg iru prgho +5, uh hfwv d qhhg wr wdnh uhodwlyho| vpdoo vwhsv lq lqfuh0

phqwlqj wkh shqdow| ixqfwlrq sdudphwhu wr hqvxuh wkh dojrulwkp glg qrw fudvk1 Ghwhuplqlqj wkh

dssursuldwh vwhs vl}h dqg iuhtxhqw uhvwduwlqj ri wkh dojrulwkp uhtxluhg frqvlghudeoh surjudpphu

lqwhuyhqwlrq1 Dv d uhvxow/ wkh wlphv uhsruwhg lq Wdeoh 9 juhdwo| xqghuvwdwh wkh dfwxdo dprxqw ri

wlph qhhghg wr lpsohphqw wklv dojrulwkp1

Lq vxp/ lq wkh h{dpsohv frqvlghuhg/ wkh SHD froorfdwlrq dojrulwkp rxwshuirupv wkh rwkhuv

lq whupv ri frpsxwhu dqg surjudpphu wlph1 Uhjduglqj dffxudf|/ doo dojrulwkpv h{fhsw Vshfwudo0
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Jdohunlq/ rxwshuirup frqyhqwlrqdo SHD lq whupv ri �qdqfldo vwdwlvwlfv1 Lq wzr h{dpsohv/ wkh

Vshfwudo0Jdohunlq dojrulwkp +wkh rqh wkdw dssur{lpdwhv srolf| dqg pxowlsolhu ixqfwlrqv zlwk

sro|qrpldo, fudvkhg1

91 Frqfoxglqj Uhpdunv

Lq wklv sdshu zh lqyhvwljdwh vhyhudo dojrulwkpv iru vroylqj d g|qdplf prgho zlwk dq rffdvlrqdo|

elqglqj lqhtxdolw| frqvwudlqw1 Lq dq h�ruw wr pdnh rxu uhvxowv xvhixo wr uhvhdufkhuv/ zh dsso| d

ydulhw| ri dojrulwkpv1 Wkh| duh edvhg rq d udqjh ri gl�huhqw fkdudfwhul}dwlrqv ri wkh vroxwlrq

wr wkh prgho1 Zh frqvlghu fkdudfwhul}dwlrqv edvhg rq wkh Odjudqjldq uhsuhvhqwdwlrq ri wkh

vroxwlrq/ wkh shqdow| ixqfwlrq uhsuhvhqwdwlrq/ dqg uhsuhvhqwdwlrqv wkdw fkdudfwhul}h wkh vroxwlrq

lq whupv ri d frqglwlrqdo h{shfwdwlrq ixqfwlrq1 Lq hdfk fdvh/ wkh dojrulwkp erlov grzq wr �qglqj

d sduwlfxodu �qlwh sdudphwhu ixqfwlrq zklfk vroyhv d ixqfwlrqdo htxdwlrq1 Lq rxu dqdo|vlv ri wkh

dojrulwkpv/ wkh fulwhuld zh frqvlghu lqfoxgh frpsxwdwlrqdo vshhg/ surjudpplqj frqyhqlhqfh dqg

qxphulfdo dffxudf|1 Lq dvvhvvlqj dffxudf|/ zh irfxvvhg rq prgho lpsolfdwlrqv iru wkh �uvw dqg

vhfrqg prphqw surshuwlhv ri uhdo txdqwlwlhv dqg �qdqfldo vwdwlvwlfv/ lqfoxglqj wkh udwh ri uhwxuq

rq htxlw|1 Wkh surshuwlhv ri wkh odwwhu wxuqhg rxw wr eh wkh kdughvw wr dssur{lpdwh zhoo1

Rqh fodvv ri dojrulwkpv/ wkh SHD/ hphujhg dv fohduo| ehvw lq rxu dssolfdwlrq1 Wkh ehvw nqrzq

SHD lq dssolhg pdfurhfrqrplfv lv wkh rqh gxh wr Pdufhw +4<;;,/ zklfk zh fdoo frqyhqwlrqdo

SHD1 Frqyhqwlrqdo SHD lv fkdudfwhul}hg e| wkh sduwlfxodu frqglwlrqdo h{shfwdwlrq wkdw lw vhhnv

wr dssur{lpdwh/ dqg e| wkh dojrulwkp xvhg wr frpsxwh wkh dssur{lpdwlrq1 Zh grfxphqw

gh�flhqflhv lq wkdw dojrulwkp/ dqg glvsod| dq dowhuqdwlyh fodvv ri dssurdfkhv/ zklfk zh fdoo

Fkhe|vkhy SHD/ zklfk holplqdwhv wkh gh�flhqflhv1

Zh dovr frqvlghu d SHD sursrvhg lq Zuljkw dqg Zlooldpv +4<;5d/4<;5e/4<;7,/ zklfk ds0

sur{lpdwhv d gl�huhqw frqglwlrqdo h{shfwdwlrq1 Wkh frqglwlrqdo h{shfwdwlrq dssur{lpdwhg e|

Zuljkw dqg Zlooldpv* SHD lv dwwudfwlyh iurp d frpsxwdwlrqdo srlqw ri ylhz ehfdxvh lw lv vprrwk

frpsduhg wr wkh ixqfwlrq dssur{lpdwhg lq frqyhqwlrqdo SHD1 Dw wkh vdph wlph/ zh vkrz wkdw

Zuljkw dqg Zlooldpv* SHD fdq lq sulqflsoh kdyh rwkhu sureohpv1 Zh vkrz wkdw wkrvh sureohpv

gr qrw dfwxdoo| dulvh lq wkh dqdo|vlv ri wkh rqh vhfwru jurzwk prgho1 Vwloo/ wkh| pd| eh ri
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frqfhuq lq rwkhu dssolfdwlrqv1

Lq rxu dqdo|vlv zh zhuh deoh wr hydoxdwh wkh dffxudf| ri dowhuqdwlyh dojrulwkpv ehfdxvh ri wkh

vlpsolflw| ri wkh prgho hfrqrp| vwxglhg1 Wklv doorzhg xv wr ghyhors/ iru frpsdulvrq sxusrvhv/

dq dffxudwh dssur{lpdwlrq wr wkh prgho vroxwlrq xvlqj g|qdplf surjudpplqj phwkrgv1 Ri

frxuvh/ lq sudfwlfh wklv zd| ri dvvhvvlqj dffxudf| lv qrw dydlodeoh1 Lq d w|slfdo dssolfdwlrq/ wkh

ehvw rqh fdq gr lv wr dwwhpsw wr vwxg| krz vxffhvvixo dq dojrulwkp lv lq gulylqj wkh uhohydqw

ixqfwlrqdo htxdwlrq forvh wr }hur1 Zh wulhg wr vkhg oljkw rq krz forvh wr }hur rqh qhhgv wr eh

wr jhw dffhswdeoh dffxudf|1 Lq rxu dssolfdwlrqv/ wkh uhohydqw ixqfwlrqdo htxdwlrq fruuhvsrqgv wr

wkh Hxohu huuru ri d sodqqhu*v �uvw rughu frqglwlrq/ h{suhvvhg dv d ixqfwlrq ri wkh vwdwh1�� Zh

irxqg wkdw wr jhw dffhswdeoh dffxudf| iru �qdqfldo udwhv ri uhwxuq/ hvshfldoo| wkh udwh ri uhwxuq

rq htxlw|/ uhtxluhv h{wudruglqdulo| vpdoo Hxohu huuruv1 Zh phdvxuhg wkh huuru e| wkh shufhqw

fkdqjh lq frqvxpswlrq qhhghg wr gulyh wkdw huuru wr }hur1 Zh vwxglhg rqh dssur{lpdwh vroxwlrq

lq zklfk wkh pd{lpxp Hxohu huuru zdv rqo| f�f�2 shufhqw ri frqvxpswlrq/ dqg |hw wkhuh zdv

vwloo dq xqdffhswdeoh �f shufhqw eldv lq wkh phdq uhwxuq rq htxlw|1

Dowkrxjk zh frqvlghuhg d zlgh udqjh ri sdudphwhu ydoxhv iru rxu prgho/ lw ehduv hpskdvl}0

lqj wkdw zh kdyh qrw hvwdeolvkhg wkdw rxu �qglqjv uhjduglqj wkh dgydqwdjhv ri ydulrxv SHDv

dsso| jhqhudoo|1�e Frq�ghqfh wkdw uhvxowv olnh wkhvh krog pruh jhqhudoo| uhtxluhv exloglqj xs

h{shulhqfh ryhu wlph zlwk d ydulhw| ri dssolfdwlrqv1 Zh wklqn wkdw ixuwkhu uhvhdufk dorqj wkhvh

olqhv zrxog eh xvhixo1
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D1 Wkh G|qdplf Surjudpplqj Dojrulwkp

Wkurxjkrxw rxu dqdo|vlv/ zh dssur{lpdwh wkh h{dfw vroxwlrq wr rxu prgho xvlqj d g|qdplf

surjudpplqj dojrulwkp rq d �qh julg ri fdslwdo vwrfnv1 Zh ghvfuleh wkh ghwdlov ri rxu lpsoh0

phqwdwlrq khuh1 Lw lqyroyhv �uvw lwhudwlqj wr frqyhujhqfh rq d ydoxh ixqfwlrq dqg wkhq ghulylqj

d ghflvlrq uxoh iurp wkh frqyhujhg ydoxh ixqfwlrq1 Wkh pdsslqj wkdw zh lwhudwhg rq lv=

��n�E&c w� ' 4@ 
&�M�E&cw�

i�E&c &�c w� n q dRw�Ej m w���E&�c j� n Rw�E�j m w���E&�c�j�oj c

iru w 5 X dqg &� 5 O& ' i&�c &2c � � � c &�j1 Dovr/

�E&c &�c w� ' *? di TEw n k&� n E�� B� i TE&�� i TE&��o

dqg

�E&c w� ' O& _ i&� G *L}E�� B� n & � &� � i TEw n k&� n E�� B� i TE&�j �

Khuh/ ��E�c j� dqg ��E�c�j� duh srlqwv lq ?� / � ' �c 2c � � �1 Dovr �fE&c w� ' f/ iru w 5 X dqg

&� 5 O&1 Wkh srlqwv lq O& duh htxdoo| vsdfhg zlwk &� 	 &�n�/ � ' �c 2c � � � c� � �/ � ' efc fff1 Zh

lwhudwhg rq wkh deryh pdsslqj xqwlo uhdfklqj d �{hg srlqw zklfk zdv dvvxphg wr eh dfklhyhg

zkhq m E�� � ��3���*��3� m� �� �f3./ khuh m % m lv wkh odujhvw hohphqw ri % lq devroxwh ydoxh dqg

%�*+ uhsuhvhqwv hohphqw e| hohphqw glylvlrq ri wkh yhfwruv % dqg +1 Ghqrwh wkh �{hg srlqw e|

�1 Zh wkhq frpsxwhg wkh wzr ghflvlrq uxoh yhfwruv CE�c j�c CE�c�j� 5 ?� dv iroorzv1

CE&c w� ' @h}4@ 
&�M�E&cw�

i�E&c &�c w� n q dRw�Ej m w��E&�c j� n Rw�E�j m w��E&�c�j�oj c

zkhuh w 5 X dqg &� 5 O&1

Wkh GS vhfrqg prphqw surshuwlhv duh edvhg rq CE&c w� dqg dq lpsxwhg pxowlsolhu ixqfwlrq1

Wkh GS yhuvlrq ri wkh pxowlsolhu lv frpsxwhg dv iroorzv1

bE&�c w� '
��E&�c CE&�c w�c w�� ��E&�c w�

�� B
c � ' �c 2c � � � c��
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Khuh/ �� lv wkh ghulydwlyh ri � zlwk uhvshfw wr lwv �uvw dujxphqw1 Dovr �� lv rxu hvwlpdwh ri wkh

ghulydwlyh ri � zlwk uhvshfw wr lwv �uvw dujxphqw1 Zh rewdlqhg wklv hvwlpdwh e| �uvw �wwlqj/ e|

ohdvw vtxduhv/ d vhyhqwk rughu sro|qrpldo wr �E&�c w�/ � ' �c 2c � � � c� iru w 5 X=

�E&�c w� ' qfEw� n q�Ew�)E&�� n � � �n q.Ew�d)E&��o
.c � ' �c 2c � � � c��

Khuh ) G d&�c &� o $ dfc �o1 Wkhq/

��E&�c w� '
k
q�Ew� n 2q2Ew�)E&�� n � � �n .q.Ew�d)E&��o

S
l
)�E&��c � ' �c 2c � � � c��

E1 Shqdow| Ixqfwlrqv

Rqh ri wkh Ilqlwh Hohphqw phwkrgv wkdw zh lpsohphqw pdnhv xvh ri d shqdow| ixqfwlrq fkdu0

dfwhul}dwlrq ri wkh prgho vroxwlrq1 Zh ghvfuleh wkdw khuh1 Xqghu wklv fkdudfwhul}dwlrq/ wkh

vroxwlrq/ }c lv wkh olplw ri d vhtxhqfh ri vroxwlrqv/ i}?j1 Wkh ?|� hohphqw lq wklv vhtxhqfh

vroyhv d yhuvlrq ri rxu prgho lq zklfk wkh luuhyhuvleoh lqyhvwphqw frqvwudlqw/ +5,/ lv ljqruhg/ dqg

lq zklfk wkh xwlolw| ixqfwlrq lv uhsodfhg e| LES|� � Z?
2
d4@ ifc E�� B� i TE&|�� i TE&|n��jo21

Khuh/ iZ?j lv dq lqfuhdvlqj vhtxhqfh ri srvlwlyh frqvwdqwv whqglqj wrzdug lq�qlw|1 Wkh ixqfwlrq

}? G d&c &o�X $ d&c &oc vdwlv�hv wkh Hxohu htxdwlrq/

-RE&c w( }?c Z?� ' fc iru doo E&c w� 5 d&c &o�Xc +6<,

zkhuh

-RE&c w( }?c Z?� ' LSE&c }?E&c w�c w�� Z?4@ ifc E�� B� i TE&�� i TE}?E&c w��j
�q

U iLSE}?E&c w�c }?E}?E&c w�c w
��c w��ds&E}?E&c w�c w

�� n E�� B�o

�E�� B�Z?4@ dfc E�� B� i T E}?E&c w��� i T E}? E}?E&c w�c w
���ojRw�Ew� m w�_w� ' f�

Dffruglqj wr Oxhqehujhu +4<9</ vhfwlrq 43144,=

}E&c w� ' *�4
?<"

}?E&c w�c dqg �E&c w� ' *�4
?<"

Z?4@ ifc E�� B� i TE&�� i T E}?E&c w��jc
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iru hdfk E&c w� 5 d&c &o�X� Iurp d frpsxwdwlrqdo shuvshfwlyh/ dq dgydqwdjh ri wklv fkdudfwhul0

}dwlrq lv wkdw/ iru jlyhq ?c wkh vroxwlrq lqyroyhv rqo| rqh ixqfwlrq/ }?� Pruhryhu/ wkdw ixqfwlrq

qhhg qrw reh| wkh luuhyhuvleoh lqyhvwphqw frqvwudlqw/ +5,1 D glvdgydqwdjh ri wkh fkdudfwhul}dwlrq

lv wkdw lw uhtxluhv frqvlghulqj pdq| ydoxhv ri ?�

F1 Ilqlwh Hohphqw Phwkrgv

Lq wklv sdshu zh frqvlghu rqo| wkh vlpsohvw fodvv ri �qlwh hohphqw ixqfwlrqv/ wkrvh wkdw duh slhfh0

zlvh olqhdu dqg frqwlqxrxv lq & iru hdfk �{hg w1�D Zh vwxg| d froorfdwlrq +IHP froorfdwlrq, dqg

Jdohunlq +IHP Jdohunlq, surfhgxuh iru frpsxwlqj wkh sdudphwhuv ri wklv ixqfwlrq1 Iru IHP

froorfdwlrq/ d phwkrg dgyrfdwhg e| El}hu dqg Mxgg +4<;<,/ Frohpdq +4<;;,/ Frohpdq/ Jloohv/

dqg Odedglh +4<<5, dqg Gdqwklqh dqg Grqdogvrq +4<;4,/ zh zrun zlwk wkh fkdudfwhul}dwlrq ri

wkh vroxwlrq lq whupv ri srolf| dqg pxowlsolhu ixqfwlrqv1 Iru IHP Jdohunlq/ d phwkrg dgyrfdwhg

e| PfJudwwdq +4<<9,/ zh zrun zlwk wkh shqdow| ixqfwlrq irupxodwlrq ri wkh sodqqlqj sureohp1

Zh ghvfuleh wkh ghwdlov ri rxu lpsohphqwdwlrq ri wkhvh dojrulwkpv khuh1

Zh ehjlq zlwk d ghvfulswlrq ri wkh srolf| dqg pxowlsolhu ixqfwlrqv uhohydqw wr wkh uhyhuvleoh

lqyhvwphqw yhuvlrq ri wkh prgho/ vr wkdw e�@ � f� Wkh 2� � � yhfwru ri sdudphwhuv ri e}@/
@ ' E@�3jc @

�
j�
�c zlwk @w ' E@�cwc ���c @�cw�

�c vshfli| wkh ydoxhv ri &� ' e}@E&c w� dw hdfk srlqw rq d

julg ri � fdslwdo vwrfnv/ &�c � ' �c ���c �c iru w ' �jc j1 Khuh/ &� � &c &� � & dqg &� 	 &�n�c

� ' �c ���c � � �� Zh vshfli| wkdw wkh fdslwdo vwrfn julg lv frpsrvhg ri htxlvsdfhg srlqwv1 Wkxv/

&� fruuhvsrqglqj wr E&�c w� lv @�cw ' e}@E&�c w�/ iru w ' �jc j/ � ' �c 2c � � � c �� Srolf| ghflvlrqv

ehwzhhq srlqwv E&�c w� duh gh�qhg e| olqhduo| lqwhusrodwlqj wkh ghflvlrqv dw wkh wzr qhduhvw vxfk

srlqwv1 Irupdoo|/

e}@E&c w� � @�wuE&�c iru w ' �jc j� +73,

Khuh/ uE&� ' du�E&�c u2E&�c ���c u�E&�o
� lv frpsrvhg ri wkh edvlv ixqfwlrqv iru e}@=

u�E&� '

;AAAAA?AAAAA=

&3&�3�
&�3&�3�

c &�3� � & � &�

&�n�3&
&�n�3&�

c &� � & � &�n�

fc hovhzkhuh/
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iru � ' 2c �c � � � � � �/ dqg

u�E&� '

;A?A=
&23&
&23&�

c &� � & � &2

fc hovhzkhuh/
/ u� E&� '

;A?A=
&3&�3�

&�3&�3�
c &�3� � & � &�

fc hovhzkhuh1

Lq wkh iroorzlqj wzr vxevhfwlrqv/ zh ghvfuleh d froorfdwlrq dqg d Jdohunlq surfhgxuh iru

ghylvlqj d vhw ri 2� zhljkwlqj ixqfwlrqv zklfk fdq eh xvhg lq frqmxqfwlrq zlwk htxdwlrq +4<,

wr �qg @�

F141 Froorfdwlrq

Frqvlghu �uvw wkh uhyhuvleoh lqyhvwphqw yhuvlrq ri wkh prgho1 IHP0froorfdwlrq vhohfwv ydoxhv iru

@ vr wkdw

-E&�c w( e}@c f� ' fc +74,

iru � ' �c 2c � � � c � dqg w ' �jc j� Wklv lv +4<,/ zlwk wkh zhljkwlqj ixqfwlrqv frqvwuxfwhg xvlqj

vxlwdeo| fkrvhq Gludf0ghowd ixqfwlrqv1 Htxdwlrq +74, lv d qrqolqhdu v|vwhp ri 2� htxdwlrqv lq

wkh 2� xqnqrzqv/ @1 Lq sudfwlfh/ d phwkrg ri vxffhvvlyh dssur{lpdwlrq lv xvhg wr vroyh +74,1

Lq sduwlfxodu/ vxssrvh d jlyhq lqlwldo jxhvv iru wkh sdudphwhu yhfwru @ lv dydlodeoh/ dqg wkdw wklv

lv xvhg wr gh�qh wkh ixqfwlrq/ e}@c dffruglqj wr +73,1 D qhz ydoxh/ �@c lv frpsxwhg dv iroorzv1 Iru

hdfk hohphqw ri wkh fdslwdo julg &� dqg iru w ' �jc jc �qg wkh �@�cw wkdw vroyhv

LSE&�c �@�cwc w� ' qiRw�Ej m w�LSE�@�cwc e}@E�@�cwc w�c j�ds&E�@�cw( j� n �� Bo

nRw�E�j m w�LSE�@�cwc e}@E�@�cwc w�c�j�ds&E�@�cw(�j� n �� Bojc
+75,

iru � ' �c ���c �� Ghqrwh wkh pdsslqj iurp @ wr �@ e| �@ ' 78 E@(��� Wkh phwkrg vhhnv @W/ zkhuh

@W � 78 E@W(�� ' f/ dv wkh olplw ri wkh vhtxhqfh @c 78 E@(��c 7
k
78 E@(��(�

l
c � � � �

Qrz frqvlghu wkh luuhyhuvleoh lqyhvwphqw yhuvlrq ri wkh prgho1 Zh zrun zlwk srolf| dqg

pxowlsolhu ixqfwlrqv sdudphwhul}hg dffruglqj wr +56,0+58,1 Dffruglqjo|/ zh fkrrvh slhfhzlvh

olqhdu ixqfwlrqv wr irup e}@E&c j�/ h}@E&�/ dqg h�@E&� dqg vhohfw wkh �0srlqw fdslwdo vwrfn julg

dv lq wkh uhyhuvleoh lqyhvwphqw fdvh1 Wkh remhfwlyh lv wr vroyh iru wkh frh!flhqwv dvvrfldwhg

zlwk wklv julg= @�cj/ � ' �c 2c � � � c � / @�c3j/ � ' �c 2c � � � c �3j/ dv ehiruh1 Lq dgglwlrq/ zh vhhn K�/
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� ' �c 2c � � � c �K/ zkhuh K� fruuhvsrqgv wr ��@E&�� dqg �K n �3j ' �� Vwdfn wkh xqghwhuplqhg

frh!flhqwv lq wkh 2� glphqvlrqdo yhfwru @ G

@ ' E@�cjc @2cjc � � � c @�cjc @�c3jc @2c3jc � � � c @�3jc3jc K�c K2c � � � c K�K
���

Zh prgli| wkh vxffhvvlyh dssur{lpdwlrq dojrulwkp ghvfulehg deryh dv iroorzv1 Wkh pdlq vwhs

ri wkdw dojrulwkp/ +75, iru w ' jc lv uhsodfhg e|

LSE&�c �@�cjc j� ' qiRw�Ej m w�LSE�@�cjc e}@E�@�cjc j�c j�ds&E�@�cjc j� n �� Bo

nRw�E�j m w�ELSE�@�cjc e}@E�@�cjc�j�c�j�ds&E�@�cjc�j� n �� Bo� e�@E�@�cjc�j�E�� B��j�
+76,

Htxdwlrq +75, iru w ' �j lv uhsodfhg e|=

LSE&�c �@�c3jc�j�� K� ' qiRw�Ej m w�LSE�@�c3jc e}@E�@�c3jc j�c j�ds&E�@�c3jc j� n �� Bo

nRw�E�j m w�ELSE�@�c3jc e}@E�@�c3jc�j�c�j�ds&E�@�c3jc�j� n �� Bo� e�@E�@�c3jc�j�E�� B��j�
+77,

+Uhfdoo/ zh lpsrvh 0 dqg odwhu yhuli| 0 wkdw wkh luuhyhuvlelolw| frqvwudlqw qhyhu elqgv lq wkh kljk

vkrfn vwdwh1, Iru hdfk �c htxdwlrq +76, lv vroyhg e| fkrlfh ri �@�cjc dv ehiruh1 Htxdwlrq +77, lv

�uvw vroyhg e| fkrlfh ri �@�c3j zlwk K� ' f1 Li �@�c3j : d*L}E�� B� n &�o wkhq zh surfhhg wr wkh

qh{w ydoxh ri � lq wkh vhtxhqfh � ' �c 2c � � � c � 1 Rwkhuzlvh/ �@�c3j lv vhw htxdo wr d*L}E�� B� n &�o

dqg +77, lv vroyhg e| fkrlfh ri K�1 Lq wklv zd|/ +76, dqg +77, gh�qh d pdsslqj iurp @ wr �@c dv

ehiruh1 Wkh phwkrg lwhudwhv rq wklv pdsslqj xqwlo frqyhujhqfh1

F151 Jdohunlq

Frqvlghu wkh uhyhuvleoh lqyhvwphqw fdvh �uvw/ vr wkdw e�@ � f� Lq rxu h{dpsoh/ wkh phwkrg zrunv

wr vhohfw wkh ydoxh ri @ wkdw vroyhv wkh dqdorj ri +4<, zlwk ��E&c w� ' _e}@E&c w�*_@�/ � ' �c ���c 2��

Wdnlqj lqwr dffrxqw wkh uhjlrq ryhu zklfk u� lv }hur/ htxdwlrq +4<, lv=

] &�n�

&�3�
-E&c wc e}@c f�u�E&�_& ' f iru � ' 2c � � � c � � � +78,] &�n�

&�
-E&c wc e}@c f�u�E&�_& ' f iru � ' �
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] &�

&�3�
-E&c wc e}@c f�u�E&�_& ' f iru � ' �c

iru w ' �jc j� Khuh/ - lv gh�qhg lq +6,1 Zh dssur{lpdwhg hdfk lqwhjudo xvlqj �0srlqw Jdxvv0

Ohjhqguh txdgudwxuh lqwhjudwlrq +vhh Suhvv/ Iodqqhu|/ Whxnrovn|/ dqg Yhwwhuolqj +4<<5/ ss1

4730486,,1 Wkh dssur{lpdwlrqv |lhog d 2��htxdwlrq v|vwhp wkdw fdq eh xvhg wr vroyh iru wkh

2� xqnqrzqv/ @c dv lq +5;, ru +68,1 Zh xvhg d qrqolqhdu htxdwlrq vroyhu wr dfwxdoo| gr wkh

fdofxodwlrqv1�S

Qrz frqvlghu wkh luuhyhuvleoh lqyhvwphqw fdvh1 Zh zrun zlwk wkh fkdudfwhul}dwlrq ri wkh

vroxwlrq edvhg rq shqdow| ixqfwlrqv1 Wkh shqdow| ixqfwlrq phwkrg vroyhv d vhtxhqfh ri v|vwhpv

ri htxdwlrqv olnh +78,/ lq zklfk -E&c wc e}@c f� lv uhsodfhg e| -RE&c w( e}@c Z?�c gh�qhg lq +6<,1 Zh

frqvlghuhg dq lqfuhdvlqj vhtxhqfh ri shqdow| ixqfwlrq zhljkwv/ Z�c Z2c ���c dqg vwrsshg zkhq wkh

pd{lpxp ylrodwlrq ri wkh luuhyhuvleoh lqyhvwphqw frqvwudlqw/ +5,/ ryhu E&�c w�c � ' �c ���c �c dqg

w ' �jc j lv vpdoohu wkdq vrph suhvshfl�hg wrohudqfh1 Ghqrwh e| ZW wkh ydoxh ri wkh shqdow|

sdudphwhu zkhq wkh dojrulwkp vwrsshg/ dqg ohw @W ghqrwh wkh dvvrfldwhg ydoxh ri wkh sdudphwhu

yhfwru/ @1 Wkhq/ iroorzlqj Oxhqehujhu +4<9</ Wkhruhp 5/ s1 63:,/ rxu dssur{lpdwlrq wr �E&c w�

lv jlyhq e|=

e�@WE&c w� ' ZW4@ ifc E�� B� i TE&�� i T Ee}@WE&c w��j�

75



Qrwhv

�Vhh/ iru h{dpsoh/ Dl|djdul +4<<6,/ Dl|djdul dqg Jhuwohu +4<<4,/ Frohpdq dqg Olx +4<<:,/

ghq Kddq +4<<9d,/ Khdwrq dqg Oxfdv +4<<5/ 4<<9,/ Kxjjhww +4<<6,/ Nl|rwdnl dqg Prruh +4<<:,/

Pdufhw dqg Nhwwhuhu +4<;<,/ Pdufhw dqg Pdulprq +4<<5,/ Pdufhw dqg Vlqjohwrq +4<<3,/ Whophu

+4<<6,/ dqg PfFxug| dqg Ulfnhwwv +4<<8,1

2Iru dq h{dpsoh ri wkh iruphu/ vhh Dwnhvrq dqg Nhkrh +4<<6,/ Erogulq/ Fkulvwldqr dqg Ilvkhu

+4<<8, dqg Frohpdq +4<<:,1 H{dpsohv ri wkh odwwhu lqfoxgh Jxvwdivrq +4<8;,/ Dl|djdul/ Hfnvwhlq

dqg Hlfkhqedxp +4<;3,/ Zuljkw dqg Zlooldpv +4<;5d/ 4<;5e/ 4<;7,/ Pludqgd dqg Khopehujhu

+4<;;,/ Fkulvwldqr dqg Ilw}jhudog +4<<4, dqg Ndkq +4<<5,1

�Iru h{dpsoh/ vroylqj wkh khwhurjhqhrxv djhqw prghov ri Dl|djdul +4<<6,/ Dl|djdul dqg

Jhuwohu +4<<4, dqg Kxjjhww +4<<6, uhtxluhv uhshdwhgo| vroylqj d sduwldo htxloleulxp dvvhw df0

fxpxodwlrq sureohp iru dq lqglylgxdo djhqw/ iru gl�huhqw ydoxhv ri d sduwlfxodu pdunhw sulfh1

D vroxwlrq wr wkh jhqhudo htxloleulxp sureohp lv rewdlqhg rqfh d ydoxh iru wkh pdunhw sulfh lv

irxqg zklfk lpsolhv d vroxwlrq wr wkh sduwldo htxloleulxp sureohp wkdw vdwlv�hv d fhuwdlq pdunhw

fohdulqj frqglwlrq1 Wkh sduwldo htxloleulxp prgho vroyhg lq wkhvh h{dpsohv lv vlplodu wr wkh

jurzwk prgho zh zrun zlwk lq wklv sdshu1

eIru rwkhu lpsohphqwdwlrqv ri wklv ydulhqw ri wkh SHD/ vhh wkh uhihuhqfhv flwhg lq Pdufhw dqg

Pduvkdoo +4<<7,1

DWkhuh duh vhyhudo dojrulwkpv wkdw zh zhuh qrw deoh wr lqfoxgh lq rxu dqod|vlv1 Rqh lv dq

lqwhuhvwlqj rqh gxh wr Sdxo Jrpph +4<<:,/ edvhg rq lghdv iurp dgdswlyh ohduqlqj1 Rwkhuv

lqfoxgh wkh dojrulwkpv gxh wr Juhhqzrrg/ PfGrqdog dqg ]dqj +4<<8,/ Kduwoh| +4<<9,/ dqg

Gherudk Oxfdv +4<<7,1 Iru dq dqdo|vlv ri pdq| ri wkh dojrulwkpv glvfxvvhg khuh dv dssolhg wr

wkh jurzwk prgho zlwk uhyhuvleoh lqyhvwphqw/ vhh wkh froohfwlrq ri sdshuv vxppdul}hg lq Wd|oru

dqg Xkolj +4<<3,1 Iru rwkhu xvhixo glvfxvvlrqv ri vroxwlrq phwkrgv/ vhh Uxvw +4<<9, dqg Vdqwrv

+4<<:,1

SVhh Mxgg +4<<5/ 4<<6/ 4<<;, iru uhfhqw glvfxvvlrqv ri wklv h{dpsoh1
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.Lq pdq| prghov/ zh h{shfw wkdw qrqolqhdulwlhv lq wkh ixqfwlrqv ehlqj dssur{lpdwhg duh

juhdwhvw lq wkh wdlo duhdv1 Wklv vxjjhvwv wkdw ryhuvdpsolqj wkhvh duhdv pd| uhtxluh lqfuhdvlqj wkh

ghjuhh ri qrqolqhdulw| lq wkh dssur{lpdwlqj ixqfwlrqv eh|rqg zkdw lv fxvwrpdu| lq frqyhqwlrqdo

sudfwlfh1

HIru rwkhu dssolfdwlrqv lq zklfk rxu uhfrpphqghg dgmxvwphqw wr Pdufhw*v vwudwhj| kdv ehhq

dssolhg vxffhvvixoo|/ vhh ghq Kddq +4<<9e/ 4<<:,/ ghq Kddq/ Udph| dqg Zdwvrq +4<<:, dqg

Vwrfnpdq +4<<:,1 Lq rxu hydoxdwlrq ri frpsxwdwlrqdo wlphv/ zh glg qrw lqfoxgh wkh Zuljkw0

Zlooldpv dssurdfk lq wkh olvw ri dojrulwkpv frqvlghuhg1 Lw pljkw eh wkdw wkdw dssurdfk lv hyhq

idvwhu wkdq wkh rqh edvhg rq rxu prgl�fdwlrq ri Pdufhw*v dssurdfk1

bEhfdxvh zh uhsuhvhqw wkh fdslwdo vwrfn lq whupv ri wkh orjdulwkp/ rxu uhsuhvhqwdwlrq ri wkh

uhvrxufh frqvwudlqw lv xqfrqyhqwlrqdo1 Zh gr wklv qhyhuwkhohvv lq rughu wr vdyh rq qrwdwlrq1 Rxu

frpsxwdwlrqdo dssurdfk dssur{lpdwhv wkh srolf| uxoh iru wkh orjdulwkp ri wkh fdslwdo vwrfn1 Vr/

zh qhhg qrwdwlrq iru wklv1 Zh glg qrw dovr zdqw d vhsdudwh qrwdwlrq iru wkh ohyho ri wkh fdslwdo

vwrfn1

�fWkh prgl�fdwlrq pxvw wdnh lqwr dffrxqw wkdw xqghu +5, wkh frqvwudlqw vhw iru fdslwdo grhv

qrw vdwlvi| prqrwrqlflw|1

��Vx!flhqw frqglwlrqv iru d vroxwlrq lqfoxgh qrw mxvw wkh Nxkq0Wxfnhu dqg Hxohu htxdwlrqv/

exw dovr d wudqvyhuvdolw| frqglwlrq1 D vx!flhqw frqglwlrq iru wkh odwwhu lv wkdw d jlyhq fdqglgdwh

vroxwlrq lpso| d erxqghg hujrglf vhw iru fdslwdo1 Wklv uhvxow lv zkdw zh xvh lq sudfwlfh wr yhuli|

wkdw rxu fdqglgdwh dssur{lpdwh vroxwlrqv vdwlvi| wkh wudqvyhuvdolw| frqglwlrq1

�2Wr hvwdeolvk wkdw SE�� lv ghfuhdvlqj lq lwv �uvw dujxphqw li � lv/ +49, lqglfdwhv lw lv vx!flhqw
wr yhuli| wkdw 6 lv ghfuhdvlqj lq lwv �uvw dujxphqw zkhqhyhu � lv1 Dffruglqjo|/ frqvlghu d jlyhq

�E&c w� wkdw lv ghfuhdvlqj lq & iru E&c w� 5 d&c &o � X� Il{ w 5 X dqg frqvlghu �uvw ydoxhv ri &

lqwhulru wr wkh vhw ri srlqwv zkhuh wkh luuhyhuvlelolw| frqvwudlqw idlov wr elqg1 Iurp wkh uhodwlrq/

LS E&c }E&c w�c w� ' q i T d�E}E&c w�c w�o c lw lv hdvlo| yhul�hg wkdw LS E&c }E&c w�c w� lv lqfuhdvlqj lq

&1 Exw/ 6E&c w( }c �� ' LS E&c }E&c w�c w� ds&E&c w� n �� Bo � Wkh uhvxow wkdw 6 lv ghfuhdvlqj lq lwv

�uvw dujxphqw iroorzv iurp wkh idfw wkdw LS dqg s& duh1 Qrz vxssrvh & olhv lq wkh lqwhulru ri wkh
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vhw zkhuh wkh luuhyhuvlelolw| frqvwudlqw elqgv/ vr wkdw }E&c w� ' *L}E�� B�n&� Wkhq/ vxevwlwxwlqj

+48, lqwr +9,/ zh jhw 6E&c w( }c �� ' LS E&c }E&c w�c w� s&E&c w� n E� � B�q i T d�E&c w�o � Wkdw 6 lv

ghfuhdvlqj lq & iroorzv iurp wkh uhdglo| yhul�hg idfwv wkdw LSc � dqg s& duh1

��Zh lpsolflwo| dvvxph wkdw wkh ydoxh+v, ri & zkhuh }E&c w� kdv d nlqn ydulhv qrqwulyldoo| zlwk

w� Iru dq looxvwudwlrq ri wkh sursrvlwlrq wkdw wkh vhfrqg w|sh ri nlqn kdv d uhodwlyho| vpdoo lpsdfw

rq e/ vhh Iljxuh 5 lq ghq Kddq +4<<:,1 Wkh vrolg olqh lq wkdw �jxuh judskv wkh dqdorj ri rxu e

ixqfwlrq iru d zhdowk dffxpxodwlrq sureohp lq zklfk wkh h{rjhqrxv vkrfn +wkh dqdorj ri rxu w��

fdq wdnh rq wzr ydoxhv1 Wkh fxuyh lq ghq Kddq*v �jxuh kdv wzr nlqnv1 Wkh pruh surqrxqfhg

rqh lv dq h{dpsoh ri rxu �uvw w|sh ri nlqn/ zkhuhdv wkh vpdoohu rqh lv dq h{dpsoh ri rxu vhfrqg

w|sh1

�eWkh iroorzlqj h{dpsoh looxvwudwhv vrph ri wkh srlqwv lq wkh suhfhglqj wzr sdudjudskv1 Vxs0

srvh6E&�c w�� ' 4@ E&�c w��c iru &�c w� 5 d&c &o� Ohw sE&�� � U &
& 6E&�c w��_w� ' &�E&��&�nf�DE&�&��21

Wkh ixqfwlrq sc zklfk lv wkh dqdorj ri �c lv fohduo| gl�huhqwldeoh lq &� hyhq wkrxjk 6E&�c w�� lv

qrw1 Qrz/ vxssrvh }E&� lv vrph qrq0gl�huhqwldeoh ixqfwlrq1 Wkhq wkh frpsrvlwh ixqfwlrq/

�sE}� ' sE}E&��c zklfk lv wkh dqdorj ri ec lv qrw gl�huhqwldeoh hlwkhu1 Wkxv/ s lv vprrwkhu wkdq

�s�

�DZkhq wkh whfkqrorj| vkrfn lv ��_/ wkhq � lv qrw hyhq d ixqfwlrq ri w� Wklv lv d juhdw

vlpsol�fdwlrq iurp d frpsxwdwlrqdo shuvshfwlyh1

�SVhh Vdujhqw +4<;3, dqg Fkulvwldqr dqg Ilvkhu +4<<;, iru d pruh ghwdlohg dqdo|vlv ri Wrelq*v

^ lq d jhqhudo htxloleulxp hqylurqphqw olnh rxuv1

�.Wkh Fkhe|vkhy sro|qrpldov duh gh�qhg dv iroorzv= AfE%� � �c A�E%� ' %c dqg A�E%� '

2%A�3�E%�� A�32E%�c iru � � 2�

�HWkh �|� sro|qrpldo lv ��E%� ' �n k�
�%n � � �n k�

�%
�c zlwk wkh k*v gh�qhg e| wkh uhtxluhphqw

�fE%� � � dqg
U �
3� ��E%���E%�_% ' f iru � ' fc � � � c ��� dqg � � �� Wkhvh sro|qrpldov zhuh fkrvhq

wr khos plwljdwh srvvleoh frpsxwdwlrqdo sureohpv dulvlqj iurp pxowlfroolqhdulw| lq vwhs 5 ri wkh

frqyhqwlrqdo SHD/ zklfk lv glvfxvvhg ehorz1 Zh kdyh qrw lqyhvwljdwhg zkhwkhu frpsxwdwlrqdo
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uhvxowv duh vhqvlwlyh wr wkh fkrlfh ri sro|qrpldo1 Pdwkhpdwlfdoo|/ wkhuh lv qr vhqvlwlylw|1

�bVhh Pduvkdoo +4<<5, iru d glvfxvvlrq ri vwudwhjlhv iru hdvlqj wkh exughq ri wklv vwhs1

2fWklv ihdwxuh lv dovr suhvhqw lq Jdvsdu dqg Mxgg +4<<:,1

2�Zh glg qrw gr wkh h{shulphqwv qhfhvvdu| wr ghwhuplqh zkhwkhu wkh pxowlfroolqhdulw| sure0

ohpv zh hqfrxqwhuhg zrxog kdyh ehhq ohvv ru juhdwhu li zh kdg xvhg ruglqdu| sro|qrpldov lqvwhdg

ri Ohjhqguh sro|qrpldov1

22Ghwdlov ri wkh orj0olqhdu dssur{lpdwlrq surfhgxuh zh xvhg duh ghvfulehg lq Fkulvwldqr +4<<4/

Dsshqgl{,1 Zh lqlwldwh wkh SHD fdofxodwlrqv e| xvlqj wkh pxowlsolhu dqg srolf| ixqfwlrqv mxvw

ghvfulehg wkh �uvw wlph wkh vlpxodwlrq vwhs +vwhs 4, lv h{hfxwhg1

2�Lw lv qrw dssduhqw lq Iljxuh 5/ exw wkh uhjlrq lq zklfk wkh frqvwudlqw elqgv lq prgho +5, lv

vwulfwo| lqwhulru wr wkh hujrglf vhw iru fdslwdo1

2eKhuh dqg wkurxjkrxw wkh uhvw ri wkh sdshu/ zh dsso| wkh yhuvlrq ri wkh txdvl0Qhzwrq dojr0

ulwkp zlwk Eur|ghq*v vhfdqw xsgdwh phwkrg lpsohphqwhg lq wkh JDXVV surfhgxuh QOV\V1

2DVhh Iljxuh 8 lq Fkulvwldqr dqg Ilvkhu +4<<:,/ iru judskv ri ^�

2SRxu prgl�hg frqyhqwlrqdo SHD lv vlplodu wr zkdw Pdufhw dqg Pdulprq +4<<5, uhihu wr dv

SHD zlwk h{rjhqrxv ryhuvdpsolqj1 Wkh| dujxh wkdw e| lqfuhdvlqj wkh glvshuvlrq lq fdslwdo

uhodwlyh wr frqyhqwlrqdo SHD/ rqh jhwv d pruh dffxudwh hvwlpdwh ri wkh idu0iurp0vwhdg|0vwdwh

surshuwlhv ri d prgho1 Rxu dqdo|vlv vxjjhvwv wkdw wklv revhuydwlrq pd| hyhq dsso| zkhq wkh

remhfwv ri lqwhuhvw duh surshuwlhv ri wkh vwhdg| vwdwh glvwulexwlrq lpsolhg e| wkh prgho1

2.Qrwh wkdw lq jhqhudo wkh glvwulexwlrq ri fdslwdo vwrfnv xvhg zlwk frqyhqwlrqdo SHD grhv qrw

kdyh wr fruuhvsrqg wr wkh glvwulexwlrq lpsolhg e| wkh wuxh prgho vroxwlrq1 Iljxuhv 8D/ 8F dqg

8G kdyh ehhq frqvwuxfwhg xvlqj wkh wuxh prgho vroxwlrq1

2HWkh vlpxodwlrq sruwlrq ri frqyhqwlrqdo SHD zdv frghg dv d IRUWUDQ vxeurxwlqh dqg

lpsruwhg wr JDXVV xvlqj wkh JDXVV iruhljq odqjxdjh lqwhuidfh1 Wklv zdv wr frpedw wkh
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zhoo0nqrzq gh�flhqf| ri JDXVV zlwk uhvshfw wr orqj gr0orrsv1

2bOhw S ghqrwh wkh ohyho ri frqvxpswlrq lq wkh dssur{lpdwh vroxwlrq dqg ohw �S ghqrwh wkh

ohyho ri frqvxpswlrq qhhghg wr vhw wkh Hxohu huuru wr }hur zlwkrxw fkdqjlqj hlwkhu wkh ohyho ri

lqyhvwphqw ru Wrelq*v ^1 Zh kdyh S3� � 	�@E&c w� ' ^S3� ' q i T E	e@E&c w�� c dqg �S lv gh�qhg

e| wkh uhodwlrq/ �S3�^ ' q di T E	e@E&c w��-Re@E&c w( 	e@��o � Glylglqj dqg uhduudqjlqj/ zh jhw rxu

frqvxpswlrq0edvhg phdvxuh ri wkh Hxohu huuru= �ff E�S*S� �� ' �ff di T E-Re@E&c w( 	e@�*��� �o �

�fWkh lqwhuydo zlgwk iru wkh �qh julg xvhg lq Iljxuh : lv f�ffD�

��Lq wklv dqg wkh qh{w sdudjudsk/ _sE%�*_% phdqv dsE%�� sE%� 0�o*0 iru 0 ' f�ffD�

�2Zlwk uhjdug wr frqyhqwlrqdo SHD/ wkhvh uhvxowv duh frqvlvwhqw zlwk ghq Kddq +4<<8,*v

�qglqjv1 Kh uhsruwv wkdw kh qhhghg yhu| kljk ydoxhv ri � wr jhw dffxudwh vroxwlrqv iru udwhv ri

uhwxuq zlwk frqyhqwlrqdo SHD1

��Vdqwrv +4<<;, wdnhv vrph vwhsv lq wkh gluhfwlrq ri ghyhorslqj irupdo phwkrgv iru xvlqj Hxohu

htxdwlrq huuruv wr dvvhvv wkh dffxudf| ri dq dssur{lpdwlrq1 Kh grhv qrw frqvlghu wkh fdvh ri

rffdvlrqdoo| elqglqj frqvwudlqwv vwxglhg khuh1 Lq dgglwlrq/ lq dvvhvvlqj dffxudf| zh irfxv rq

lpsolfdwlrqv iru vhfrqg prphqw surshuwlhv/ zkloh Vdqwrv irfxvhv rq lpsolfdwlrqv iru srolf| uxohv1

�eDq h{fhswlrq/ qrwhg lq wkh lqwurgxfwlrq/ lv wkdw zh gr vkrz wkdw wkh olqhdulw| dqg ruwkrj0

rqdolw| surshuwlhv ri Fkhe|vkhy SHD dsso| lq duelwudu| glphqvlrqv1

�DUhgg| +4<<6, ghvfulehv v|vwhpdwlf surfhgxuhv iru h{sdqglqj wkh vsdfh ri �qlwh hohphqw

ixqfwlrqv wr lqfoxgh pruh wkdq rqh glphqvlrq/ dqg slhfhzlvh sro|qrpldov ri rughu kljkhu wkdq

rqh1

�SWr vhh h{dfwo| krz zh gr wklv/ zulwh wkh w|slfdo lqwhjudo lq +78, dv
U K
@ -E&c wc e}@���E&�_&

zkhuh/ iru h{dpsoh/ @ ' &�3�c K ' &�n� zkhq � ' 2c ���c � � �� Wkh Jdxvv0Ohjhqguh �0

srlqw txdgudwxuh dssur{lpdwlrq wr wklv lqwhjudo lv zulwwhq +-,
S�

�'�-E&�c wc e}@���E&����c zkhuh

wkh dojrulwkp iru frpsxwlqj wkh ��*v lv surylghg lq +Suhvv/ hw do1 +4<<5,,� Wr frpsxwh wkh

&�*v/ zh �uvw vroyh iru o�c � ' �c ���c�c wkh � }hurv ri wkh � |� rughu Ohjhqguh sro|qrpldo/
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��E%�c glvfxvvhg diwhu +64,1 Wkh o�*v dqg ��*v ghshqg rqo| xsrq wkh sdudphwhu/ �� Wkhq/

&� ' do�EK� @� n E@n K�o *2c � ' �c ���c�� Lq wklv zd|/ zh jhw � htxdwlrqv olnh +-,1 Wkhvh fdq

eh uhsuhvhqwhg lq pdwul{ irup/ dv lq +5;, ru +68,/ zkhuh wkh dqdorj ri f lv frpsrvhg ri wkh

edvlv ixqfwlrqv ri e}@/ wkh ��*v dqg wkh &�*v1 Lq frqwudvw zlwk wkh fdvh ri Vshfwudo0Jdohunlq dqg

Fkhe|vkhy0SHD/ wkh froxpqv ri f duh qrw ruwkrjrqdo1
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Djulfxowxuh/ Zdvklqjwrq/ G1 F1

Kduwoh|/ S1/ 4<<9/ Ydoxh0Ixqfwlrq Dssur{lpdwlrq lq wkh Suhvhqfh ri Xqfhuwdlqw| dqg Lqhtxdo0

lw| Frqvwudlqwv= Dq Dssolfdwlrq wr wkh Ghpdqg iru Fuhglw Fdugv/ Mrxuqdo ri Hfrqrplf

G|qdplfv dqg Frqwuro 53/ 960<51

Khdwrq/ M1 dqg G1 Oxfdv/ 4<<5/ Wkh H�hfwv ri Lqfrpsohwh Lqvxudqfh Pdunhwv dqg Wudglqj

Frvwv lq d Frqvxpswlrq0Edvhg Dvvhw Sulflqj Prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg

Frqwuro 49/ 93409531

Khdwrq/ M1 dqg G1 Oxfdv/ 4<<9/ Hydoxdwlqj wkh H�hfwv ri Lqfrpsohwh Pdunhwv rq Ulvn Vkdulqj

dqg Dvvhw Sulflqj/ Mrxuqdo ri Srolwlfdo Hfrqrp| 437/ 7760;:1

Kxjjhww/ P1/ 4<<6/ Wkh Ulvn0Iuhh Udwh lq Khwhurjhqhrxv0Djhqw Lqfrpsohwh0Lqvxudqfh Hfrqrplhv/

Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 4:/ <860<9<1
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Mxgg/ N1/ 4<<5/ Surmhfwlrq Phwkrgv iru Vroylqj Djjuhjdwh Jurzwk Prghov/ Mrxuqdo ri Hfr0

qrplf Wkhru| 8;/ 74307851

Mxgg/ N1/ 4<<7/ Frpphqwv rq Pdufhw/ Uxvw dqg Sdnhv/ lq F1 Vlpv/ hg1/ Dgydqfhv lq Hfrqr0

phwulfv/ Vl{wk Zruog Frqjuhvv/ Yro 5 +Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh,1

Mxgg/ N1/ 4<<;/ Qxphulfdo Phwkrgv lq Hfrqrplfv/ +PLW Suhvv/ Fdpeulgjh,1

Ndkq/ M1/ 4<<5/ Zk| lv Surgxfwlrq Pruh Yrodwloh wkdq VdohvB Wkhru| dqg Hylghqfh rq wkh

Vwrfn0rxw Dyrlgdqfh Prwlyh iru Lqyhqwru| Kroglqj/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 43:/

7;408431

Nl|rwdnl/ Q1 dqg M1 Prruh/ 4<<:/ Fuhglw F|fohv/ Mrxuqdo ri Srolwlfdo Hfrqrp| 438/ 54407;1

Oxfdv/ G1/ 4<<7/ Dvvhw Sulflqj zlwk Xqglyhuvl�deoh Lqfrph Ulvn dqg Vkruw Vdohv Frqvwudlqwv=

Ghhshqlqj wkh Htxlw| Suhplxp Sx}}oh/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 67/ 658074

Oxhqehujhu/ G1/ 4<9</ Rswlpl}dwlrq e| Yhfwru Vsdfh Phwkrgv +Mrkq Zloh| ) Vrqv/ Qhz \run,1

Pdufhw/ D1/ 4<;;/ Vroylqj Qrqolqhdu Vwrfkdvwlf Jurzwk Prghov e| Sdudphwul}lqj H{shfwdwlrqv/

Fduqhjlh0Phoorq Xqlyhuvlw| pdqxvfulsw1

Pdufhw/ D1 dqg M1 Nhwwhuhu/ 4<;</ Lqwurgxflqj Ghulydwlyh Vhfxulwlhv= D Jhqhudo Htxloleulxp

Dssurdfk/ Fduqhjlh0Phoorq Xqlyhuvlw| pdqxvflsw1

Pdufhw/ D1 dqg U1 Pdulprq/ 4<<5/ Frppxqlfdwlrq/ Frpplwwphqw dqg Jurzwk/ Mrxuqdo ri

Hfrqrplf Wkhru| 8;/ 54<057<1

Pdufhw/ D1 dqg G1 Pduvkdoo/ 4<<7/ Vroylqj Qrq0olqhdu Udwlrqdo H{shfwdwlrqv Prghov e| Sd0

udphwhul}hg H{shfwdwlrqv= Frqyhujhqfh wr Vwdwlrqdu| Vroxwlrqv/ Ihghudo Uhvhuyh Edqn ri

Fklfdjr Zrunlqj Sdshu <70531

Pdufhw/ D1 dqg N1 Vlqjohwrq/ 4<<3/ Htxloleulxp Dvvhw Sulfhv dqg Vdylqjv ri Khwhurjhqhrxv

Djhqwv Lq wkh Suhvhqfh ri Sruwirolr Frqvwudlqwv/ Fduqhjlh0Phoorq pdqxvfulsw1
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Pduvkdoo/ G1/ 4<<5/ Lq dwlrq dqg Dvvhw Uhwxuqv lq d Prqhwdu| Hfrqrp|/ Mrxuqdo ri Ilqdqfh

7:/ 46480751

PfFxug|/ W1 dqg Q1 Ulfnhwwv/ 4<<8/ Dq lqwhuqdwlrqdo hfrqrp| zlwk frxqwu|0vshfl�f prqh|

dqg surgxfwlylw| jurzwk surfhvvhv1 Fdqdgldq Mrxuqdo ri Hfrqrplfv 5;/ 4740951

PfJudwwdq/ H1/ 4<<9/ Vroylqj wkh Vwrfkdvwlf Jurzwk Prgho zlwk d Ilqlwh Hohphqw Phwkrg/

Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 53/ 4<0751

Pludqgd/ P1M1/ 4<;8/ Dqdo|vlv ri Udwlrqdo H{shfwdwlrqv Prghov iru Vwrudeoh Frpprglwlhv

Xqghu Jryhuqphqw Uhjxodwlrq/ Xqlyhuvlw| ri Zlvfrqvlq0Pdglvrq Grfwrudo Glvvhuwdwlrq1

Pludqgd/ P1M1/ dqg S1J1 Khopehujhu/ 4<;;/ Wkh H�hfwv ri Frpprglw| Sulfh Vwdelol}dwlrq

Surjudpv/ Dphulfdq Hfrqrplf Uhylhz :;/ 7908;1

Suhvv/ Z1K1/ V1 Whxnrovn|/ Z1 Yhwwhuolqj/ dqg E1 Iodqqhu|/ 4<<5/ Qxphulfdo Uhflshv lq Iruwudq

+Fdpeulgjh Xqlyhuvlw| Suhvv/ Qhz \run,1

Uhgg|/ M1Q1/ 4<<6/ Dq Lqwurgxfwlrq wr wkh Ilqlwh Hohphqw Phwkrg +PfJudz0Kloo/Qhz \run,1

Uxvw/ M1/ 4<<9/ Qxphulfdo G|qdplf Surjudpplqj lq Hfrqrplfv/ lq K1 Dppdq/ G1 Nhqgulfn

dqg M1 Uxvw/ hgv1/ Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv +Qruwk Kroodqg/ Dpvwhugdp,

94<0:5<1

Vdqwrv/ P1/ 4<<:/ Qxphulfdo Vroxwlrq ri Vwrfkdvwlf Jurzwk Prghov/ Xqlyhuvlw| ri Plqqhvrwd

pdqxvfulsw1

Vdqwrv/ P1/ 4<<;/ Dq Dffxudf| Whvw Xvlqj wkh Hxohu Htxdwlrq Uhvlgxdov/ Xqlyhuvlw| ri Plq0

qhvrwd pdqxvfulsw1

Vdujhqw/ W1/ 4<;3/ Wrelq*v ^ dqg wkh Udwh ri Lqyhvwphqw lq Jhqhudo Htxloleulxp/ Fduqhjlh0

Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf| 45/ 43:0871

Vwrfnpdq/ G1U1/ 4<<:/ Edodqfhg0Exgjhw Uxohv= Zhoiduh Frqvhtxhqfhv/ Rswlpdo Srolflhv/ dqg

Wkhruhwlfdo Lpsolfdwlrqv1 Xqlyhuvlw| ri Fklfdjr Grfwrudo Glvvhuwdwlrq1
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Vwrnh|/ Q1 dqg U1H1 Oxfdv/ Mu1/ zlwk H1 Suhvfrww/ 4<;</ Uhfxuvlyh Phwkrgv lq Hfrqrplf G|0

qdplfv +Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh/ PD,1

Wd|oru/ M1/ dqg K1 Xkolj/ 4<<3/ Vroylqj Qrqolqhdu Vwrfkdvwlf Jurzwk Prghov= D Frpsdulvlrq

ri Dowhuqdwlyh Vroxwlrq Phwkrgv/ Mrxuqdo ri Hfrqrplfv dqg Exvlqhvv ;/ 404:1

Whophu/ F1/ 4<<6/ Dvvhw Sulflqj Sx}}ohv dqg Lqfrpsohwh Pdunhwv/ Mrxuqdo ri Ilqdqfh 7;/ 4;360

651

Zuljkw/ E1G1/ dqg M1F1 Zlooldpv/ 4<;5d/ Wkh Hfrqrplf Uroh ri Frpprglw| Vwrudjh/ Hfrqrplf

Mrxuqdo <5/ 8<909471

Zuljkw/ E1G1/ dqg M1F1 Zlooldpv/ 4<;5e/ Wkh Urohv ri Sxeolf dqg Sulydwh Vwrudjh lq Pdqdjlqj

Rlo Lpsruw Glvuxswlrqv/ Ehoo Mrxuqdo ri Hfrqrplfv 46/ 67406861

Zuljkw/ E1G1/ dqg M1F1 Zlooldpv/ 4<;7/ Wkh Zhoiduh H�hfwv ri wkh Lqwurgxfwlrq ri Vwrudjh/

Txduwhuo| Mrxuqdo ri Hfrqrplfv <</ 49<04;51
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Wdeoh 41 Vxppdu| ri wkh frpsxwdwlrqdo vwudwhjlhv frqvlghuhg

Remhfw Uhvlgxdo Hydoxdwlrq
Frpsxwdwlrqdo Vwudwhj|+l, Dssur{lpdwhg Zhljkwlqj Vfkhph ri Lqwhjudov

Vshfwudo Phwkrgv+ll,

frqyhqwlrqdo SHD Pdufhw frqglwlrqdo prgho0lpsolhg ghqvlw| Prqwh Fduor
h{shfwdwlrq iru fdslwdo dqg whfkqrorj|

prgl�hg Pdufhw frqglwlrqdo h{rjhqrxv ghqvlw| Prqwh Fduor
frqyhqwlrqdo SHD h{shfwdwlrq iru fdslwdo dqg whfkqrorj|
Fkhe|vkhy SHD Pdufhw dqg Zuljkw0Zlooldpv gludf ghowd ixqfwlrqv txdgudwxuh

frqglwlrqdo h{shfwdwlrq +li froorfdwlrq,
Jdohunlq +li Jdohunlq,

SHD froorfdwlrq Pdufhw dqg Zuljkw0Zlooldpv gludf ghowd ixqfwlrqv txdgudwxuh
frqglwlrqdo h{shfwdwlrq

SHD Jdohunlq Pdufhw frqglwlrqdo Jdohunlq txdgudwxuh
h{shfwdwlrq

Vshfwudo0Jdohunlq srolf| dqg pxowlsolhu Jdohunlq txdgudwxuh
ixqfwlrqv

Ilqlwh Hohphqw Phwkrgv+lll,

IHP froorfdwlrq srolf| dqg pxowlsolhu gludf ghowd ixqfwlrqv txdgudwxuh
ixqfwlrqv

IHP Jdohunlq srolf| ixqfwlrq Jdohunlq txdgudwxuh

Qrwhv wr wdeoh 41

+l, Wkhvh qdphv duh lqwhqghg dv d frqyhqlhqw vkruwkdqg rqo|1 Iru h{dpsoh/ whfkqlfdoo| SHD Jdohunlq lv d
Vshfwudo Jdohunlq phwkrg wrr1

+ll, Zh xvhg sro|qrpldov1

+lll, Zh xvhg slhfhzlvh olqhdu ixqfwlrqv1
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Wdeoh 51 Sdudphwhul}dwlrqv frqvlghuhg

Sdudphwhu Ydoxhv
Prgho � � � � � �

+4, 4=364@7 4 3=6 3=35 3=56 3
+5, 4=364@7 43 3=6 3=35 3=56 3
+6, 4=364@7 4 3=38 3=35 3=36;5 3
+7, 4=364@7 4 3=6 3=8 3=9:8 3
+8, 4=364@7 4 3=6 3=35 3=56 3=<8
+9, 4=364@7 4 3=6 3=35 3=73 3
+:, 4=364@7 43 3=4 3=35 3=56 3=<8
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Wdeoh 61 Eldv dqg Prqwh Fduor yduldwlrq lq frqyhqwlrqdo SHD
Sdudphwhul}dwlrqv

Vwdwlvwlf +4, +5, +6, +7, +8, +9, +:,
Sdqho D � Txdqwlwlhv

�| 99=3 9:=< 6=<8 9;=; ;7=; 458=3 6715
^�3=5` ^�3=9` ^�3=37` ^�3=6` ^3=4` ^�3=6` ^�3=5`
+3=337, +3=35, +3=334, +3=34, +3=35, +3=336, +3=37,
k3=4l k3=8l k3=34l k3=4l k3=8l k3=4l k3=<l

�f 43=5 :=83 4=34 67=6 7<=: 78=7 4517
^�4=4` ^4=4` ^�3=5` ^�3=<` ^�3=5` ^�4=3` ^9=6`
+3=36, +3=4, +3=37, +3=34, +3=35, +3=34, +3=8,
k3=:l k4=9l k3=<l k3=6l k3=l k3=6l k43=9l

�l 94=< 98=< 6=75 69=4 76=; ;3=; 5614
^3=37` ^�3=;` ^3=6` ^�3=4` ^3=6` ^3=5` ^�6=;`
+3=34, +3=36, +3=34, +3=35, +3=4, +3=34, +3=6,
k3=5l k3=9l k3=5l k3=7l k4=7l k3=6l k:=6l

�+|> f, 3=7: 3=65 3=94 3=<; 3=<5 3=<; 31<7
^�6=3` ^6=8` ^�3=6` ^�3=6` ^�3=4` ^3=5` ^�3=5`
+3=38, +3=5, +3=35, +3=334, +3=34, +3=335, +3=4,
k4=4l k7=7l k3=8l k3=36l k3=6l k3=4l k4=4l

�+|> l, 3=<< 3=<< 3=<: 3=<; 3=<3 3=<< 31<;
^�3=4` ^3=73` ^3=6` ^3=34` ^�3=8` ^3=8` ^�3=5`
+3=334, +3=334, +3=335, +3=335, +3=35, +3=334, +3=36,
k3=34l k3=35l k3=4l k3=37l k3=7l k3=35l k3=:l

Sdqho E � Dvvhw Sulfhv dqg Uhwxuqv
HUh 6=53 6=3; 6=34 63<=8 5=<7 8<=; 4=77

^�3=4` ^58=4` ^3=7` ^5=3` ^�3=5` ^�4=:` ^4=9 h ;`
+3=38, +4=<, +3=35, +3=4, +3=4, +3=37, +4=9 h ;,
k4=37l k66=9l k3=8l k4=4l k5=:l k3=<l k5457l

HUi 6=33 5=7: 6=33 ;=9 5=;; 4<=: �8=75
^4=;` ^<=3` ^3=9` ^63=6` ^�3=4` ^5=9` ^69=;`
+3=34, +3=6, +3=334, +3=4, +3=34, +3=36, +5=:,
k3=46l k9=6l k3=34l k4=7l k3=5l k3=9l k75=6l

H+Uh �Ui , 3=53 3=93 3=35 633=< 3=39 73=4 9=;9
^�58=;` ^<6=8` ^�::=9` ^4=5` ^�6=8` ^�6=;` ^6=6 h :`
+3=:, +;=8, +7=9, +3=4, +9=4, +3=37, +6=6 h :,
k53=7l k<:=<l k793=:l k4=4l k474=6l k4=3l k5457l

�t 4=3: 5=34 3=64 9=74 3=8< 47=5 46=:
^�8=7` ^59=;` ^�5=9` ^�4=<` ^4=7` ^�3=:` ^:=<`
+3=4, +6=3, +3=4, +3=4, +3=;, +3=34, +4=4,
k6=8l k85=<l k4=8l k4=7l k4:=6l k3=6l k55=3l

�+|> t, 3=73 3=64 3=6; 3=66 3=3< 3=<< 3=7:
^�;=5` ^:=6` ^�:=9` ^4=8` ^6=5` ^�3=5` ^�3=6`
+3=4, +4=8, +3=37, +3=35, +3=68, +3=335, +3=:,
k5=7l k64=5l k4=3l k3=7l k:=9l k3=4l k47=8l

Iuht+t ? 4, 57=9 <=5 4<=< 53=6 6=; 7<=: 64=3
^�45=8` ^58=8` ^�45=9` ^9=:` ^�5=3` ^�6=;` ^�:=5`
+3=4, +6=3, +3=4, +3=37, +3=7, +3=337, +3=9,
k5=<l k85=9l k4=8l k3=;l k45=9l k3=4l k46=6l

Sdqho F 0 Frpsxwdwlrq wlphv lq vhfrqgv
Wlph 5918 5;1; 5819 6;1: 4<16 5918 739

Qrwhv= Vhh qh{w sdjh1
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Qrwhv wr wdeoh 61

l1 Xqeudfnhwhg qxpehuv= vwdwlvwlf/ vgs/ edvhg rq d vlqjoh vlpxodwlrq ri ohqjwk 433/333 jhqhudwhg xvlqj g|qdplf
surjudpplqj vroxwlrq1

ll1 Vtxduh eudfnhwhg qxpehuv= 433 � +v � vgs,@vgs/ zkhuh v lv wkh phdq ri wkh vwdwlvwlf dfurvv L @ 833 vlpx0
odwhg gdwd vhwv ri ohqjwk 433> 333 revhuydwlrqv hdfk1 Hdfk ri wkh L gdwdvhwv zdv jhqhudwhg e| d gl�huhqw
frqyhqwlrqdo SHD vroxwlrq1 Iru prgho +:,/ 7; ri wkh duwl�fldo gdwdvhwv kdg wr eh glvfdughg ehfdxvh wkh
fdslwdo vwrfn frqyhujhg wr }hur1

lll1 Urxqg eudfnhwhg qxpehuv= Prqwh Fduor vwdqgdug huuru/ 433 ��v@+L �vgs,> iru wkh remhfw lq vtxduh eudfnhwv1
Khuh �v lv wkh vwdqgdug ghyldwlrq ri wkh vwdwlvwlf dfurvv L frqyhqwlrqdo SHD0jhqhudwhg gdwdvhwv1

ly1 Dqjxodu eudfnhwhg qxpehuv= frh!flhqw ri yduldwlrq/ 433 � �v@v=
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Wdeoh 71 Ryhufrplqj eldv dqg Prqwh Fduor yduldwlrq lq frqyhqwlrqdo SHD+ll,

prgl�hg SHD
frqyhqwlrqdo SHD frqyhqwlrqdo SHD+l, froorfdwlrq

Q @ 6 Q @ 8 Q @ 8 Q @ 8 Q @ 6 Q @ 8
Vwdwlvwlf P @ 43> 333 P @ 83> 333 P @ 83> 333 P @ 43> 333 P @ 6 P @ 8

Sdqho D � Txdqwlwlhv
�| ^�3=5` ^3=5` ^3=6` ^3=6` ^3=7` ^3=6`

+3=37, +3=36, +3=35, +3=3:,
k3=<l k3=5l k3=336l k3=8l

�f ^9=6` ^4=3` ^�3=8` ^�3=7` ^�4=4` ^�3=6`
+3=8, +3=7, +3=6, +3=;,
k43=9l k5=:l k5=4l k8=<l

�l ^�6=;` ^�3=7` ^3=7` ^3=7` ^3=:` ^3=5`
+3=6, +3=5, +3=5, +3=9,
k:=6l k4=8l k4=8l k7=6l

�+|> f, ^�3=5` ^�3=9` ^�3=9` ^�3=;` ^�3=9` ^�3=8`
+3=4, +3=4, +3=4, +3=5,
k4=4l k3=7l k3=8l k4=8l

�+|> l, ^�3=5` ^3=4` ^3=5` ^3=5` ^3=5` ^3=5`
+3=36, +3=36, +3=34, +3=36,
k3=:l k3=5l k3=39l k3=5l

Sdqho E � Dvvhw Sulfhv dqg Uhwxuqv
HUh ^4=9 h ;` ^7=: h :` ^�46=3` ^�:=8` ^�5<=;` ^�;=9`

+4=9 h ;, +7=9 h :, +;=4, +57=5,
k5457l k9;:l k98=;l k48<l

HUi ^69=;` ^7=5` ^�4=:` ^�3=;` ^�7=5` ^�3=7`
+5=:, +4=:, +�4=9, +8=3,
k75=6l k44=8l k44=;l k68=7l

H+Uh �Ui , ^6=6 h :` ^<=< h 9` ^�7=4` ^4=3` ^�<=9` ^�5=4`
+6=6 h :, +<=9 h 9, +5=<, +;=:,
k5457l k9;:l k54=4l k94=4l

�t ^:=<` ^�4=<` ^�5=:` ^�8=3` ^�7=<` ^�4=5`
+4=4, +3=<, +4=5, +6=6,
k55=3l k9=9l k;=;l k57=9l

�+|> t, ^�3=6` ^�4=3` ^�4=<` ^�6=8` ^�3=;` ^�4=5`
+3=:, +3=<, +4=3, +4=;,
k47=8l k9=7l k9=<l k46=6l

Iuht+t ? 4, ^�:=5` ^�7=9` ^�5=3` ^�6=<` ^3=4` ^�4=4`
+3=9, +3=<, +4=3, +4=;,
k46=6l k9=;l k9=<l k45=<l

Sdqho F 0 Frpsxwdwlrq wlphv lq vhfrqgv
Wlph 739 8;:3 456: 4:3 3=5; 3=99

+l, D yhuvlrq ri frqyhqwlrqdo SHD lq zklfk gdwd vlpxodwlrq vwhs +vwhs &4, kdv ehhq dowhuhg wr surgxfh juhdwhu
glvshuvlrq1 Wklv zdv grqh e| �uvw frpsxwlqj �yh ydoxhv iru wkh fdslwdo vwrfn/ n4> ===> n8> edvhg rq wkh }hurv
ri d �iwk rughu Fkhe|vkhy sro|qrpldo1 Iru hdfk +nl> �,> zh guhz 8333 wlphv iurp s+�3 m �,> iru l @ 4> ===> 8
dqg � @ ��> �> uhvshfwlyho|1 Wklv uhvxowv lq 83> 333 vhwv/ +n> �> �3,> zklfk zhuh xvhg +dorqj zlwk d ydoxh
iru d, wr frqvwuxfw p5> ===>p83>334 lq wkh pdqqhu ghvfulehg lq vwhs &41 Wkhvh gdwd zhuh wkhq xvhg lq wkh
qrqolqhdu uhjuhvvlrq vshfl�hg lq vwhs &51

+ll, Wkh hqwulhv lq wkh �uvw froxpq duh uhsurgxfhg iurp wkh odvw froxpq lq Wdeoh 61 Wkhuh/ L @ 833> wkrxjk 7;
ri wkhvh kdg wr eh glvfdughg ehfdxvh fdslwdo frqyhujhv wr }hur lq vlpxodwlrq1 Iru froxpqv 5� 7> L @ 831
Zh glg qrw kdyh wr glvfdug dq| vroxwlrqv iru wkhvh fdvhv gxh wr gl!fxowlhv dw wkh srvw0vroxwlrq vlpxodwlrq
vwdjh1
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Wdeoh 81 Frpsxwdwlrq wlphv iru frqwlqxrxv whfkqrorj| lpsohphqwdwlrqv ri wkh SHDv

Ehqfkpdun Prgho Ehqfkpdun Prgho
Dojrulwkp � @ 3=3 � @ 3=<8

SHD Jdohunlq 3155 31<<
+Q>P>K, +9> 69> 7, +48> 58> 7,
frqyhqwlrqdo SHD 81< 4691<
+Q>P, +9> 4333, +9> 43333,

Qrwhv wr wdeoh 81

41 Uhvxowv fruuhvsrqg wr d yhuvlrq ri wkh ehqfkpdun prgho lq zklfk � kdv d Qrupdo glvwulexwlrq1 Wkh
xqeudfnhwhg hqwulhv duh plqlpxp frpsxwdwlrq wlphv qhhghg wr dfklhyh d jlyhq ohyho ri dffxudf|/ dv glvfxvvhg
lq wkh qh{w qrwh1 Wkh eudfnhwhg qxpehuv fruuhvsrqg wr ydoxhv iru wkh lqglfdwhg dssur{lpdwlrq sdudphwhuv1

51 Plqlpxp frpsxwdwlrq wlph= iru Fkhe|vkhy dqg frqyhqwlrqdo SHD zh vroyhg wkh prgho iru ydulrxv ydoxhv
ri Q dqg P= Iru Fkhe|vkhy SHD zh vhohfwhg wkh ydoxhv ri Q dqg P rq wklv julg zklfk uhtxluhg wkh
vpdoohvw frpsxwdwlrq wlph/ vxemhfw wr wkh dffxudf| frqvwudlqw wkdw wkh 44 vwdwlvwlfv vwxglhg lq Wdeohv 6
dqg 7 duh zlwklq 43( ri wkh fruuhvsrqglqj h{dfw ydoxhv1 Iru frqyhqwlrqdo SHD/ zh vhohfwhg wkh ydoxhv ri
Q dqg P wkdw plqlpl}h frpsxwdwlrq wlph/ vxemhfw wr wzr frqvwudlqwv= eldv lq hdfk ri wkh 44 vwdwlvwlfv
vwxglhg lq Wdeohv 6 dqg 7 lv ohvv wkdq 43( dqg wkh frh!flhqw ri yduldwlrq rq hdfk vwdwlvwlf lv dovr ohvv wkdq
43( +iru wkhvh fdofxodwlrqv/ L @ 63,= H{dfw vroxwlrq= dssur{lpdwhg e| lqfuhdvlqj Q dqg P xqwlo wkh 44
vwdwlvwlfv lpsolhg e| hdfk vroxwlrq surfhgxuh duh zlwklq 4( ri hdfk rwkhu/ dqg wkh frh!flhqw ri yduldwlrq
lpsolhg e| frqyhqwlrqdo SHD lv ohvv wkdq 4(1

61 WkhQ @ 9 lpsohphqwdwlrqv ri wkh SHDv lqfoxghg d frqvwdqw/ olqhdu dqg txdgudwlf whupv iru hdfk ri n dqg �
dqg d olqhdu furvv whup1 Iru wkh Q @ 48 lpsohphqwdwlrq ri Fkhe|vkhy SHD zh xvhg

S48

l@4 dlFl+n> �,/ zkhuh
Fl+n> �,/ l @ 4> ===> 48 duh wkh hohphqwv ri wkh vhwq
Wl4+*+n,,Wl5+#+�,, m

S5

m@4 lm � 7
r
1 Wkh olqhdu ixqfwlrq/ #> pdsv

���> �
�
lqwr wkh lqwhuydo ^�4> 4` > zkhuh

� @ 6� dqg � lv wkh vwdqgdug ghyldwlrq ri �=
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Wdeoh 91 Frpsxwdwlrq wlphv dqg dssur{lpdwlrq sdudphwhuv iru ydulrxv dojrulwkpv+l,

Prgho Sdudphwhul}dwlrqv
Dojrulwkp +4, +5, +6, +7, +8, +9, +:,
SHD froorfdwlrq 3155 3155 315: 3188 3177 315: 3199
+Q, +6, +6, +6, +8, +8, +6, +8,

frqyhqwlrqdo SHD+lll, 5918 5;1; 5819 6;1: 4<16 5918 739
+Q>P@4333, +6> 43, +6> 43, +6> 43, +6> 43, +6> 43, +6> 43, +6> 43,

Vshfwudo0Jdohunlq 41;4 dojrulwkp+ll, 415: 4165 7156 7134 dojrulwkp+ll,

+Q�>Q��>P, +;> 7> 63, idlohg +;> 7> 63, +;> 7> 63, +43> 8> 433, +43> 8> 83, idlohg
IHP froorfdwlrq+ly, 9619 595 8814 641: 564 53: ;:9
+Q, +57, +43;, +:5, +:5, +:5, +69, +457,

IHP Jdohunlq+ly, 961: 5763 548 4869 8;13 5515 477
+Q, +69, +69, +69, +69, +69, +9, +69,

Qrwhv wr wdeoh 91

+l, Zlwk wkh h{fhswlrq ri uhvxowv iru frqyhqwlrqdo SHD/ qxpehuv qrw lq sduhqwkhvhv duh plqlpdo frpsxwdwlrq
wlphv/ lq vhfrqgv/ qhhghg e| ydulrxv frpsxwdwlrqdo vwudwhjlhv wr dfklhyh d jlyhq ghjuhh ri dffxudf|1 Plqlpdo
frpsxwdwlrq wlphv dqg dojrulwkp sdudphwhuv zhuh fkrvhq lq wkh vdph zd| dv ghvfulehg lq Wdeoh 8/ qrwh
51 Lq sduwlfxodu/ wkh uhtxluhg ghjuhh ri dffxudf| lv wkdw d prgho vroxwlrq pxvw lpso| d vhw ri ydoxhv iru
wkh 44 vwdwlvwlfv vwxglhg lq Wdeohv 6 dqg 7 wkdw frph zlwklq dw ohdvw 43( ri wkh fruuhvsrqglqj h{dfw ydoxhv
rewdlqhg e| g|qdplf surjudpplqj1

+ll, Wkh JDXVV htxdwlrq vroylqj urxwlqh/ QOV\V/ fudvkhg iru doo dojrulwkp sdudphwhuv frqvlghuhg1

+lll, Wkh frqyhqwlrqdo SHD hqwulhv fruuhvsrqg wr wkh idvwhvw ri wkh L @ 833 vroxwlrqv jhqhudwhg iru hdfk prgho
sdudphwhul}dwlrq1

+ly, Wkh sdudphwhu Q uhihuv wr wkh qxpehu ri sdudphwhuv lq wkh srolf| ixqfwlrq1 Iru ixuwkhu ghwdlov/ vhh wkh
dsshqgl{1

94



Iljxuh 41 Dowhuqdwlyh phwkrgv ri ixqfwlrq dssur{lpdwlrq
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Iljxuh 51 Srolf| ixqfwlrqv iru prghov +4,0+7,

Qrwhv=

l1 Lq hdfk sorw wkh plggoh yhuwlfdo olqh lqglfdwhv wkh qrq0vwrfkdvwlf vwhdg| vwdwh ydoxh ri n> wkh rwkhu wzr yhuwlfdo
olqhv gh�qh d v|pphwulf <8( frq�ghqfh lqwhuydo iru n1

ll1 Wkh vrolg olqhv lq hdfk sorw duh h{dfw vroxwlrqv iru wkh lqglfdwhg srolf| ixqfwlrq> lq wkh wrs wzr urzv wkh
gdvkhg olqh lv d orj0olqhdu dssur{lpdwlrq wr wkh lqglfdwhg srolf| ixqfwlrq1
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Iljxuh 61 Srolf| ixqfwlrqv iru prghov +8,0+:,

Qrwhv= Vhh wkh qrwhv wr �jxuh 51
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Iljxuh 71 Frqyhqwlrqdo SHD dqg Prgl�hg Frqyhqwlrqdo SHD dssur{lpdwlrqv ri j+n>��,� orj+4� �,� n/
prgho+:,
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Qrwh= Lq hdfk sorw wkh vrolg olqh lv wkh h{dfw vroxwlrq dqg wkh gdvkhg olqh lv rqh vroxwlrq frpsxwhg xvlqj d SHD1
Wkh �uvw irxu urzv sorw Frqyhqwlrqdo SHD vroxwlrqv dqg wkh odvw irxu urzv sorw Prgl�hg Frqyhqwlrqdo SHD
vroxwlrqv1
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Iljxuh 81 Hqgrjhqrxv dqg h{rjhqrxv fdslwdo vwrfn glvwulexwlrqv
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Iljxuh 91 Hxohu huuruv iru SHD froorfdwlrq rq prgho +:,

9:



Iljxuh :1 SHD froorfdwlrq zlwk wkh Zuljkw0Zlooldpv frqglwlrqdo h{shfwdwlrq
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