1 Spulber’s duopoly

The aim of this example is to show that in some specific, but important models, players can
attain efficiency by means of simpler penalty-card strategies, without using communication
or public randomization. More specifically, we consider a repeated version of Spulber
duopoly model, in which two firms meet in periods ¢ = 1,2... Firm 1’s cost type is i.i.d.
and takes value ¢ = ¢ or ¢, each with probability 1/2. Firm 2’s cost type follows a first-
order Markov process with support {c,¢}. If the cost in a certain period is ¢, then it will
be ¢ with probability p € (1/2,1) and ¢ with the remaining probability in the following
period. Similarly, if the cost in a certain period is ¢, then it will be ¢ with probability p
and ¢ with the remaining probability in the following period.

In every period ¢ of the dynamic game, firms simultaneously select prices. A single
consumer is willing to pay up to r dollars for one unit of the good, and buys from the firm
that offers the lower price, and from each firm with the fifty-fifty chance if the two prices
are equal. We will assume that r is higher than the higher cost.

Firms are expected profit maximizers and discount future payoffs by a common discount
factor 6 < 1. The payoffs are normalized by the factor ¢ = 1 — §. Suppose that initially,
in period 0, the probability distribution over the cost of each firm is fifty-fifty. Then, the

efficient, or most collusive, total payoff of I firms is
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We obtain the following result:

Theorem 1 For every A > 0, there is a § such that for every d > ¢, there is an equilibrium
of the repeated games in which firms’ discount factor is & such that the ex ante payoff of

each firm in this equilibrium exceeds v/2 — .

2 Description of efficient strategies

In short, the idea behind our strategies on equilibrium path can be described as follows:
If in some period, one firm charges a lower price than the other, then it serves the entire

market, but obtains a penalty card (or a penalty card of the other firm is annulled). And



if one of the firms reaches a limit number of penalty cards, it gives the entire market to the
other firm for one period, and one of its penalty cards is annulled. Off equilibrium path,

firms play a bad repeated-game equilibrium.
e The description of strategies on the equilibrium path:

The strategy profile has 4n + 2 states. Each state is described by a value of k €
{-n,...,—1,0,1...n} and the cost of firm 2 in the previous period. The type of firm 2 will
be denoted by L if the cost in the previous period was ¢, and it will be denoted by H if
the cost was €.

In all states except when k = —n or n, if the cost of a firm is ¢, the firm is supposed to
select price r. If the cost is ¢, the firm is supposed to select a price which is slightly lower
than r, say, r — p, where p is a (small) positive number.

If both firms select the same price, the value of £ does not change. If firm 1 selects
r — p, and firm 2 selects r, then k is replaced with k£ + 1 in the next-period state; and if

firm 1 selects r, and firm 2 selects r — p, then k is replaced with £ — 1 in the next-period

state.
If the current state has k = —n, then firm 1 is supposed to charge r — p, and firm 2 is
supposed to charge r, independent of its cost; and k£ = —n is replaced with k = —n + 1 at

the end of the current period. If the current state has k = n, then firm 1 is supposed to
charge r, and firm 2 is supposed to charge r — p, independent of their costs; and k = n is
replaced with k =n — 1.

For the sake of simplicity, we will sometimes disregard p, assuming that this is an

infinitesimal number.
e The description of strategies off the equilibrium path:

We will assume that when a firm charges a price other than r or r — p, or does not
charge the prescribed price in states in which £ = —n or n, the firms switch to playing a
“bad” equilibrium, in which both firms obtain relatively low payoffs. The bad equilibrium
used in this section can be, for example, the worst carrot and stick equilibrium from Athey

and Bagwell (2008).



In Athey and Bagwell’s carrot and stick equilibria, there are two states. In the war
state, all firms choose a price v lower than r; and in the reward state, all firms charge
price r. Firms begin in the war state. In the war state, if all firms choose price v < r, the
firms switch to the reward state with a probability p, and return to the war state with the
remaining probability. In the reward state, if all firms choose price r, the firms remain in
the reward state with probability 1. In each period, if any firm charges a price other than
the prescribed price, the firms switch to the war state with probability 1.

Athey and Bagwell study the case in which both firms are Markovian. However, the
equilibrium conditions are also satisfied when one of the firms is i.i.d. The off-equilibrium
payoff of each firm, when the discount factor converges to 1, is bounded by /2 — ¢/2 —¢2,
independent of the current type of Markovian firm. In turn, we will show that the on-
equilibrium payoff of each firm in each state converges to the larger efficient payoff, so

firms have incentives to stay on the equilibrium path.
e Continuation payoffs:

Assuming that both firms play the prescribed strategies, denote the state-dependent
continuation payoff of firm 2 by Vi and Vj g, respectively. These continuation payoffs
are computed before firm 2 learns about its cost type in the current period. For k €

{—n+1,...,n — 1}, we have:

r—c

%7L:§{(1 —8)r —d + 6Virs} + g {(1 —5) { } + 5Vk7L} +

r—«c¢

1-— C 1—
+Tp{(1—5)l 5 }+51/,€,H}+Tp5vk+w.

Indeed, the first component of the right-hand side represents the payoff contingent on the
type of firm 2 being H and the type of firm 1 being L; the remaining components represent
type profiles (H, H), (L, L), and (L, H), respectively.

We will set € =1 — ¢, and rewrite the formula for Vj, ;, as:

D D 1—p 1—p
1-— V. v — v
+( £) {2 k-1, + 5 kL T 5 k,H T 5

Wc—&-LH} :



By substituting 1 — p for p, we obtain:

3—2 3—3

4 4
1-— 1-—
+(1 _5) kafI,L‘i‘—pvk,L+]—9Vk,H+£Vk+1,H .
2 2 2 2
Letting
i 1+2p 3p N 3—2p 3—-3p p_
— —_ 0 — n — — . —
1 r 1 C cand b 1 r 1 40,
we have

_ 1-— 1-—
VhL:Eb-l—(l—eS){Z—;Vk1,L—|—]—2)Vk,L—|— 2p‘/;<)7H+ 2ka+17H}

and

1—p 1—p p p
Vien =€b+(1—5){ Vie—1,n + Vk,L+§Vk,H+§Vk+LH .

2 ’ 2

For k = —n and n, we have:
Vor=(1-¢) {pv—n—l—LL +(1 - p)V—n+1,H} J

Vn,H = E{T - (1 - p)g - pE} =+ (1 - g) {<1 - p)anI,L +pvn71,H} .

(3)

The formulas for V_,, 1, and V,, g are the same as the formulas for V_, y and V,, 1, except

for different probabilities of ¢ and ¢ (that is, p must be replaced with 1 —p and 1 — p with

p in the formulas for V_,, gy and V,, ).

2.1 Payoff Efficiency of Prescribed Strategies

e We will first recursively derive the relation between V), ; and V., .

We will disregard the expressions of an order lower than €. That is, our formulas will

be approximate. For example, we will replace expression (1 — ¢)? with expression 1 — 2e.

This will make the analysis tractable. We begin with £ = —n + 1.

By plugging the formula for V_,, ; into the formula for V_,; 1, we obtain:
Vont1L —eb+(1—¢) {g(l —&)[pVonsr + (1 — P)V—n+1,H]} +

1-— 1-—
+(1—¢) {ganrl,L + Tpvan,H + Tpvn+2,H}
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—€b+v_n+17L[2+2 €p+2}+

Vo [(1—;17) (14p—c(l+ 2p))] YV oias (1—;79) (1-2).

Similarly, by plugging the formula for V_,, 1, into the formula for V_, 1 , we obtain:

1—p? 1
Vopsim=eb+V piir 5 e(1—p)(p+ B +

1—p+p?

+V i1 m { 5

3
— & (1 — §p+p2)] + V7n+2,Hg<1 — E).

This formula enables us to compute V_, 1 g as a function of V_, ;1 and V_, 4o, as

follows:

2eb 1—p2 342
Vopi,m= — L i )

_ 2 iy, (.
1+p—p? +1’L1+p—p2( (1+p)(1+p—p?)

p 3—2p+p°
SRV ANpya—— P =L )
+2’Hl+p—102< 1+p—p2)

Plugging this formula into the formula for V_,,; 1, we obtain the following relation between

anJrl,L and an+2,H:

eb(1+p—p*) +eb(1l — p?)

VoL =2
L (1—p)(L+2p)

5+ 2p — 4p? )

+V_, 1-—
H( “A—p)1+2p)

Notice that this expression has the form:
V—n—&-LL = Ae + V—n+2,H (1 — SB) y

where expressions

_n2 2 A2
gt p=p ) 0 —pY) o S5+2p—dp
(1—p)(1+2p) (1—p)(1+2p)
are independent of ¢.
We will show by induction that
V7n+k7L = Ae + (/{3 — 1)[28[_? + 28[_?] + an+k+1,H{1 — 8[4(l€ — 1) + B]} (4)

The inductive step follows the same lines as the derivation of V_, ;. We replace

V_ptk—1,r in formula (1) for V_, 1 ;, with the expression (4). This yields a relation between



Votkns Venskm, and Vo, 11y g. Similarly, by replacing V_,, 11 1, in formula formula (2)
for V_,, ki with expression (4), we express V_,, g as a function of V_, 1 1, and V_,, 141 1.
Plugging this last expression into the previously obtained relation between V_, 1,

V_opnik.m, and Vo, k41 g, we obtain formula (4) for V_,, 1 1.
e We will now compute V), y.

Letting
a=r1—(1-p)c—rpec,
and using the formula (4) for V;,_; ;, and V,,_5 1, we obtain from (2) for k =n — 1:

Virm =cb+(1— g)gvn,l,H T (1- g)gvn,H+

2
(1 — @%{Aa + (20— 2)(25 4 2¢b) + V, 1[I — £(8n — 8 + B)]}

+(1— &) —L{ Ae + (2n — 3)(2¢b + 2¢b) + Vi_11[1 — £(8n — 12 + B)]}

=¢eb+ (1 —p)[Ac + (4n — 5)(eb + b))+

1
+§Vn—1,H [1 — & — 6(1 —p)(Sn — 12+ B)] +

—l—%Vn,H [l—e—e(l—p)(8n—8+ B)|.
This yields
Vi = 2eb+2(1 = p)[Ae + (4n — 5)(eb + b)| + V;, u[1 — 26 — e (1 — p) (16n — 20 + 2B)).
Plugging this expression and (4) for k£ = 2n — 1 into (3), we obtain:
Vi =ea + (1= p)(1 4 2p)Ae + 2(1 — p)[2n — 2+ p(4n — 5)](eb + eb) + 2peb +
Vo [L—e{(1 = p)Bn — 7+ B) +p[(1 —p)(16n — 18 + 2B) + 2p + 1]}],

which yields

a+(1—p)(1+2p)A+2(1—p)[2n — 2+ p(4n —5)](b+b) + 2pb
(1=p)(8n =7+ B)+p[(1 —p)(16n — 18 +2B) +2p+1]

This last formula leads us to the following claim:

Vn,H =

6



Claim 1 The value V, g is independent of €, and

1 - 1
JLIEOV"’H:§(6+Q)22_SQ_§E'

In order to compute the limit, divide the numerator and the denominator by n, and

remove the expressions of order 1/n.

By applying (4) and (3), and then (1) and (2) recursively, we obtain:
Claim 2 For every k € {-n+1,...,n— 1},

e—0 7 e—0 7 ’

and
lin(l] Voo =Vom.
Thus,
1 - r 3 1
lim 1 ~ lim 1 1 _r_ 3 1 -
Mim i Vo = lim lm Vo = 5(b+b) =5 —ge— 3¢ (5)

The analysis of the state-dependent continuation payoff of firm 1 is analogous. Denoting
the payoffs by V), ;, and V), j,, where k' = —k, L' = H, and H' = L, we obtain identical

formulas, except that a is replaced with

and b and b are replaced with

b’—3_2pr 2_pc—1_p6andyz 1+2p7“ 1+pc—BE,

= 4 4 = 4 4 4 = 4

respectively. All the conclusions regarding the value functions are the same, since

— 3 1
/ y - ___
b+ =r 4g 4c.

From this observation, together with (5), it follows that as n — oo, our strategies

approximate the efficient total payoft.



2.2 Incentive Constraints of Markovian Firm

We will now turn to verifying the incentive constraints. It is sufficient to check the con-
straints for sufficiently large n’s. In the extreme states, when £k = —n or n, they follow

from the fact that

. . . . r
lim limV_,; = lim limV,, gy = - — =¢c— —C.
n—oo e—0 ’ n—ooe—0 2 8

This limit is higher than the payoff in the bad continuation equilibrium, which is going to
be played contingent on deviations. Similarly, no firm has an incentive to deviate to an

off-equilibrium action for any other value of k.

Consider a state with —n < k£ < n, and the incentive constraints of firm 2.

Suppose first that the cost of the firm is c.

If the firm honestly “reports” the cost, its payoff will be

(r—c
2

! [e(r—¢o)+ (1 —e)Verz] + % {5

9 +(1—€)Vk7[/ .

By reporting ¢, the firm gets
1] (r—c¢

2 1% 2

+ (1 — 5)%,L} + %(1 — &)Vis1,L-
Thus, the incentive constraint reduces to
e(r—c) > (1—¢e)(Vigr — Vi—1,L)-
e We will express V_, 11111 — V_yiik—1,r as a function of V_, ;1.
By (4),
Viopikirg = —Ae — (k —1)(2eb + 2eb) + V{1 +[4(k — 1) + B]}. (6)
Remember that we are omitting the expressions of order 2 or lower. In particular,
{1 —cld(k—1)+B]} ' =1+¢[4(k-1)+ B].

Similarly,

V—n+k+2,H = —Ae — 1{7(255 + 25@) + V—n—}—k—i—l,L[]- + 5(41{7 + B)] (7)
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By (1),
Vo1, = eb+

1-— 1-—
+(1—¢) (gvn+k,L + gvfnJrk%l,L + Tpvfn+k+1,H + Tpvn+k+2,H) .

Plugging(6) and (7) into this last formula, we obtain:

_ 1- _ 1— _
Viwsksrs = €b— Tp[As + (k — 1)(22b + 2¢b)] — Tp[As + k(22 + 22b)]+

2

1 p l-—p
+V otk L {— + € { 5 5

——+—(4k—5+B)H+

1 —
+g(1 — Wopapirs + Tpv,MmLu +e(4k — 1+ B)],

which yields

Vopigir,n =2eb— (1 — p)[24e + (2k — 1) (2eb + 2¢b)] +

+Vopns{l +e[=2p+ (1 —p)(8k — 6 +2B)]}.

Take the analogous expression for V_, x r, divide it by (1 + e[-2p+ (1 — p)(8(k — 1)
—642B)]), or equivalently, multiply it by (1 —e[—2p+ (1—p)(8(k—1)— 6+ 2B)]). (Recall

that we omit expressions of order 2 or lower.) This yields

Vonsk1,0=—2eb+ (1 — p)[24e + (2k — 3)(2eb + 2¢b)] +

+Vopiwr{l —e[—2p+ (1 — p)(8k — 14 + 2B)]}.

Thus,

V—n+k+1,L - V—n+k—1,L =

=4eb — (1 — p)[4Ac + (4k — 4)(2eb + 2¢b)] +

+Vopikme [—4p + (1 — p)(16k — 20 + 4B)].

This last expression increases or decreases in & when 2V_,, ;. 1 > b+bor 2V ik < b+ b,

respectively.



e We will determine the sign of 2V_, ; ; — (b+ D).

In the limit as ¢ — 0,

a+(1-p)(1+2p)A+2(1—p)[2n — 2+ p(4n —5)](b + b) + 2pb
(1—p)(8n — 7+ B) +p[(1 —p)(16n — 18 +2B) +2p+1] ’

V—n+k7L =

by Claim 2. Notice that the denominator of this expression is positive. Therefore, the sign

of 2V, k1 — (b4 1) (in the limit) coincides with

{a+ (1 —p) A +2p)A+2(1—p)[2n — 2+ p(4n — 5)](b +b) + 2pb} —

—{(1 =p)(8n — 7+ B) +p[(1 —p)(16n — 18 +2B) +2p + 1]} (b +b) /2.

Simple algebra shows that this is equal to a — (b +b) < 0.
Thus, the value of V_, ;411 — V_p1k—1,1 decreases with k, and it suffices now to verify
the incentive constraint for £k = 1. By applying the formula for V_,, 1111 — Vopik—1 in

the case of kK = 1, we obtain

an - an 7
*“g L —4h— (1 - p)4A+V pirp [—4p+ (1 — p)(—4 + 4B)],
and since _
b+b
lim V—n+1,L = L,
n—o00 2
we have (also in the limit as n — 00)
Vonizr =Vonr _ 5 (b0 +p—p%) +b(1 —p?)
£ (1+2p)
b+b 54 2p — 4p? 4b
+2 T2 dp+ —4(1— p) +4 - .
y | Ty T e

Finally, 4b/(1 4+ 2p) < (r — ¢) is equivalent to (1 — p)c < (1 — p)¢, so the incentive

constraint is satisfied.
Suppose now that the cost of firm 2 is ¢. Recall that —n < k < n.

If the firm honestly “reports” the cost, its payoff will be

1] (r—72)
2 |57 2

1
5(1 —&)Vir1,m + + (1 —=e)Vau| -
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By reporting ¢, the firm gets

1] (r—-2

2|5 2

(L= e)Vim| + el —7) + (L= &)Vior].
This time the incentive constraint reduces to
e(r—¢) <(1—¢e)Virr.mg — Vierm)-
By (4), we represent Vi1 g — Vi—1.m as
Vierrr — Vierw = Vir — Vo ){1 +eld(n+k — 1) + B]} + 8V o6 — 2(2¢b + 2¢b). (8)

Since (i) 8Vj_2.r6 — 2(2eb + 2¢b) is close to 0 for large enough values of n, (ii) the sign of
Vit1.0 — V1,1 is determined by Vi, — Vi_2 1, and (iii) this last term is decreasing in k,
it suffices to check the incentive constraint just for k =n — 1.

The value of V,, g — V,,_o g can be directly computed, as we have already computed
V-1, — Vi—3 1. In the limit as n — oo, we obtain

Vor —Vaonm  —4b+4a
e - (1+2p)7

and since (—4b+4a)/(1+ 2p) > e(r —¢) is equivalent to (1 — p)c < (1 — p)¢, the incentive

constraint is again satisfied.

2.3 Incentive Constraints of i.i.d. Firm

The Markovian firm’s cost in the previous period does not affect the Markovian firm’s
incentive constraint, since it knows its current cost before deciding which price to charge,
and it faces an i.i.d. opponent with equal probability of having a high or low cost. Thus,
for any k # n,—n, there are only two incentive constraints that must be satisfied for the
Markovian firm. The Markovian firm’s cost in the previous period does, however, affects
the incentive constraints of the i.i.d. firm, since the i.i.d. firm’s belief about the Markovian
firm’s cost depends on the prior state. Thus, for any k # n, —n, there are four incentive
constraints that must be satisfied by the i.i.d. firm.

Consider a state with k # n or n, and suppose that the Markovian firm’s cost in the

previous period was c¢. Suppose also that the current cost of the i.i.d. firm is also c.

11



If the i.i.d. firm honestly “reports” its cost, its payoft will be

<1—mwv—g+41—@wﬂﬂmﬂ{gf

If the i.i.d. firms lies about its cost, it gets

(r—c
2

Letting L' = H and H' = L, and reversing the chip count (i.e., a positive k represents

(1-p)| %41—awﬂ}+m1—awqw

a surplus of chips for firm 1), the incentive constraint reduces to

1

55(7’ —o) > 1=V —Vig)+A=p)(Vip — Vi)l

Similarly, the incentive constraint for the i.i.d. firm with low cost and prior state H is

1 ! ! ! !
55(7’ —0) > (1 =) =p)Vigrm — Vi) + 2V — Vicio)h

the incentive constraint for the i.i.d. firm with high cost and prior state L is

1
55(7“ - <(1- 5)[p(vkl+1,H’ - VZH') + (1 - p)(VZ,L' - Vk/—l,L’)];

and the incentive constraint for the i.i.d. firm with high cost and prior state H is

1
55(7“ —o) < (1—-9)(1~ p)(VZH,H' - VZH') +p(VZ,L' - Vk/—l,L’)]'

Notice that each incentive constraint contains the two expressions V., py, — V| ; and
Vi.r = Vi_1 1~ With the change of variables, we can use earlier results to show (in a similar
manner to the “Markovian” case) that both expressions decrease with k. This implies that
each incentive constraint must be verified only for K = —n+1 or n—1 (depending on which
of the four constraints we are verifying). We can do this directly, in a manner similar to

the Markovian case.
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