
Technical Appendix for `Modeling Money', Christiano, Eichenbaum and
Evans, 11/24/96 (with later corrections)

Following is a detailed discussion of a model with capital investment in
which the liquidity e®ects are strong. A monetary shock produces an immedi-
ate, long-lasting e®ect on output and the price response is delayed. Relative
to the simplest liquidity e®ects model, this property of the model re°ects
the incorportation of two assumptions. First, the income e®ects on leisure
are assumed to be zero. According to some labor economists, this is a de-
fensible assumption. However, Altonji has voiced some skepticism and so we
need to pursue this further. The second assumption is that we follow the
CE AER papers and proceedings paper by placing an adjustment cost on
adjusting the cash spent on consumption and investment. The e®ect of this
assumption is to keep the ¯nancial intermediary sector relatively liquid for a
period of time extending beyond the time of the cash injection. This has the
e®ect of reproducing dynamically, the e®ects that occur in the impact period
of a shock. The real world interpretation of this assumption is tenuous. It
was severely criticized in a comment by Rotemberg on the paper by CCE in
the JMCB. An interpretation of this assumption that avoids the Rotemberg
criticism and needs to be explored empirically is the following. Basically, the
assumption has the implication that most of the extra cash entering the sys-
tem via an open market operation is sent on by the household to the ¯nancial
intermediary in the beginning of the next period, and relatively little of the
increment is allocated by households to consumption. A possible real world
interpretation of the `adjustment cost' that gives rise to this is that it re°ects
that many of the ¯rms owned by households are actually owned indirectly
via claims on pension funds and other similar illiquid assets. In this case,
households do not have immediate access to the extra cash °ow received by
such ¯rms. Households in e®ect, are forced to `return' such cash immediately
to the ¯rms in the form of `retained earnings'. One way to test this idea is to
see how retained earnings respond to a monetary shock. Another would be
to explore the idea that most households hold most of their assets in illiquid
form like pension funds. On the face of it, housing is also very illiquid, al-
though perhaps home equity loans are a way around this. This would have
to be thought through.
One thing is clear, the sort of things that leads society to make the funds

set aside for retirement hard to adjust is not in our model. It probably
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re°ects a rational response to the type of time inconsistent preferences that
Laibson talks about.
Empirically, we ¯nd that the data support the view that the Fed imple-

ments monetary policy actions with a delay, although M2 reacts right away.
In reality, why does this result in a rise in the interest rate right away? Prob-
ably because banks are forced to go into the discount window, and to induce
them to do so voluntarily requires a rise in the funds rate. This requires a
rise in the funds rate because by going into the discount window they give
up the option to go into the window again soon.

1 Household Problem

At date t; the household selects fCt+j; Lt+j; Qt+j ;Mt++j1; Kt+j+1g1j=0 to op-
timize discounted utility subject to a particular cash constraint (which has
multiplier ºt below) and an asset evolution constraint (with multiplier ¹t):
The household takes as given rates of return on money and capital, Rt and rt;
and the price of labor and consumption goods, Wt and Pt: The household's
choice of Ct; Lt;Mt+1; Kt+1are constrained to be functions of an information
set ­t; while the household's choice of Qt is constrained to be a function of
­Qt : The information set ­t contains all variables dated t and earlier and

­t ¶ ­Qt ¶ ­t¡1: (1)

Our information assumptions would be more clear if we adopted the Lucas
and Stokey st notation. However, we avoid this to simplify the notation and
in the hope that this does not generate too much confusion.
The Lagrangian representation of the household's problem is:

max
fCt;Pt;Qt;Mt+1;Kt+1g1t=0

E­Q0

1X

t=0

¯tfU (Ct; Lt; Ht)

+ºt [Qt +WtLt ¡ Pt (Ct + (1 + St)(Kt+1 ¡ (1¡ ±)Kt))] (2)

+¹t[Rt(Mt ¡Qt +Xt) +Dt + rtKt

+Qt +WtLt ¡ Pt (Ct + (1 + St)(Kt+1 ¡ (1¡ ±)Kt))¡Mt+1]

where

St = S
µ
Kt+1

Kt

¶
= g1

½
exp

·
g2

µ
Kt+1

Kt
¡ 1

¶¸
+ exp

·
¡g2

µ
Kt+1

Kt
¡ 1

¶¸
¡ 2

¾
:
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Here,

S 0t = g1g2

½
exp

·
g2

µ
Kt+1

Kt
¡ 1

¶¸
¡ exp

·
¡g2

µ
Kt+1

Kt
¡ 1

¶¸¾
;

so that St = S
0
t = 0 when Kt+1 = Kt: Thus, with this functional form (say, as

opposed to with quadratic adjustment costs), the nonstochastic steady state
is invarient to values of g1; g2: The variable, St; represents an adjustment cost
in translating investment expenditures into new capital:

It = (1 + St)(Kt+1 ¡ (1¡ ±)Kt):

We think of this as a technology for converting installed capital, Kt; and
investment goods, It; into new capital for use in production in the following
period, Kt+1: This is a linear homogeneous technology in which the dollar
price of the inputs is Pt for investment goods and PtP

k
t for installed capital.

The dollar price of the output, new capital, is PtP
q
t . The object, P

q
t ; is some-

times referred to as `Tobin's q'. Although we could adopt a decentralization
in which the activity of converting installed capital and investment goods
into new capital is undertaken by a `capital goods ¯rm', for simplicity we
instead treat this activity as though it were taken care of by the household.
In (2),

Ht = H

Ã
Qt
Qt¡1

!
= d

(
exp

"
c

Ã
Qt
Qt¡1

¡ 1¡ x
!#
+ exp

"
¡c

Ã
Qt
Qt¡1

¡ 1¡ x
!#

¡ 2
)
:

Here,

H 0
t = cd

(
exp

"
c

Ã
Qt
Qt¡1

¡ 1¡ x
!#

¡ exp
"
¡c

Ã
Qt
Qt¡1

¡ 1¡ x
!#)

:

In steady state, Qt=Qt¡1 = 1 + x; when Ht = H 0
t = 0; so that the steady

state is invarient to the values of c; d:
The ¯rst order conditions associated with the household problem are as

follows, with t = 0; 1; 2; :::. For Qt:

E

(
UH;tH

0
t

1

Qt¡1
¡ ¯UH;t+1H 0

t+1

Qt+1
Q2t

+ ºt + ¹t(1¡Rt)j­Qt
)
= 0: (3)

For Lt:
UL;t + (ºt + ¹t)Wt = 0: (4)
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For Ct:
UC;t = (ºt + ¹t)Pt: (5)

For Kt+1:

(ºt + ¹t)Pt

·
1 + St + S

0
t

1

Kt
(Kt+1 ¡ (1¡ ±)Kt)

¸
= Ef¯¹t+1rt+1 (6)

+¯(ºt+1+¹t+1)Pt+1

"
(1¡ ±)(1 + St+1) + S 0t+1

Kt+2

K2
t+1

(Kt+2 ¡ (1¡ ±)Kt+1)

#
j­tg:

For Mt+1:
¹t = ¯Ef¹t+1Rt+1j­tg: (7)

We proceed now to eliminate the multipliers from these equations, and
to rewrite them in an economically interpretable form. To understand (6),
it is useful to distinguish between the period t cost of a unit of new capital,
Kt+1; and the period t value of a unit of installed capital, Kt. We denote the
consumption-value cost of a marginal unit of new, end-of-period t capital by
P qt :

P qt = 1 + St + S
0
t

1

Kt
(Kt+1 ¡ (1¡ ±)Kt) : (8)

The ex-rental value of a marginal unit of beginning-of-period t installed cap-
ital is denoted by P kt :

P kt = (1¡ ±)(1 + St) + S 0t
Kt+1

K2
t

(Kt+1 ¡ (1¡ ±)Kt): (9)

This is the consumption value of the period t reduction in investment expen-
ditures that would leave Kt+1 unchanged, given a marginal increase in Kt:
Substituting (8)-(9) and (5) into (6), we get:

UC;tP
q
t = ¯E f¹t+1rt+1j­tg+ E

n
UC;t+1P

k
t+1j­t

o
: (10)

Below, we further simplify this equation, by eliminating ¹t:
De¯ne ¤t = ¹tRt; so that, by (7),

¤t = ¯RtEf¤t+1j­tg = ¯EfRt¤t+1j­tg: (11)
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Equation (3) implies:

Ef¤tj­Qt g = E
(
UC;t
Pt

+ UH;tH
0
t

1

Qt¡1
¡ ¯UH;t+1H 0

t+1

Qt+1
Q2t

j­Qt
)
. (12)

According to (12), Ef¤tj­Qt g is the period t anticipated (relative to infor-
mation set ­Qt ) value of a marginal increase in Mt: To see this, suppose the
increase is spent on an equal increase in Qt: The ¯rst term after the equality
is the period t value of a $1 increase in spending on consumption goods in
period t, while the other two terms re°ect the e®ects of the change in Qt
on adjustment costs. Take the expectation of both sides of (11), conditional
on ­Qt ; and make use of ­t ¶ ­Qt and the law of iterated mathematical
expectations to get:

E
n
~¤t ¡ ¯ ~¤t+1Rtj­Qt

o
= 0; (13)

where
~¤t =

UC;t
Pt

+ UH;tH
0
t

1

Qt¡1
¡ ¯UH;t+1H 0

t+1

Qt+1
Q2t

: (14)

For an intuitive derivation of (13), see CE (`The Smoothing Paper').
We proceed now to simplify (10). First, note that, using (7):

E[¹t+1rt+1j­t] = E f¯E[¤t+2j­t+1]rt+1j­tg = E
n
¯E[¤t+2j­Qt+2]rt+1j­t

o

= E
n
¯E[~¤t+2j­Qt+2]rt+1j­t

o
= E

n
¯E[~¤t+2j­t+1]rt+1j­t

o

= E
n
¯E[~¤t+2rt+1j­t+1]j­t

o
= E

n
¯ ~¤t+2rt+1j­t

o
:

The ¯rst equality substitutes out for ¹t+1 using (7) and the second applies
the LIME. The third equality applies (12). The fourth and sixth equalities
apply the LIME and the fact that rt+1 2 ­t+1: Substituting the last result
into (10):

E
n
UC;tP

q
t ¡ ¯

h
¯ ~¤t+2rt+1 + UC;t+1P

k
t+1

i
j­t

o
= 0: (15)

According to (15), the utility value of an increase in spending on new capital
available for use in the next period (UC;tP

q
t ) must equal the present value

of the extra dollars generated by next period's increase in rent, plus the
present value of the ex-rental value of more beginning-of-next-period capital.
Note the di®erent dating on the weights attached to rt+1 and P

k
t+1: This
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re°ects that the former cannot be spent on consumption goods until the
subsequent period. In addition, the extra spending on the former involves
passing through the adjustment cost function. That is why the weighting
function on rt+1 is di®erent from the one on P

q
t+1: The extra installed capital

next period permits one to shift, in the same period, from investment to
consumption expenditures, and this does not involve adjusting Qt:
The labor Euler equation is, after substituting out for the multipliers:

UL;t + UC;t
Wt

Pt
= 0: (16)

2 Final Goods Firms

At time t, a ¯nal consumption good, Yt; is produced by a perfectly com-
petitive ¯rm. It does so by combining a continuum of intermediate goods,
indexed by i 2 (0; 1); using the technology:

Yt =
·Z 1

0
Yit

1
¹di

¸¹
; (17)

where 1 · ¹ <1 and Yit denotes the time t input of intermediate good i: Let
Pt and Pit denote the time t price of the consumption good and intermediate
good i; respectively. Pro¯t maximization implies the Euler equation:

µ
Pt
Pit

¶ ¹
¹¡1

=
Yit
Yt
: (18)

According to (18), the demand for intermediate good i is a decreasing func-
tion of the relative price of that good, and an increasing function of aggregate
output, Yt. Integrating (18) and imposing (17), we obtain the following rela-
tionship between the price of the ¯nal good and the price of the intermediate
goods:

Pt =
·Z 1

0
P

1
1¡¹
it di

¸(1¡¹)
: (19)

3 Intermediate Good Firms

Intermediate good i is produced by a monopolist who uses the following
technology:
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Yit =

(
K®
itL

1¡®
it ¡ Á if K®

itL
1¡®
it ¸ Á

0 otherwise
; (20)

where 0 < ® < 1: Here, Lit and Kit denote time t labor and capital used to
produce the ith intermediate good. The parameter Á denotes a ¯xed cost of
production. We rule out entry and exit into the production of intermediate
good i:
Intermediate ¯rms rent capital and labor in perfectly competitive factor

markets. Economic pro¯ts are distributed to the ¯rms' owner, the represen-
tative household, at the beginning of time period t + 1. Workers must be
paid in advance of production. As a result, ¯rms need to borrow their wage
bill, WtLit; from the ¯nancial intermediary at the beginning of the period.
Repayment occurs at the end of time period t; at the gross interest rate, Rt:
Consequently, the ¯rm's total time t costs are given by RtWtLit+rtKit: Their
cost function is given by

C(rt; RtWt; Yit) = A(rt)
®(WtRt)

1¡®(Yit + Á); (21)

where A =
³

1
1¡®

´(1¡®) ³
1
®

´®
; so that the time t marginal cost of producing

additional output, given Yit > 0; is MC(rt; RtWt) = Ar
®
t (WtRt)

1¡®: A con-
venient representation of this expression, which holds in equilibrium, is given
by:

MC(rt; RtWt) =
1

1¡ ®
µ
Lt
Kt

¶®
WtRt =

1

®

µ
Kt

Lt

¶(1¡®)
r; (22)

where Lt denotes aggregate employment, and we have taken into account our
assumption that the aggregate stock of capital is a constant, unity.1

In the version of the model where prices are set °exibly, pro¯t maximiza-
tion leads the intermediate good ¯rm to set its price equal to a constant
markup over marginal cost:

Pit = ¹MCt;

1This expression is obtained by noting that an e±ciency condition of ¯rm i 2 (0; 1) is
rt=(WtRt) = [®=(1 ¡ ®)]Nit=Kit: The implied equality of ¯rm labor-capital ratios implies
that this expression holds for the aggregate ratio of labor to capital, Nt=Kt: To obtain
(22), we substituted this expression with the aggregate variables into Ar®

t (WtRt)
1¡®.
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or
WtRt
Pt

=
fL;t
¹
;
rt
Pt
=
fK;t
¹

(23)

where fL;t = (1¡®) (Kit=Lit)
® is the marginal product of capital and fK;t =

® (Lit=Kit)
(1¡®) is the marginal product of labor; and we have imposed the

equilibrium condition, Pit = Pt for all i:

3.1 Financial Intermediary

At time t; a perfectly competitive ¯nancial intermediary receives deposits,
Mt ¡ Qt, from the household, and lump sum cash injections, Xt; from the
monetary authority. These funds are supplied to the loan market at the gross
interest rate Rt: Demand in the loan market comes from the intermediary
good producers, who seek to ¯nance their wage bill, WtLt: Clearing in the
loan market requires:

WtLt =Mt ¡Qt +Xt: (24)

At the end of the period the intermediary pays Rt(Mt ¡ Qt) to households
in return for their deposits, and distributes RtXt to households in the form
of pro¯ts.

4 Equilibrium

The Euler equations in equilibrium are:

E

(
UC;tP

q
t ¡ ¯

"
¯ ~¤t+2

fK;t+1
¹

Pt+1 + Uc;t+1P
k
t+1

#
j­kt

)
= 0;

UL;t + UC;t
Wt

Pt
= 0;

E
n
~¤t ¡ ¯ ~¤t+1Rtj­Qt

o
= 0;

WtRt
Pt

=
fL;t
¹
;
rt
Pt
=
fK;t
¹
:

We will assume the following parametric utility function:

U(C;L;H) =

2
4C ¡ Ã0

(L+H)(1+Ã)

1 + Ã

3
5
(1¡¾)

=(1¡ ¾): (25)
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It is convenient to adopt the following scaling of variables:

¸t = ~¤tMt; qt = Qt=Mt; pt = Pt=Mt; wt = Wt=Mt; 1+xt =Mt+1=Mt; r
k
t = rt=Pt;
(26)

so that:

¸t =
UC;t
pt

+ UH;tH
0
t

1 + xt¡1
qt¡1

¡ ¯UH;t+1H 0
t+1

qt+1
q2t
(1 + xt):

Using this notation, the Euler equations can be rewritten as follows:

E

(
UC;tP

q
t ¡ ¯

"
¯¸t+2

fK;t+1
¹(1 + xt+1)

pt+1 + UC;t+1P
k
t+1

#
j­t

)
= 0; (27)

Ã0 (Lt +Ht)
Ã =

wt
pt
; (28)

E
½
¸t ¡ ¯¸t+1

Rt
1 + xt

j­Qt
¾
= 0; (29)

wtRt
pt

=
fL;t
¹
; rkt =

fK;t
¹
: (30)

The resource constraint is:

Ct + (1 + St)(Kt+1 ¡ (1¡ ±)Kt) = K
®
t L

1¡®
t ¡ Á: (31)

The household cash constraint, combined with the loan market clearing con-
dition, and taking scaling into account, is:

pt (Ct + (1 + St)(Kt+1 ¡ (1¡ ±)Kt)) = 1 + xt; (32)

and the loan market clearing condition is:

wtLt = 1¡ qt + xt: (33)

4.1 Analytic Dynamics

To get a feel for the dynamic properties of this model, take the ratio of (33)
to (32), using (31):

wtLt

pt
³
K®
t L

(1¡®)
t ¡ Á

´ = ¡t;
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where

¡t =
1 + xt ¡ qt
1 + xt

: (34)

The response of ¡t to an innovation in xt; given that qt is unresponsive to
this, is d¡t=dxt = ¡qt=(1 + xt)2; or, in steady state:

¡x =
q

(1 + x)2
:

Now, taking into account (28) and (25), we get:

Ã0 (Lt +Ht)
Ã L®t

K®
t ¡ ÁL(®¡1)t

= ¡t: (35)

Evaluating the derivative of Lt with respect to xt; Kt and qt in steady state
where L = 1 (see below), we get:

ax =
dL

dx
=

¡x(K
® ¡ Á)

Ã0(Ã + ®)¡ Á(1¡ ®)¡ ; aK =
dL

dK
=

®¡K®¡1

Ã0(Ã + ®)¡ Á(1¡ ®)¡ ;

aq =
dL

dq
=

¡(K® ¡ Á)=(1 + x)
Ã0(Ã + ®)¡ Á(1¡ ®)¡ :

Interestingly, dLt=dxt¡1 = dLt=dqt¡1 = 0 in steady state. That is, the pres-
ence of Ht in this expression plays no role in the linear expansion of (35).
This re°ects that both H and its derivative are zero in steady-state. This has
an important implications. Namely, the presence of adjustment costs does
not act as a drag dynamically on employment, apart from its action via qt:
The linear approximation of the policy rule is:

Lt = L(Kt; qt; xt) = 1 + ax(xt ¡ x) + aK(Kt ¡K) + aq(qt ¡ q): (36)

Let Lx = d logL=d log(1 + x):

Lx =
(1 + x)¡x(K

® ¡ Á)
Ã0(Ã + ®)¡ Á(1¡ ®)¡ :

Given that qt is predetermined relative to a monetary shock and 0 < qt < 1,
a jump in xt raises ¡t: Hence, if Á is su±ciently small, then a rise in xt
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necessarily increases Lt: The resulting impact on the equilibrium interest
rate may be seen by substituting labor supply into (30) and solving for Rt :

Rt =
1¡ ®
¹

(Kt=Lt)
®

wt=pt
=
1¡ ®
¹Ã0

K®
t L

¡®
t (Lt +Ht)

¡Ã ;

where the ¯rst equality re°ects labor demand, and the second substitutes out
for the real wage using labor supply. The expression establishes that if (and
only if) a money injection raises equilibrium employment, the equilibrium
rate of interest falls. The steady state response of the interest rate to a
money shock, Rx = dR=d log(1 + x), is:

Rx = ¡(®+ Ã)1¡ ®
¹Ã0

K®Lx:

The percent response of output to a monetary shock, Yx; is:

Yx = (1¡ ®)K®Lx:

Substituting the production function into (32), it is easy to see that

Px + Yx = 1;

where Px = d log(P )=d log(1+x): Hence, if the employment e®ect of a money
shock is su±ciently large, then the price e®ect is small or zero.

4.2 Nonstochastic Steady State

Taking into account that, in steady state, Uc;t and pt are constant, and

Mt+1

Mt
= 1 + x;

we ¯nd that (27) reduces to:

1 = ¯

"
¯

¹(1 + x)
fK + 1¡ ±

#
:

Note that money growth enters as a distortion to the steady state capital-
labor ratio and that this can be eliminated by resorting to the Friedman
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rule, ¯ = 1 + x: Monetary policy cannot also eliminate the monopoly power
distortion because formally this would require 1 + x = ¯=¹ < ¯, and this
implies a negative nominal rate of interest, as long as ¹ > 1: Solving the
above expression, we get:

K

L
=

8
<
:

®¯

¹(1 + x)

1
1
¯
+ ± ¡ 1

9
=
;

1
1¡®

:

From (29),

R =
1 + x

¯
:

Combining this with (28) and (30), we get:

L =

(
1

Ã0

¯(1¡ ®)
(1 + x)¹

µ
K

L

¶®) 1
Ã

:

Then, from (35),

¡ =
Ã0L

Ã+®

K® ¡ ÁL(®¡1) ;

so that, from (34),
q = (1 + x) [1¡ ¡] :

With two exceptions, we consider the `benchmark' parameter values used
in the CEE `Sticky Price and Limited Participation' paper. The exceptions
are ¹ and Ã: Here, we set ¹ = 1:3; which splits the di®erence between the
values used by Horsntein (¹ = which we pick to guarantee that Px = 0.
Thus, we set Ã0 so that L = 1; or:

Ã0 =
¯(1¡ ®)
¹(1 + x)

8
<
:

®¯

¹(1 + x)

1
1
¯
+ ± ¡ 1

9
=
;

®
1¡®

:

In CEE, it is shown that if pure pro¯ts are zero in steady state, then

¹ = 1 +
Á

Y
= 1 +

Á

K® ¡ Á;

since Y = (K=L)®L¡ Á: Then, solving for Á given ¹ and K :

Á =

Ã
¹¡ 1
¹

!
K®:
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In addition,

® = 0:36; ¯ = 1:03¡:25; Ã = 0:57; ¹ = 1:30; x = 0:20; ± = 0:02:

In this case,

1=Ã = 1:75; Á = 0:76; Ã0 = 1:34; ¡x = 0:39; Lx = 1:20; Rx = ¡1:35; Yx = 1:00; Px = 0:00;

and

K = 27:58; Y = 2:54; K=Y = 10:86; C = 1:99; C=Y = 0:78; I=Y = 0:22; q = 0:56:

The labor supply elasticity, 1:75; is high relative to the micro literature.
When a more plausible value of 1 is used, then Px = 0:37: Interestingly,
even in this case, the output e®ect of a money shock exceeds the price e®ect.
When ¹ = 1; but Ã = 0:57 then Px = 0:39:

5 Dynamics

We now describe details of how the dynamic properties of the model are
obtained. For this, it is useful to drop the t notation, and instead use `0' to
denote one period ahead, `00' to denote two periods ahead, etc. In addition,
the subscript, ¡1; signi¯es last period.

5.1 Reduction to Two Euler Equations

To write out the Euler equations in a way that is useful for computational
purposes, it is convenient to ¯rst de¯ne several functions. Let

L(K;x; q)

denote the function de¯ned in (36): Also,

H(q¡1; q; x¡1) = d

(
exp

"
c

Ã
q

q¡1
(1 + x¡1)¡ 1¡ x

!#
+ exp

"
¡c

Ã
q

q¡1
(1 + x¡1)¡ 1¡ x

!#
¡ 2

)

dH(q¡1; q; x¡1) = dc

(
exp

"
c

Ã
q

q¡1
(1 + x¡1)¡ 1¡ x

!#
¡ exp

"
¡c

Ã
q

q¡1
(1 + x¡1)¡ 1¡ x

!#)
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S(K;K 0) = g1

(
exp

"
g2

Ã
K 0

K
¡ 1

!#
+ exp

"
¡g2

Ã
K 0

K
¡ 1

!#
¡ 2

)

dS(K;K 0) = g1g2

(
exp

"
g2

Ã
K 0

K
¡ 1

!#
¡ exp

"
¡g2

Ã
K 0

K
¡ 1

!#)

C(K;K 0; x; q) = K®L(K;x; q)(1¡®) ¡ Á¡ (1 + S(K;K 0)) (K 0 ¡ (1¡ ±)K)

UC(K;K
0; q¡1; q; x¡1; x)

=
h
C (K;K 0; x; q)¡ Ã0 (L(K; x; q) +H(q¡1; q; x¡1))(1+Ã) =(1 + Ã)

i¡¾

UH(K;K
0; q¡1; q; x¡1; x) = ¡Ã0UC (K;K 0; q¡1; q; x¡1; x) [L(K; x; q) +H(q¡1; q; x¡1)]

Ã

p(K; x; q) =
1 + x

K®L(K;x; q)(1¡®) ¡ Á

R(K; x¡1; x; q¡1; q) =
1¡ ®
¹Ã0

K® [L(K; x; q)]¡® [L(K; x; q) +H(q¡1; q; x¡1)]
¡Ã

P q(K;K 0) = 1 + S(K;K 0) + dS(K;K 0)
1

K
(K 0 ¡ (1¡ ±)K)

P k(K;K 0) = (1¡ ±)(1 + S(K;K 0)) + dS(K;K 0)
K 0

K2
(K 0 ¡ (1¡ ±)K)

¸(K;K 0;K 00; q¡1; q; q
0; x¡1; x; x

0) =
UC (K;K

0; q¡1; q; x¡1; x)

p (K;x; q)

+UH (K;K
0; q¡1; q; x¡1; x) dH(q¡1; q; x¡1)

1 + x¡1
q¡1

¡¯UH (K 0; K 00; q; q0; x; x0) dH(q; q0; x)
q0

q2
(1 + x)

It is easily veri¯ed that, because dH = 0 in steady state,

d¸

dK 00 =
d¸

dx0
= 0: (37)
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With these functions in hand, there are only two endogenous variables to be
solved for, K and q; and there are two Euler equations to use for this: (27)
and (29). Let:

z¡1 =

Ã
K
q¡1

!
:

De¯ne the following function:

hK(z¡1; z; z
0; z00; z000; x¡1; x; x

0; x00; x000)

= UC (K;K
0; q¡1; q; x¡1; x)P

q(K;K 0)

¡¯[¯¸(K 00; K 000; K 0000; q0; q00; q000; x0; x00; x000)
® (L(K 0; x0; q0)=K 0)(1¡®)

¹(1 + x0)
p(K 0; x0; q0)

+UC (K
0; K 00; q; q0; x; x0)P k(K 0; K 00)]:

It is easily veri¯ed that, because dH = H = 0 in steady state,

dhK
dK 0000 =

dhK
dq¡1

=
dhK
dx¡1

=
dhK
dx000

= 0:

Then, (27) corresponds to:

E [hK(z¡1; z; z
0; z00; z000; x¡1; x; x

0; x00; x000)j­] = 0:

Also,

hq(z¡1; z; z
0; z00; x¡1; x; x

0; x00)

= ¸(K;K 0;K 00; q¡1; q; q
0; x¡1; x; x

0)¡ ¯¸(K 0; K 00; K 000; q; q0; q00; x; x0; x00)
R(K; x¡1; x; q¡1; q)

1 + x
;

It is easily veri¯ed that, because of (37), the derivatives of hq with respect to
K 000; x00 are zero, when evaluated in steady state. Then, (29) corresponds to:

E
h
hq(z¡1; z; z

0; z00; x¡1; x; x
0; x00)j­Q

i
= 0:

Then, the Euler equations can be written in compact form as follows:

Eh(z¡1; z; z0; z00; z000; x¡1; x; x0; x00; x000) = 0; (38)

where

h =

Ã
hK
hq

!
; E [¢] =

Ã
E [¢j­]
E

h
¢j­Q

i
!
:
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5.2 Uncertainty

We consider the following time series representation for money growth, xt :

xt ¡ x = ½(xt¡1 ¡ x) + µ0"t + µ1"t¡1 + µ2"t¡2 + µ3"t¡3 + µ4"t¡4:

We express this in a ¯rst order autoregressive form as follows. Let

st =

0
BBB@

xt ¡ x
vt

xt¡1 ¡ x
vt¡1

1
CCCA ; P =

2
6664

½ (µ0; µ1; µ2; µ3; µ4) 0 01£4
04£1 F 04£1 04£4
1 01£4 0 01£4
04£1 I4 04£4 01£4

3
7775 ;

&t =

0
BBB@

µ0"t
"t[1 0 0 0]

0

0
04£1

1
CCCA ; vt =

0
BBB@

"t
"t¡1
"t¡2
"t¡3

1
CCCA :

Then the time series representation for xt may be written as follows:

st = Pst¡1 + &t: (39)

5.3 Linearized Representation of System

Write the ¯rst order Taylor series expansion of h in (38) as follows:

h(zt¡1; zt; zt+1; zt+2; zt+3; xt¡1; xt; xt+1; xt+2; xt+3)

=
4X

i=0

®izt+3¡i +
3X

i=0

¯ist+3¡i;

where we now interpret zt as the deviation of zt from its steady state value
and the ®i's and ¯i's are the coe±cients in the Taylor series expansion. Here,
¯0; ¯1; ¯2 have non-zero elements in the ¯rst column, and zeros elsewhere,
while ¯3 has (potentially) non-zero elements in the ¯rst and and sixth columns
and zeros elsewhere. Then, our linearized system is composed of (39) and

Et
"
4X

i=0

®izt+3¡i +
3X

i=0

¯ist+3¡i

#
= 0; (40)
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where the E operator is de¯ned after (38). A solution to (39)-(40) is a 2£ 2
matrix, A; and a 2£ 10 matrix B in:

zt = Azt¡1 +Bst;

which satis¯es three conditions: (i) (40) is satis¯ed for all possible zt¡1; st;
(ii) the eigenvalues of A lie inside the unit circle, and (iii) the 2; 1 and 2; 2
elements of B are zero.
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