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1 Introduction

Lexicographic beliefs (henceforth ¢-beliefs) have become a relatively standard tool, both for
studying refinements and for providing epistemic characterizations of solution concepts.!
The appeal of ¢-beliefs is that they can be used to address a tension between being certain
that an opponent is rational and having full-support beliefs about opponents’ actions. To
clarify, suppose that, if Bob is rational, he will not play specific actions. Can Ann be certain
that Bob is rational, and at the same time be cautious and assign non-zero probability to
all of Bob’s actions?” The answer is no if Ann has standard probabilistic beliefs. Suppose
instead that Ann has (-beliefs. That is, she has a vector (u, ..., tn—1) of probabilities over
the relevant space of uncertainty, S, (Bob’s strategy space) and uses them lexicographically
to determine her preferences over her own strategies: Ann first ranks her strategies using
1o; if that leads to more than one best reply for Ann, she uses py to rank them, and so on.
If the union of the the supports of the probabilities p; is all of Sy, then Ann’s beliefs have,
in a sense, full support. At the same time, Ann can still be confident in Bob’s rationality,
for example in the sense that the primary hypothesis 1y assigns positive probability only to
strategies of Bob that are rational.

There are two notions of (-beliefs that have been studied and used in the literature:
lexicographic conditional probability systems (henceforth LCPSs) in which, loosely speaking,

the supports of the different beliefs (i.e., the y;’s) are disjoint, and the more general class

*Eddie Dekel gratefully acknowledges NSF grant SES-1227434.

TNorthwestern and Tel Aviv Universities, email: dekel@northwestern.edu

fArizona State University, email: amanda.friedenberg@asu.edu

§Northwestern University, email: marciano@northwestern.edu

1See, for example, Blume, Brandenburger and Dekel (1991b), Brandenburger (1992), Stahl (1995),
Mailath, Samuelson and Swinkels (1997), Rajan (1998), Asheim (2002), Govindan and Klumpp (2003),
Brandenburger, Friedenberg and Keisler (2008), Keisler and Lee (2010), Lee (2013b), Yang (2013), and
Catonini and De Vito (2014) amongst many others.



of lexicographic probability systems (LPSs) in which this disjointedness condition is not
imposed. In particular, LCPSs are used by Brandenburger, Friedenberg and Keisler (2008,
henceforth, BFK) to provide an epistemic characterization of iterated admissibility—thereby
answering a long-standing open question.

However, there are reasons not to find the restriction to LCPSs appealing. First, while
Blume, Brandenburger and Dekel (1991 a) provide an axiom that characterizes LCPS’s within
the class of LPS’s, their axiom has a flavor of reverse-engineering: it says no more than the
probabilities in the LPS have disjoint support; it offers no further normative or other appeal.
Indeed, the interpretation of LPSs is quite natural and intuitive. The probability pug is the
player’s primary hypothesis, in the sense that she is (almost fully) confident in it. The
probability p; is her secondary hypothesis: she is willing to entertain it as an alternative
assumption, but considers it “infinitely” less plausible than pg; and so on. There is no
reason that primary and secondary hypotheses must have disjoint supports. For instance,
one may be confident that a coin is fair, but entertain the secondary hypothesis that it is
biased towards falling on heads.? Second, the marginal of an LCPS need not be an LPS. For
example, assume two players are playing the game in Figure 1.1, where the pairs of actions
A, B for each constitute a zero-sum matching pennies game, (A, C') and (C, A) give (-2, 3)
and (3, —2) respectively and anything else gives (—4,—4). Consider the (-belief over this
game where pi is that the players are playing the equilibrium of the matching pennies game
while p; is that they are playing the Pareto superior outcome that requires correlation of
(A,C) and (C, A) with probability one half each. The marginal of the LCPS on one player’s
actions has the first belief being that A and B are equally likely while the second belief is that
A and C are equally likely, which is clearly not an LCPS. Thus, if one takes a small-worlds
approach in which the beliefs we use to study a particular game are the marginals of some
belief on a larger space, then the beliefs in the game need not be an LCPS (even if one were
to assume that the overall belief is an LCPS). For these reasons we find LPSs more suitable
for the study of refinements than LCPSs.
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Figure 1.1: The marginal of an LCPS may not be an LCPS

The question then arises whether BFK’s characterization of iterated admissibility requires

20f course one may instead have the secondary hypothesis that the coin will fall on an edge, which would
have disjoint support, but that does not seem like the only story one could tell.



the use of LCPSs. This paper shows that their result does hold when using the more general
notion of LPSs. This involves two steps.

First, BFK define what it means for one player to “be certain” that another is rational
using what they call assumption. On a finite space, an event E is assumed if it is “infinitely

more likely” than its complement. This can be formalized in terms of preferences as follows:

(*) whenever a player prefers an act = to an act y conditional on E (loosely
speaking, if she were to be informed of F), she also prefers x to y unconditionally

(i.e., without this information).?

In the usual case where the player has one level of beliefs, this corresponds exactly to
probability-1 belief. (See Section 3 for precise statements.) BFK show that, with LCPS

beliefs, condition (*) is (essentially) equivalent to the following:
there is a belief level j such that:

(BFK-i) for all ¢ < j we have p; (E) = 1 and
(BFK-ii) for all i > j we have p; (E) = 0.

However, the equivalence between the preference-based condition (*) and its ¢-belief coun-
terpart, conditions (BFK-i) and (BFK-ii), only holds if the player’s beliefs are represented
by an LCPS. We illustrate this in Examples 3.1-3.3, which also show that the problem lies
with condition (BFK-ii) above.

Our main result, Theorem 4.1, characterizes condition (*) in terms of (unrestricted)
LPSs. In particular, it provides a precise weakening of condition (BFK-ii) required for the

equivalence. Intuitively, condition (BFK-ii) implies:

(1) the payoffs at states in £ “do not matter” as far as the probabilities of level

greater than j are concerned.

With LCPSs, (f) implies that the probability of E' is zero at such levels. But, when we allow
for unrestricted LPSs, (1) is also satisfied whenever, for all ¢ > j, the restriction of y; to £
is a linear combination of the lower-level probabilities p, ..., p; (restricted to E). That is,
this linear combination property is the modification of (BFK-ii) required to characterize (*)
with LPSs.

Second, BFK provide an epistemic characterization of iterated admissibility (and self-

admissible sets, or SASs; see Definition 5.4) in terms of mutual assumption of ¢-rationality,

3We emphasize that, as in Savage, there is no real “information” in our static setting; this is just
suggestive language.



using the LCPS formulation of “assumption,” i.e., conditions (BFK-i) and (BFK-ii). We
show that, when players’ beliefs are represented by unrestricted LPSs, the very same epis-
temic conditions continue to characterize iterated admissibility (and SASs), provided we use
our LPS formulation of assumption.*

Sections 2-3 introduce the framework and basic definitions. Section 4 provides the be-
havioral characterization of assumption for LPSs. Section 5 applies this characterization to
the epistemic characterizations of iterated admissibility and SASs. Section 6 discusses the
closely related work of Lee (2013a,b). The Appendix provides proofs not included in the

body.

2 Preliminaries

Let (2, S) be a Polish space, where S is the Borel o-algebra on Q. Write P(2) for the set of
probability measures on €2 and endow P(2) with the topology of weak convergence, so that
it is also a Polish space.

A lexicographic probability system (LPS) on Q will be some o = (ug,- .., ftn_1)
where each p; € P(Q2). An LPS 0 = (o, . .., o) has full support if |J]_, supp p; = .

Let A be the set of all measurable functions from €2 to [0, 1]. A particular function z € A
is an act. For ¢ € [0,1], write @ for the constant act associated with ¢, i.e. @ (Q) = {c}.

Given acts x,y € A and a Borel subset E in Q, write (zg, yo\g) for the act z with

r(w) Hfwekr
yw) fweQ\E.

2(w) =

When Q = {wo,w1,...,wk}, write (xg,z1,...,2x) for an act  with x(wg) = zx. In this
case, we also write p = (p(wy), ..., u(wg)) for some p € P(£).

Given an LPS o = (uq, . . ., ftn—1) on §2, define a preference relation 7 on A where x 727 y

(f x(w)duxw)): > (f y<w>dui<w>):.

Write =7 for the associated strict preference relation. Given a Borel set F, define the

if and only if

conditional preference given E in the usual way, i.e., z % v if for some z € A, (x5, 2zo\p) Z7
5, 20\g). (The choice of z does not affect the conditional preference relation.’) Write =9
Y \ E

for the associated strict preference relation and ~9, for the associated indifference relation.

4The proofs of these epistemic results follow BFK closely; the only significant modification is in estab-
lishing measurability. See the Appendix.
SThis follows from the fact that =7 satisfies independence.
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3 Assumption

Assumption is defined in terms of the preference relation ~ associated with the LPS 0. The

informal idea is that an event E is assumed if states in F “determine” strict preferences.

Definition 3.1 (BFK, Definition A.3) Say a set E is assumed under =7 if E is Borel
and the following hold:

Non-Triviality: for each open set U with ENU # 0, there are x,y € A with x =%y v,

Strict Determination: for all x,y € A, v =%, y implies x =7 y.

Non-Triviality states that every “part” of E can potentially determine strict preferences.
Strict Determination states that, if x is strictly preferred to y conditional on F, then z is
also unconditionally strictly preferred to y, regardless of the outcomes x and y may deliver
outside of F.

BFK restrict attention to LPSs that, loosely speaking, consist of measures having disjoint
supports (cf. their Definition 4.1). Refer to these as lexicographic conditional probability
systems (LCPS’s); this terminology is due to Blume, Brandenburger and Dekel (19914).

Proposition A.2 and Lemma B.1 of BFK show that, given a full-support LCPS ¢ =
(toy - -y fin—1), the preference 77 assumes an event F if and only if there exists some j €
{0,...,n — 1} such that the following three BFK conditions hold:

(BFK-i) p;(E) =1 for all i < j,
(BFK-ii) p;(E) =0 for all i > j, and
(BFK-iii) E C (J;; supp pi-

One direction of this equivalence result holds for all full-support LPSs: If there is some j that
satisfies Conditions (BFK-i)-(BFK-iii), then 227 assumes E, even if o does not have disjoint
supports. However, the converse need not hold for all full-support LPSs. In particular, we
will argue that the problem arises from Condition (BFK-ii).

Notice that Condition (BFK-ii) holds trivially for j = n—1, whether or not F is assumed
under ~?. But, if € is finite and £ C  is assumed by a full-support LPS, then Conditions
(BFK-i) and (BFK-iii) can only hold for some j < n — 1.5 So, if all three conditions hold
for some 7, it must be the case that j < n — 1. We now provide examples where Condition
(BFK-ii) can hold only for j = n— 1. So, to obtain a general characterization of assumption
for all full-support LPSs, we relax Condition (BFK-ii).

6Suppose that j =n—1. Then, by (BFK-i), supp y; C E for all 4, so Q = |J, supp p1; C E, contradiction.
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Example 3.1 Take Q = {wy, w1} and consider an LPS o = (po, u1) with pg = (1,0) and
= (3,%). Let B ={wo}. Ifx =Tuoy Y then z(wo) > y(wo). It follows that x =7y, so E is
assumed under 2Z°. Note that Conditions (BFK-i) and (BFK-iii) hold only for j = 0, while
Condition (BFK-ii) holds only for j = 1. Thus, one direction of BFKs characterization fails.

We now establish a more general fact, which also illustrates the first step in the proof
of Theorem 4.1: for any full-support LPS 0 = (1o, ..., fin—1) on Q = {wo, w1}, if the event
E = {wo} is assumed under =7, then puo(E) = 1. Hence, if E is assumed, Conditions (BFK-
i) and (BFK-iii) hold for j =0, but in general Condition (BFK-ii) may hold only (trivially)
forj=n—1.

To prove this fact, suppose that E is assumed under 757, but po(E) < 1. Let x be an act
with x = (20,0) and xy > 0; let y = (0,1). Since p;({wo}) > 0 for somei =0,...,n—1,
T =7,y Y- But, since po({wi}) > 0, for x(wo) sufficiently small, y =7 x; this yields a

contradiction. m

In Example 3.1, the definition of assumption implies that Conditions (BFK-i) and (BFK-
iii) hold for j = 0. The next example illustrates that, with more than two states, Conditions
(BFK-i) and (BFK-iii) may not hold for j = 0, but rather for some j =1,...,n — 2.

Example 3.2 Let Q = {wo, w1, ws} and E = {wy,w1}. Consider the LPS o = (puo, pi1, f12)
such that po = (1,0,0), p; = (%,%,O) and py = (0,%,%). We claim that 7-° assumes E.
Non-Triviality is immediate. (For any open set U with ENU # (), T U ﬁ) For
Strict Determination, suppose x =%, y. It must be the case that x(wo) > y(wo); if not,
y =% x. Hence there are two possibilities: either (i) x(wo) > y(wo), or (ii) x(wy) = y(wo)
and x(wy) > y(wy); if not, y =% x. In either case, x =7 y, so 757 assumes E. Notice that
Conditions (BFK-i) and (BFK-iii) do not hold for j = 0, but do hold for j = 1. On the
other hand, Condition (BFK-ii) holds only for j = 2.

We now establish a more general fact, which illustrates the second step in the proof
of Theorem 4.1: if an event is assumed, then Conditions (BFK-i) and (BFK-iii) hold for
some j. Consider an arbitrary full-support LPS o = (o, - - -, fin—1) on Q = {wo, w1, ws}, and
suppose that =7 assumes E = {wg,w1}. The argument given in Example 3.1 still implies that
wo(E) = 1. We now argue that, if the support of o does not contain E, i.e., Condition (BFK-
iii) fails for j =0, then py(E) = 1. For simplicity, continue to assume that po(wy) = 1. Now
suppose that pi(wo) + p1(wr) < 1. Consider acts x,y such that x(wy) = y(wy) = 0, z(w;) >
0 = y(wi1), and x(wz) = 0 < 1 = y(wy). By full support of the LPS, © =% y. However,
Jozdpo = x(wo) = y(wo) = [Jqydpo but, for x(wy) sufficiently small, [, xdp < [,ydps.
Hence, u1(E) = 1. We can repeat this argument if us(E) < 1, ete.; due to full support, we



will eventually reach a j such that E is contained in ULO supp ;. For this j, Conditions
(BFK-i) and (BFK-iii) both hold.

To sum up, the examples suggest that the definition of assumption implies that Con-
ditions (BFK-i) and (BFK-iii) hold for some j. In Example 3.1, where Q = {wp, w1}, the
condition that uo(E) = 1 was not just necessary, but also sufficent for £ = {wy} to be
assumed.” This may suggest that Conditions (BFK-i) and (BFK-iii) may be sufficient. The

next example shows that this is not the case.®

Example 3.3 Let Q = {wo,wr,w2} and E = {wy,w,}. Consider the LPS o = (o, f11, 112)
such that o = (3, 3,0), . = (0,0,1), and ps = (1,0,0). Conditions (BFK-i) and (BFK-iii)
hold (only) for j = 0. But, E is not assumed under Z°. Consider acts x,y with x(wy) = 1,
z(w)) = x(we) =0, andy = 1 —x. Then x =% y and y =° x, contradicting Strict

Determination.

In light of Examples 3.1-3.3, we amend Condition (BFK-ii). To understand how this is
done, suppose that, for some j, BFKs Conditions (BFK-i), (BFK-ii), and (BFK-iii) hold.
Observe an immediate implication of Condition (BFK-ii): if two acts z,y agree on the
complement of F (that is, they assign the same outcomes at states w ¢ FE), and their
expected utilities are the same for all =0, ..., j, then their expected utilities are the same
for all j = 0,...,n — 1. Now notice that, in the first paragraphs of Examples 3.1 and 3.2,
the property just stated also holds, even though Condition (BFK-ii) does not hold. On the
other hand, in Example 3.3 the property just stated fails. This suggests that, if attention is
restricted to the event F, the additional measures pij41, ..., ftn—1 must be “redundant.”

The main methodological contribution of this paper is to show that indeed this is the
appropriate formulation of condition (BFK-ii) for general LPS’s. To formalize the notion of
redundancy, we draw insight from Theorem 3.1 in Blume, Brandenburger and Dekel (1991a)
and require that the measures fii1,..., to—1 be linear combinations of py,..., [, when

restricted to events in F.

4 Characterization

We provide our main result: a characterization of assumption in terms of an LPS.

"Consider a full-support LPS . Non-Triviality is immediate. For Strict Determination, consider acts
z,y. If x =% y, then z(wy) > y(wg) because E = {wp}, so also z > y because po(E) = 1. Hence, E is
assumed under Z°.

8This point is implicit in the work of BFK; for completeness, we provide an example that uses an LPS
that does not have disjoint supports.



Definition 4.1 Fix a full support LPS 0 = (uo, ..., tn-1). Say a set E C Q) is assumed

under o at level j if E is Borel and
(i) wi(E) =1 foralli <j,

(it) for each k > j, there exists (of,...,al) € R/ so that, for each Borel F C E,
pe(F) =321 ot a(F), and

(iti) B C Uigj Supp f -

Say a set E C ) is assumed under o if it is assumed under o at some level j.

Conditions (BFK-i)-(BFK-iii), imply Conditions (i)-(iii). When o is an LCPS, the above
conditions are equivalent to the conditions in BFK. This will be a consequence of our char-
acterization result below plus BFK’s characterization.

Notice that condition (ii) of Definition 4.1 requires linear—mnot convex—combinations.
This is necessary. For instance, in Example 3.2, uo(F) = —3pu0(F) + i (F) for all F C
{wo, w1 }. There is no a2, a? > 0, so that pus(F) = a2ue(F) + oy (F) for all F C {wp,w; }-

Theorem 4.1 Fix some full-support LPS o. A set E C ) is assumed under 727 if and only

it 1s assumed under o.

We first prove that Definition 4.1 is sufficent, i.e., if E is assumed under o, then it is

assumed under 7. We need two preliminary results.

Remark 4.1 Fiz some 0 = (ug, ..., ftn—1) and a Borel set E. There is some i with p;(E) >
0 if and only if there are x,y € A with v = y.

Proof. If p;(F) = 0 for each i, then x ~% y. Conversely, if y;(E) > 0 for some 4, then
- =

I > 0. m

Remark 4.2 Fiz some full-support LPS o = (po, ..., fn—1) with E C Q assumed under o

at level j. Then, for each open set U with ENU # 0, u;(U) = w;(ENU) > 0 for some i < j.

Proof. Fix some open set U with ENU # (). By Condition (iii) of Definition 4.1, for each
w € ENU, there is some ¢ < j with w € supp ;. Since U is an open neighborhood of w,
w1;(U) > 0. By Condition (i) of Definition 4.1, u;(ENU) = u;(U) > 0. m

Proof of Theorem 4.1, sufficiency. Suppose F is assumed under o at level j. Non-
triviality follows from Remark 4.2 and Remark 4.1. We focus on Strict Determination.

Assume x =% y. Then, there exists some k =0,...,n — 1 so that

8



(a) [p(z —y)du; =0foralli <k—1and

(b) [p(x —y)dug > 0.

It suffices to show that k& < j; if so, then by part (i) of Definition 4.1, it follows that = =7 y.
Suppose, contra hypothesis, k& > j. Then, by part (ii) of Definition 4.1, there exists

(af,...,af) € R7T! so that

(2 = y)du = ijo af | (x—y)du =0,
J J

where the second equality follows from (a). But this contradicts (b). m

We now turn to the proof of necessity: if F is assumed under 77, then it is assumed
under o. The proof consists of four main steps. Suppose that E' is assumed under 777. First,
we show that condition (i) must hold for j = 0, as in Example 3.1. Second, we show that
there exists j such that conditions (i) and (iii) hold, as in Example 3.2. Third, we show
that there exists j such that, in addition, the measures ft;41,. .., ftn—1 are ‘Tedundant’ in the
sense discussed on page 7. Fourth, and finally, we show that condition (ii) characterizes this

notion of redundance. The four Lemmata to come correspond to these four steps.
Lemma 4.1 Fiz an LPS 0 = (uo, ..., pn—1). If E is assumed under 757, then po(E) = 1.

Proof. Suppose that F is assumed under 727. We break the proof into two steps. First, we
show that po(F) > 0. Then, we use this fact to show that py(E) = 1.

- -
Step 1: Construct acts x,y so that + = (15, 0qg) and y(w) = 1 — x(w). By Non-
Triviality (Remark 4.1), there exists some i so that u;(E) > 0. Thus, z =% y. By Strict
Determination, z > y, from which it follows that po(E) > 0: If po(E) = 0, then y =7 z.

Step 2: Suppose po(FE) € (0,1) and fix some number Y € (ug(E), 1]. Construct acts x,y
with

po(Q\E) ifwesuppugNFE Y if w € supp po\F
zr(w) = and  y(w) =
0 otherwise 0  otherwise.

By Step 1, po(E) = po(supp o N E) > 0 and, by hypothesis, po(Q\E) > 0. Thus, z =% y.
But, since po(Q\E) > 0,

11o(Q\E) o (supp o N E) = po(Q\E) pio(E) < puo(Q\E)Y = po(supp po\E)Y

9



and so y =7 x. This contradicts the fact that F is assumed under 7. =

Lemma 4.2 Fiz a full-support LPS o = (o, ..., pin—1). If E C Q is assumed under 777,

then there is some j =0,...,n —1 so that

1) w;(E) =1 for alli < 7, and
(1) wi(E) =1 f j

(2) EC Uigj Supp -

Proof. Fix some F C Q that is assumed under 2?. By Lemma 4.1, uo(E) = 1. We will
show that, if (a) p;(E) =1 for all i < k and (b) E\ U, supp pt; # 0, then py41(E) = 1. By
full-support of the LPS, this gives that there exists some j satisfying conditions (1)-(2) in
the statement of the Lemma.

Throughout, suppose that there exists k satisfying (a)-(b), but p1(Q\E) > 0. It will
be convenient to define F' = E\ |J,., supp pt;. Note that U = (Q\ |, supp ;) is an open
set and F = E N (Q\U,,supp ) = ENU. By (b), F = ENU # 0. Thus, it follows from
Non-Triviality (Remark_4.1) that there exists some [ > k + 1 so that p(F) > 0. We make
use of this fact below.

First we show that g, 1(F) > 0. Then we use this fact to show that py,1(E) cannot be
strictly less than 1.

L [ FIE\F | O\E |
z | 1 1 0
y i 0 1 1

Table 1: Tllustration of Acts

Step 1: Construct acts z,y so that x = (T)E,E)Q\E) and y = (B)F,?Q\F); these are
illustrated in Table 1. Since y;(F') > 0 for some [ and F' C E, it follows that = =% y. From
Strict Determination then, x =7 y.

For each i < k, p;(E\F) =1 and so, for each i <k, [adu; = [ydu;. If ppy1(F) =0,
then using the hypothesis that p41(Q\E) > 0, it would follow that [, ydu1 > [, xdpui
and so y =7 x. This contradicts the earlier claim that =7 y and so pu41(F) > 0.

Step 2: Since pyy1(F) < ppr1(E) < 1, there exists Y € (upy1(F), 1]. Define acts z,y so
that

1 (SUpp pe1 \E)  if w € supp ppy N F Y ifw € supp ppa\E
z(w) = and  y(w) =

0 otherwise 0 otherwise.

10



Note that g1 (supp pr1\E) = 1 (Q\E) > 0 and, by Step 1, pgi1(supp pgr1 N F) =
fi+1(F) > 0. This gives that x =% y and, so, by strict determination, z > y.
But, y =7 z: For i <k, pi;(E\F) =1 and so [, zdu; = [, ydu; = 0. Moreover,

/ ydpsr =Y pu1 (SUpp p a1 \E) > o1 (F) i1 (Supp piges1\ E) = / rdpgy,
Q Q

since i1 (supp g1 \E) > 0. This contradicts z =7 y. m

Lemma 4.3 Fiz a full-support LPS o = (ug, ..., pn—1). If E C Q is assumed under 77,

then there is some j =0,...,n —1 so that
(1) wi(E) =1 for alli < j,
(2) E C U,<;supp pi, and

(8) if [p(x —y)dp; =0 for alli < j, then [ (x —y)dp; =0 for alli=0,...,n— 1.

Proof. Fix a full-support LPS o = (o, . .., ttn—1) on €, so that F is assumed under 7°. By

Lemma 4.2, there exists some k so that:
(k.a) pwi(F)=1for i<k, and

(kb) E C U<, supp pi.

We will suppose further that

(k.c) there exists some x,y so that

o [.(x—y)du; =0foralli<k, and

o [,(x—y)du; >0 for some i > k.

We will show that ji;41(E) = 1, so that (k4 1).a-(k + 1).b also hold. Repeatedly applying
this argument gives that there exists some j satisfying conditions (1)-(3) of the Lemma.
Note that throughout we fix x, y satisfying (k.c). We can and do take this choice of x,y

to satisfy =% y. In this case, we can choose [ —1 > k so that
o [(x—y)du;=0foralli<l—1,and

o [(x—y)dw >0.

11



We will show that, if g1 (F) < 1, then we can use z,y to construct acts & and Z so that
Z >% 2z and Z >7 2. This contradicts Strict Determination.

For each p € (0,1), let z[p] be the act with z[p](w) = pz(w) + (1 — p)y(w) for all w € Q.
Note that for any ¢ =0,...,n — 1,

[ @ =slobdi = (1= ) [ @ =)

So, for each p € (0,1), (i) (@ — z[p])dp; = 0 for all i <1 —1, and (ii) [,(x — z[p])du > 0.
It follows that, for each p € (0,1), z =% z[p].

Construct acts & = (zg, 6>Q\E) and Z[p| = (Z[p]E,T)Q\E). Certainly, for each p € (0,1),
T =% z[p]. We will next show that, if g1 (Q2\E) > 0, then there is some p € (0, 1) so that
z[p] =7 &. To do so, first note that, since p;(E) = 1 for all ¢ < k, it follows that, for each
p € (0,1) and each i < k, [,(Z[p] — &)dp; = 0. Next note that, for each p € (0,1),

[ 6lel = &) = (1= ) [ (0= D) + e (B,
Q E
If pu1(Q\E) > 0, there exists p* € (0,1) large enough so [,(2[p*] — Z)dp;11 > 0 and so
Zp] =77 m
We now provide the fourth and final part of the proof.

Lemma 4.4 Fiz a full-support LPS o = (g, ..., fin_1). Suppose that E C Q is Borel and,

for some 7 =0,....,n—1,
(1) wi(E) =1 foralli<j,
(2) if [p(x —y)dp; =0 for alli < j, then [ (x —y)du; =0 for alli=0,...,n— 1.
(3) B C U;<;supp pi, and

Then E s assumed under o.

Proof. Take j so that conditions (1)-(3) hold. This implies that, for j, conditions (i) and
(iii) in Definition 4.1 hold. We must show that condition (ii) in Definition 4.1 holds as well:
that is, for each k > j, there exists (af,...,af) € RI*! so that, for any Borel F C E,
p(F) = 320 af pa(F).

Let B denote the vector space of bounded Borel-measurable functions b : 2 — R. For
each i = 1,...,j,k, define linear functionals Ty,...,T};, T on B by T;(b) = [, bdu;. By
condition (2), if x,y € A with T;(z —y) = 0 for all i < j, then T}(z —y) = 0. Now, note that
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B is the set of all functions of the form vy(z —y) for v € R, and z,y € A. So, for each b € B,
T;(b) = 0 for all ¢ < j implies that T(b) = 0. Hence, by the Theorem of the Alternative

(see Aliprantis and Border, 2007, Corollary 5.92), there exists (af,...,a¥) € RI*! with

— k

For any F' C E Borel, it follows that

- — J - — J
uk(F) = /E( 1 F, 0 Q\F)d,uk = Zi:O Olf/E< 1 F, 0 Q\F)d“z = Zi:[) O‘f:uk(F)?

as desired. m

Proof of Theorem 4.1, necessity. Immediate from Lemmata 4.3 and 4.4. m

5 Application: SAS and IA

This section applies the LPS-based characterization of assumption to BFK’s game-theoretic
analysis. We consider type structures where types map to arbitrary LPSs, rather than
LCPSs. We formalize (lexicographic) rationality and mutual or common assumption thereof.
We then show that self-admissible sets and iterated admissibility capture the behavioral im-
plications of these epistemic conditions in arbitrary and, respectively, complete type struc-
tures.

As in BFK, we restrict attention to two-player games. Fix a game (S,, Sy, 74, m,) where

Sa (resp. Sp) is a finite strategy set for Ann (resp. Bob) and 7, (resp. m,) is a payoff function.

5.1 Solution Concepts
The following definitions are standard.

Definition 5.1 Fix X xY C S, x S,. A strategy s, € X is weakly dominated with
respect to X x Y if there exists o, € M(S,), with 0,(X) = 1, such that m(04,sp) >
Ta(Sa, Sp) for every s, € Y, and m,(04, Sp) > Ta(Sa, Sp) for some s, € Y. Otherwise, say s,
1s admzissible with respect to X x Y. If s, is admissible with respect to S, X Sy, simply

say that s, is admzissible.

Definition 5.2 Set S? = S, and SP = Sy. Define inductively
Sl = {s, € S™ : s,is admissible with respect to ST x S}

and, likewise, define S{f‘“. A strategy s, € S is called m-admissible. A strategy s, €
Noo_o St is called iteratively admissible (IA).

13



The following definitions are due to BFK.

Definition 5.3 Say r, supports s, if there exists some o, € P (S,) with r, € supp o, and
7o (Oay Sb) = T (Sa, Sp) for all sy € Sy. Write su(s,) for the set of r, € S, that support s,.

Definition 5.4 Fiz Q, X Q, € S, X Sp. The set Q, X Qyp is a self-admissible set (SAS)
if:

(a) each s, € Q, is admissible,
(b) each s, € Q, is admissible with respect to S, X Qy,
(c) for any s, € Qu, if 1o € su(s,) then r, € Qq,

and likewise for each s, € Q.

5.2 Epistemic Analysis

For each n € N, write NV, (Q2) for the set of LPS’s of length n and write N () = [, ey Na(Q)
for the set of LPS. Write N (Q) for the set of o € N that have full support. Define a metric
on N(Q) as follows: The distance between two sequences of measures (i, ..., fi,_1) and
(Yo, ..., Vn—1) of the same length is the maximum of the Prohorov distances between p; and

v; for all © < n. The distance between two sequences of measures of different lengths is 1.

With this, N () is a Polish space and, by Corollary C.1 in BFK, Nt (Q) is Borel.

Definition 5.5 An (S,, Sy)-based type structure is a structure
<Saa Sba Taa Tb7 )\aa )\b>7

where T, and T, are nonempty Polish type spaces, and N\, : T, — N (Sp x T,) and X, :
Ty, — N (S, x T,) are Borel measurable belief maps. A type structure is complete if
NT (S, x Ty) C range A\, and N (S, x T,) C range \.”

Type structures are our basic representation of interactive LPS-based beliefs. This differs
from BFK’s Definition 7.1 in that it does not require that types be mapped to LCPSs (or
limits of LCPSs). A type structure induces a set of states, i.e., S, X T, x Sy X T,

In the remainder of this subsection, we fix a (S,, Sp)-based type structure (S, Sy, To, T, Aa, Ap)-

All definitions have counterparts with a and b reversed.

9We write range A, for the range of the function A,.
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Definition 5.6 A strategy s, is optimal under o = (ug, ..., pin_1) if 0 € N(Sy x Tp) and

n—1

(Wa(sm marg Sb:ui(sb»)izg ZL (ﬂ—a (Tm marg Sbﬂi(sb»)izo

for allr, € S,.1°

Here, marg g p; denotes the marginal on S of the measure y;. In words, Ann will
prefer strategy s, to strategy r, if the associated sequence of expected payoffs under s, is
lexicographically greater than the sequence under r,. (If o is a length-one LPS (p), we will
sometimes say that s, is optimal under the measure p if it is optimal under (1).)

We now formalize the epistemic assumptions of interest as restrictions on strategy-type

pairs.

Definition 5.7 A strategy-type pair (sq.,t.) € Sa X T, is rational if \, (t,) is a full-support
LPS and s, is optimal under \,(t,).

Next, for £ C Sy, x Tp, set
A, (F) ={t, € T, : F is assumed under \,(t,)}.

In words, A, (F) is the set of types t, € T, with associated LPS’s A, (f,) that assume the
event F (in Sy x Ty). Note, if E C S, x T}, is not Borel, then A,(E) = 0.
For finite m, define sets R™ as follows. Let R! be the set of all rational (s,,t,) € S, X T,.
Inductively, set
R = R™N[S, x A.(RM)].

Definition 5.8 If (s4,ta, 53, tp) € R™ x R"™ | say there is rationality and mth-order
assumption of rationality (RmAR) at this state. If (Sa,ta, Sp,t) € (o) RIX(_, R},
say there is rationality and common assumption of rationality (RCAR) at this

state.

5.3 Results

We begin with the characterization of RCAR in terms of SAS’s.

Theorem 5.1

(1) For each type structure, proj g, (,, By* X proj g, (), Ry is an SAS.

OIf ¢ = (wg,...,2n—1) and ¥y = (Yo,---,Yn—1), then z >L y if and only if y; > x,; implies z > yj, for
some k < j.
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(2) For each SAS Qo x @, there exists some type structure so that projg, (), Ra' x
proj g, (N, Bty" = Qa X Qs.

Part (2) is Theorem 8.1(ii) in BFK. They show this by constructing an LCPS-based type
structure which is, a fortiori, an LPS-based type structure. Part (1) is an analogue of
Theorem 8.1(i) in BFK. In contrast to BFK, we allow for arbitrary LPS-based type structures
and employ our characterization of assumption.

Now turn to the analysis of RmAR in complete type structures.
Theorem 5.2 Fir a complete type structure. For each m, proj g, Ry' Xproj ¢, Ry' = Sg* xSy

Theorem 5.2 is an analogue of Theorem 9.1 in BFK. Again, we allow for an LPS-based notion
of a complete type structure and employ our characterization of assumption.

We do not provide self-contained proofs of these theorems. The structure of the arguments
follows the proofs of Theorems 8.1-9.1 in BFK. We discuss the required modifications in the
Appendix.

6 Discussion: Related Literature

Lee (2013a,b) also extends the results of BFK to LPSs. His elegant approach is different
from but complementary to ours. His starting point is that the same lexicographic preference
relation may be represented by more than one LPS. (See Blume, Brandenburger and Dekel
(19914, page 66)). Lee (2013a) shows that a lexicographic preference relation 77 assumes an
event E if and only if Conditions (BFK-i)-(BFK-iii) hold for some LPS o for which Z7=7.
That is, instead of providing conditions that a given LPS must satisfy for the corresponding
preference relation to assume an event F, he provides conditions that must be satisfied by
at least one of the many LPSs that represent the same preferences. The Corollary below
shows that such a result also follows from our Theorem 4.1. Lee (2013b) then uses this

characterization to analyze RCAR.

Corollary 6.1 Fiz a full-support LPS 0. A set E C Q is assumed under 72° if and only if
there is some LPS p satisfying Conditions (BFK-i)-(BFK-iii) such that 7-°=2".

Proof. Fix the LPS o = (po,-.., ttn—1). Since Conditions (BFK-i)-(BFK-iii) imply the
conditions in Definition 4.1, the “if” direction is immediate from Theorem 4.1. Suppose =7

assumes F. By Theorem 4.1, ¢ assumes E at some level j. For every k =7+ 1,...,n—1,
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define a measure p; by letting

e = [ )

| (F) = XLy o F)] /11 = i B)] if () <

for every Borel F' C Q, where (a¥)?_, are the weights appearing in condition (ii) of Definition
4.1. Next, define the LPS p' = (po,. .., 1j,Vj41,...,Vn—1). Finally, define the LPS p by
deleting from p’ the measures vy, for which £ > j 4+ 1 and p(E) = 1.

We claim that =#=>*". To see this, consider a Borel set F C Q and an index k > j for
which p,(E) = 1. By condition (ii) of Definition 4.1, ux(F) = Zf:o afu(F) for F C E.
Furthermore, for F ¢ E, up(F) = u(FNE) = Y8 ol (FNE) = 328 afui(F), because
wi(E) =1fori=0,...,j by condition (i) of Definition 4.1. Hence, py is a linear combination
of ug, ..., s, so it is redundant and can be dropped from p’ without changing preferences.

Moreover, ©-7=>*". To see this, note that, for every k > j such that vy, # ju, v is a linear
combination of py (with weight #k(E)) and (i, . . ., pt; (with weights _#E(E)’ i=0,...,7).
Hence, for every k = 0,...,n — 1, the k-th level measure in p’ is either equal to pyg, or else
is a linear combination of measures in 0. The claim follows.

It follows that 757=2-f. By construction, if ux(F) < 1, vx(E) = 0, because puy satisfies
Condition (ii). This implies that p satisfies Conditions (BFK-i)-(BFK-iii). m

Appendix A Theorems 5.1-5.2

The proofs of Theorems 8.1 and 9.1 in BFK rely on three results concerning the properties
of assumption for LCPS-based type structures. (See Lemma D.1, Property 6.3, and Lemma
C.4 in BFK.) The statement and proofs of these results rely on BFK’s characterization of
assumption for LCPS’s. We have seen that the characterization does not apply to arbitrary

LPS’s. To address this, we state and prove analogous properties in our setting. (See Lemmata
A1, A2 and A.3.)

Lemma A.1 Let A\, (t.) = (po,---,pn) be a full-support LPS. Suppose t, assumes E C

Sy x Ty,. Then, there exist some j so that

Ui<j supp marg g, ft; = proj SbE.

Note that if S, x T}, is finite and A,(t,) = (uo, .- ., fin—1) assumes E at level j, then E =
Uig ; SUpPD [4;. If S, x T, is infinite, the same may not hold. Lemma A.1 establishes an

analogue for the marginal LPS (marg ) on the finite set S, and, correspondingly, the project
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of £ on S,. Lemma shows that, if 2 = .5, x T, is infinite, a similar statement holds if we
consider the marginal LPS (marg g, p10, . .., marg g, f1,—1) and, correspondingly, the projection
of £ on Sy.

Lemma A.2 If a full-support LPS o € N*(S, x T},) assumes R}, RZ, ..., then it assumes

Note that Lemma A.2 will be a consequence of a conjunction property of assumption.

Lemma A.3 The sets R' and Ry' are Borel.

To prove Theorem 5.1, it is enough to replace Lemma D.1 and Property 6.3 in BFK’s
proof with Lemma A.1 and Lemma A.2. To prove Theorem 5.2, two changes to BFK’s proof
are needed. First, replace Lemma D.1 and Lemma C.4 in BFK with Lemma A.1 and Lemma
A.3. Second, modify the proof of Lemma E.3 in BFK, for the case where m > 2: Skip the
construction that ensures that p;(U) = 0 for all 7. (That particular construction does not

work for arbitrary LPS’s. Fortunately, it is not needed in our setting.)

We now prove Lemmata A.1, A.2, and A.3.
Proof of Lemma A.1. Suppose t, assumes E' C S, x Ty at level j. If s, € projg, F,
then there exists i < j such that p;({sp} x 7;) > 0. (See Remark 4.2.) It follows that, if
sp € proj 5, I, s, € suppmarg g, p1;. Conversely, if s, ¢ proj g, E, then E N ({sp} x Tp) = 0.
Since each p;(E) = 1 for i < j, it follows that u;({sp} x T) = 0 for i < j, ie., s, &

Ui<;suppmarg g, p1;. m

Lemma A.4 Fix Borel sets Fy, Es, ..., with E,1 C E,. If a full-support LPS o =

([0, - - - s o) assumes each of Ey, B, ..., then it assumes (), En.

Proof. For each m = 1,2,. .., there exists some j[m| € {0,...,n} so that o assumes F,, at
level jlm]. Let j = min{j[m] : m > 1}. Let M be some m with j = j[M]. We show that
N, Em is assumed under o at level j = j[M].

For Condition (i) note that, for each i < j, p;(E,,) = 1 for all m. So, by continuity,
14i(,, Em) = 1. For Condition (iii) note that (,, Em € Enp) € U< supp pi. For Condition
(ii), note that each Borel F' C ), E,, is also a subset of Fyf;). Thus, Condition (ii) applied
to (,, Em follows from Condition (ii) applied to Epp;). =

Proof of Lemma A.2. Immediate from Lemma A.4. =

We now turn to the proof of Lemma A.3. This is more involved. We will break the proof

into several Lemmata. The first Lemma is standard (and so the proof is omitted).
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Lemma A.5 Fix some strateqy s, € S,.

(1) The set of u € P(Sy) so that s, is optimal under p is closed.

(2) The set of u € P(Sy) so that s, is strictly optimal under p is open.
Lemma A.6 The sets R, and R; are Borel.

Proof. For each s, € S,, define Q[s,,n| to be
O[sa,n] = {o € No(Sp X Tp) : s, is optimal under o}.

Note, that

USGGS UneNO a} ) (@[Smn]) N ()\a)il(NJ(Sb X Tb)))} .

Since )\, is measurable and N (S, x T}) is Borel (insert cite), it suffices to show that each
O[sq4, n] is measurable.

Write Ols,] for the set of u € P(S,) under which s, is optimal, O®[s,] for the set of
w € P(Sp) under which s, is strictly optimal, and O*[s,] = O[s,]\O?[s,]. By Lemma A.5,
O"[sq], O%[sa], and O[s,] are Borel. Note that

O[sq,n] = (O°[$a] X Npu—1 (Sp X Tp) )U(O¥[80) X O%[84) X N2 (Sp X Tp) )U- - -U(O™ [54] X O [84] X - - - x O[54]),

so that Q[s,, n] is Borel. m

Given a Borel set £ C , write Sg for the set of ' C E that are Borel. Of course,
Sp € S. Moreover, Sg is the Borel g-algebra on E. (See Aliprantis and Border, 2007,
Lemma 4.20.)

Lemma A.7 Fiz somen € N° and some j =0,...,n. If E € S§(Q), then
{0 € N,,(Q) : E is assumed under o at level j}

s Borel.
A Corollary of Lemma A.7 is:

Corollary A.1 If E € S, then

{o0 e N(Q) : E is assumed under o}
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1s Borel.
To prove Lemma A.7, we will make use of a number of auxiliary results.

Lemma A.8 Fix a Borel E C Q). There exists a countable algebra Fp on E that generates
Sk.

Proof. Since F is a subset of a second countable space, it is second countable. Thus, there
exists a countable subbase {U!, U?, ...} that generates Sg. Let Fg be the algebra generated
by {U',U?,...}. By Rao and Rao (1983, Corollary 1.1.14), Fg is countable. Moreover, it

generates Sg. W
In what follows, we write Fg for a countable algebra on E that generates Sg.

Lemma A.9 Fiz an LPS 0 = (uo, ..., pn). Fiz also some j = 0,....n—1 and k > j.

Then, the following are equivalent:
(1) There exists o € RIFY with p(F) = S27_, aips(F) for all F € Sg.

(2) There ezists an integer M > 1 such that, for all integers m > 1, there exists f™ =
(B, ..., BI) € QUL O [—M, MY with | (F) — Y0 B ps(F)| < X for all F € Sp.

(8) There ezists an integer M > 1 such that, for all integers m > 1, there exists f™ =
(B, B) € QIO [=M, MP* with |in(F) — YL 8 us(F) < & for all F € Fis.

Proof. Suppose part (1) holds. If 37 y;(E) = 0, then u(F) = S0, afui(F) = 0 for
every F' C F Borel. In this case, take M =1 and 8= (0,...,0) € ' N [-1, 17"

Thus, we focus on the case where S/ u;(E) > 0. In this case, for each m > 1, we can
choose e™ € (0, m] and 8™ € Q! such that max; |8 — a;| < e™. By construction,
f™ — «, and so the sequence (5™),, is bounded. This implies that there exists M > 0 such
that 8™ € [—=M, M}’ for all m. Moreover, for each m > 1 and each F' C E Borel,

() =3 AP = [ aun(F) = Y0 Bl
=327 (s = 8P|

~ B (F)

em Zj:o 11 (E

m

INIA

IN

This establishes part (2), which in turn establishes part (3).
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Next, suppose part (3) holds, i.e., there exist an integer M > 1 and a sequence (5™),,
such that, for every m > 1, 8™ € Q/*' 0 [-M, M+ and | (F) — Y°0_, B ui(F)| < L for
all F' € Fp. Let M be the collection of all F' € By for which |uy(F) — S0 Brus(F)| < L
holds for all m > 1. We will show that Sg C M, thereby establishing part (2).

By Lemma A.8, Sg is the o-algebra generated by Fg. So, by the Monotone Class Lemma
Aliprantis and Border (2007, Lemma 4.13), Sg is the smallest monotone class containing Fpg.
As such, to show Sg C M, it suffices to show that M is a monotone class containing Fg.

The fact that M contains Fg follows from part (3). To see that M is a monotone class,
consider a monotonically increasing (resp. decreasing) sequence (F") of elements of M. Then
F=,F" (resp. F =(), ™) are Borel and, by continuity of the measures pq, ..., 1, tix,
lim,, o0 it (F™) = p;(F) for i = 0,...,j, k. Therefore, lim,, . [px(F™) — Y2, Bru (F™)| =
e (F) — 327 87 us(F)|, and so | (F) =S>8 w(F)| < < Thus, M is a monotone class
containing Fp.

Finally, suppose part (2) holds. Since 8™ € Q' N[—M, M}, there exists a convergent
subsequence (8™9); let 8 = (Bo,...,HB;) be its limit. By assumption, for each m(¢) > 1
and each F € Bp |up(F) — S0, 7 w(F)| < ==, Tt follows that, for each F € Bp,

, m(f)”
\pe(F) — >°7_ o Bipi(F)| = 0. This establishes (1). m

Lemma A.10 Fiz somen € N° and some j =0,...,n—1. If E € S, then

n UakeRj+1 ﬂFeSE{U € Nn(Q) : ,uk(F) = Z

j
L omi(F)}

-----

1s Borel.
Proof. It suffices to show that the set
J

A= g 0 € NUQ) s a(F) = S0 abu(F)}

is Borel. Note, by Lemma A.9, A*[2] = X* where

ko . NV o 1
Xt=U, ) UQEQMm[_MJW+1 ﬂFEIE{U € NulQ) : lun(F) =) aupui(F)| < —

Note that, in the definition of X*, each of the unions and intersections are taken over
countable sets. (Use Lemma A.8 to conclude that Fg is countable.) Thus, to show that the
set A¥[2] is Borel, it suffices to show that, for each M > 1, o € Q1 N [-M, M]J"*! m € N,
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and F' € Fg the set

o € M) el F) = 327 auu(F)] < )

is Borel. To show this set is Borel, it suffices to show that the map F : N,,(2) — R defined
by .
j
F(MO: < 7,un) = |:uk<F) - § =0 CYZ/Ll(F”

is measurable.

Note that F' is measurable if and only if GG is measurable, where

Gl s 1n) = 1 F) = D cuu(F).

(See Aliprantis and Border, 2007, Theorem 4.27.) Define maps g; : N,(2) — R where
Gi(phoy -y in) = pi(F). For each 7, g; is measurable. (See Aliprantis and Border (2007,
Lemma 15.16)) With this G = g — >.7_, a;g; is measurable Aliprantis and Border (2007,
Theorem 4.27), as desired. =

Proof of Lemma A.7. Write

A = (Y_ {0 € Nal®) 2 jui(B) = 1)
and
AB]={o e N,(Q): E C Uz’Sj supp ; }-

Repeating the argument in the proof of Lemma C.3 in Brandenburger, Friedenberg and
Keisler (2008), each of the sets A[1] and A[3] are Borel.
Now define
A={o e N,(Q): E is assumed under o at level j}.

If j = n, then A = A[1] N A[3], so A is Borel. Otherwise A = A[1] N A[3] N ,_,;.; A*[2]; by
Lemma A.10, A is Borel. =
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