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Abstract

We develop general recursive methods to solve for optimal contracts in dynamic
principal-agent models with hidden income and hidden actions. We further show that
a curse of dimensionality which arises from the interaction of hidden endowments
and hidden actions can be overcome by specifying behavior and utility promises off
the equilibrium path. In an application to banking, we formulate the problem of pro-
viding optimal incentive-compatible credit insurance to banks who invest in risky
loans, and find the optimal contract. We show that public reserves with a low re-
turn and a partial credit-guarantee scheme can be optimal if banks face uncertain and
unobserved returns on their unobserved investments.
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1 Introduction

We consider a class of dynamic principal-agent problems in which a risk-averse agent
receives unobserved income shocks and can take unobserved actions which influence fu-
ture income realizations. The principal wants to provide optimal incentive-compatible
insurance against the income shocks. We formulate a general planning problem allowing
for history dependence and unrestricted communication and prove that this problem can
be reduced to a recursive version with direct mechanisms and vectors of utility promises
as the state variable. In this recursive formulation, however, a “curse of dimensionality”
leads to an excessively large number of incentive constraints, which makes it impossible
to compute optimal allocations numerically. We solve this problem by providing alter-
native equivalent formulations of the planning problem in which the planner can specify
behavior off the equilibrium path. This leads to a dramatic reduction in the number of
constraints that need to be imposed when computing the optimal contract. We provide
numerical examples which apply our methods to hidden-investment and banking envi-

ronments.

The design of optimal incentive-compatible mechanisms in environments with privately
observed income shocks has been analyzed by a number of previous authors, including
Townsend (1979), Green (1987), Thomas and Worrall (1990), Wang (1995), and Phelan
(1995). In such environments, the principal extracts information from the agents about
their endowments and uses this information to provide optimal incentive-compatible in-
surance. The existing literature has concentrated on environments in which the agent is
not able to take unobserved actions that influence the probability distribution over future
endowments. The reason for this limitation is mainly technical; with hidden actions, the
agent and the planner do not have common knowledge over probabilities of future states,

which renders standard methods of computing optimal mechanisms inapplicable.

Theoretical considerations suggest that the presence of hidden actions can have large
effects on the constrained-optimal mechanism. To induce truthful reporting of endow-
ments, the planner needs control over the agent’s intertemporal rate of substitution. When
hidden actions are introduced, the planner has less control over rates of substitution, so
that providing insurance becomes more difficult. Indeed, there are some special cases
where the presence of hidden actions causes insurance to break down completely. Allen
(1985) shows that if an agent with hidden income shocks has unobserved access to a per-
fect credit market, the principal cannot offer any insurance beyond the borrowing-lending
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solution. The reason is that any agent will choose the reporting scheme that yields the
highest net discounted transfer regardless of what the actual endowment is. Cole and
Kocherlakota (2001b) consider a related environment in which the agent can only save,
but not borrow. They find that as long as the return on storage or saving is sufficiently
high, the optimal allocation is equivalent to access to a perfect credit market. Asin Allen’s

result, no insurance is possible beyond self-insurance using borrowing and lending.!

The methods developed in this paper can be used to compute optimal incentive-con-
strained mechanisms in more general environments with hidden actions in which insur-
ance does not break down completely. This happens when self-insurance is an imperfect
substitute for financial saving, because the return is either low or uncertain. In such
environments, optimal information-constrained insurance improves over the borrowing-
and-lending solution despite the severe information problems. As in Townsend (1982),
the agent can be given incentives to correctly announce the underlying state, since he is
aware of his own intertemporal rate of substitution. Unobserved investment with low or

random returns does not undercut this intuition.

The existing literature on dynamic mechanism design has been restricted to environments
in which the curse of dimensionality that arises in our model is avoided from the outset.
The paper most closely related to ours is Fernandes and Phelan (2000). Fernandes and
Phelan develop recursive methods to deal with dynamic incentive problems with Markov
income links between the periods, and as we do, they use a vector of utility promises as
the state variable. The main difference is that Fernandes and Phelan do not consider en-
vironments in which both actions and states are unobservable to the planner, which is the
main source of complexity in our setup. Werning (2001) develops a recursive first-order
approach to compute a dynamic moral hazard problem with storage. Werning’s method
applies to a more restricted setting in which output is observed, the return on storage
does not exceed the credit-market return, and storage is not subject to random shocks.
We regard his methods as complementary to ours, since the computational cost of the
first-order approach is lower as long as it is justified. Haegler (2001) employs a method
similar to Werning’s in an environment with hidden storage which can be monitored at
a cost. Our analysis differs from all these papers in that we allow for randomization and
unrestricted communication, and show from first principles that our recursive formula-

tions are equivalent to the general formulation of the planning problem.

'The issue of credit-market access is also analyzed in Fudenberg, Holmstrom, and Milgrom (1990), who
show that if principal and agent can access the credit market on equal terms, the optimal dynamic incentive
contracts can be implemented as a sequence of short-term contracts.
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We put our methods to work in two different applications. First, we consider an en-
vironment where an infinitely-lived agent receives unobserved income shocks, and can
invest part of the endowment in a storage technology at a specified expected return. We
compute the utility frontier for a range of returns, and find that the utility of the agent
decreases in the return on storage as long as the return is lower than the credit-market
interest rate. Thus an increased ability to self-insure through hidden actions makes in-
surance through the principal more difficult, leaving the agent worse off. However, in-
surance is not eliminated entirely. Indeed, the further utility loss from a restriction to
autarky is almost as large as the loss from introducing private information into the full
information environment. Here our results are similar to Ligon, Thomas, and Worrall
(2000), who derive a parallel finding in an environment with limited commitment. The
result is also related to the literature on the optimality of public insurance, or ironically,
how public insurance can be non-optimal. For example, in Attanasio and Rios-Rull (2000)
the provision of public insurance for aggregate shocks can undercut self-sustaining pri-
vate insurance against idiosyncratic shocks. In Perri and Krueger (1999), similar effects
arise from progressive taxation. The point is that private and public insurance must be

considered jointly.

Second, we use our methods to analyze the problem of providing optimal incentive-com-
patible insurance in an illustrative environment in which banks face uncertain returns on
their loans or investments, and the level of investment and the actual returns on invest-
ment are unobservable to anyone but the bank itself. We find that the optimal incentive-
compatible insurance scheme has the feature that the planner or “central bank” builds
up from collected premia a stock of reserves which have a low return. The reserves can
be maintained over intermediate periods if indemnities for credit losses are balanced by
premia, and can be run down in subsequent periods if payouts are sufficiently high. Our
model provides a new rationale for bank reserves. Reserves do not have the traditional
function of providing liquidity, but arise as a feature of the optimal credit insurance con-
tract in an environment characterized by moral hazard. The feature which distinguishes
our approach from the literature is that we do not suppose that the public aspect of in-
surance is imposed exogenously and suboptimally onto the privately optimizing agents.
Rather, we solve a mechanism design problem which derives the optimal public policy,
that is, the optimal credit insurance scheme. In effect there is little distinction between
the public and the private sector. We might equally well expect the reserve-fund scheme
we describe to be adopted by the private sector or to be imposed by an optimizing gov-



ernment. We only know that some kind of collectivity is required.

2 Outline of Methods

We consider a dynamic mechanism design problem with hidden income and hidden ac-
tions. The agent realizes an unobserved endowment at the beginning of the period, then
the planner makes a transfer to the agent, and at the end of period the agent takes an
action which influences the probability distribution over future income realizations. We
formulate a general planning problem of providing optimal incentive-constrained insur-
ance to the agent. Our ultimate aim is to derive a formulation of the planning problem
which can be solved numerically, using linear-programming techniques as in Phelan and
Townsend (1991). In order to make the problem tractable, we employ dynamic program-
ming techniques to convert the general planning problem to problems which are recur-
sive and of relatively low dimension. Dynamic programming is applied at two different
levels. First, building on Spear and Srivastava (1987), we use utility promises as a state
variable to gain a recursive formulation of the planning problem. In addition, we apply
similar techniques within the period as a method for reducing the dimensionality of the
resulting programming problem.

A key feature of our approach, central to what we do, is that we start from a general
setup which allows randomization, full history dependence, and unrestricted communi-
cation. We formulate a general planning problem in the unrestricted setup (Section 3.2),
and show from first principles that our recursive formulations are equivalent to the orig-
inal formulation. Rather than imposing truth-telling and obedience from the outset, we
prove a version of the revelation principle for our environment (Proposition 2).> Truth-
telling and obedience are thus derived as endogenous constraints capturing all the infor-
mation problems inherent in our setup. This is done not only to ensure that the revelation
principle applies in our dynamic setting (as is often just assumed), but also because we
actually apply two different versions of the revelation principle, one with single and one
with double reporting. We thus derive two different direct mechanisms from the same

nitially, derivations of the revelation principle as in Harris and Townsend (1977), Harris and Townsend
(1981), Myerson (1979), and Myerson (1982) were for the most part static formulations. Here we are more
explicit about the deviation possibilities in dynamic games. Unlike Myerson (1986), we do not focus on
zero-probability events, but instead concentrate on within-period maximization operators, either using dy-
namic programming to work backwards from the end of the period, or off-path utility bounds to summarize
all possible deviation behavior.



general planning problem. Even though both mechanisms deliver exactly the same equi-
librium allocation, and it that sense double reporting is not necessary, deriving separate
mechanisms is still useful, since it can lead to enormous computational gains. Which of
the mechanisms is used determines to a large extent whether the resulting program is

computable.

After proving the revelation principle, the next step is to work towards a recursive formu-
lation of the planning problem. Given that in our model both endowments and actions are
hidden, so that in fact the planner does not observe anything, standard methods need to
be extended to be applicable to our environment. The main problem is that with hidden
endowments and actions a scalar utility promise is not a sufficient state variable, since
agent and planner do not have common knowledge over probabilities of current and fu-
ture states. However, our underlying model environment is Markov in the sense that the
unobserved action only affects the probability of tomorrow’s income. Once that income
is realized, it completely describes the current state of affairs for the agent, apart from
any history dependence generated by the mechanism itself. We thus show that the plan-
ning problem can still be formulated recursively by using a vector of endowment-specific
utility promises as the state variable (see Proposition 4 and the ensuing discussion).

It is a crucial if well-understood result that the equilibrium of a mechanism generates
utility realizations. That is, along the equilibrium path a utility vector is implicitly being
assigned, a scalar number for each possible endowment (though a function of the realized
history). If the planner were to take that vector of utility promises as given and reopti-
mize so as to potentially increase surplus, the planner could do no better and no worse
than under the original mechanism. Thus, equivalently, we can assign utility promises
explicitly, and allow the planner to reoptimize at the beginning of each date. Using a vec-
tor of utility promises as the state variable introduces an additional complication, since
the set of feasible utility vectors is not known in advance. To this end, we show that the
set of feasible utility vectors can be computed recursively as well, by applying a variant
the methods developed in Abreu, Pearce, and Stacchetti (1990) (Propositions 7 and 8 in
Appendix A.2).3

Starting from our recursive formulation, we discretize the state space to formulate a ver-
sion of the planning problem which can be solved using linear programming and value-

function iteration (Program 1 in Section 4.3 below). However, we now face the problem

3See also Cole and Kocherlakota (2001a) in an application to dynamic games with hidden states and
actions.



that in this “standard” recursive formulation a “curse of dimensionality” arises, in the
sense that the number of constraints that need to be imposed when computing the op-
timal mechanism becomes very large. The problem is caused by the truth-telling con-
straints, which describe that reporting the true endowment at the beginning of the period
is optimal for the agent. In these constraints, the utility resulting from truthful report-
ing has to be compared to all possible deviations. When both endowments and actions
are unobserved, the number of such deviations is large. A deviation consists of lying
about the endowment, combined with an “action plan” which specifies which action the
agent will take, given any transfer and recommendation he may receive from the planner
before taking the action. The number of such action plans is equal to the number of pos-
sible actions taken to the power of the product of the number of actions and the number
of transfers (recall that there are finite grids for all choice variables to allow linear pro-
gramming). The number of constraints therefore grows exponentially in the number of
transfers and the number of actions. Thus even for moderate sizes for these grids, the
number of constraints becomes too large to be handled on any computer.

To deal with this problem, we show that the number of constraints can be reduced dra-
matically by allowing the planner to specify outcomes off the equilibrium path. The in-
tuition is that we use a maximization operator which makes it unnecessary to check all
possible deviations. This can be done either by having the agent report the endowment
twice, or by imposing off-path utility bounds. The advantage of specifying behavior off
the equilibrium path is that optimal behavior will be at least partly defined even if the
agent misreports, so that not all possible deviations need to be checked. In the version
with double reporting (Program 2 in Section 5.1 below), the agent reports his endowment
a second time after receiving a transfer from the planner. Incentive constraints ensure
that the second report is correct, regardless of the first report. In this double-reporting
version, at the first report there is just one truth-telling constraint for each alternative en-
dowment, since the agent already knows that even conditional on lying it will be optimal
to tell the truth at the second report and follow the recommendations after that. There are
additional truth-telling constraints for the second report, but these are simplified since
the report is made after a specific transfer has been realized. In particular, the number
of possible transfers no longer enters the number of deviation action plans. The result is
that with double reporting the number of constraints is approximately linear in the num-
ber of possible transfers, and grows exponentially only in the number of possible actions.

In environments with a fine grid for the transfer, the number of constraints in Program



2 is dramatically lower than in Program 1. Program 2 is derived from the general plan-
ning problem with the same methods as Program 1, and the two programs are therefore

equivalent.

Notice that the advantages of using double reporting are similar to the advantages of
using a recursive formulation in the first place. One of the key advantages of a recursive
formulation with utility promises as a state variable is that only one-shot deviations need
to be considered. The agent knows that his future utility promise will be delivered, and
therefore does not need to consider deviations that extend over multiple periods. Double
reporting applies a similar intuition to the incentive constraints within a period. The
agent knows that it will be in his interest to return to the equilibrium path in the second
part of the period (from the second report on), which simplifies the incentive constraints

in the first part of the period.

An alternative method for reducing the number of truth-telling constraints is to let the
planner choose off-path utility bounds directly (see Program 3 in Section 5.2 below). This
technique derives from Prescott (1997), who uses the same approach in a static moral-
hazard framework. The planner now specifies upper bounds to the utility an agent can
get by lying and receiving a specific transfer and recommendation afterwards. The truth-
telling constraints can then be formulated in a particularly simple way by summing over
the utility bounds. Additional constraints ensure that the utility bounds hold, i.e., the
actual utility of deviating must not exceed the utility bound regardless what action the
agent takes. The number of such constraints is equal to the product of the number of
transfers and the square of the number of actions. The total number of constraints in
Program 3 is approximately linear in the number transfers, and quadratic in the number
of actions. Once again, putting structure off the equilibrium path leads to a reduction in
the number of constraints. In Proposition 6, we show that Program 1 and Program 3 are
equivalent. With Program 3, the planning problem can be solved with fine grids for all
choice variables. In Appendix A.3, we describe how the dimensionality of this Program
can be reduced even further by introducing subperiods as in Program 2. However, in-
stead of reporting the endowment a second time, the period is subdivided completely,
and utility promises in the middle of the period are assigned as an additional state vari-
able. The reduction in the dimensionality of the programs comes at the expense of an
increase in the number of programs that need to be computed.

The remainder of the paper is organized as follows. In Section 3 we introduce the eco-

nomic environment that underlies our mechanism design problem, and formulate a gen-
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eral planning problem with unrestricted communication and full history dependence. In
Section 4, we invoke and reprove the revelation principle to reformulate the planning
problem, using direct message spaces and enforcing truth-telling and obedience. We then
provide a recursive formulation of this problem with a vector of utility promises as the
state variable (Program 1). In Section 5, we develop alternative formulations which allow
the planner to specify behavior and utility promises off the equilibrium path, either by
allowing the agent to report the endowment twice (Program 2), or by imposing off-path
utility bounds (Program 3). These methods lead to a dramatic reduction in the number of
incentive constraints that need to be imposed when computing the optimal contract. Sec-
tion 6 applies our methods to a hidden-storage and a banking environment, and Section
7 concludes. All proofs are contained in the mathematical appendix.

3 The Model

In the following sections we develop a number of recursive formulations for a general
mechanism design problem. For maximum generality, when deriving the different recur-
sive formulations we concentrate on the case of infinitely many periods with unobserved
endowments and actions in every period. With little change in notation, the formula-
tions can be adapted to models with finitely many periods and/or partially observable

endowments and actions.

3.1 Physical Setup

The physical setup is identical for all programs that we consider. At the beginning of
each period the agent receives an income or endowment e from a finite set £. The income
cannot be observed by the planner. Then the planner gives a transfer 7 from a finite set 7'
to the agent. A positive transfer can be interpreted as an indemnity and negative transfer
as a premium. At the end of the period, the agent takes an action a from a finite set
A. Again, the action is unobservable for the planner. In most examples below we will
concentrate on positive a and interpret that as storage or investment, but without any
changes in the setup we could also allow for a to be negative, which can be interpreted as
borrowing. The interpretation is the usual small-economy one, with unrestricted access
to outside credit markets. The agent consumes the amount e + 7 — a and enjoys period



utility u(e + 7 — a). Our methods do not require any specific assumptions on the utility
function u(-), apart from it being real-valued.

The action @ influences the probability distribution over the income or endowment in the
next period. Probability p(e|a) denotes the probability of endowment e if the agent took
action a in the previous period. The word “endowment” is thus a misnomer as income
next period is endogenous, a function of investment or unobserved credit-market activity.
It is only in the initial period that the probability p(e) of endowment e does not depend on
any prior actions. For tractability, and consistent with the classic formulation of a moral-
hazard problem, we assume that all states occur with positive probability, regardless of
the action:

Assumption 1 The probability distribution over the endowment e satisfies p(e|a) > 0 for all
e€ E,alla € A

Otherwise, we place no restrictions on the investment technology. Note that since yes-
terday’s action affects probabilities over endowments only in the current period*, the
income realization completely describes the current environment as far as the agent is
concerned. Likewise, with time-separable utility, previous actions and endowments do
not enter current utility as a state variables. Apart from physical transactions, there is
also communication taking place between the agent and the planner. We do not place any
prior restrictions on this communication, in order not to limit the attainable outcomes. At
a minimum, the agent has to be able send a signal about his beginning-of-period endow-
ment, and the planner has to be able to send a recommendation for the investment or

unobserved action.

In what follows () is the discount factor of the planner, and /3 is the discount factor of
the agent. The planner is risk-neutral and minimizes the expected discounted transfer,
while the agent maximizes expected discounted utility. The discount factor @ is given by
Q = ﬁ, where r is taken to be the outside credit-market interest rate for borrowers and

lenders in this small open economy. We assume that both discount factors are less than
one so that utility is finite and our problem is well defined.

Assumption 2 The discount factors () and [3 of the planner and the agent satisfy 0 < Q < 1 and
0<pg<l.

4This assumption could be weakened as in Fernandes and Phelan (2000). If the action had effects over
multiple periods, additional state variables need to be introduced to recover a recursive formulation.
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When there are only finitely many periods, we only require that both discount factors be
bigger than zero, because utility will still be well defined.

While we formulate the model in terms of a single agent, another powerful interpretation
is that there is a continuum of agents with mass equal to unity. In that case, the probability
of an event represents the fractions in the population experiencing that event. Here the
planner is merely a programming device to compute an optimal allocation: when the
discounted surplus of the continuum of agents is zero, then we have attained a Pareto

optimum.

3.2 The Planning Problem

We now want to formulate the Pareto problem of the planner maximizing surplus subject
to providing reservation utility to the agent. Since the planner does not have any infor-
mation on endowments and actions of the agent, we need to take a stand on what kind
of communication is possible between planner and agent. In order not to impose any
constraints from the outset, we start with a general communication game with arbitrary
message spaces and full history-dependence. At the beginning of each period the agent
realizes an endowment e. Then the agent sends a message or report m; to the planner,
where m; is in a finite set M;. Given the message, the planner assigns a transfer 7 € T,
possibly at random. Then the agent sends a second message m,, where m, is in some
finite set M,. The planner responds by sending a message or recommendation ms € M;
to the agent, and Mj is finite as well. Finally, the agent takes an action a € A. In the direct
mechanisms that we will introduce later, m; and m, will be reports on the endowment e,

while m5 will be a recommendation for the action a.’

We will use h; to denote the realized endowment and all choices by planner and agent in
period ¢ :

ht = {eta Mat, Te, Mot T3, at}-
We denote the space of all possible h, by H,. The history of up to time ¢ will be denoted
by h':
ht = {h_l, ho, hl, cee ht}

°It is customary in the literature to start with a direct mechanism from the outset, assuming that the
revelation principle holds. We start with the more general setup, since we are going to derive two different
direct mechanisms and need to show that they are equivalent to each other and to the more general setup.
Specifically, Program 2 relies on the presence of the second report mo.
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Figure 1: The Sequence of Events and Messages in Period ¢

Here ¢ = 0 is the initial date. The set of all possible histories up to time ¢ is denoted by H*
and is thus given by:
HtEH_leolex...th.

At any time ¢, the agent knows the entire history up to time ¢ — 1. On the other hand,
the planner sees neither the true endowment nor the true action. We will use s; and s to
denote the part of the history known to the planner. We therefore have

S = {mltaTtamZt;th}a

where the planner’s history of the game up to time ¢ will be denoted by s*, and the set S*
of all histories up to time ¢ is defined analogously to the set H above. Since the planner
sees a subset of what the agent sees, the history of the planner is uniquely determined by
the history of the agent. We will therefore write the history of the planner as a function
s'(h') of the history h' of the agent. There is no information present at the beginning of
time, and consequently we define h_; = s = 0.

The choices by the planner are described by a pair of outcome functions m(7;|my, s* 1)
and (ms¢|may, 7, mag, s°71) which map the history up to the last period as known by
the planner and events (messages and transfers) that already occurred in the current
period into a probability distribution over transfer 7, and a report ms,. The choices of
the agent are described by a strategy. A strategy consists of a function o(my,|e;, h'~1)
which maps the history up to the last period as known by the agent and the endowment
into a probability distribution over the first report my,;, a function o(my|e;, my, 7, h'~1)
which determines a probability distribution over the second report m,;, and a function

o(asles, mag, 7, Mog, mag, h=1) which determines the action.

We use p(h'|m, o) to denote the probability of history h' under a given outcome function
and strategy. The probabilities over histories are defined recursively, given history h'~?
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and action a;_1(h'™1), by:

p(h'|m,0) = p(h" i, o) pleda—1 (') o(magles, B ) m(mimag, s 1 (h)

o(mag|er, mayg, 7, ! m(mse|mag, i, Moy, () o(agle, mayg, T, Moy, may, R,

Also, p(h!|r, o, h*) is the conditional probability of history h! given that history h* with
k <t occurred, and conditional probabilities are defined analogously.

For a given outcome function 7 and strategy o, the expected utility of the agent is given
by:

U(r,o0) = Z ok [Z p(ht|m, o)ule; + 1 — at)] ) (1)

t=0 ot

The expression above represents the utility of the agent as of time zero. We will also
require that the agent use a maximizing strategy at all other nodes, even if they occur
with probability zero. The utility of the agent given that history h* has already been
realized is given by:

U(r,olh*) = Z A [Z p(h|m, o, hFYule, + 7 — at)] : 2)
Ht

t=k+1

We now define an optimal strategy o for a given outcome function 7 as a strategy that
maximizes the utility of the agent at all nodes. The requirement that the strategy be
utility maximizing can be described by a set of inequality constraints. Specifically, for a
given outcome function 7, for any alternative strategy &, and any history i*, an optimal

strategy o has to satisfy:
V&, 0k Ur,6|hF) < Ur, o|h¥). (3)

Inequality (3) thus imposes or describes optimization from any history h* on.

In addition, we also require that the strategy be optimal at any node that starts after an
arbitrary first report in a period is made, i.e., even if in any period k + 1 the first report
was generated by a strategy 4, it is optimal to revert to o from the second report in period

k+1 on. For any alternative strategy & and any history h*, an optimal strategy o therefore
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also has to satisfy:

V&, hF o Ur,5|hF)

< " pleralhF) G(magalera, B¥) p(Tia, Mg, maga, agaleps, miga, 7, 0, h)

hg+1

[u(ersr + Toa1 — aga) + U, o|B*)] . (4)

Notice that on the right-hand side the first report my;.; is generated by strategy &, the
remaining messages, transfers, and actions are generated under 7 and o, as captured by
the second term p(-|-), and the future is generated by 7 and ¢ as well. This condition is
not restrictive, since by (3) even without this condition the agent chooses the second re-
port optimally conditional on any first report that occurs with positive probability. The
only additional effect of condition (4) is to impose or describe that the agent chooses the
second report and action optimally even conditional on first reports that occur with zero
probability under o, but could be generated under a counterfactual strategy. Describing
optimal behavior off the equilibrium path will help us later in deriving recursive formu-

lations of the planning problem that can be computed efficiently.
We are now able to provide a formal definition of an optimal strategy:

Definition 1 Given an outcome function m, an optimal strategy o is a strategy such that inequal-
ities (3) and (4) are satisfied for all, k, all h* € H*, and all alternative strategies 6.

Of course, for h* = h~! this condition includes the maximization of expected utility (1) at
time zero.

We imagine the planner as choosing an outcome function and a corresponding optimal

strategy subject to the requirement that the agent realize at least reservation utility, Wy:
U(r, o) = Wo. ()

Definition 2 An equilibrium {r, o} is an outcome function n together with a corresponding
optimal strategy o such that (5) holds, i.e., the agent realizes at least his reservation utility. A
feasible allocation is a probability distribution over endowments, transfers and actions that is
generated by an equilibrium.

The set of equilibria is characterized by the promise-keeping constraint (5), by the opti-

mality conditions (3) and (4), and of course a number of adding-up constraints that ensure
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that both outcome function and strategy consist of probability measures. For brevity these
latter constraints are not written explicitly.

The objective function of the planner is:

V(iro)=> Q' [E p(h|m, a)(—m] (6)
=0 Ht

When there is a continuum of agents, there is no aggregate uncertainty, and (6) is the
actual surplus of the planner, or equivalently, the surplus of the community as a whole.
In the single-agent interpretation, there is uncertainty about the realization of transfers,
and (6) is the expected surplus. In either case, the planner’s problem is to choose an
equilibrium that maximizes (6). By construction, this will be Pareto optimal. The Pareto

frontier can be traced out by varying reservation utility .

Definition 3 An optimal equilibrium is an equilibrium that solves the planner’s problem.

Proposition 1 There are reservation utilities Wy € R such that an optimal equilibrium exists.

4 Deriving a Recursive Formulation

4.1 The Revelation Principle

Our ultimate aim is to find a computable, recursive formulation of the planning problem.
We begin by showing that without loss of generality we can restrict attention to a direct
mechanism where there is just one message space each for the agent and the planner. The
message space of the agent will be equal to the space of endowments £, and the agent
will be induced to tell the truth. The message space for the planner will be equal to the
space of actions A, and it will be in the interest of the agent to follow the recommended
action. Since we fix the message spaces and require that truth-telling and obedience be
optimal for the agent, instead of allowing any optimal strategy as before, it has to be
the case that the set of feasible allocations in this setup is no larger than in the general
setup with arbitrary message spaces. The purpose of this section is to show that the set of
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feasible allocations is in fact identical. Therefore there is no loss of generality in restricting
attention to truth-telling and obedience from the outset.®

More formally, we consider the planning problem described above under the restriction
that My = E and M3 = A. M, is set to be a singleton, so that the agent does not have an
actual choice over the second report. For simplicity, we will suppress m, in the notation
below. We can then express the contemporary part of the history of the planner as:

St = {et;Ttaat}a

with history s up to time ¢ defined as above. Notice that since we are considering the
history of the planner, e, is the reported, not necessary actual, endowment, and «, is the

recommended action, not necessarily the one actually taken.

Asbefore, the planner chooses an outcome function consisting of probability distributions
over transfers and reports. For notational convenience, we express the outcome function
as the joint probability distribution over combinations of transfer and recommendation.
This is equivalent to choosing marginal probabilities as above. The planner therefore
chooses probabilities (7, a;|e;, 1) that determine the transfer 7, and the recommended

action a, as a function of the reported endowment ¢; and the history up to the last period
st

We now impose constraints on the outcome function that ensure that the outcome func-
tion together with a specific strategy of the agent, namely truth-telling and obedience,
are an equilibrium. First, the outcome function has to define probability measures. We
require that 7(7, a;le,, s'=1) > 0 for all transfers, actions, endowments and histories, and
that:

Ve, s Zw(n, ales, s = 1. (7)

T,A
Given an outcome function, we define probabilities p(s*|r) over histories in the obvious
way, where the notation for ¢ is suppressed on the premise that the agent is honest and
obedient. Given these probabilities, as in (5), the outcome function has to deliver reser-
vation utility W, to the agent, provided that the agent reports truthfully and takes the

®We still prefer to start from the general setup (as opposed to just assuming that the revelation principle
holds) since we are deriving two different direct mechanisms from the same general setup, and we need to
show that they are equivalent.
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recommended actions:

Zﬁt ZP(St|7T)U(€t +7 —ap)| > Wo. (8)
St

t=0

Finally, it has to be optimal for the agent to tell the truth and follow the recommended
action, so that (3) holds for the outcome function and the maximizing strategy o of the
agent, which is to be truthful and obedient. In particular, the the utility of honesty and
obedience must weakly dominate the utility derived from any possible deviation strategy
mapping any realized history, which may be generated by possible earlier lies and dis-
obedient actions, into possible lies and alternative actions today, with plans for possible
deviations in the future. We write a possible deviation strategy J, which is allowed to
be fully history-dependent, as a set of functions d.(h'!, ¢;) that determine the reported
endowment as a function of the actual history 2/~! and the true endowment ¢;, and func-
tions 6,(h'~!, e;, 74, a;) that determine the actual action as a function of the history h'~1,
endowment e, transfer 7;,, and recommended action a,. Since the actual action may be
different from the recommendation, this deviation also changes the probability distribu-
tion over histories and states. The agent takes this change into account, and the changed
probabilities are denoted as p(h'|m, §), with the inclusion of other conditioning elements
where appropriate. In particular, we require that the actions of the agent be optimal from
any history s* on, and it will also be useful to write down separate constraints for each
possible endowment ey, in period k + 1. Then for every possible deviation (¢, d,), any

history s*, and any e, the outcome function has to satisfy:

V(SJ Sk) €k+1 - Z ﬁt Zp(ht|7[', 57 Sk; €k+l)u(€t +7 — 6a(ht_17 €ty Tt, at))]

t=k+1 ot

<34 [Ep(sﬂw,s’f,ekﬂ)u(etm - at>] )
St

t=k+1

Here p(h!|r,d, s*, ex.1) on the left-hand side is the probability of actual history h! implied
by outcome function 7 and deviation §, conditional on the planner’s history s* and re-
alized endowment ey, and the p(s'|r, s*, e.1) on the right-hand side is the probability
under truth-telling and obedience as above, but now conditioned on s* and ej1. Condi-

tion (9) imposes or describes honesty and obedience on the equilibrium path, similar to

(3).
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It might seem at first sight that (9) is less restrictive than (3), because only a subset of pos-
sible deviations is considered. Specifically, deviations are nonrandom, and a constraint
is imposed only at every s’ node, instead of every node h* of the agent’s history. How-
ever, none of these limitations are restrictive. Allowing for randomized deviations would
lead to constraints which are linear combinations of the constraints already imposed. Im-
posing (9) is therefore sufficient to ensure that the agent cannot gain from randomized
deviations. Also, notice that the conditioning history s* enters (9) only by affecting prob-
abilities over future states s’. These probabilities are identical for all h* that coincide in
the s* part once ey, is realized, since the agent’s private information on past endowments
and actions affects the present only through the probabilities over different endowments.
Imposing a separate constraint for each h* therefore would not put additional restrictions

on 7.

Definition 4 An outcome function is an equilibrium outcome function under truth-telling and
obedience if it satisfies the constraints (7), (8) and (9) above. A feasible allocation in the truth-
telling mechanism is a probability distribution over endowments, transfers and actions that is
implied by an equilibrium outcome function.

Feasible allocations under truth-telling and obedience are a subset of the feasible alloca-
tions in the general setup, since (8) implies that (5) holds, (9) implies that (3) holds, and
(4) does not constrain allocations and could be satisfied by specifying off-path behavior
appropriately. In fact, we can show that the set of feasible allocations in the general and
the restricted setup are in fact identical.

Proposition 2 (Revelation Principle) For any message spaces M, M,, and Ms, any alloca-
tion that is feasible in the general mechanism is also feasible in the truth-telling-and-obedience

mechanism.

The proof (outlined in the appendix) takes the usual approach of mapping an equilibrium
of the general setup into an equilibrium outcome function in the restricted setup. Specifi-
cally, given an equilibrium (7*, 0*) in the general setup, the corresponding outcome func-
tion in the restricted setup is gained by prescribing the outcomes on the equilibrium path,
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while integrating out all the message spaces:

(7, ey, s') = > p(h' s o (mayleg, K1) 7 (i fmag, ' (RY))
Ht=(st=1), My, M, M3

U*(m2t|€ta mig, Te, ht_l) 7r*(mst |m1t; Tg, Moy, St_l(ht_l)) U*(at |€t, Mag, Ty, Moy, T3, ht_l)-

The proof then proceeds by showing that the outcome function 7 on the left-hand side
satisfies all the required constraints. The essence of the matter is that lying or deviat-
ing under the new outcome function would be equivalent to using the optimizing strat-
egy function under the original outcome function, but evaluated at a counterfactual re-
alization. For example, an agent who has endowment e but reports é will face the same
probability distribution over transfers and recommendations as an agent who under the
original outcome function behaved “as if” the endowment were é. The agent can never
gain this way, since o* is an optimal strategy, and it is therefore preferable to receive the

transfers and recommendations intended for endowment e instead of é.

We are therefore justified in continuing with the restricted setup which imposes truth-
telling and obedience. The objective function of the planner is now:

v =Y Q' [Z p(8t|7r)(—7t)] , (10)
t=0 St

and the original planning problem can be expressed as maximizing (10) subject to (7), (8),
and (9) above.

4.2 Utility Vectors as State Variables

We now have a representation of the planning problem that requires truth-telling and
obedience, and yet does not constitute any loss of generality. However, we still allow
fully history-dependent outcome functions 7. The next step is to reduce the planning

problem to a recursive version with a vector of promised utilities as the state variable.

We wish to work towards a problem in which the planner has to deliver a vector of
promised utilities at the beginning of period £, with elements depending on the endow-
ment e;. It will be useful to consider an auxiliary problem in which the planner has to
deliver a vector of reservation utilities w,, depending on the endowment in the initial pe-

riod. The original planning problem can then be cast, as we shall see below, as choosing
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the vector of initial utility assignments w, which yields the highest expected surplus for
the planner, given the initial exogenous probability distribution over states e € E at time
t=0.

In the auxiliary planning problem, we impose the same probability constraints (7) and in-
centive constraints (9) as before. However, instead of a single promise-keeping constraint
(8) there is now a separate promise-keeping constraint for each possible initial endow-
ment. For all ¢y, we require:

Vey :

> w(r0, aolwo, €o) |uleo + 7o — ag) + Zﬂt[zp(stha so)u(e + 7 — at)]] = wo(eo)- (11)

T,A t=1 St

Here the vector wy of endowment-specific utility promises wy(eo) is taken as given. Notice
that we write the outcome function 7 as a function of the vector of initial utility promises
wy. In period 0, there is no prior history, but in a subsequent period ¢ the outcome function
also depends on the history up to period ¢t — 1, so that the outcome function would be

written as (73, as|wo, e, s'71).

In principle, specifying a separate utility promise for each endowment is more restrictive
than a requiring that a scalar utility promise be delivered in expected value across en-
dowments. However, the original planning problem can be recovered by introducing an
initial stage at which the initial utility vector is chosen by the planner. Since the vector of
promised utilities w, will serve as our state variable, it will be important to show that the
set of all feasible utility vectors has nice properties.

Definition 5 The set W is given by all vectors wo € R*" that satisfy constraints (7), (9), and
(11) for some outcome function 7(r;, asleq, s'1).

Proposition 3 The set W is nonempty and compact.

Now we consider the problem of a planner who has promised utility vector wo € W and
has received report ¢ from the agent. In the auxiliary planning problem, the maximized
surplus of the planner is given by:

Vi(wo, eo) = meZW(To, ao|Wo, €o) [—To + Z Q' [ZP(StW; So)(—Tt)]] ; (12)
T,A

t=1 St
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where the maximization over current and future 7 is subject to constraints (7), (9), and

(11) above, for a given wo € W and ¢ € E.

We want to show that this problem has a recursive structure. To do this, we need to define

on-path future utilities that result from a given choice of m. For all s*71, ¥, let:

w(eka Sk_la 7T) =
> w(m, axlwo, ex, 5571 uler + 7 —a) + > B [Zp(s%, Fyule, + 7 — at>]] , (13)
T,A t=k+1 St

and let w(s* !, 7) be the vector of these utilities over all e,. We can now show a version

of the principle of optimality for our environment:

Proposition 4 Forall wy € W and eq € E, and for any s*=1 and ey, there is an optimal contract
7 such that the remaining contract from s*~1 and e, is an optimal contract for the auxiliary

planning problem with ey = ey, and wy = w(sF=1 7*).

Thus the planner is able to reoptimize the contract at any future node. For Proposition 4
to go through, it is essential that we chose a vector of utility promises as the state variable,
as opposed to the usual scalar utility promise which is realized in expected value across
states. If the planner reoptimized given a scalar utility promise at a given date, the distri-
bution of expected utilities across states might be different than in the original contract.
Such a reallocation of utilities would change the incentives for lying and disobedience in
the preceding period, so that incentive-compatibility of the complete contract would no
longer be guaranteed. This problem is avoided by specifying a separate utility promise
for each possible endowment. Likewise, in implementing the utility promises it does not
matter whether the agent lied or was disobedient in the past, since the agent has to report
the realized endowment anyway, and once the endowment is realized past actions have

no further effects.”

Given Proposition 4, we know that the maximized surplus of the planner can be written
as:

Vi(wo, eo) = ZW*(TO, ao|wo, €9) | —To + sz(eﬂso)v(w(so, ™), e1)| - (14)

AT E

"The state space would have to be extended further if the action affected outcomes for more than one
period into the future.
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In light of (14), we can cast the auxiliary planning problem as choosing transfers and ac-
tions in the initial period, and choosing continuation utilities from the set W, conditional

on history s° = {eg, 70, ao}-

We are now close to the recursive formulation of the planning problem that we are looking
for. We will drop the time subscripts from here on, and write the choices of the planner
as a function of the current state, namely the vector of promised utilities w that has to
be delivered in the current period, and the reported endowment e. The choices are func-
tions 7(7, a|w,e) and w'(w, e, 7,a), where w' is the vector of utilities promised from to-
morrow on, which is restricted to lie in W. Assuming that the value function V' is known
(it needs to be computed in practice), the auxiliary planning problem can be solved by
solving a static optimization problem for all vectors in W. An optimal contract for the
non-recursive auxiliary planning problem can be found by assembling the appropriate

solutions of the static problem.

We still need to determine which constraints need to be placed on the static choices
7(T,alw, e) and w'(w, e, 7, a) in order to guarantee that the implied contract satisfies prob-
ability measure constraints (7), maximization (9), and promise keeping (11) above. In

order to reproduce (7), we need to impose:

ZT['(T,(Z|W,€) =1. (15)

T,A
The promise-keeping constraint (11) will be satisfied if we impose:
Z n(r,alw,e) lu(e+7—a)+ 3 Zp(e'|a)w'(w, e, 7,a)(e)| =w(e) (16)
T,A E

where along the equilibrium path, honesty and obedience prevails in reports e and ac-
tions a. The incentive constraints are imposed in two parts. We first require that the agent
cannot gain by following another action strategy J,(7, a), assuming that the reported en-
dowment e was correct. Note that e enters the utility function as the actual value and as

the conditioning element in 7 as the reported value.

Z m(r,alw,e) |u(e + 7 — 04(7,a)) + 3 Zp(e'|5a(7', a))w'(w, e, 7,a)(e)| < w(e). (17)

T,A

A similar constraint on disobedience is also required if the initial report was e, but the
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true state was ¢, i.e., false reporting. Note that ¢ enters the utility function as the actual
value but e is the conditioning element in 7 on the left-hand side, and w(é) is the on-path
realized utility under honesty and obedience at é.

S wr,alw,e) [u@+ 1 — 8u(r,) + B3 pelbu(r, ) (w, e, 7, a)(e) | < w(@).  (18)
E

T,A

Conditions (17) and (18) impose a sequence of period-by-period incentive constraints on
the implied full contract. The constraints rule out that the agent can gain from disobe-
dience or misreporting in any period, given that he goes back to truth-telling and obedi-
ence from the next period on. Equations (17) and (18) therefore imply that (9) holds for
one-shot deviations. We still have to show that (17) and (18) are sufficient to prevent de-
viations in multiple periods, but the argument follows as in Phelan and Townsend (1991).
That is, for a finite number of deviations, we can show that the original constraints are
satistied by backward induction. The agent clearly does not gain in the last period when
he deviates, since this is just a one-time deviation and by (17) and (18) is not optimal. Go-
ing back one period, the agent has merely worsened his future expected utility by lying
or being disobedient in the last period. Since one-shot deviations do not improve utility,
the agent cannot make up for this. Going on this way, we can show by induction that any
finite number of deviations does not improve utility. Lastly, consider an infinite number
of deviations. Let us assume that there is a deviation that gives a gain of e. Since 5 < 1,
there is a period 7" such that at most €/2 utils can be gained from period 7" on. This implies
that at least €/2 utils have to be gained until period 7". But this contradicts our result that
there cannot be any gain from deviations with a finite horizon.

Thus we are justified to pose the auxiliary planning problem as solving:
V(w,e) = max Y mralw,e) | =T+ Q) p(a)V (W' (w,e,7, a),¢) (19)
=NAT E

by choice of 7 and w’, subject to constraints (15) to (18) above. Program 1 below is a
version of this problem with a discrete grid for promised utilities as an approximation. We
have assumed that the function V(w, e) is known. In practice, V(w, e) can be computed
with standard dynamic programming techniques. Specifically, the right-hand side of (19)
defines an operator 7' that maps functions V' (w, e) into 7'V (w, e). It is easy to show, as in
Phelan and Townsend (1991), that 7" maps bounded continuous functions into bounded
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continuous functions, and that 7" is a contraction. It then follows that 7" has a unique fixed

point, and the fixed point can be computed by iterating on the operator 7'.

The preceding discussion was based on the assumption that the set W of feasible util-
ity vectors is known in advance. In practice, W is not known and needs to be com-
puted alongside the value function V(w,e). W can be computed with the dynamic-
programming methods described in detail in Abreu, Pearce, and Stacchetti (1990). An
outline of the method is given in Appendix A.2.

Finally, the entire discussion is easily specialized to the case of a finite horizon 7. Vi
would be the value function for period 7', V_; for period T'— 1, Wr_; the set of feasible

promised utilities at time 7" — 1, and so on.

4.3 The Discretized Version

For numerical implementation of the recursive formulation of the planning problem, we
require finite grids for all choice variables in order to employ linear programming tech-
niques. #F is the number of grid points for the endowment, #7" is the number of possible
transfers, and #A is the number of actions. The vector of promised utilities is also as-
sumed to be in a finite set W, and the number of possible choices is #W. To stay in the
linear programming framework, we let the planner choose a probability distribution over
vectors of utility promises, instead of choosing a specific utility vector.® That is, 7, a, and
w' are chosen jointly under 7. Notice that while the finite grids for endowment, trans-
fer, and action are features of the physical setup of the model, the finite grid for utility
promises is merely a numerical approximation of the continuous set in our theoretical

formulation.

With finite grids, the optimization problem of a planner who has promised vector w and
has received report e is:

Program 1:

V(w,e) = max Z (T, a, w'|w, e) [—7’ +Q ZE p(e'la)V (w' e (20)

= T AW

8This imposes no loss of generality, since choosing probabilities over utility promises is equivalent to
choosing the corresponding expected utility vector directly.
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subject to the constraints (21) to (24) below. The first constraint is that the 7(-) sum to one
to form a probability measure, as in (15):

Z m(r,a,w'|w,e) = 1. (21)

T,A,W'

Second, the contract has to deliver the utility that was promised for state e, as in (16):

Z (T, a,w'|w,e) [u(e +7—a)+ [ ZE ple'la)w'(e")| = w(e). (22)

T,A,W'

Third, the agent needs incentives to be obedient. Corresponding to (17), for each transfer
7 and recommended action a, the agent has to prefer to take action a over any other action

a# a:
V1,a,0 % a: Z (T, a, w'|w, €) [u(e +7—0a)+ [ ZE p(e'|&)w'(e')]

Wl

< Z (T, a, w'|w,e) [u(e +7—a)+f3 ZE p(e'|a)w'(e')] . (23)
W

Finally, the agent needs incentives to tell the truth, so that no agent with endowment é # e
would find this branch attractive. Under the promised utility vector w, agents at & should
get w(é). Thus, an agent who actually has endowment é but says e nevertheless must not
get more utility than was promised for state é. This has to be the case regardless whether
the agent follows the recommendations for the action or not. Thus, for all states é # e and
all functions ¢ : ' x A — A mapping transfer 7 and recommended action a into an action
(7, a) actually taken, we require as in (18):

Ve e, d:
Y rrawlwe) ju@+T—o(ra)+ 8 p|sra)w'(e)]| < w@). (24)

T,A,W'

Note that similar constraints are written for the é problem, so that agents with ¢ receive
w(é) from a constraint like (22). For a given vector of utility promises, there are #E Pro-

gram 1’s to solve.

Program 1 allows us to numerically solve the auxiliary planning problem for a given vec-
tor of utility promises, by using linear programming and iteration on the value function.

To recover the original planning problem with a scalar utility promise I, we let the plan-
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ner offer a lottery m(w|W) over utility vectors w before the first period starts and before
e is known. The problem of the planner at this initial stage is:

V¥ = max (w1 >, pOV(ew) (25)

subject to a probability and a promise-keeping constraint:

ZW(W|W0) =1. (26)
w
> wlwo) [, @) we)] = W, 27)

w

The same methods can be used for computing models with finitely many periods. With
finitely many periods, the value functions carry time subscripts. The last period 7" would
be computed first, by solving Program 1 with all terms involving utility promises omitted.
The computed value function Vy(w, e) for period 7' is then an input in the computation of
the value function for period 7" — 1. Moving backward in time, the value function for the
initial period is computed last.

An important practical limitation of the approach outlined this far is that the number of
truth-telling constraints in Program 1 is very large, which makes computation practically
infeasible even for problem with relatively small grids. For each state ¢ there is a con-
straint for each function 6 : 7' x A — A, and there are (#4)##4 such functions. Unless
the grids for 7 and « are rather sparse, memory problems make the computation of this
program infeasible. The total number of variables in this formulation, the number of ob-
jects under 7(-), is #I' x #A x #W. There is one probability constraint (21) and one promise-
keeping constraint (22). The number of obedience constraints (23) is #1' x #A4 x (#A — 1),
and the number of truth-telling constraints (24) is (#E — 1) x (#4)##4)_ Thus, the num-
ber of constraints grows exponentially with the product of the grid sizes for actions and

transfers.

As an example, consider a program with two states e, ten transfers 7, two actions a, and
ten utility vectors w'. With only ten points, the grids for transfers and utility promises
are rather sparse. Still, for this example and a given vector of utility promises w and re-
alized state e Program 1 is a linear program with 200 variables and 1,048,598 constraints.
If we increase the number of possible actions a to ten, the number of truth-telling con-

straints alone is 10'%. Clearly, such programs will not be computable now or any time
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in the future. It is especially harmful that the grid size for the transfer causes computa-
tional problems, as it does here because of the dimensionality of §(7, a). One can imagine
economic environments in which there are only a small number of options for actions
available, but it is much harder to come up with a reason why the planner should be
restricted to a small set of transfers. In the next section we present alternative formula-
tions, equivalent to the one developed here, that can be used for computing solutions in

environments with many transfers and many actions.

5 Computationally Efficient Formulations

In this section we develop a series of alternative recursive formulations of the planning
problem which are equivalent to Program 1, but require a much smaller number of con-
straints. The key method for reducing the number of constraints in the program is to al-
low the planner to specify behavior and utility promises off the equilibrium path. This can
be achieved by multiple reporting, or by incorporating off-path utility bounds as choice
variables for the planner. Further efficiency gains are possible if the period is divided into
two subperiods with separate planning problems. We will address each method in turn.

5.1 A Version with Double Reporting

The basic idea of this section is to let the agent report the endowment a second time af-
ter the transfer is received, but before a recommendation for the action is received. On
the equilibrium path, the agent will make the correct report twice and follow the recom-
mended action, and the optimal allocation will be the same as in the first formulation. At
first sight, it might therefore appear that the second report is not necessary, since in equi-
librium it will always coincide with the first report. The advantage of double reporting is
that it allows the planner to specify behavior off the equilibrium path, because outcomes
are determined even if the two reports differ. We will see that this possibility leads to a

significant reduction in the number of incentive constraints.

To see how the version with double reporting works, it is instructive to retrace some of
the steps which led from the general setup to Program 1. We started by applying the
revelation principle to argue that without loss of generality we can restrict attention to

direct mechanisms with truth-telling and obedience. The proof of the revelation principle
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proceeds by showing that any equilibrium outcome in the general setup can be mapped
into an equivalent outcome function in the restricted setup. The outcome function 7 in the
restricted setup is derived from an equilibrium outcome function and strategy (7*, 0*) in
the general setup by integrating out the message spaces M;, M, and M3, and prescribing
the outcomes that occur on the equilibrium path (see equation (45) in the Appendix):

(i, arles, s 1) = Z p(h' s 1) o (mayles, b 1) 7 (ry|mag, s (W)
Ht=Y(st=1), My, Mp, M3

o*(ma)er, mayg, i, Rt T (mag |mag, T, Moy, s RT) o*(ales, mag, T, Moy, may, R'h. (28)

While outcomes on the equilibrium path are unchanged, the original equilibrium (7*, o)
contains information on outcomes off the equilibrium path which are lost in the switch to
the truth-telling-and-obedience outcome function 7. Specifically, the original equilibrium
strategy prescribes optimal behavior following any initial report my,, even after those
reports which never actually occur in equilibrium. This would include reports that are

generated under o*, but at a counterfactual e;.

In the restricted setup with double reporting the two message spaces of the agent are
given by the space of endowments, M; = M, = E, and the message space of the plan-
ner is the space of possible actions, M3 = A. The planner chooses an outcome function
(7, aglers, e, s 1) which determines the transfer and the action as a function of the two
reported endowments by the agent and the history up to period ¢ — 1. Notice that since
this function is also specified for the case that the two reports differ, the planner in effect
specifies behavior off the equilibrium path. Exactly what happens if the two reports differ
is tightly linked to the prescriptions for off-path behavior of the equilibrium (7*, 0*) in the
general setup. Specifically, 7(r;, a;|e1, e, s°~1) describes the outcome if the actual endow-
ment is ey, but the first report of the agent was governed by ey, as if the agent acted as
if the true endowment were e;; when making the first report. Formally, an equilibrium
(m*, 0*) of the original game is transformed into a new outcome function = under double

reporting in the following way:

(1, aglew, exr, s1) = Z (R o*(maglew, K1) 7 (| may, sH(ATTY)

Ht=Y(st=1) My, M, M;

o*(mag|€ar, mag, 7o, K1) T (mag [mag, 74, moy, 8" (W) 0% (aglear, mag, 7, may, mag, A1), (29)
Notice that the first report my; is governed by e;,, while the second report m,, and the
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action a, are governed by ey. If e, and e, coincide, the prescriptions are the usual on-
path equilibrium outcomes, and (28) and (29) are the same. If e;, and ey, are different,
the outcomes are as if the agent mistakenly assumed that the endowment was e;; when
making the first report, a non-maximizing strategy, but then realized that the endowment
was actually e, when making the second report and choosing the action. In the general
setup, such off-path behavior is always well defined, since the agent needs to specify a
strategy for all possible initial reports, even those that occur with zero probability.

The advantage of using this information in a version with truth-telling and obedience is
that the resulting outcome function satisfies a version of constraint (4), which states that
the actions of the agent from the second report on have to be optimal regardless of what
the first report was. Translated into the version with truth-telling and obedience, the con-
straint requires on the right-hand side of (30) below that after any history h*, even if the
first report in period k + 1 were wrong and generated by 6.1(h*, ex,1), it would be optimal
for the agent to tell the truth e, at the second report in k + 1, follow the recommended
action a1, and be honest and obedient in the future, instead of following some deviation

d in the present and future as on the left-hand side:

t=k+1 ot

V(SJ Sk) €k+1 - Z ﬁt [Z p(ht|7ra 57 Sk; €k+l)u(€t +7 — 6a(ht_17 €ty Tt, at))]

S ﬁ]ﬁl [Z m (Tk+1, A+ |5el(hka eIc+1)a €k+1, Sk) u(€k+l + Thl — ak+1)]

T,A

+ Z ok Zp(st|7r, s* ep)ule, + 1, — at)] . (30)

t=k+2 St

This constraint is imposed in addition to a version of the usual, beginning-of-the-period
incentive constraint (9). Imposing (30) simplifies the incentive constraints for being truth-
ful at the first report, since the agent already knows that he will be truthful and obedient
from the second report on, regardless of what he says at the first report. This leads to a

dramatic reduction in the number of incentive constraints.

The derivation of the version with double reporting follows the same outline taken above
for Program 1. Since the steps and proofs are virtually identical, we omit them here. The
point is that both programs are derived from first principles. The apparently more general

double-reporting version is however easily reduced to the single-reporting version along
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the equilibrium path. Thus both are equivalent.’

We go directly to the discretized recursive version of the planning problem with double
reporting. We will concentrate on the differences between single and double reporting,
and the efficiency gains resulting from specifying behavior off the equilibrium path. As
in Program 1, the agent comes into the period with a vector of promised utilities w. At
the beginning of the period, the agent observes the state e and makes a first report to
the planner. Then the planner delivers the transfer 7, and afterwards the agent reports
the endowment e again. Incentive-compatibility constraints, based on (30), ensure that
this second report will be correct, even if the first report is false. Because now the plan-
ner receives a report after the transfer, the number of possible transfers does not affect
the number of truth-telling constraints, as it did in (24). This is the main source of the

efficiency gain of double reporting.

Program 2:
The optimization problem of a planner who promised utility vector w and has already

received first report e is:

V(w, ¢) = max ;V w(rawiw,e,e) [-1+QY p(elaVw,e) (31)
0L

subject to constraints (32)-(37) below. Notice that the contract 7(7, a, w'|w, e, €) is condi-
tioned on two reports e, unlike in (20). The first constraint, much like (21), is that the
7(-) form a probability measure for any second report €. Note again that in the program

endowment e is a fixed state or parameter.

Ve . Z (T, a,w'|w,e, &) = 1. (32)

T,A,W'

Since the second report is made after the transfer, we have to enforce that the transfer does

not depend on the second report. For all € # € and all 7, we require:

Ve #¢é,1: Z (7, a,w'|w, e, é) = Z (7, a,w'|w, e, €). (33)

AW/ AW

Given that the agent told the truth twice, the contract has to deliver the promised utility

The full derivations are carried out in Doepke and Townsend (2002).
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w(e) for state e from vector w. That is, much like (22) above:

Z (T, a, w'|lw,e,e) |u(e+7 —a)+ [ ZE ple'la)w'(e")| = w(e). (34)

T,A,W'

Next, the agent needs to be obedient. Given that the second report is true, it has to be
optimal for the agent to follow the recommended action a. For each true state €, transfer

7, recommended action @, and alternative action a # a we require much like (23):

Vé,r,a,4 #a: ZW(T, a,w'|w,e, é) [u(é +7—a)+f ZE p(e'|&)w'(e')]

Wl

< Z (T, a, w'|w, e, &) [u(é +T—a)+ [ ZE p(e'|a)w'(e')] . (35)
—

We also have to ensure that the agent prefers to tell the truth at the second report, no
matter what he reported the first time around. Since the transfer is already known at the time
the second report is made, the number of deviations from the recommended actions that we have
to consider does not depend on the number of possible transfers. For each actual é, transfer 7,

second report ¢ # ¢, and action strategy d : A — A, we require:

verdFe0: Y w(rawiw,e,d) [u@+r— @)+ By peda@u(e)]

AW/

< Z (T, a, w'|w, e, é) [u(é +T—a)+ ZE p(e'|a)w'(e')] . (36)

AW

This last constraint is derived from constraint (30) above, and is specific to the version
with double reporting. Finally, we also have to ensure that the first report e be correct.
Thatis, an agent who is truly at state € and should get w(é), but made a counterfactual first

report e, cannot get more utility than was promised for state é. For all € # e we require:

Vé#e: Z w(r,a,w'|w,e, ) |u(+1—a)+ 3 ZE p(e|a)w' ()] < w(@). (37)

T,A,W'

Notice that these latter truth-telling constraints do not involve deviations in the action
a. At the time of the first report the agent knows that the second report will be correct
and that he will take the recommended action, because constraints (35) and (36) hold.
In Program 1 the agent had to consider a much more complicated set of deviations when

deciding on the the first report, resulting in a much higher number of constraints. Despite
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the differences in the sets of constraints, Program 1 and Program 2 are equivalent.
Proposition 5 Program 1 and Program 2 are equivalent.

The proof for this proposition proceeds by showing that Program 2 is equivalent to the
general planning problem, using the same arguments as in the derivation of Program
1 above." Since both Program 1 and Program 2 are equivalent to the general planning
problem, they are also equivalent to each other.

The number of variables in this formulation is #E x #1 x #4 x #W. Thus, the number
of variables increased relative to Program 1, since 7 now also depends on the second
report é&. The number of constraints, however, is much lower than in Program 1. There
are #I probability constraints (32), an increase, (#£ — 1) x #I" independence constraints
(33), entirely new, and there is one promise-keeping constraint (34), as before. The total
number of obedience constraints (35) is #F x #1' x #A x (#4 — 1), an increase. The number
of truth-telling constraints for the second report (36) is #E x #T" x (#E — 1) x (#A)*Y, and
the number of truth-telling constraints for the first report (37) is #£ — 1. This is where we

obtain a huge reduction in the number of constraints.

Going back to our example, consider a program with two states ¢, ten transfers 7, two
actions a, and ten utility vectors w'. For this example Program 2 has 400 variables and
134 constraints. Compared to Program 1, the number of variables increases by 200, but the
number of constraints decreases by more than one million. This makes it possible to solve
Program 2 on a standard personal computer. Program 2 does less well if the number of
actions is large. If we increase the number of actions a to ten, Program 2 has 2000 variables
and more than 10" truth-telling constraints. This is many orders of magnitude smaller
than Program 1, but still too big to be handled by standard computer hardware. The key
advantage of Program 2 relative to Program 1 is that the number of constraints does not
increase exponentially with the number of possible transfers 7. As long as the number
of possible actions a is small, this formulation allows computation with fine grids for the
other variables. However, the number of constraints still increases exponentially with the
number of actions. In the next section we will present yet another formulation of our
original program which solves this problem, once again by specifying outcomes off the
equilibrium path.

19The proof is carried out in detail in Doepke and Townsend (2002).
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5.2 A Version With Off-Path Utility Bounds

We saw already in the last section that specifying behavior off the equilibrium path can
lead to a reduction in the number of incentive-compatibility constraints. We will now
exploit this idea in a way similar to Prescott (1997) in order to reduce the number of truth-
telling constraints. The choice variables in the new formulation include utility bounds v(-)
that specify the maximum utility (that is, current utility plus expected future utility) an
agent can get when lying about the endowment and receiving a certain recommendation.
Specifically, for a given reported endowment e, v(é, e, 7, a) is an upper bound for the utility
of an agent who actually has endowment é # ¢, reported endowment e nevertheless, and
received transfer 7 and recommendation a. This utility bound is already weighted by
the probability of receiving transfer 7 and recommendation a. Thus, in order to compute
the total expected utility that can be achieved by reporting e when the true state is €, we
simply have to sum the v(é, e, 7, @) over all possible transfers 7 and recommendations a.
The truth-telling constraint is then that the utility of saying e when being at state ¢ is no
larger than the utility promise w(é) for é.

Program 3:
The optimization problem of the planner in this formulation given report e and promised

utility vector w is:

Vw,)=max > n(r,a,wlw,e) [-r+Q Y p(ela)V(w,e) (38)

U
=AW

subject to the constraints (39)-(43) below. Apart from the addition of the utility bounds
v(-) the objective function (38) is identical to (20). The first constraint is the probability
measure constraint, identical with (21):

Z m(r,a,w'|w,e) = 1. (39)

T,A,W'

The second constraint is the promise-keeping constraint, identical with (22):

Z (T, a, w'|w,e) [u(e +7—a)+ 0 ZE ple'la)w'(e")| = w(e). (40)

T,A,W'

We have to ensure that the agent is obedient and follows the recommendations of the
planner, given that the report is true. For each transfer 7, recommended action a, and
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alternative action a # a, we require as in (23):

V7,a,0#a: Z (T, a, w'|w, €) [u(e +7—a)+f ZE p(e'|&)w'(e')]

Wl

< Z (T, a,w'|w,e) [u(e +7—a)+ [ ZE p(e'|a)w'(e')] .41
—

Next, the utility bounds have to be observed. An agent who reported state e, is in fact
at state ¢, received transfer 7, and got the recommendation a, cannot receive more utility
than v(é, e, 7, a), where again v(é, e, 7, a) incorporates the probabilities of transfer 7 and
recommendation a. For each state é # e, transfer 7, recommendation a, and all possible

actions G we require:

Vé#e,T,a,d: ZW(T, a,w'|lw,e) lu(@+71—a)+p3 ZE ple'la)yw'(e")| < wv(é, e, T,a). (42)
W/

Finally, the truth-telling constraints are that the utility of an agent who is at state ¢ but
reports e cannot be larger than the utility promise for é. For each é # e we require:

Vede: Y w(e et a)< w). (43)
T,A

The number of variables in this problem is #1" x #A x#W under 7(-) plus (#£ —1) x#1" x#A4,
where the latter terms reflect the utility bounds v(-) that are now choice variables. There
is one probability constraint (39) and one promise-keeping constraint (40). The number of
obedience constraints (41) is #1 x #A x (#4 —1). There are (#E — 1) x #1' x (#A)? constraints
(42) to implement the utility bounds, and (#£ — 1) truth-telling constraints (43). Notice
that the number of constraints does not increase exponentially in any of the grid sizes. The
number of constraints is approximately quadratic in #4 and approximately linear in all
other grid sizes. This makes it possible to compute models with a large number of actions.
In Program 3, our example with two states e, ten transfers 7, two actions a, and ten utility
vectors w’ is a linear program with 220 variables and 63 constraints, even smaller than
Program 2. For the first time, the program is still computable if we increase the number
of actions a to ten. In that case, Program 3 has 1100 variables and 1903 constraints, which
is still sufficiently small to be solved on a personal computer.

We now want to show that Program 3 is equivalent to Program 1. In both programs, the

planner chooses lotteries over transfer, action, and promised utilities. Even though in
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Program 3 the planner also chooses utility bounds, in both programs the planner’s utility
depends only on the lotteries, and not on the bounds. The objective functions are identi-
cal. In order to demonstrate that the two programs are equivalent, it is therefore sufficient
to show that the set of feasible lotteries is identical. We therefore have to compare the set
of constraints in the two programs.

Proposition 6 Program 1 and Program 3 are equivalent.

The proof (contained in the Appendix) consists of showing that constraints (39)-(43) in
Program 3 place the same restrictions on the outcome function 7(:) as the constraints
(21)-(24) of Program 1. The probability constraints (21) and (39), the promise-keeping
constraints (22) and (40), and the obedience constraints (23) and (41) are in fact identical.
Therefore one only needs to show that for any 7(-) that satisfies the incentive constraints
(24) in Program 1, one can find utility bounds such that the same outcome function satis-
ties (42) and (43) in Program 3 (and vice versa). Since the objective function is identical, it
then follows that the programs are equivalent.

In Program 3, the number of constraints gets large if both the grids for transfer 7 and
action a are made very fine. In practice, this may lead to memory problems when com-
puting. Further reductions in the number of constraints are possible in a formulation in
which the transfer and the recommendation are assigned at two different stages. In other words,
we are subdividing the period into two parts as in Program 2. However, instead of having
a second report of the endowment, we subdivide the period completely and assign in-
terim utility promises as an additional state variable. This procedure yields even smaller
programs. However, the reduction comes at the expense of an increase in the number
of programs that needs to be computed. The programs for both stages are described in
Appendix A.3.

6 Computed Examples

6.1 Storage with Fixed Return

In this section, we present numerical examples in which the hidden action is designed to

resemble storage at a fixed return. In all example environments the agent has logarithmic
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utility. There are two possible endowments e (2.1 or 3.1), three storage levels a (from 0 to
0.8), and thirty transfers 7 (from -1.2 to 1) in every period. Planner and agent have the
same discount factor 5 = () = .952. The discount factor of the planner corresponds to a
risk-free interest rate of 5%. The utility grids have fifty elements. In the initial period,
each endowment occurs with probability .5. In all other periods, the probability distri-
bution over endowments depends on the investment level in the previous period. If the
investment level is zero, the high endowment occurs with probability .5. The probability
of the high endowment increases linearly with the investment level. The expected return
on storage R determines how fast the probability of the high endowment increases. For
example, for R = 1 an increase in storage of 0.1 results in an increase in the expected en-
dowment of 0.1. Since the difference between the two endowments equals one (3.1 —2.1),
with R = 1 increasing the storage level a by 0.1 results in an increase in the probability
of the high endowment of 3.1 by 0.1, and an equal decrease in the probability of the low
endowment of 2.1. We used Program 3 for all computations.

We computed optimal policy functions for a variety of returns R in an infinite-period setting
as a function of the (scalar) initial utility promise Wj. The policy functions are computed
by iterating on the Bellman operator until convergence, and then solving the initial plan-
ning problem (25). As described in Appendix A.2, we start by choosing a large initial
guess for the value set W (a set consisting of vectors of utility promises), and then iterate
backwards in time, using the initial guess W as the set of possible utility promises in
the first iteration. The initial value set is based on the bounds for consumption implied
by the grids for endowments, transfers, and actions. To reduce the number of feasible
utility promises and facilitate computation, we also impose some additional restrictions
on Wy. For example, it follows from the incentive constraints that an agent can never
receive lower utility by realizing the high endowment instead of the low endowment.
Therefore, we disregard all initial utility vectors which promise higher utility when the

low endowment is realized.

In all computed solutions to the initial planning problem (25), the surplus of the plan-
ner V(W) is a strictly decreasing function of the utility promise 1, implying that the
promise-keeping constraint (27) is always binding. This also means that in future periods
it is not in the interest of both the agent and the principal to tear up the contract and start
over in such a way as to make both better off. However, either party may be worse off in
expected utility than they were at the initial date.

Figure 2 shows the policy functions for R = 1 as a function of the initial utility promise
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Wo. It turns out that the choices of the planner are similar for all values of R that are lower
than the associated risk-free interest rate. Therefore we use Figure 2 at R = 1 to represent
general features of the optimal incentive-compatible contract for R < 1.05. The choices
of the planner are shown as a function of the initial utility promise to the agent W,. In
all graphs a vertical line marks the initial utility level at which the expected discounted
surplus of the planner is zero. As before, if there is a continuum of agents, the planner
can be interpreted as a mere programming device to determine the optimal allocation for
the community, and the zero-surplus utility level corresponds to the constrained Pareto-

optimal allocation for a continuum of agents.

Aslong as & < 1.05 (the market rate), the planner never recommends a positive invest-
ment or storage level; only the outside credit market is used. The planner uses transfers
and utility promises to provide incentive-compatible insurance every period. The trans-
ter for the low endowment is higher than for the high endowment, and at zero expected
surplus high-income agents today pay premia, while low-income agents receive indem-
nities. The difference in consumption between low- and high-endowment agents is only
about .2 over most of the range of Wy, even though the endowment differs by 1. In or-
der to ensure incentive compatibility (i.e., induce the high-endowment agent to report
truthfully), the planner promises a schedule of higher future utility from tomorrow on
to agents with the high endowment. Note that separate utilities are promised for each
of the two possible incomes tomorrow. Today, naturally, both consumption and utility
promises increase with initial promised utility. The dynamics are implicit in the utility
promise transitions. For example, agents with high income today are pushed towards

higher expected utility tomorrow.

Figure 3 shows the dynamics of consumption for a number of agents who start out with
the same utility promise W, (corresponding to zero expected surplus for the planner)
and realize the same initial endowment.!! Consequently, in the first period all agents
have the same consumption. In the second period the consumers split in two groups,
with the ones who receive the high income enjoying higher consumption as well. The
distribution of consumption disperses over time as each consumer is hit by a different
series of shocks. However, since there are just two income levels and the transfers are

bounded, consumption always moves within a finite interval.

Indeed, we can use the optimal policy functions to compute the long-run distribution of

'We plot outcomes for eight different agents, thus the graph does not represent all possible consumption
paths. With a higher number of agents, the paths start to fill the space and become hard to distinguish.
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consumption in an economy with a continuum of agents.'? Figure 4 shows that the long-
run distribution of consumption is twin-peaked. Consumption disperses over time, and
after a series of good or bad shocks either corner for consumption can be reached. The
corners are not absorbing states, however. For example, agents who consume minimum
consumption are thrown back into the distribution once a positive shock hits. Our inter-
pretation for the twin-peaks distribution is that the lower peak is accounted for by agents

who were deflected away from the lower bound for consumption.

Figure 5 shows how the expected utility of the agent varies with the return on storage,
subject to the requirement that the discounted surplus of the planner be zero.'® The util-
ity of the agent is shown for values of R between 0 and 1.10. The top line is the utility
the agent gets under full information, that is, when both endowment and storage are ob-
servable by the planner. In this case the planner provides full insurance, and consumption
and utility promises are independent of the endowment. It turns out that the utility of the
agent does not vary with the return on storage as long as 2 < 1.05. This is not surprising,
since 1.05 is the risk-free interest rate. As long as the return on storage does not exceed
the credit-market return, raising the return on storage does not extend the unconstrained
Pareto frontier. Storage is never used, and the utility of the agent does not depend on the
return on storage. When R exceeds 1.05, the Pareto frontier expands and the utility of
the agent increases dramatically. In effect, when R > 1.05 an arbitrage opportunity arises
which is only limited by the finite grids.

The lower line shows the utility of the agent under autarky. When the return on storage
is sufficiently high the agent uses storage to self-insure against the income shocks. Since
under autarky storage is the only insurance for the agent, utility increases with the return

on storage.

The middle line shows the utility of the agent with hidden endowments and hidden ac-
tion. Once the return on storage exceeds some critical value, the utility of the agent de-
creases with the return on storage, instead of increasing as it does under autarky. As

long as the planner never recommends positive private storage levels, a higher return on

12 Atkeson and Lucas, Jr. (1992) found that in a class of dynamic incentive problems the efficient allocation
has the property that the distribution of consumption diverges over time, i.e., a diminishing fraction of the
population receiving an increasing fraction of resources. Phelan (1998) examines the long-run implications
of incentive problems more generally. He finds that the limiting distribution for consumption and utility
crucially depends on features of the utility function, namely whether marginal utility is bounded away
from zero as consumption approaches infinity. In our setup, the set of possible consumption and utility
values is bounded, since finite grids are used.

13To speed up computations, we computed a three-period model for this graph.
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storage has no positive effects. On the contrary, with a high return on storage it becomes
harder to satisfy the obedience constraints which require that the agent does not prefer a
positive storage level when the planner recommends zero storage. Therefore raising the
return on storage shrinks the set of feasible allocations, and the utility of the agent falls.
Once R exceeds the credit-market return by a sufficient margin, however, private storage
is used in the constrained solution, and consequently further increases in R raise utility.
Unlike under full information, R > 1.05 does not imply an arbitrage opportunity, since

insurance is constrained by incentives.

The optimal allocations in this application are computed subject to two types of incen-
tive constraints: obedience constraints force the agent to take the right action, and truth-
telling constraints ensure that the agent reports the actual endowment. What happens if
only one type of constraint is introduced? If we remove the truth-telling constraints (i.e.,
we assume that the actual endowment can be observed by the planner) and assume that
the return on storage does not exceed the credit-market return, the situation is simple:
The planner can provide full insurance against income shocks. In this case the obedience
constraints are not binding, since the optimal storage level is zero, which is also what the
agent prefers if income shocks are fully insured. Conversely, if only the obedience con-
straints are removed, as if storage could be observed, full insurance cannot be achieved.
Since the planner will require zero private storage, the outcome is the same as in the situa-
tion where the storage technology has zero gross return, as in Figure 5 for R = 0. Without
the obedience constraints, more insurance is possible, but it still falls well short of full

insurance.

We have not computed a version of Phelan and Townsend (1991) or Atkeson and Lucas,
Jr. (1992) with unobserved storage as these models are not equivalent to the one analyzed
here. We conjecture however that the welfare consequences of Figure 5 would carry over
in the sense that there would be a welfare loss but still nontrivial insurance relative to
autarky.

6.2 Risky Banking and the Optimality of Public Reserves

In this section, we consider an environment in which the return on the hidden action,
interpreted as investment, varies with the level of investment. The agents, or investors,
will be interpreted as banks. For simplicity, we assume that banks (the agents) enter the

tirst period with an observed initial endowment or net worth (a special version of the
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general setup), and that the world lasts for three periods.!* The initial endowment can
be withdrawn from the bank as profit and consumed by the owner, or it can be invested
in varying quantities of loans. Investment and consumption are unobserved. The return
on investment, or the income in the second period, is random, and can be observed only
by the bank itself, so the returns to investment are unobservable to outsiders. In the
second period the bank can invest once again, and in the third period the final wealth is

consumed.

Bankers are assumed to be risk-averse, so that other things being equal, they would like
to smooth out income fluctuations and insure against the uncertain returns of their in-
vestments. If the bankers are on their own, their only mechanism for smoothing income
between the two periods is to invest in risky loans. They have no possibility of insuring
against the uncertain returns on their investments. But in addition to the banks, there is
also a planner or insurance fund who has access to a risk-free storage technology with
zero net yield. We solve the problem of providing optimal incentive-compatible insur-
ance to the banks, subject to the requirement that the planner receives a zero discounted
surplus, thus the fund breaks even. The planner could be identified with the central bank.
An alternative assumption would be that there is a continuum of banks who face idiosyn-
cratic, but not aggregate, risk. In that case, the outcome of the planning problem can be
interpreted as a mutual insurance scheme run by the banks themselves. The results do
not depend on specific institutional assumptions; that is, the optimal contract can be im-

plemented in different ways.

The known endowment in the first period is 1.135. In the second period, the possible in-
come levels are 0.9 and 1.5, and in the third period income can be 0.7 or 1.3. The difference
is 0.6 in each instance. The incomes are chosen such that with investment at the efficient
level expected income is constant across the periods. In addition to zero investment,
three levels of private investment (.1, .2, and .3) are possible. The expected incremental
marginal returns for investing at level .1, .2, and .3 are given by 1.31, 1.01, and .9. Reflect-
ing these returns, Table 1 shows the probabilities over the two income levels, depending

on investment.

The first column corresponds to zero investment, the second column to an investment of

4Even with the methods described in this paper, computing this model is not a trivial task. The main
difficulty in the banking example is that public and private investment are close substitutes, so that in-
accuracies which arise from using grids for transfers and utility promises can lead to jumps in the policy
functions for private and public investment. When the two forms of investment are close substitutes, fine
grids for transfers and utility promises need to be chosen, and computation time is high.
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Investment Level
0 0.1 0.2 0.3

p(Low Income) .9950 .7767 .6083 .4583
p(High Income) .0050 .2233 .3917 .5417

Table 1: Probabilities Over Income Given Investment

.1, and so on. With zero investment, the probability of getting the low income level is
995, and the probability for the high income is .005. Here, in this example, the income
variance increases with investment, i.e., higher expected returns are naturally associated
with more risk. The grids for the transfers in period one and two have 30 elements, and
there are 70 grid points for the transfer in the third period. The grid for the promised util-
ity vector which is assigned in period one has 3600 elements, and the grid for the utility
assignment in the second period has 3600 elements as well.® Storage by the planner has
zero net return (i.e., the discount factor of the planner equals one, () = 1). The discount
factor 3 of the bankers equals one as well. This assumption is made for simplicity. The
qualitative results do not change if the discount factor of the bankers is less than one.
Notice that the return on private investments exceeds the unit return on public storage
up to an investment level of .2, but is lower after that. If the aim were to maximize the
expected endowment in the second period as in a neoclassical world, we therefore would
expect the banks to invest .2.

Figure 6 shows the outcome under full information (income and investment level are ob-
served in each period). The outcome is computed using the same grids on transfers and
utility promises that were used for the constrained solution. The policy functions are
shown as a function of the initial utility promise ¥, to the agent, and the vertical line in
all graphs marks the initial utility promise at which the expected surplus of the planner
is exactly zero. Since full insurance is possible, investment is at the first-best level of .2
throughout (see the graph in the upper right-hand corner). Through income-contingent
transfers, the planner provides full insurance, i.e., in periods 2 and 3 the difference be-
tween the transfer for low- and high-income bankers equals their difference in income in
that period. At zero expected surplus for the planner, the average transfer turns out to
be zero in every period. In other words, there are no public reserves created at the initial
date.

Figure 7 shows the results under private information (income and investment are unob-

®However, the program dismisses utility vectors which turn out to infeasible, so the dimension of the
linear programs which are actually computed is smaller than the one implied by the grid sizes.
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served). Here the usual tradeoff between insurance and incentives arises: If the insurance
fund provides full insurance, banks will prefer not to invest, and will report low income
in every period. Both the level of investment and the return on investment are unob-
served by the planner, and the planner has to provide incentives for obedience (investing
properly) and truthful reporting. Under the optimal contract with private information,
investment by the bank falls to .1 throughout, below the first-best level of .2. Note that
private investment is still positive and has a high marginal rate of return well above the
outside interest rate. The transfers in the second and third period and the promised util-
ities for the second period are contingent on income in the second period. The utility
promises for the third period are contingent on income in periods 2 and 3 (‘LH” means
low income in 2 and high income in 3, and so on). At zero expected surplus, the transfer
is negative in the first period, which implies that the community is creating a safe invest-
ment fund. In the second period, the average transfer (i.e., averaging over successful and
unsuccessful banks) is close to zero, meaning that the fund is maintained. In the third
period the average transfer is positive, so the community is returning the safe invest-
ment from the fund to the bankers. In essence, the planner now uses public storage to
smooth the income of the banks. Note that the planner can provide a substantial amount
of insurance against the income shock in the second period. The difference between the
transfer for bankers with high and low income (solid and dotted line) is about .3, or half
of the income difference. But even though a substantial amount of insurance is provided,
it is optimal to replace high-yield private investment with low-yield, low-risk public re-
serves. The income shock in the third period cannot be insured with shock-contingent
transfers, since the absence of another period makes it impossible for the planner to trade

off transfers against future promised utilities.

The results can be reversed if we assume, counterintuitively, that investment lowers risk,
i.e., the variance of output decreases with the level of investment. This can be achieved
by modifying the probabilities over endowments in Table 1 appropriately. In such an
environment, in the private-information solution the planner recommends to invest more
than the first-best level. Returns on investment are driven down due to over-investment,
but the agents are willing to accept lower returns to reduce risk. In order to finance the
additional investment, the planner borrows from the outside to finance transfers to the
agents in the early periods. The transfers are reversed in the later periods, when the
planner has to pay off the outside lenders. Thus, the relationship between investment

and risk is central for explaining our results.
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In summary, we find that public reserves with a low return can be optimal if banks face
a moral-hazard problem. The key underlying assumption is that increased lending or
investment increases risk, as seems natural. Using public reserves lowers overall risk and
is therefore optimal in the information-constrained solution, even though public storage

would be inefficient in the first-best solution.

7 Conclusions

In this paper we show how a general dynamic mechanism design problem with hidden
income and hidden actions can be formulated in a way that is suitable for computation.
We start from a general planning problem which allows arbitrary message spaces, lot-
teries, and history dependence. The planning problem is reduced to a recursive version
which imposes truth-telling and obedience, and uses vectors of utility promises as state
variables. We also develop methods to reduce the number of constraints that need to be
imposed when computing the optimal contract. The main theme of these methods is to
allow the planner to specify utility and behavior off the equilibrium path. In Program 2
this occurs because the agent reports his endowment more than once, so that the planner
has to specify what happens if there are conflicting reports. In Program 3 the planner
chooses bounds that limit the utility the agent can get on certain branches off the equi-
librium path. By applying these methods, we can solve problems on a standard PC that

otherwise would be impossible to compute on any computer.

In an application to a model with hidden storage, we use our methods to examine how
the optimal insurance contract varies with the return of the private storage technology.
Specifically, we observe that in certain cases the utility of the agent can actually decrease
as the return of the private technology rises. This occurs when the return on public stor-
age is sufficiently high so that in the constrained optimum only public storage is used. If
now the return to the private technology rises, it becomes more difficult for the planner
to provide incentives for truth-telling and obedience, and consequently less insurance is
possible. Thus the effect of a rising return of private investment on the agent’s utility in
the constrained optimum is exactly the opposite of the effect that prevails under autarky,

where a higher return raises utility.

In another illustrative application, we solve for the optimal credit-insurance scheme in a

model where banks face uncertain and privately observed returns on their investments
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and are subject to moral hazard. We find that in the constrained optimum low-yielding
public reserves and high-yielding private investments can coexist, even though public
reserves would not be used in the first-best solution. To this end, our model provides
a new rationale for bank reserves that relies on moral hazard only, without reference to

traditional justifications for reserves such as the need for liquidity.

While in this paper we have presented our recursive formulations with double reporting
and utility bounds as tools to speed up computations, we also believe that the results are
suggestive for the design of actual games and mechanisms. In dealing with the govern-
ment or private businesses, we often find ourselves reporting the same information over
and over again. While at first sight this may appear as unnecessary and inefficient, our
results suggest that multiple reporting may be a useful feature of real-life mechanisms,
because implementation is simplified. We plan to explore this perspective on the charac-

teristics of actual mechanisms in future research.
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A Mathematical Appendix

A.1 Proofs for all Propositions

Proposition 1 There are reservation utilities Wy € R such that an optimal equilibrium exists.

Proof of Proposition 1 We need to show that for some W the set of equilibria is nonempty
and compact, and the objective function is continuous. To see that the set of equilibria is
nonempty, notice that the planner can assign a zero transfer in all periods, and always
send the same message. If the strategy of the agent is to choose the actions that are op-
timal under autarky, clearly all constraints are trivially satisfied for the corresponding
initial utility W,. The set of all contracts that satisfy the probability-measure constraints
is compact in the product topology, since 7 and o are probability measures on finite sup-
port. Since only equalities and weak inequalities are involved, it can be shown that the
constraints (3), (4), and (5) define a closed subset of this set. Since closed subsets of com-
pact sets are compact, the set of all feasible contracts is compact. We still need to show that
the objective function of the planner is continuous. Notice that the product topology cor-
responds to pointwise convergence, i.e., we need to show that for a sequence of contracts
that converges pointwise, the surplus of planner converges. This is easy to show since we
assume that the discount factor of the planner is smaller than one, and that the set of trans-
fers is bounded. Let m,,0,, be a sequence of contracts that converges pointwise to 7, o,
and choose ¢ > 0. We have to show that there is an N such that |V (7,,0,) — V(7 0)| < e.
Since the transfer 7 is bounded and () < 1, there is an 7" such that the discounted sur-
plus of the planner from time 7" on is smaller than €/2. Thus we only have to make the
difference for the first 7' periods smaller than ¢/2, which is the usual Euclidian finite-

dimensional case. O

Proposition 2 (Revelation Principle) For any message spaces My, M,, and Ms, any allocation

that is feasible in the general mechanism is also feasible in the truth-telling mechanism.

Proof of Proposition 2 (Outline) Corresponding to any feasible allocation in the general
setup there is a feasible contract that implements this allocation. Fix a feasible allocation
and the corresponding contract {m,o}. We will now define an outcome function for the
truth-telling mechanism that implements the same allocation. To complete the proof, we

then have to show that this outcome function satisfies constraints (7) to (9).
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We will define the outcome function such that the allocation is the one implemented by
(m,0) along the equilibrium path. To do that, let H'(s") be the set of histories A’ in the
general game such that the sequence of endowments, transfers, and actions in i’ coin-
cides with the sequence of reported endowments, transfers, and recommended actions in
history s’ in the restricted game. Likewise, define p(h'|s") as the probability of history h'

conditional on s': .
p(h")

2 pye(sty P(IY)

If s* has zero probability (that is, if the sequence s’ of endowments, transfers, and actions

p(h'ls") = (44)

occurs with probability zero in the allocation implemented by {7, c}), the definition of
p(ht|s') is irrelevant, and is therefore left unspecified. Now we define an outcome function
for the truth-telling mechanism by:

(11, agler, s'71) = Z p(h* "™ o™ (mayles, h'™1) 7 (rJmag, 5" (h'1))
Ht=1(st=1), My, M2, M3

U*(m2t|€t7 mag, Ty, htil) W*(m3t|mlt7 Tg, Moy, Stil(htil)) U*(at|eta Mag, Ty, Mo, M3, htil)' (45)

Basically, the outcome function is gained by integrating out the message spaces M, M5,
and M3 and prescribing the outcomes that occur on the equilibrium path.

We now have to verify that with this choice of an outcome function conditions (7) to (9)
above are satisfied. In showing this, we can make use of the fact that {r, o } are probability
measures and satisfy (3), (4), and (5). The proof proceeds by substituting (45) into (3), (4),
and (5), and showing that the resulting equations imply (7) to (9). This is carried out in
detail in Doepke and Townsend (2002). O

Proposition 3 The set W is nonempty and compact.

Proof of Proposition 3 To see that W is nonempty, notice that the planner can always
assign a zero transfer in every period, and recommend the optimal action that the agent
would have chosen without the planner. For the wy(e) that equals the expected utility
of the agent under autarky under state e, all constraints are satisfied. To see that W
is bounded, notice that there are finite grids for the endowment, the transfer, and the ac-
tion. This implies that in every period consumption and therefore utility is bounded from
above and from below. Since the discount factor /3 is smaller than one, total expected util-

ity is also bounded. Since each wy(e) has to satisfy a promise-keeping constraint with
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equality, the set W must be bounded. Finally, we can show that W is closed by a contra-
diction argument. Assume that W is not closed. Then there exists a converging sequence
w,, such that each element of the sequence is in W, but its limit w is not. Corresponding
to each w,, there is a contract 7 (7, a;|e;, s' 1), satisfying constraints (7), (8), and (9). Since
the contracts are within a compact subset of B> with respect to the product topology,
there is a convergent subsequence with limit 7 (7, as|e;, s*!). It then follows that w must
satisfy (7), (8), and (9) when 7 (7, as|e;, s' ') is the chosen contract. a

Proposition 4 Forall wy € W and eq € E, and for any s*=1 and ey, there is an optimal contract
7 such that the remaining contract from s*~1 and e, is an optimal contract for the auxiliary
planning problem with ey = ey, and wy = w(sF=1 7*).

Proof of Proposition 4 We will first construct 7* from a contract which is optimal from
time zero and another contract which is optimal starting at s*~ and e;. We will then show

by a contradiction argument that 7* is an optimal contract from time zero as well.

We have shown earlier that an optimal contract exists. Let m be an optimal contract from
time zero, and 7 an optimal contract for ¢ = ¢ and wo = w(s*~1, 1), with the elements of
vector w(s*~! ) defined in (13). Now construct a new contract 7* that is equal to 7, from
(ex, s*71) on, and equals 7 until time k and on all future branches other than e, s*~!. First,
notice that by the way 7* is constructed, we have w(s*~! 7) = w(s*~!, 7*), and since 7*
equals 7, from (e, s* 1), 7 fulfills the reoptimization requirement of the proposition. We
now claim that 7* is also an optimal contract. To show this, we have to demonstrate that
7* satisfies constraints (7), (8), and (9), and that it maximizes the surplus of the planner
subject to these constraints. To start, notice that the constraints that are imposed if we
compute an optimal contract taking ey = e, and wo = w(s*~!, 7) as the starting point
also constrain the choices of the planner in the original program from (e, s*~!) on. By
reoptimizing at (e, s*7!) in period k as if the game were restarted, the planner clearly
cannot lower his surplus, since no additional constraints are imposed. Therefore the total
surplus from contract 7* cannot be lower than the surplus from 7. Since 7 is assumed to
be an optimal contract, if 7* satisties (7), (8), and (9), it must be optimal as well. Thus we
only have to show that (7), (8), and (9) are satisfied, or in other words, that reoptimizing

at ey, s*~! does not violate any constraints of the original problem.

The probability constraints (7) are satisfied by contract 7*, since the reoptimized con-
tract is subject to the same probability constraints as the original contract. The promise-

keeping constraint (8) is satisfied since the new contract delivers the same on-path utilities
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by construction. We still have to show that the incentive constraints (9) are satisfied. We
will do this by contradiction. Suppose that (9) is not satisfied by contract 7*. Then there
is a deviation ¢ such that for some s', e;,1:

Z ﬂt Zp(ht|7r*7 67 Sl) 6l+1)u(€t + T — 6a(ht717 €ty Tt, at))]

t=l+1 ot

> Z A [Z p(s'|7*, st e )ule + 7 — ap)| . (46)

t=1+1 St
Consider first the case [ + 1 > k. On any branch that starts at or after time £, contract
7* is entirely identical to either 7 or 7. But then (46) implies that either 7 or 7, violates
incentive-compatibility (9), a contradiction. Consider now the case [ + 1 < k. Here the
contradiction is not immediate, since the remaining contract is a mixture of = and 7.

Using w(eg, s* 1, 6) to denote the continuation utility of the agent from time & on under
the deviation strategy, we can rewrite (46) as:

k—1
Z ﬁt [Z p(ht|7r*7 6) Sla el+l)u(et +7 — 6a(ht717 €ty Tt, at))] +
t=l+1 Ht
ﬁk Z p(eka Sk_1|7r*7 6) Sla €l+1)w(€k7 Sk_la 6)
Eysk—l
k—1
S [prw, ¢ enuler + i — at>] 5 plens e, o cnten, ),
t=1+1 St B,sk—1

(47)

Notice that for s*~! that are reached with positive probability under the deviation we
have:
w(eka Skil) 6) < w(eka 5(81671))7 (48)

where §(s*) is the history as seen by the planner (reported endowments, delivered trans-
fers, and recommended actions) under the deviation strategy. Otherwise, either 7 or 7

k=1'is a branch after

would violate incentive constraints. To see why, assume that ey, s
which 7* is identical to 7. If we had w(ey, s*1, §) > w(ex, (s* 1)), an agent under contract
7 who reached history 6(s*~1) could gain by following the deviation strategy § afterwards.

This cannot be the case since 7 is assumed to be an optimal contract, and therefore devi-

48



ations are never profitable. Using (48) in (47) gives:

Z Ik [Z p(h'|7*, 8, 51, epp)ules + 7 — So(R 1, er, 71, at))] +

t=l+1

Bk Z p(eka Sk_l|7r ) 6) S, el+l)w(€k7 6(Sk_l))

E sk—l

> Zﬁt [Zp(s% s ena)uler + 7 — at)] + 85 pler, s s epa)wer, sF7).

t=0+1 B,sk—1

(49)

The outcome function 7* enters (49) only up to time £ — 1. Since up to time £ — 1 the
outcome function 7* is identical to 7, and since by construction of 7* continuation utilities
at time k are the same under 7* and 7, we can rewrite (49) as:

Z ok [Zp(h 1,0, 84, eppn)ule; + 7 — S(h! et,Tt,at))] +

t=0+1

BE D plew, s, 6, 8! ena)w(er, 6(s" 1))

E, gk—1

> Z o [ZP(S |7, ', epa)ule, + 7 — at)] + g Z plex, s" . st ep)wler, s71). (50)

t=1+1 E,sk—1

But now the left-hand side of (50) is the utility that the agent gets under plan 7 from
following the deviation strategy until time %, and following the recommendations of the
planner afterwards. Thus (50) contradicts the incentive compatibility of 7. We obtain a
contradiction, 7* actually satisfies (9). This shows that plan 7* is within the constraints
of the original problem. Since 7* yields at least as much surplus as 7 and 7 is an optimal
contract, 7* must be optimal as well. O

Proposition 5 Program 1 and Program 2 are equivalent.

Proof of Proposition 5 (This proof is carried out in Doepke and Townsend (2002). We
derive Program 2 from the general planning problem, taking the same steps as in the
derivation of Program 1. Since both Program 1 and Program 2 are equivalent to the gen-
eral planning problem, they are also equivalent to each other.)
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Proposition 6 Program 1 and Program 3 are equivalent.

Proof of Proposition 6 We want to show that constraints (39)-(43) in Program 3 place the
same restrictions on the outcome function 7(-) as the constraints (21)-(24) of Program 1.
The probability constraints (21) and (39), the promise-keeping constraints (22) and (40),
and the obedience constraints (23) and (41) are identical. This leaves us with the truth-
telling constraints. Let us first assume we have found a lottery 7 (7, a, w'|w, e) that satisfies
the truth telling constraint (24) of Program 1 forall éand § : 7' x S — A. We have to show
that there exist utility bounds v(é, e, 7, a) such that the same lottery satisfies (42) and (43)
in Program 3. For each ¢, 7, and a, define v(é, e, 7, a) as the maximum of the left hand side
of (42) over all a:

v(é,e,T,a) = max {Z m(r,a,w'|w,e) [u(@+1—a)+p ZE p(e'|&)w'(e')] } : (51)
m—

Then clearly (42) is satisfied, since the left-hand side of (42) runs over a. Now for each 7
and a, define 4(") by setting 5(r, q) equal to the a that maximizes the left-hand side of (42):

5(r,a) = argmax, {Z m(r,a,w'|lw,e) [u(@+7—a)+p ZE p(e'|&)w'(e')] } : (52)
m—

Since (7, a, w'|w, ) satisfies (24) for any function §(-) by assumption, we have for our

particular 5():

> a,wiw,e) [u@ -+ dra)+ 8 pelfr ()] <w@).  (63)

T,A,W'

By the way we chose 5(-) and the v(-), we have from (42):

Z (T, a, w'|w, e) [u(é +7 — (7, a)) + B ZE p(e'|d(r, a))w'(e')] =v(é e, T,a). (54)

Wl

Substituting the left-hand side into (53), we get:

> w(e. e, T, a) < w@). (55)

T,A

which is (43).
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Conversely, suppose we have found a lottery 7(7, a, w'|w, e) that satisfies (42) and (43) in
Program 3 for some choice of v(é, e, 7, a). By (42), we have then for any é and @ and hence
any 0 : 7' x S — A:

Sontra.ww,e) [u@+ 7~ 6(r,a) + 53 pe[o(r, a)w'()]| < v e,r0). (56)

WI

Substituting the left-hand side of (56) into the assumed (43) for the v(é, e, 7, a), we main-
tain the inequality:

Y w(ra,ww,e) ju@+T—d(ra) + 5 p]d(r, a)w'(¢)| < w@).  (57)

T,A,W'

But this is (24) in Program 1. Therefore the sets of constraints are equivalent, which proves
that Program 1 and Program 3 are equivalent. O

A.2 Computing the Value Set

Our analysis was based on the assumption that the set W of feasible utility vectors is
known in advance. In practice, W is not known and needs to be computed alongside the
value function V(w,e). W can be computed with the dynamic-programming methods
described in detail in Abreu, Pierce, and Stachetti (1990), henceforth APS. An outline of
the method follows.

We start by defining an operator B that maps nonempty compact subsets of R** into
nonempty compact subsets of R*”. Let W’ be a nonempty compact subset of R*#. Then
B(W') is defined as follows:

Definition 6 A utility vector w € B(W') if there exist probabilities m(r,a|w,e€) and future
utilities w'(w, e, 7,a) € W' such that (15) to (18) hold.

The key point is that utility promises are chosen from the set W' instead of the true value
set W. Intuitively, B(W') consists of all utility vectors w that are feasible today (observing
all incentive constraints), given that utility vectors from tomorrow on are drawn from the
set W'. The fact that B maps compact set into compact sets follows from the fact that all
constraints are linear and involve only weak inequalities. Clearly, the true set of feasible

utility vectors W satisfies W = B(W), thus W is a fixed point of B. The computational
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approach described in APS consists of using B to define a shrinking sequence of sets that

converges to W.

To do this, we need to start with a set W, that is known to be larger than W a priori. In
our case, this is easy to do, since consumption is bounded and therefore lifetime utility is
bounded above and below. We can choose W, as an interval in R*” from a lower bound
that is lower than the utility from receiving the lowest consumption forever to a number
that exceeds utility from consuming the highest consumption forever. We can now define
a sequence of sets W,, by defining W1 as W,,,; = B(W,,). We have the following results:

Proposition 7

e The sequence W,, is shrinking, i.e., for any n, W 1 is a subset of W,
e Forall n, W is a subset of W,

e The sequence W,, converges to a limit W, and W is a subset of W.

Proof of Proposition 7 To see that W, is shrinking, we only need to show that W, is a
subset of Wy. Since W is an interval, it suffices to show that the upper bound of W is
lower than the upper bound of W, and that the lower bound of W; is higher than the
lower bound of Wj. The upper bound of W is reached by assigning maximum consump-
tion in the first period and the maximum utility vector in W, from the second period on.
But the maximum utility vector W by construction corresponds to consuming more than
maximum consumption every period, and since utility is discounted, the highest utility
vector in W therefore is smaller than the highest utility vector in W,

To see that W is a subset of all W,,, notice that by the definition of B, if C is a subset of
D, B(C) is a subset of B(D). Since W is a subset of Wy and W = B(W), we have that W
is a subset of W1 = B(Wy), and correspondingly for all the other elements.

Finally, W, has to converge to a nonempty limit since it is a decreasing sequence of com-
pact sets, and the nonempty set W is a subset of all elements of the sequence. O

Up to this point, we know that W,, converges to W and that W is a subset of W. What
we want to show is that W and W are actually identical. What we still need to show,
therefore, is that W is also a subset of W.
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Proposition 8 The limit set W is a subset of the true value set W.

Proof of Proposition 8 The outline of the proof is as follows. To show that an element
w of W is in W, we have to find 7 (7, a;|e;, s' ') that satisfy constraints (7), (9), and (11)
for w. These (7, a;|e, s' ') can be constructed period by period from the 7 that are im-
plicit in the definition of the operator B. Notice that in each period continuation utili-
ties are drawn from the same set W, since W as the limit of the sequence W,, satisfies
W = B(W). By definition of B, the resulting 7(r, a;|e;, s'!) satisfy the period-by-period
constraints (15) to (18). We therefore need to show that satisfying the period-by-period
constraints (with a given set of continuation utilities) is equivalent to satisfying the origi-
nal constraints (7), (9), and (11), which we have done above in Section 4.2. O

A.3 A Program With Two Subperiods

The period is divided into two parts. In the first subperiod the agent reports the endow-
ment, and the planner assigns the transfer, an interim utility when the agent is telling the
truth, as well as a vector of utility bounds in case the agent was lying. In the second sub-
period the planner assigns an action and a vector of promised utilities for the next period.
The solution to the problem in the second subperiod is computed for each combination
of endowment e, transfer 7, interim utility w,,(e) (m for “middle” or interim) along the
truth-telling path, and vector of utility bounds for lying, w,,(é, €). Here w,,(é, e) is an up-
per bound on the utility an agent can get who has endowment é, but reported e nevertheless.
Wi (€, e) is the vector of @,,(é, e) with components running over endowments é # e. The
choice variables in the second subperiod are lotteries over the action a and the vector of
promised utilities w’ for the next period. We use V,,[e, T, w,,(€), W,,(é, e)] to denote the
utility of the planner if the true state is e, the transfer is 7, and w;,(e) and w,,(¢é, e) are the
assigned interim utility and utility bounds for lying. The function V;,,(-) is determined in
the second subperiod (Program 4b below).

In the first subperiod the planner assigns transfers, interim utilities, and utility bounds.
We use W(e, 1) to denote the set of feasible utility assignments for a given state e and
transfer 7. The agent comes into the first subperiod with a vector of promised utilities w,
to be effected depending on the realized state e. The planner assigns a transfer 7, on-path
interim utilities w,,(e), and off-path utility bounds w,,(é, ) subject to promise-keeping

and truth-telling constraints.
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Program 4a:
The maximization problem of the planner given reported endowment e and promised
utility vector w is:

Vi(w,e) =mgg<z D w1 wnle), Win(E, €)[w, €) Vile, 7, wim(e), ®m(@,e)]  (58)
- T Wee,r)

subject to the constraints (59)-(61) below:

D wr wile), Wm(E,€)|w,e) = 1, (59)
T Wee,r)
YN w1 wle), W@, €)W, ) wi(e) = w(e), (60)
T Wee,r)
vede:r DY m(rwm(e), W@, )W, e) W, €) < w(e). (61)
T Wee,r)

The number of variables in this programis > .. #V(e, 7), and there are 1+(#FE) constraints:
one probability constraint (59), one promise-keeping constraint (60), and (#E-1) truth-
telling constraints (61).

We now turn to the second subperiod. As in the last section, apart from the lotteries over
actions and utilities, the program in the second subperiod also assigns utility bounds.
v(é, e, T,a) is an upper bound on the utility an agent can get who has true endowment
¢, reported endowment e, and receives transfer 7 and recommendation a. These utility

bounds are weighted by the probability of receiving recommendation a.

Program 4b:
The following program, given endowment e, transfer 7, and interim utilities and utility
bounds, determines V,,,[]:

Vinle, 7, wm(€), ®m (¢, €)] = max sz; (o, w) [T+ Q) SPE V(W e)] (62)

subject to constraints (63)-(67) below:

> wa,w) =1, (63)

AW/
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> e, w) [uerr—a)+BY pelaw()] = wale), (64)

AW/

Va,a # a : Z 7(a, w') [u(e +7—a)+f3 ZE p(e'|&)w'(e')]

WI
<Y e, w) Juerr—a)+8Y pleaw')], (65)
Wl
Vé#e, a,a: Z 7(a, w') [u(é +7—a)+f3 ZE p(e'|&)w'(e')] <wv(ée,T,a), (66)
Wl
Vede: Y v et a) < b e). (67)
A

The number of variables in this program is #4 x #W under 7(-) plus (#E — 1) x #4 under
v(-), where again e and 7 are fixed at this stage of the problem. In our example with
two endowments e, ten transfers 7, ten actions a, and ten utility vectors w’, Program 4b
has 110 variables and 193 constraints, while Program 4a has 3 constraints. The number
of variables in Program 4a and the number of Programs 4b that need to be computed
depends on the grid for interim utilities. For example, if the grid for interim utilities for
each 7 and e has ten values, Program 4a has 100 variables, and 1000 Programs 4b need to
be computed. In practice, it is generally faster to use Program 3 as long as it is feasible
to do so. Large programs can only be computed using Program 4a and 4b, since the
individual programs are smaller and require less memory than Program 3.

We still have to define the set W(e, 7) of feasible interim utility assignments in Program
4a. It is the set of all assignments for which Program 4b has a solution. With W,,, being
the utility grid that is used for w,,(e) and w,,(¢é, e), define:

W(e, 7) = {(wn(e), Wn(,€)) € (W) | Vile, 7, win(e), Win(é, €)] is defined } (68)

In other words, we vary utility assignments as parameters or states in Program 4b and
rule out the ones for which there is no feasible solution.

The equivalency of Programs 3 and Program 4a/4b can be shown by directly comparing

the sets of constraints. This is carried out in detail in Doepke and Townsend (2002).
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