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Abstract

We establish the existence, uniqueness, and W12P_regularity of solutions to fully nonlinear
parabolic obstacle problems when the obstacle is the pointwise supremum of arbitrary functions
in W12P and the operator is only assumed to be measurable in the state and time variables. The
results hold for a large class of non-smooth obstacles, including all convex obstacles. Applied
to stopping problems, they imply that the decision maker never stops at a convex kink of the
stopping payoff. The proof relies on new W!2?P_estimates for obstacle problems where the

obstacle is the maximum of finitely many functions in W*12»,

1 Introduction and Main Result

We study the following fully nonlinear parabolic obstacle problem with Dirichlet boundary data on
the domain Y = [0,T) x X where T is finite, d € N, and X is a bounded, open subset of R%:

max {u; + F (t,z,u, up, Ugz), g —u} =01in Y,
w=>bon 0Y

(1)
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where 0Y = ({T} x X) U ([0,T] x 0X) is the boundary of J and F' is a measurable nonlinear
uniformly elliptic operator defined on ) x R x R% x S¢.1

We are interested in obstacles g that take the form g = sup g for functions that lie in the Sobolev
acA

space W12P () for some p € (d + 2,00]. This form arises in stopping problems for which the
decision maker must decide, upon stopping, on some action a. In this case, g®(¢, x) is the stopping
payoff when stopping at time ¢ in state x and taking action a upon stopping. A decision maker who
stops at time ¢ would then optimally choose the action a that maximizes ¢g%(t,x) over all possible

actions a € A, and the resulting stopping payoff, i.e., obstacle, is g.

Such problems are pervasive, for example, in information acquisition models where “stopping” means
concluding the information acquisition stage and a is the decision taken after that stage. Examples
include Wald (1992), Décamps et al. (2006), Fudenberg et al. (2018) and Camboni and Durandard
(2023). In these and other instances, knowing that the Hamilton-Jacobi-Bellman equation has
a solution proves instrumental in deriving the optimal policy and can lead to important insights
(Dixit, 1993).

While commonly arising in applications, these problems create a challenge because the obstacle g
is irregular. In particular, g will typically have kinks whenever the optimal action a changes as a

function of z and A is finite.

Our main result requires the following conditions (all notation and definitions are formally intro-

duced in Section 2).

ASSUMPTION 1 X is COLwp,

This assumption allows domains X with non-smooth boundaries as long as they are Lipschitz. In-
formally, X" is Lipschitz if its boundary 0X can be viewed locally as the graph of a Lipschitz function
for some coordinate system. Allowing non-smooth domains is particularly useful for economic and
financial applications, whose domains are often given by a positive orthant (e.g., in the case of
price vectors), a unit cube, or a simplex (e.g., when x is a probability distribution representing the
decision maker’s belief about a state of the world with d possible values). All these domains fail to

be smooth, but they all satisfy the Lipschitz property.

The next two assumptions concern the primitives b and g.

ASSUMPTION 2 b:Y — R is in C° (V).

1sd (R) denotes the set of symmetric d x d real-valued matrices equipped with the order M >s N if and only if

M — N is positive semi-definite.



ASSUMPTION 3 g = sup g* where A is a separable topological space and (i) g* € WH2P(Y) for all
a€A
a and sup [|g*|lyr2p(y) < 00, (i) g* < b on Y, and (iii) viewed as a map from A to CY(Y), the
acA

map a +— g¢ is continuous.

Part (iii) of Assumption 3 guarantees that the obstacle can be approximated by the maximum of
finitely many W H2P-functions, and hence the validity of the approximation argument in the proof
of Theorem 1. It is a sufficient condition: The proof only requires the existence of an approximating

sequence (g" = max 9%)n, with A, finite for all n.
acAnp

The next assumption is a structure condition.

ASSUMPTION 4 There exist A\, A > 0 and moduli of continuity wy and wa (i.e., nondecreasing con-

tinuous functions on Ry with w;(0) =0, j = 1,2) such that, for almost all (t,z) € Y, we have

P (M= 1) e (Jr = 7]) — w2 (1 — 7))
SF(t,.’[‘,’f‘,q,M)—F<t,$,7:,q,]\~4) (SC)
<Piy (M= 1)+ (jr =7 ) +ws (|- 5.

for all M,M € S%, r.7 € R, and ¢q,§ € R, where Py, and P;A are the Pucci extremal operators.
Moreover, we assume that there exists R > 0 such that w(r)+wa(q) < R(1+r-+q) forallr,q € Ry.

This assumption implies in particular the following properties: (i) F' is uniformly elliptic, (ii)
F(t,x,r,p, M) is continuous in r, p, and M uniformly in (¢,z), and (iii) F' grows at most linearly
in (¢, ).

Assumption 4 is weaker than the conditions typically imposed on F' in the literature: First, F' is
not required to be Lipschitz in (r,¢). Second, F' need not be continuous in (¢,z). Third, F' need

not be monotonic in r.2

ASSUMPTION 5 F(t,z,0,0, M) is convex in M for all (t,z).3

The following Vanishing Mean Oscillation (VMO) assumption is also imposed. Define

_ F(t,xz,0,0,M)—F (t,%,0,0, M
S} ((t,l’), (t,l’)) = sup ( )M ( )
Mesi\{0} M|

2We do impose a weaker monotonicity condition (Assumption 8), for our uniqueness result.
3The concave case follows (upon modifying Assumption 8 appropriately), since u solves max{g —

v, F(t,2,v,V3,Vs¢) +v:} = 0 if and only if it solves min{v — g, —F (¢, , v, Uz, Vgz) — v¢ } = 0.



ASSUMPTION 6 For almost all (t,x) € ).
1 ~ -
lim / O ((t,2), (i, 7)) didF — 0,
Q=0 (t2)eQcY |Q] Jq (t,2), (2,2))

As pointed out in Dong (2020), Assumption 6 is the weakest known assumption under which a
solution in Wh?P always exists for Dirichlet problems, even in the linear case. Moreover, as the

counter-examples in Meyers (1963) or Ural’ceva (1967) suggest, it may be close to optimal.

The next assumption is standard. It is required to derive a bound on the W1?P-norm of solutions

to (1).
ASSUMPTION 7 There exists G € LP ()) such that, for all (t,z) € Y,
|F (t,2,0,0,0)| < G(t,x).

The final assumption is used to apply a comparison principle to (1). It is not needed for our existence

results, but is essential to guarantee uniqueness of the solution to (1).

ASSUMPTION 8 There exists k > 0 such that, for all (t,z) €Y, p € R%, and M € S,
r— F(t,z,r,p, M) — kr

18 strictly decreasing.

Our main result? establishes the existence, uniqueness, and regularity for solutions to (1).

THEOREM 1 Letp € (d42, 00| and suppose that Assumptions 1-7 hold. Then (1) has an LP-solution

u.
Moreover, there exists C = C (d,p, \, A, R, diam (X), T, dist(Y',Y)) € Ry such that, for all compact
ycy,

lullwrzppry < C (1 + 516112 19 lwr2.00p) + Gl Loy + Hb”Loo(y)) ; (2)

and a modulus of continuity @ depending only onp,d, A\, A, R, T, diam (X) ,sup [[g°(ly120), Gl Loy 1l Loo 93y
acA
the modulus of continuity of b, and the parameters of the cone condition of X, such that, for all

(t,z),(t',2") €Y,
lu(t,z) —u(t',2")| <@ (|t z) — (', 2")]).

If, in addition, Assumption 8 holds, u is the unique LP-solution of (1).

“The structure condition (SC) guarantees that any solution of u; + F[u] = 0 with u = b on 8 is bounded below.
Therefore, by choosing g small enough, Theorem 1 also guarantees the existence, uniqueness, and regularity of the

solution without obstacles.



REMARK 1 The W12P_estimate (2) is independent of the moduli of continuity wi and wy introduced

in Assumption 4.

Theorem 1 establishes the regularity of solutions to fully nonlinear parabolic obstacle problems
when the operator is only required to be measurable and the obstacle is may be irregular as noted
above. Classic references on obstacle and free boundary problems include Bensoussan and Lions
(1978), Friedman (1982) and Petrosyan et al. (2012). When the obstacle is smooth enough and the
operator F' is linear with smooth coefficients and smooth nonhomogeneous term (for example, if the
obstacle is C1? and the coefficients and nonhomogeneous term are a-Hdlder continuous), the obstacle
problem has a unique solution in W12 ()7), see, e.g., Friedman (1982). This result extends to the
nonlinear case when both the operator and obstacle are smooth and the operator satisfies strong
convexity and growth conditions (Petrosyan and Shahgholian, 2007; Audrito and Kukuljan, 2023).
In these cases, the regularity of solutions to various types of obstacle problems has been extensively
studied under appropriate regularity assumptions on the boundary of the domain, the obstacle, the

coefficients of the linear operator, and the nonhomogeneous term.

For the case of irregular nonlinear operators, but without obstacles, solvability and regularity results
for elliptic and parabolic equations have been obtained under either a small mean or small L
oscillation condition in Caffarelli (1989), Escauriaza (1993), Caffarelli et al. (1996), Winter (2009),
or Krylov (2010) for the elliptic case, and in Crandall et al. (1998), Crandall et al. (1999), Crandall
et al. (2000), Dong et al. (2013), and Krylov (2017) for the parabolic case, among others. The

recent monograph Krylov (2018) offers an up-to-date general treatment.

The regularity of viscosity solutions for the parabolic obstacle problem is studied by (Byun et al.,
2018) in the linear case with VMO leading coefficients when the obstacle is in W12? and by (Byun
et al., 2022) in the fully nonlinear elliptic case when the operator satisfies the same VMO assumption

as in our study and the obstacle is in W12P,

Our approach builds on the approximation argument developed in Byun et al. (2018) and Byun
et al. (2022). We extend the argument in Byun et al. (2018) to the fully nonlinear parabolic case and
allow the operator to be only measurable rather than continuous and the obstacle to be irregular.
We first obtain a W!?P-estimate when the obstacle is in W1?P using known estimates on the
regularity of solutions of the Dirichlet problem, e.g., Theorem 12.1.7 and 15.1.3 in Krylov (2018).
We then show by induction that the existence and regularity results for a single W12?P-obstacle
carry to the pointwise maximum of a finite number of W2 -obstacles (Lemma 2). Finally, we use

a limit argument to consider the general case.

Our argument relies on PDE methods and generalizes existing results derived by probabilistic meth-



ods in the context of optimal stopping.® For example, Décamps et al. (2006) consider the elliptic
obstacle equation associated with an optimal stopping problem when the payoff upon stopping (i.e.,
the obstacle) is the maximum of two smooth convex functions. The authors use a local time argu-
ment to show that the decision-maker never stops at the convex kink. This, in turn, implies that the
value function, hence the solution of (1), is smooth. Theorem 1, together with a Sobolev embedding
theorem, allows us to recover their result: It guarantees that the solution of (1) is continuously dif-
ferentiable in space, and, thus, that the decision-maker never stops at a point of nondifferentiability

of the stopping payoff.

Theorem 1 establishes the existence, uniqueness, and Wh2P-regularity of the solution to a fully non-
linear obstacle problem when the primitives are only measurable and the obstacle is the supremum
of arbitrary functions in W1 2P, This generalization of earlier results is crucial to accommodate set-
tings in which the operator or the payoff upon stopping may not be smooth. For example, relaxing
the operator’s continuity is crucial to analyzing the Hamilton-Jacobi-Bellman equation associated
with Markovian equilibria in stochastic games, where best response functions may be discontinuous
(Kuvalekar and Lipnowski, 2020). Such discontinuities are ubiquitous in games with finite action

sets.

1.1 Outline of the Paper

Section 2 introduces some notation and definitions. Section 3 contains two results needed for the
proof of Theorem 1: (i) A comparison principle that applies to fully nonlinear parabolic obstacle
problems with measurable ingredients (Proposition 1), and (ii) A stability theorem for solutions to
obstacle problems in W12? ())) (Theorem 2). Section 4 establishes our main result when A is finite
and X is smooth. Section 5.1 proves Theorem 1, first considering smooth domains and general

separable set A , then by using an approximation argument to treat Lipschitz domains.

2 Preliminaries

2.1 Notation

e For D > 0, Bp(x) denotes the open ball of radius D centered around z, and Cp(t,z) =
[t,t + D) x Bp(z).

®The connection between obstacle problems and stochastic control and stopping problems and stochastic games
had received considerable attention in the literature. See, e.g., (Bensoussan and Lions, 1978; Friedman, 1982; Karatzas
and Sudderth, 2001; Peskir and Shiryaev, 2006; Strulovici and Szydlowski, 2015).



O denotes the closure of O for the relevant topology.

d(-,-) is the Euclidean distance. For any sets J,)’ C R4t define
diam (¥) = sup{d ((t,z), (t',2")) : (t,2), (t',2") € Y}, and
dist (V,)") =inf {d((t,z),(t',2")) : (t,x) € Y and (¢',2) € V'}.

C* () is the space of k-times continuously differentiable functions on Y.

Wh2P () denotes the Sobolev space of functions whose first weak time derivative and second

weak space derivative are LP-integrable. T/Vlif’p (V) is the space of functions that belong to

Wh2P (') for all compact subsets )’ of ).

Ug, Uz, and ug, stand for the first weak derivatives of u with respect to ¢, the first weak
derivatives of u with respect to z, and the second weak derivatives of u with respect to =,

respectively.
— denotes weak convergence.

For k € N, an open bounded subset of R? is CHL%P if for every z € OX, there exists a
neighborhood V of z, a > 0, 8 > 0, an affine map T : R¥! x R — R? and a map ¢ : B,(0) C
R4 — R that is either Lipschitz continuous if k = 0, or k-times continuously differentiable
with Lipschitz derivatives for k£ > 1 such that

OXNV =T ({(g,n) ERTIXR : €€ By(0) and = ¢(£)}) ,

and

T ({(&m eR xR« ¢ € Ba(0) and 6(§) <n < 6(§) + B}) S XNV
and T ({(&,m) € R xR : € € Bo(0) and (6) — 8 < 1 < 6() }) SR\ (XN V).
The first part definition requires that there locally exists a coordinate system such that the
boundary coincides locally with the graph of a function whose k*" derivative (or the function
itself if £ = 0) is Lipschitz. The two inclusions in the second part of the definition guarantee

that the interior and the exterior of the domain are nonempty and locally contain a cone around

any point of the boundary. They rule out, for example, the domain {(z,y) : = > 0, |y| < 2?}.

The C*L%-norm of the boundary of a C¥:L% open bounded subset X is defined by ||0X || ox,zip =

sup [|@||¢r.1(yy where V' and ¢ are as defined above.
r€oX

For A > A > 0, Pucci’s extremal operators 73)\+A and Py, : SY(R) — R are defined by

(M) = tr(AM d P A(M)= inf tr(AM).
73>\7A( ) AISSZI;AI r( ) an P,\,A( ) ,\IglggAI r( )



o We will often use the letter C' to denote bounds appearing in various estimates, and which

can be explicitly computed in terms of primitives of the problem.

2.2 Solution concepts and definitions

DEFINITION 1 A function u is an LP-subsolution (respectively, LP-supersolution) of Problem (1) if
the following conditions hold: (i) u € Wl{;f’p(y) NC%Y), (i) u < b (respectively, > b) on dY, and
(iii)

max { u; + F (t, z,u, Uz, Ugy) , g — u} > 0 (respectively, < 0) a.e. in Yp.

w is an LP-solution if it is both an LP-subsolution and an LP-supersolution.

We will also use viscosity solutions in stating and applying the comparison principle of Section 3.1.
There are several concepts of viscosity solutions depending on the choice of test functions used in
the definition. We use test functions in W12? ())), which corresponds to what is sometimes called

“LP-viscosity solutions.”®

DEFINITION 2 A continuous function u : Y — R is a viscosity subsolution (respectively, supersolu-
tion) of (1) if (i) u < b (respectively, > b) on Y7, and (ii) for all (to,z¢) and all ¢ € W,}Jf’P(yT)
such that u — ¢ (respectively ¢ — u) has a mazimum at (tg, o), one has

esslimsup max { ¢; + F' (t,z,u, 0z, Pzz), g —u} >0

(t,%)—)(to,zO)

(respectively, essliminf max { ¢y + F (¢, 2,4, 0z, Pzz), g —u} < O).

(t,:v)—)(t(),x())

u 1S a viscosity solution if it both a viscosity subsolution and supersolution.

Viscosity solutions are weaker than LP-solutions, as shown, e.g., in Proposition 2.11 of Crandall

et al. (2000), which easily extends to our setting.

LEMMA 1 Let u be an LP-subsolution (supersolution, respectively) of (1). Then w is a viscosity

subsolution (supersolution, respectively) of (1).

5When F is continuous, one can take the test functions to be in C1'2. In this case, the solution is called a C-viscosity

solution, and C- and viscosity solutions coincide (Lemma 2.9 in Crandall et al. (2000)).



3 Comparison and Stability for fully nonlinear parabolic obstacle

problems with measurable ingredients

3.1 Comparison Principle

Comparison principles for LP-solutions and viscosity solutions of the Dirichlet problem are well-
known in the literature” under a slight strengthening of the structure condition (SC).® We extend
these results to fit the assumptions of Theorem 3. Our comparison principle is valid for a large
class of nonlinear parabolic obstacle problems as long as F' satisfies the structure condition (SC)

and does not increase too fast with u (as required by Assumption 8).

PROPOSITION 1 Suppose that F satisfies Assumptions 4 and 8.

o Let u be an LP-subsolution and v be an LP-viscosity supersolution of
max { u; + F (t, 2, u, Uy, Uzg) , g — u} = 0. (3)
Ifv>u on dY, thenv>uin Y.
o Let u be an LP-supersolution and v be an LP-viscosity subsolution of
max { u; + F (t, 2, u, Uy, Ugy), g — u} = 0. (4)

Ifv<wuondY, thenv<uin).

The proof of Proposition 1 builds on a comparison principle for viscosity solutions of fully nonlinear

parabolic Dirichlet problems with continuous operators due to Giga et al. (1991).

Proof. Let u be an LP-subsolution and v be a viscosity supersolution of
max { us + F (t,2, u, Uz, Uzg) , g —u} =0,

such that v > u on 9). We will prove that v > u in Y.

Let w = u —v. Let £ = {(t,m) ey :w> O} and note that £ C Y, since w < 0 on dY. So, the

conclusion follows if £ is empty.

Suppose for a contradiction that £ # (). Note that w is continuous since both u and v are continuous

on Y by definition. Therefore, £ is an open bounded domain.

"See, e.g., Proposition 2.10 in Crandall et al. (2000)
8In particular, previous results assume that F is Lipschitz continuous in u, and nonincreasing in w.



We first show that w is a viscosity subsolution of
max { w; + H (t, 2, w, Wz, Wyz), —w} =01in Y
w =0 on JY,

where
H(t7$7w7w$7wl’x) - F(t7x7u7ul‘)uwl‘) - F(tvxuu — W, Uy — Wy, Ugy — wacx) .

To see this, we first note that w = 0 on 0&, so condition (i) in the definition of viscosity subsolutions
(here, w < 0) is satisfied. Next, let ¢ € W12P () be such that w — ¢ has a maximum at (g, 7o),
i.e., u — ¢ — v has a maximum at (g, 7). By construction, u — ¢ € WH2P and v is a viscosity

supersolution of (3). Therefore,

essliminf max{w — @+ F (t,2,u — W, Uy — Qu, Uz — Pzz) » 9 — (u—w)} < 0.
(t,m)—>(t0,x0)

It follows that

esslimsup max { ¢, + H (t,x,w, oz, Pzz), —w} > 0.

(t,x)—(to,xo0)
That is, w is a viscosity subsolution of (5).

By the structure condition (SC), for any test function ¢ € W22 ())) and almost every (t,z) € Y,

Therefore, w is also a viscosity subsolution of
max{—w, wy + P;A (Wgz) + w1 (Jw]) + wa (| wy ])} =0in ),
w =0 on 9.
Therefore, w is a viscosity subsolution of
wy —i—P;CA (Waz) + w1 (|w]) + w2 (Jwy |) =01in &,
w =0 on 0.

Note that 0 is a classical solution of the above equation, hence a (continuous) viscosity supersolution.
Theorem 4.7 in Giga et al. (1991) then implies that w < 0 in &: a contradiction. So & = (), and
v > uin :)7

The proof when u is an LP-supersolution, v is a viscosity subsolution, and u > v on 9 follows the

same steps. [

10



REMARK 2 Proposition 1 also holds when F' is degenerate elliptic (i.e, A\ = 0 in Assumption 4) since
Theorem 4.7 in Giga et al. (1991) applies to degenerate elliptic operators. However, the ezistence

of LP-sub- or LP-supersolutions is not guaranteed in that case.

Proposition 1 combined with Lemma 1 yields the following corollary, which establishes the unique-

ness of LP-solutions.

COROLLARY 1 Suppose that Assumptions 4 and 8 hold. Let u and v be, respectively, an LP-

subsolution and an LP-supersolution of

max { up + F (t, z,u, up, Ugy ), SUp g¢ — u} =0.
acA

Ifv>u on dY, thenv>u in Y.

If u and v are two LP-solutions of (1), then u=1v on .

REMARK 3 Proposition 1 and Corollary 1 are also valid for non-obstacle problems, as is easily seen

from the proof.

3.2 Stability Theorem

Stability theorems for both LP-solutions and viscosity solutions of the Dirichlet problem without
obstacle are well-known under a slight strengthening of the structure condition (SC)? | see, e.g.,
Theorem 6.1 in Crandall et al. (2000). We prove such a stability theorem for our setting, as it is
essential to prove 1. This stability theorem is valid for a large class of nonlinear parabolic obstacle

problems as long as F' satisfies the structure condition (SC).

THEOREM 2 Let (V") be an increasing sequence of bounded domains such that | J,cy V" = .10
Let (u"),,cn be a sequence of functions in VVll’cQ’p (V)N (Y) such that

O

1. (u™), ey converges uniformly on compact subsets and weakly in Wﬁ)’f’p (V) to someu € I/Vllo’f’p Y)n
co (37) ;and

2. foralln € N, u™ =b" on Y\ V", and b"™ — b pointwise, with b continuous on 0.

Let F, F™, n € N, be operators defined on' Y x R x R? x S that satisfy Assumption 4 uniformly in
n. Let g", n € N, be continuous functions on Y, such that g" <b" on y \ Y.

9In particular, F has to be Lipschitz continuous in 4, and nonincreasing in w.
10y does not need to be bounded.

11



Suppose that, for any fized uz, € LP(Y), F™ (t,z,u™,ul, uzy) — F (t,2,u, Uy, Uzy) pointwise a.e.
in Y, and, either (i) g" — g uniformly on compact subset of Y, or (ii) g" T g pointwise on Y. If

u", n €N, is an LP-subsolution (supersolution) of

max {uy + F" (t,z,u",ul,ull,), g" —u"} =0 in Y,

(Eq")
u™ = b"™ on OY",
then u is an LP-subsolution (supersolution) of
max {u; + F (t, z,u, Uy, Ugz), g —u} =0 in Y,
(Eq)

u=2>bon o).
Proof.  We first show that if, for each n, u™ is an LP-supersolution of (Eq"), then w is an LP-
supersolution of (Eq).
Note that, for all n € N, ™ > b"™ on 9). Taking limits, © > b on 9.

Next, we show that
max {u; + F (t,z,u, up, Ugz), g — u} <0 a.e. in Y.

For all n € N, u™ > ¢" on Y by the comparison principle (Proposition 1). To see this, observe
that, for all n € N, ¢" is a viscosity subsolution of (Eq") and u" is an LP-supersolution of (Eq™) on
V™. Moreover, the operator F™ satisfies Assumptions 4 and 8, and, on dY", u" = b" > ¢g". Thus,
Proposition 1 applies, and u™ > ¢g" on Y*. On Y\ Y, u™ = b" and b" > g" by assumption. So,
u™ > g" on Y. Passing to the limit, u > g.

It is therefore enough to show that

u + F (t,x,u, Uy, Uzy) <0 ace. in Y,
which holds if and only if

up + F (t,x,u, Uy, Uge) < 0 ace. in O,
for any strict bounded subset O of V.11

Let O be a strict bounded subset of ). Since Y = UnEN Y™, compactness implies that there exists
some integer N > 1 that contains 0. Moreover, since the sequence {yn}nzl is increasing, O C Y"

for all n > N. Without loss of generality, we assume that N = 1. For all m € N, define

H™ (t, €, Ut, 'Umx) = nlgqf;l {Ut + F" (t7 €T, unv Ug, Umz)} .

1VWe say that O is a strict subset of ) if the closure of @ lies in the interior of Y.

12



Asup + F™ (t,xz,u,ul,ul,) <0, for n > m and for almost every (t,z) € O,

» Yy Yrx

H™(t,x,u,ul,) <O0.

n
xrx
Observe also that, since the F™’s satisfy Assumptions 4 and 5, for all m € N and all v; € R,
H™(t,z,vy,-) is Lipschitz continuous in v,, a.e. in O with

Mg < D’Uzzﬂm(taxavta ) < Aly.

Moreover, for any v, € S% by the structure condition (SC), H™ is bounded in L (O) as (u"),,cx

is uniformly bounded in I/Vli’cz’p (YV) (as a weakly convergent sequence). Finally, by assumption,
u™ — u in WH2P (0). So, Theorem 4.2.6 in Krylov (2018) implies that, for all m € N,
H™ (t,z,up, Ugy) = igf {ug + F" (t,z, 0", ul, ugy) } = lim H™ (t,z,uy,ul,) <0 a.e. in O.
n>m

y Yx
n—oo

Moreover, u; + F™ (t, x,u™, ul, tyy) — w + F (t, 2, u, uy, ugzy) pointwise a.e. in ) by assumption.

Letting m — oo, we obtain
up + F (t,x,u, up, Ugy) < 0 ace. in O.

This shows that w is an LP-supersolution of (Eq).
Next, we prove that if the u™’s are LP-subsolutions of (Eq™), then u is an LP-subsolution of (Eq).
Note that, for all n € N, "™ < b™ on 9). Taking limits, © < b on 9).
Next, we show that

max {us + F (t, 2, u, ug, Uzgz), g —u} >0 ae. in Y,
which holds if and only if

max {u; + F (t, 2, u, ug, uzz), g —u} >0 ae. in O,
for any strict bounded subset O of Y.

Let O be a strict bounded subset of . Since Y = UneN Y" and the Y™’s are an increasing sequence
of subsets of ), there exists N € N such that O C Y7, for all n > N. Without loss of generality,
assume that N = 1. It is then enough to show that, on & = {(t,z) € O : u(t,x) > g(t,x)}, we have

up + F (t,x,u, up, ugy) > 0 ace. in O.

In particular, if £ = (), we are done. So, suppose not, and let k be large enough so

gk = {(t,a;) €0 :ut,x) > g(t,x) + ]1} # 0.

13



Then, there exists N*¥ € N such that ¢" < u™ on £F for all n > N*. To see this, choose N* such
that [u" — u| < 3= on ¥ (which exists since u” — u uniformly). Then recall that either (i) g" 1 g
pointwise, or (i) g" — ¢ uniformly. So, either (i) ¢" < g < u — % <u-— i < u” on EF and we
are done, or (ii) g" converge uniformly to g. In that case, choose NF such that lg" — g] < ?%k for all

(t,z) € O, and again, it follows that ¢" < g + ﬁ <u— i < u" in EF for all n > max {Nk,Nk}.

Since g, < up on EF for n > N* we conclude from (Eq") that, for all n > N¥,
ull + F™ (¢, z,u™, u”,u”,) = 0 a.e. in EF,

Similarly to the first part of the proof, for all m > N, define

H™ (t,x, v, U50) = 51>1p {vg + F" (t,x,u" ul, vgs) }
n>m

Again, observe that, for n > m and for almost every (t,z) € £F,

H™ (t,x,ul,ul,) > 0.
Moreover, as above, for all m € N and all v; € R, H™(t,x,v;,-) is Lipschitz continuous in v, a.e.

in £k with

A< D, H™t,z v,-) < Aly.

Also, for any vy, € S% by the structure condition (SC), H™ is bounded in L? (O) as (u"),,cy is

1 3 1727p
uniformly bounded in W

in Wh2p (Ek) So, Theorem 4.2.6 in Krylov (2018) implies, for all m € N,

(Y) (as a weakly convergent sequence). Finally, by assumption, v — u

H™ (t, z,up, ugy) = nlgfn {ug + F" (t,z,u", uly, ugy) } = nh%nolo H™ (t,x,ul,u,) >0 ae. in EF.

But u; + F™ (¢, z,u™, ul, uzg) — us + F (t, 2, u, g, uzy) pointwise a.e. in Y by assumption. Letting

m — oo, we obtain
ug + F (t,x,u, up, ugz) > 0 a.e. in ek,
Since Jyen £F = €, it follows that
up + F (t, z,u, Uz, ugy) > 0 ae. in E.
This concludes the second part of the proof: u is an LP-subsolution of (Eq). [

REMARK 4 Theorem 2 is also valid for non-obstacle problems and viscosity solutions. To see this,
one can invoke Theorem 6.1 in Crandall et al. (2000) instead of Theorem 4.2.6 in Krylov (2018) in
the proof.
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4 Existence, uniqueness, and W!*?-estimate when |A4| < oo

Before considering the general case, we derive a more restrictive version of Theorem 1 when the
obstacle is the maximum of finitely many W !?P-obstacles and the following strengthening Assump-

tions 1 and 2 is imposed.
ASSUMPTION 1’ X is an CYEP open bounded subset of RY.
ASSUMPTION 2’ b:Y — R is in WH2P ().

LEMMA 2 Let p € (d+ 2,00] and suppose that Assumptions 1°, 2°, and 37 hold. If |A| < oo, then

(1) has an LP-solution u.

Moreover, u € WY2P () and there exists C = C (d, p,\, A, R, diam(X), T, ||0X ||o1.i) € Ry such
that

lulhyraooy < € {1+ magllhasn + Blhwsao + 1l ) )
If Assumption 8 also holds, the solution u is unique.

The proof builds on the approximation argument proposed by Byun et al. (2018) and Byun et al.
(2022), extending it to fully nonlinear parabolic obstacle problems. We first establish existence and
obtain a W12P_estimate when the obstacle is in W %P using known existence results and estimates
on the regularity of solutions of the Dirichlet problem, e.g., Theorem 12.1.7, 15.1.3, and 15.1.4 in
Krylov (2018). These estimates allow for an arbitrary continuous dependence of the operator on
the value of the solution u. As a result, we can sidestep the fixed-point argument in Byun et al.
(2018), streamlining the proof. We then show by induction that the existence and regularity results

for a single W12P-obstacle carry to the pointwise maximum of a finite number of W 2P-obstacles.

Proof. We prove Lemma 2 for p € (d + 2,00). The case p = oo follows from the existence of an
LP-solution for some p < oo and a classic embedding theorem (see, e.g., Lemma 3.3, page 80, in
Ladyzenskaja et al. (1968)), which guarantees that max{||u||Loo(y) , HUxHLoo(y)} < Clullyrzey)
for some C' € Ry that depends only on d,p,diam(X),T, and ||0X||q0.Li». The structure condition
(SC) and equation (8) below then implies that, for almost every (¢,z) € Y,

|ue] + Jttae| < C <1 TGl ooy + max 9% (w1200 ) + ||U”W1,2,p(y)>

for some C = C (d, \, A, R, diam(X), T, ||0X||co,Lip) € Ry. The conclusion follows from estimate
(6) and the boundedness of the domain.
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Accordingly, consider the case p € (d+2, 00). Without loss of generality, assume that A = {1,..., 1},
with I € N. The proof is by induction on I. For all I € N, define property P(I) as follows:

If g = I{TilaXI} g® with g¢ € WH2P(Y) for all @ € {1,...,I}, then (1) has a unique
ag{l,...,

LP-solution u € W2P ()). Moreover, u satisfies the estimate (6).

We start by proving our base case: P(I = 1). Let g' € W2P ()) with g' < bon 9Y. For all € > 0,
let . € C*® (R) be a nondecreasing function such that ®.(a) = 0if a <0, and ®(a) =1 if a > e.
In particular, for all a € R, ®(a) € [0,1]. Define also h'(t,z) = —g — F (t,z,¢", 9%, 92,). Let
(€n)pens € Ry be a sequence such that €, — 0 as n — oo; and consider the following auxiliary
nonlinear Dirichlet problems. For all n € N,

F(t,z,u™ v, ul,uly) = h'(t,z) T @, (u" —g') — hl(t,z)" in Y,

x) T

(D)
u" =bon 9).
By Assumptions 4 and 7, h'(¢, ) is in LP () with
18 oy < €™ (14 9 lwray + 1G1 o) ) » (7)

where CM' = C(d,p,\,A,R) € R;. By Theorem 15.1.4 in Krylov (2018), for each n € N, there
exists a solution u® € WH2P()) of (D). Moreover, by Theorem 15.1.3 (using Lemma 12.1.9 in
Krylov (2018) to bound |[ul|«(yy and Theorem 9.8.1 in Krylov (2018) to obtain the modulus of

continuity of u),

[0y < € (14 8" lyrnnyy + lwnssy + 16l
where C'= C (d,p, \, A, R, diam(X), T, ||0X||¢1.Lip) € Ry is independent of €.

W12P()) is separable and reflexive.!? Therefore, its closed bounded subsets are weakly sequentially
compact by Theorem 1.32 in Demengel et al. (2012). Moreover W12? () is compactly embedded
in C°(Y) by Rellich-Kondrachov’s theorem (Theorem 2.84 in Demengel et al. (2012)). So, there

exists a function u € WP (¥) NCY (V) and a subsequence (u™ )ijen € (u"),en such that

u™ — u in WH2P (),

u™ — u in CY (J_)),

2The space LP are uniformly convex for p € (1,00), hence so is W% ())) for p € (1, 00). Therefore it is reflexive
by Theorem 1.40 in Demengel et al. (2012).
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as j — co. Moreover, u satisfies the estimate (6):

HUHWl,Q,p(y) < hjn;l)lorolf HunJ HWLQJ’(:)J)
< C (14 ]| Iy 2y + Wbllwrzny + 1G oy ) -

There remains to show that u € W1H2? () is an LP-solution of (1).
First, for all j € N, ™ = b on 9), and (u"% )jeN converges uniformly to v on Y. So, u = b on 9.

Second, we prove that
ug + F (t,x,u, ug, ugy) < 0 ace. in ).
For all j € N and a.e. (t,z) € ),
w? + F (t 2,0, g’ ugh) = hl(t,x)"’(I)Enj (um — gl) —hl(t,x)" <o,
So, for all j € N, u™ is an LP-supersolution of
u? + F (t,x,u”j,ugj,u%) =0.
Theorem 2 then implies that w is an LP-supersolution of

up + F (¢, u, Uy, Ugy) = 0 in .

Next, we show that u > ¢! a.e. on Y. For each j € N, define
Vo, = {(t,z) €Y : g'(t,z) > u"(t,z)}.

We will show that, for all j € N, V,,, is empty, by contradiction. Suppose not, i.e., Vy, # () for some
j € N. Since both 4™ and g' are continuous on Y, Vn; is open. Moreover, since b > gt uv = g'
on V. On vy, P, (u(t,x) — g(t,x)) = 0. So u™ € WhH2P (}) is an LP-solution of

u’ + F (t,x,u"ﬂ,uxj,uxé) = —h'(t,z)* in Vn;

u" = g' on OV,
Since —h!T < —h!, u is an LP-solution of

u? + F (t,x,u”j,ugj,ugﬁc) < —hl(t,z) in Vn,

u™ = g' on V.
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But, by definition of h!, g € W12P (Y) is an LP-solution of

gtl +F (tawvglagglmg;x) = _hl(tax) n an

gt =g' on MWV,

Therefore, by our comparison principle (Proposition 1), g < 4™ on )_/nj: a contradiction. So, for
all j € N, V), = 0, i.e., u™ > g' on ). Taking limits, as (u"s )jeN converges uniformly to u on Y,

uzglony.

So far, we have shown that © = b on 9) and that
max{ut + F (t, 2, u, Up, Ugg) , g — u} <0 a.e. in )Y,
i.e., u is an LP-supersolution of (1), with u = b on Y. To conclude, there remains to show that
max {ut + F (t, @, u, Up, Ugg) » g — u} >0a.e. in ).
We do so by showing that, on the open set U = {(t,z) € Y : u(t,z) > g'(¢,z)}, we have
ug + F (t, x, u, ug, ugy) > 0 ace..

By definition of @, note that @, (u" (t,x) — g(t,x)) — 1 pointwise a.e. as j — oo onU. Therefore,
for all (tg, o) € U and D > 0 such that Cp(to,x9) C U, by Theorem 2, u is an LP-subsolution of

ug + F (t, 2, u, Uy, gy ) = 0 in Cr(to, x0).
Since (to, o) € U was arbitrary, we obtain
max{ut + F(t,x,u, Uy, Ugy) , gt — u} >0a.e. inlU.
So,
max{ut + F (t, 2, u, Ug, Ugg) , ' — u} >0a.e. in ).

and v is an LP-solution of (1) with I = 1. This concludes the base case of our induction argument.

Next, suppose that P(I) holds for some I € N. We show that it also holds for I 4 1. Let ¢g/*! €
W22 () with g’t1 < b on Y. Define K/t = —gITt — F (t,z, 9", gl gI+1); and consider the

T

following sequence of auxiliary problems. For all n € N,

max {u? + F (t,um uf, ult,) — BT 2) T, (u — ") + ATt 2) T,

max gi — u"} =0in ), (DI+1)
ie{1,....1}

u™ = b on 9.
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By our induction hypothesis, for all n € N, (D/*!) has an LP-solution u™ € W52 (), with

”UnHWlJ,p(y) <C (1 + ie?llaxl} ||9||W1,27p(y) + HbHle?»P(y) + ”GHLp(y) + HQIHHWLQ,,JO;)) )

geeey

where C' = C (d,p, \, A, diam(X), T, ||0X||;1.Lir) € Ry is independent of €, since

HhI—HHLP(y) < ol (1 + HQI—HHWL“’O’) + ||G”Lp(y)) .

Proceeding exactly as in the case I = 1, we see that the sequence (u"), .y has a subsequence that
converges weakly in W27 () and strongly in C° ()) to some u € WP (Y). Moreover, following

the same steps as above, one can show that u is an LP-solution of (1) with I + 1 obstacles.

To conclude, there only remains to show that the bound (6) on the W2 -norm of u holds. Note
that wy = g4, Uy = gu, and uyy = gyr a.e. on {u = g}. This follows from the proof of Corollary
3.1.2.1 in Evans (2018), using Proposition A.1 in Crandall et al. (1998) instead of Rademacher’s
Theorem. So, u € W12P (Y) solves

up + F (t, 2,0, g, Ugg) = 1 { }hi(t’x) (t,z) — B2 (¢, 2), (8)

> it
u> _max g (t,x)

where h'(t,z) = —g{—F (t, 2, 4", g%, g.,,) and i(t, z) is a measurable selection from arg {max }gi(t, x).
ief1,.. 141
The result then follows from Theorem 15.1.3 in Krylov (2018) (using Lemma 12.1.9 in Krylov (2018)

to bound ||ul|fe0(y;) and Theorem 9.8.1 in Krylov (2018) to obtain the modulus of continuity of ).
By induction, the result holds for all I € N. This concludes the proof of Lemma 2. |

Applying Theorem 12.1.7 and Lemma 12.1.9 in Krylov (2018) to (8), we also obtain the following

interior W12P-estimates and L bound.

COROLLARY 2 Letp € (d+2,00] and suppose that Assumptions 1’, and 2-7 hold and that |A| < oco.
If w is an LP-solution of (1), then, for all compact subset )" of Y,

1
/ < @ p P T ./~ A 0o .
lullwrzpgn <C (1 +21€1§ 9% lwr20y + Gl Loy + &isi (V") lull (y))
where C = C (d,p, \, A\, R, diam (X),T) € R;..

Moreover, there exists C*° = C* (d,p,\, A, R, T, diam (X)) € Ry such that

ol < € (1+ 161y + 530 5"z + llmir ) -

5 Proof of Theorem 1

We first prove the result for the special case of smooth domains.
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LEMMA 3 Let p € (d+ 2,00] and suppose that Assumptions 1°, 2’, and 3-7 hold. Then (1) has an

LP-solution wu.

Moreover, u € W12 (Y) and there exists C = C (d,p,\, A, R, diam(X), T, ||0X ||o1.i) € Ry such
that

Julhgsasoy < € (14508 1o yssncry + P2y +1Glncr ) - )

If, in addition, Assumption 8 holds, then u is the unique LP-solution of (1).

5.1 Proof of Lemma 3

Building on Lemma 2, we We approximate the obstacle g = sup g* by a sequence of obstacles that
acA
satisfy the Assumptions of Lemma 2. We then invoke the stability result for obstacle problems

derived in Section 3.2 (Theorem 2) to conclude.
Proof. Uniqueness follows from Corollary 1. So, we only need to show existence.

Since A is separable and and ¢ is continuous in a, there exists a countable dense subset A? C A

such that sup g = sup g% on ). Moreover, there exists a sequence (AO’")n N of finite subsets of
acA acAo

AY such that sup ¢% converges pointwise from below to sup g°.
a€A0n ac A0

For all n € N, Lemma 2 guarantees that there exists a solution u™ € W12P (Y) of

max {ut + F (t,z,u,uy, Ugy), sSup g% — u} =0in Y,
aeAO,n

uw=>bon ).

Moreover, for all n € N,

[u" w12y < C <1 + sup g Nlwr2 ) + 10llypr2m ) + ||GHLp(y)> :

Since W12P () is separable and reflexive, its closed bounded subsets are weakly sequentially com-
pact by Theorem 1.32 in Demengel et al. (2012). Moreover W12 ()) is compactly embedded in
CY (¥) by Rellich-Kondrachov’s theorem (Theorem 2.84 in Demengel et al. (2012)). So, there exists
a function u € WH? () N €% (Y) and a subsequence (u" )jen € (u"),en such that

u™ — uin WhH2P ()

u — u in CY (37) ,
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as j — oo. Furthermore, u satisfies the estimate (9):
Jullyrnyy < it 0y
<C (1 + SEE ||gaHW1,2,p(y) + ||bHW1127p(y) + ||GHLp(y)> .
a

To conclude, there only remains to show that u is the solution to (1), which follows from Theorem
2. n

From the proof of Lemma 3 and Corollary 2, we obtain the following interior W1 2?P-estimates and
L bound.

COROLLARY 3 Let p € (d + 2,00] and suppose that Assumptions 1°, and 2-7 hold. If u is an
LP-solution of (1), then, for all compact subset V' of Y,

a 1
lull 2oy < C (1 + i‘ég 9% w120y + Gl Loy + dist(V.y) ‘UHLOO(J))) :

where C = C (d,p, \, A, R, diam (X),T) € R;.

Moreover, there exists C° = C* (d,p, \, A, R, T, diam (X)) € Ry such that

e < € (15 G0y + 508 19 hwr oy + [llmi ) -

5.2 Proof of Theorem 1

Lemma 3 guarantees that the obstacle problem has an LP-solution when X and b satisfy Assumption
1’ and 2’. To generalize the result to the weaker Assumptions 1 and 2, we study a sequence of
equations, each satisfying the Assumptions of Lemma 3, that converges to the equation (1). In
particular, we approximate (i) X by a sequence of smooth domains whose cone parameters are
uniformly controlled, and (ii) b by a sequence of equicontinuous functions in W%2? ()). The LP
solutions of the equations in the approximating sequence form an equicontinuous (Lemma 4) and
weakly compact (in WP ())) family. Arzela-Ascoli’s theorem then guarantees that a subsequence

loc

converges uniformly on the compact subset of ) to some function in Wlif’p Y)nco (37) Finally,

we invoke the stability result for obstacle problems (Theorem 2) derived in Section 3.2 to conclude.

LEMMA 4 Let p € (d + 2,00] and suppose that Assumptions 1°, 2’, and 3-7 hold. Let u be an
LP-solution of (1). For all D > 0, there ezists a family of modulus of continuity wp such that, for
all (t,x), (t',2') € YN Cp(0,0),

‘u(t, x) —u(t, x’)‘ < @p (‘(t,a:) — (t’,x’){) , (10)
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where p depends only on p,d,\, A, R, D, Slég HgaHW1,2,p(ymoD+1(0,0))’ HGHLP(yﬂCD+1(O,0))7 ||UHL°°(ymCD+1(0,0))7
a

the modulus of continuity of b in Y N Cp41(0,0), the parameters of the cone condition of X on

X N Bp41(0), and ||ull oo (ynep, 4 0,0))-

Proof. By the structure condition (SC), for any LP-solution u of (1) and almost all (t,z) €
YN Cp41(0,0), we have

max {us + F(t, 2, u, Uz, Uge), g — U}
< g+ Py () + Rlual + C (1 e 00 + 512 1]+ 191+ lo] + a2al) + Gt x>) ,
for some C' > 0 depending only on p,d, A\, A, R, and D. Similarly,
max {uy + F(t,z,u, Uy, Uzy), g — u}
> s+ Py (tae) — Rlug] — C (1 e lull ey + 32 1] + Lo + 1921+ 9]) + G(t,x>) .
Define u : 0 (¥ N Cp+1(0,0)) as

b(t,2) if (t,) € (9Y) N Cp(0,0),
dist ({(t, )}, Cp41) b(t, z)
+ (1= dist ({(t,2)}, Cp+1)) Ul 1 ynop 0,0y I (:2) € 0V 1 (Cpta \ Cp(0,0))
| ul e nc o) 1F (1:2) € 0N Cpia(0,0))\ 9.

Similarly, define u : 9 (Y N Cp+1(0,0)) as

(

b(t,2) if (t,) € (9Y) N Cp(0,0),
dist ({(t,2)},Cp41) b(t, x)

— (1 =dist ({(t,2)}, Cpy1)) lul Lo (yncp .y 0,0)) 1 (8:2) € Y N (Cpya \ Cp(0,0))
— Ul yncp 0,0y I (E2) € 0(Y N Cp4a(0,0)) \ 0.

In particular, note that @’s and u’s moduli of continuity are controlled by ||ul| je(yncy,,(0,0))> and

the modulus of continuity of b on dY N Cp41(0,0), and that @ > u > w on 9 (Y N Cp4+1(0,0)).
It follows that u is also an LP-subsolution of
v + P;\F,A (Vzz) + R v
=-C (1 + l[ull oo (yrcp 11 (0,0)) + 5WPaca (19° + |97 + |92] + |9z21) + G(tﬂ?)) in YN Cp+1(0,0),
v=1uon dYNCps1(0,0),
(11)
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and an LP-supersolution of

vr + Py s (Vgz) — R|vz]
=C (1 + [ull Lo (yrcp 1 0,0)) T SWPaca (199 + |97 + |92] + lgz.1) + G(t#ﬁ)) in YN Cp1(0,0),
v=wuon dYNCps1(0,0).
(12)
By Theorem 4.5 in Crandall et al. (1999), there exists a viscosity solution U of (11) and a viscosity so-
lution U of (12) whose moduli of continuity depend only on p,d, A, A, R, D, sgg llg®l WL2(YNCp1 (0,0))
a

HGHLP(JJOCDJrl(O,O)) ) HU’HLOO(J}OCDH(O,O))’ the modulus of continuity of b on ¥ N Cp41(0,0), and the
parameters of the cone condition of X on X N Bp4+1(0). By our comparison principle (Proposition
1), since u < u < @ on Y NCp(0,0),

U<u<Uon)YNCpys1(0,0).

Therefore, for all (t,z) € Y N Cp(0,0) and all (£,2) Y N Cp(0,0),

lu(t, ) — b (t,2)] < max {|U(t,z) — b({,z)

NUt x) = bt 2)|} < Dboundary (| (8 2) — (£, 7)]).

(13)
where Wyoyndary 1 @ modulus of continuity depending only on p, d, A, A, R, D, iléa llg® le,z,p(ymcDH(o,o))a
||G||LP(JJOCD+1(O,D)) , ||u||L°°(8ymCD+1(O7O))7 the modulus of continuity of b on 9Y N Cp41(0,0), and

the parameters of the cone condition of X on X N Bp4+1(0).

Finally, by Corollary 3 and a Morrey-Sobolev embedding theorem (Theorem 2.84 in Demengel et al.
(2012)), u is a-Holder continuous on any compact subset )’ of YNCp1 (0,0) for all « < 1—(d+1/p),
with Hélder norm bounded above by

o (1 + sup 9% w120 vncp s 0.0) + 1l Lo vncp 0,0 + ”GHLP(JJHCDH(O,O)))
where CH depends only, as above, on p,d, A, A, R, D, and on the distance of the compact set to the
boundary dist()’,0Y).
Combining these two estimates, we obtain the desired modulus of continuity wp. |
Proof of Theorem 1.

Uniqueness follows from Corollary 1. The remainder of the proof shows existence and establishes

the interior estimates (2).

By Theorem 5.1 in Doktor (1976), there exists a strictly increasing (in the sense of set inclusion)

sequence of bounded smooth open subsets of X', (X},) and a constant M > 0 such that, for all

neNs
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n €N,
maX{Ha‘X”CDyLip ) HaXanO,Lip} < M.

By Theorem 1.2.2.2 in Grisvard (2011), both X and X, n € N, satisfy a uniform exterior cone
condition of size (L, 6), for some L, 6 > 0 independent of n. In particular (L, #) depends only on M
and diam(X).

Define Y, = [0, %T ) X X, and consider the following sequence of nonlinear obstacle problems:
for all n € N,

max {uy + F (t, 2, u, Uy, Ugy), g —u} = 01in Y,

(Edn)
uw=">0" on 0Y,,

where b, € WH2P()) for all n € N, and b — b € CO(Y).

By Lemma 3, for all n € N, there exists a unique LP-solution u™ € W12 (),) C V[/lt)’cz’p (Vn) N

CY (V) of (Eqn). Extending all the the u™’s by u™(z,t) = b(z,t) on Y \ V,, we obtain a sequence
(u")pen C WP (V) € W27 (V)N C (V).

loc
Next we show that the sequence (u™), o has a subsequence that converges (i) uniformly in C° ()
and (ii) weakly in VVli’f’p (Y) to some function u € T/Vlif’p Y)nc(y).
We start with (i). By Lemma 4 with D > T'V diam(X’) (using Lemma 12.1.9 in Krylov (2018) to
uniformly control [[u"| (yy, n € N), the sequence (u™),,cy is equicontinuous. As a result, it has
a convergent subsequence in C° ()7) by Arzela-Ascoli’s theorem (Theorem A.5 in Rudin (1973)),

which, with a small abuse of notation, we relabel (u"), cx-

Next, we show (ii). Ie., the above convergent subsequence in C° (37) has a weakly convergent

subsequence in I/Vl})’f’p (¥). To do so, we prove that W12P-norm of the u™’s restricted to any

compact subset of ) is eventually uniformly bounded.

It is easy to see that, for all n > 3, u™ € Wlif’p (V) Nnce (37n) is also an LP-solution of

max {u; + F (t,z,u, Up, Ugz), g — u} = 01in YV
u(t,x) = u"(t,x) on OV,

for all n’ < n — 2. So, by Corollary 3, for all n > 3 and all n’ <n — 2,
[4h203,0 < O (14 161y + 500 19 yrsncry + ol ) (14

for some C™ = C™ (d,p,\, A\, R, diam (X),T,dist(Vp, Y1) € Ry. Crucially, the right-hand
side of (14) is independent of n.
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We then show that there exists a subsequence of (u"), .y that converges to the limit u € CO (:)7)
obtained in (i) by a diagonal argument, and, therefore, that u € VVlif P(Y)NC(Y). For all n > 3,
by (14),

[ Iz 3,y < c! <1 Gl Lry) + Slellj 19 lwrr.2.03) + ||b||L°o(y)> :

Wh2P ()1) is separable and reflexive, and, hence, its closed bounded subsets are weakly sequentially
compact by Theorem 1.32 in Demengel et al. (2012). Moreover W2P());) is compactly embedded in
C° (1) by Rellich-Kondrachov’s theorem (Theorem 2.84 in Demengel et al. (2012)). So, there exists
a function @ defined on Yy which restriction on )); is continuous, and a subsequence (u™) -

jeN =
(u™),,en such that
u™ — 4 in WH2P ()))
w — 4 in C° (371) ,
as j — oo. In particular, & must coincide with u on ).

Proceeding with the diagonal argument, we see that there exists a subsequence (u"7);cy € (un)
such that

neN

u™ — q in I/Vllo’cz’p V)

u™ — uin CY (),

as j — 0o. Moreover, u satisfies the interior estimates (2) since, for all n € N,

Jullsongyy < Hmint o o,
< " (1+ 161y + 530 15"z + llmi) )
a

That is, u € W27 (Y) N CO () and u satisfies the interior Wh*P-estimates (2).

loc

There remains to show that u € V[/lf)’f’p (¥) N C®(Y) is an LP-solution of (1). By construction,

(u™)jen € W22 (V7)) N CO (Vr) converges to u weakly in W,5*P (V) and uniformly on . The

loc

result then follows from Theorem 2. [ |
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