Foundations for the New
Keynesian Model



Objective

e Describe a very simple model economy with
no monetary frictions.
— Describe its properties.
— ‘markets work well’

* Modify the model to include price setting
frictions.

— Now markets won’t necessarily work so well,
unless monetary policy is good.



Model

 Household preferences:

0 1+¢
Eo Zﬁt{logCt — exp(tt) i\ljr p }
t=0

Tv = Ateg + €F, €f~iidN(0, 52)



Production

e Final output requires lots of intermediate
Inputs: 1 e1 7
Ytz[j Yi?di} e>1
0
 Production of intermediate inputs:
Yi,t = eatNi,t, Ay = pAat_l + 8?, 8?~iidN(O,G§)

e Constraint on allocation of labor:

1
j Nidi = N,
0



Efficient Allocation of Total Labor

e Suppose total labor, Ny, is fixed.

e What is the best way to allocate N{ among the
various activities, 0<i<17?

e Answer:

— allocate labor equally across all the activities

Nit = N, all |



Suppose Labor Not Allocated Equally

e Example:

/

20N | € [O,%]

Nit = < ,0<a<1
") 20-eN ie[4,1]

 Note that this is a particular distribution of
labor across activities:

i 1 1o _
N|td| ZOCNt + 2(1 a)Nt = N
0 2 2



Labor Not Allocated Equally, cnt’d
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Economy with Efficient N Allocation
e Efficiency dictates
Nit = Ny all i
e So, with efficient production:
Y = eatNt
e Resource constraint:
Ci <Y

e Preferences:

1+
N€0

Eo Z(IogCt —exp(rt) 1-t|-§D ), Tt = ATig +8f, 6tT~iid,

t=0




Efficient Determination of Labor

 Lagrangian:

7 n1Fe N
—log Ct—exp(zt) 1t+<o
maxEo ) < U(Ci,Ni7t) +Ae*Ni—Ci] >
Ct,Nt
t=0
\_ S

 First order conditions:
Uc(Ci,Ni,7t) = At, Un(Ci,Nt, 71) + 1% =0

* Or:
Un,t + UC’teat — 0
__du
marginal cost of labor in consumption units= dt't jﬁ:
acy |
marginal product of labor
—
—Unt —a

— at
Uct €



Efficient Determination of Labor, cont’d
e Solving the fonc's:

—U n,t eat

Uct
Ciexp(z¢)N{ = e
et Nyexp(zi)N{y = e

- Ne=eo( 1)
Tt

- Ct = exp(at — )
1
* Note: T

— Labor responds to preference shock, not to tech
shock
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Decentralizing the Model

* Give households budget constraints and place
them in markets.

e Give the production functions to firms and
suppose that they seek to maximize profits.



Households

e Solve:
00 N1+gp
maxEg Zﬁt{log Ci — exp(zt) 1 t }
t=0 e
e Subject to:
bonds purchases int wage rate profits (real) interest on bonds
f_/R \. ,_/g ’—J\
Ci+ Bt < "Wt N+ me + -1 Bt

e First order conditions:

—Unt
Uct

= Ciexp(r¢)N{ = wy ‘marginal cost of working equals marginal benefit’

Uct = BEtUctalt ‘marginal cost of saving equals marginal benefit’



Final Good Firms

* Final good firms buy Yj;,1 € (0,1), at given
prices, Pjt, to maximize profits:

1 -
Yt — —‘.0 Pi,tYi,tdl

e Subject to

1 -
> Yie = PifYe, 1= | Pl



Intermediate Good Firms

* Foreach Y;; thereis asingle producer who is a
monopolist in the product market and hires labor, Nj+
in competitive labor markets.

 Marginal cost of production:

subsidy payment to firm
—
1-— Vv Wi
dCost

(real) marginal cost=s; = ddvc\;azpkuetr - exp(at)
t

dwor ker

e Subsidy will be required to ensure markets work
efficiently.



Intermediate Good Firms

Demand curve

Yi,t = Pl_{th

Marginal cost, St

e

/

Marginal revenue




ith Intermediate Good Firm

Problem: MaXn; PitYit — StYit
Subject to demand for Yit:  Yit = Pig Y

Problem:
n|1\|aXPItPEt8Yt — StPEtht
fonc : (1-¢&)PifYi+ esiPif 'Y =0

Pit = — < 7St ‘price is markup over marginal cost

Note: all prices are the same, so resources allocated
efficiently across intermediate good firms.

1
Pit = Pjt = 1, because 1 = J Piredi
0



Equilibrium

e Pulling things together:

1 =

£ g = £ (1 -v)w
e—1 e—1 exp(a)

household fonc
—A el-v)
c—1

—Unt
Uct

exp(at)

.. ¢(1-v)
If i
— N

—Un,t
Uct

exp(ar)

fl-v=

| If proper subsidy is provided to monopolists,
employment is efficient:

—Un t
Uct

g—1

= . then

= exp(at)




Equilibrium Allocations
e With efficient subsidy,

4 functional form resource constraint
— 1
ML =~ Ciexp(t)NY —= exp(ay) exp(z)N; ™ = exp(ar)

Uc,t
Moo 1)

Ci = eaN; = exp(at — 1?@ )

 Bond market clearing implies:

B: = 0 always



Interest Rate in Equilibrium

* Interest rate backed out of household
intertemporal Euler equation:

Uct = BEwUctalt — 1 PE: 1 I't

Ct Cti
T BE 1Ct B ﬂEtexp[%:t —cu1] ; T
tCos + ﬁEtexp[at —aw — T
— 1 ,Vt—ag+< 1 )26%
ﬁexp[Et(—Aam - %T) + %V] l+o

Ct+1—Ct
logr; = —log B + Et<Aat+1 — %@“) + %V
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Key Features of Equilibrium Allocations

Allocations efficient (as long as monopoly power
neutralized)

Employment does not respond to technology

— Improvement in technology raises marginal product of
labor and marginal cost of labor by same amount.

First best consumption not a function of
intertemporal considerations

— Discount rate irrelevant.

— Anticipated future values of shocks irrelevant.

Natural rate of interest steers consumption and
employment towards their natural levels.



Introducing Price Setting Frictions
(Clarida-Gali-Gertler Model)

e Households maximize:

1+
N€0

Eo Z(IogCt —exp(rt) 1-t|-§D ), Tt = ATig +8f, Etr"'iid,
t=0

e Subject to:
PiCt + Btir < WiNt + R1Bi + Ty

e Intratemporal first order condition:

We

Ct exp(rt)Nip = P,



Household Intertemporal FONC

e Condition:

. Uc t+1 Rt
L=FE Uct 1+ 7wy
— Oor
1 = E L R

Ci1 1+ 7w
= BEiexp[log(Rt) — log(1 + 1) — AC1]
~ Bexp[log(Rt) — Eimy1 — EtACu1], €t = log(Cy)

— take log of both sides:

0= |Og(ﬁ) + It —Eime — EtAC'H_l, Nt = |Og(Rt)
— Or
ct = —log(f) — [ri — Etwe1] + Craa



Final Good Firms

 Buy i, i< [0,1] at prices p;; and sell v, for p,
e Take all prices as given (competitive)

e Profits:
PtYe — Jé Pi:Yidi

e Production function:

1 8
Yi = |:"‘O Y|,tl i| dl g > 1,

e First order condition:

V= (H)T o= (fPET)



Intermediate Good Firms

Each ith good produced by a single monopoly

producer.

Demand curve:

Technology:

Yie = Yo(54) "

Yi,t = exp(at)Ni,t, Aat = pAat_l ~+ 8?,

Calvo Price-setting Friction

Pi,t = <

/

.

P. with probability 1 — 0
Pi:  with probability 6



Marginal Cost

dCost

- “Gwor ker 1-v)W/P
real marginal cost= s = —SHorker ( YWi/Py
> exp(at)
dwor ker

=£L1 in efficient setting
f_H
(L-v)  Ciexp(zoN{

exp(at)



The Intermediate Firm’s Decisions

e ith firm is required to satisfy whatever
demand shows up at its posted price.

* [t’s only real decision is to adjust price
whenever the opportunity arises.



Intermediate Good Firm

* Present discounted value of firm profits:

period t+j profits sent to household

A

- marginal value of dividends to household=uc t,j/Pt.j revenues total cost
. A f_% r A N\
E+ z :/3’ Vt4j PitiYitsj — PtejStej it
J=0

e Each of the 1-0 firms that can optimize price
choose P, to optimize

In selecting price, firm only cares about

future states in which it can’t reoptimize
——

Et Z p! 0! Ut+j[|5tYi,t+j — PtyjStyj Yits -



Intermediate Good Firm Problem

e Substitute out the demand curve:

Et D (B0) vei[PeYinsj — PrijSuijYigi]
j=0

= Et 2(59) Vtj Y P t+1[|5 Pt+j5t+j|5t_8]-
. leferentlate with respect to p, :

aZ(ﬁ@)"vam £i[(L—&)(PO) ™" + ePujsuiPrt] = 0,

¢ Or

et P
Et Z(,BQ) Ut+th+th+Jl|: Pt:_J — < f 1 St_|_ji| — 0




Intermediate Good Firm Problem
e Objective:

Z“’  U'(Cuj) p
J J De+l t E . _

00 - |5
—> Et Z(ﬁ@)JPtH[ Pt:_J - Tngtﬂ'} — 0
j=0

Ee D (BOY (Xey) *[ PXej = —Esei | = 0
j=0

~ 1 1 >
Pt 7_Tt+jﬁ't+j—1'"7_ft+1 ’ J T 1

pt — ﬁ; Xt,j — 1 j _ O ) Xt,j — Xt+l,j—1 ﬁ.t+1 )

] >0




Intermediate Good Firm Problem

e Want Pt in:
EtZio(ﬁe)j(xt,j)_g[ﬁtxt,j - ng:LSHj:I =0

e Solution:

B LB Xu) sy g,
e, F

Pt =

* But, still need expressions for K, Ft.



E, Z(ﬁH) (Xt) "~
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_E¢ by LIME
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D (BOY X — s

TTt+1
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4
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 From previous slide:

Ki = —£—s: + POE. (ﬂ}ﬂ ) Keaa.

e Substituting out for marginal cost:
dCost/dlabor

—
W,/P;

c—1 St = c—1 ( - V) dOutput/dlabor
/_H
exp(at)

:\g—tt by household optimization

exp(z)NYC,

= 68 (1-v)

-1 exp(at)



In Sum

* solution:
5 _ DB X)) sy
t — o - ¢ B =
Ee 25 (B0) (Xe)'* i
* Where:
o ¢ exp(zy)N{Cy 1 \°
=0T T Tep@) ’BQEt( T ) Rt

Fo= Eo Y (B0) ()™ = 1+ OE(
j=0

1-¢
1 ) |:t+1

T t+1



To Characterize Equilibrium

 Have equations characterizing optimization by
firms and households.

e Still need:

— Expression for all the prices. Prices, Pit, 0 <1 <1, will
all be different because of the price setting frictions.

— Relationship between aggregate employment and
aggregate output not simple because of price
distortions:

Y: + e%Ny, In general

* This part of the analysis is the reason why it made
Calvo famous — it’s not easy.



Going for Prices

e Aggregate price relationship

1 e
P = UO Pf}"”di]l

1
_ Pt di + [ p-di ]

|:-‘. firms that reoptimize price firms that don’t reoptimize price

all reoptimizers choose same price 1

—— [(1 P + | Pi(}‘g)di]_g

firms that don’t reoptimize price

In principle, to solve the model need all the
prices, Pt Pit, 0<i<l1

— Fortunately, that won’t be necessary.



Key insight

Piidi

j firms that don’t reoptimize price int

add over prices, weighted by # of firms posting that price
—

[ ‘number’ of firms that had price, P(®), int—1 and were not able to reoptimize in t
J

ft—l,t (@)

P(w)*®

do



Applying the Insight

* By Calvo randomization assumption

total ‘number’ of firms with price P(w) int-1
—N—
fi1t(@w) = 0 % fii1(w) , forall o

e Substituting:
P di = [ fiar(@)P(@)*do

I firms that don’t reoptimize price

y: j fr1(0)P (@)% do

= 0P



Expression for Pt in terms of aggregate

inflation

 Conclude that this relationship holds between
prices:

1
1

Pi=[(@-0)PF? +0PE7 |

— Only two variables here!

e Divide by P;:

(1-¢) 1T
—€ 1-¢
[(1 0P + 6(—%) }
¢ Rearrange.

N 1076
Pt = |: 10 i|




Relation Between Aggregate
Output and Aggregate Inputs

e Technically, there is no ‘aggregate production
function’ in this model

— If you know how many people are working, N, and
the state of technology, a, you don’t have enough
information to know what Y is.

— Price frictions imply that resources will not be
efficiently allocated among different inputs.

* Implies Y low for given a and N. How low?
e Tak Yun (JME) gave a simple answer.



Tak Yun Algebra
1 1 labor market clearing
Y = jOYi,tdi ( jOAtNi,tdi —— AtNt>

demand curve

—=- Ytj (P”> di

1 _ .
_ Ytpfjo(Pi,t) 2di

= YiP{(P{)

Where: . “;P&gdi]l - 0)Pre +6(PEy) 1™



Relationship Between Agg Inputs
and Agg Output

* Rewriting previous equation:
P* & .
= (B v

— pE“eatNt’
o ‘efficiency distortion’:

/Sl

R
Pt =1 Piy = Pjy, all1,]

\



Example of Efficiency Distortion

Pj,t:<( PP 0=i=a PE"_(Pt) B [“+(1 “)<P2>
P2 a<j=<1 a+(1 a)<P2>

J

logP1/P?



Collecting Equilibrium Conditions
* Price setting:

exp(zi )Ny Cy
At

-1

Ft = 1+ BOEwmEiF (2)

* Intermediate good firm optimality and
restriction across prices:

=P+ by restriction across prices
=Pt by firm optimality A

N = (e-1) f
ﬁ . 1 — 677:'[ ¢




Equilibrium Conditions

Law of motion of (Tak Yun) distortion:

~| o 1-07¢Y ﬁ+9ﬁ{?‘ _1(4)
Pt = 1-6 Pi1

Household Intertemporal Condition:
é — BE(=t Ry (5)

Ct+1 T t+1

Aggregate inputs and output:

Ct = p{keatNt (6)
6 equations, 8 unknowns:
v, Ct, p{, Nt, mt, Ky, Ft, Ry

System under determined!



Underdetermined System

Not surprising: we added a variable, the
nominal rate of interest.

Also, we’re counting subsidy as among the
unknowns.

Have two extra policy variables.

One way to pin them down: compute optimal
policy.



Ramsey-Optimal Policy

6 equations in 8 unknowns.....

— Many configurations of the 8 unknowns that
satisfy the 6 equations.

— Look for the best configurations (Ramsey optimal)

e Value of tax subsidy and of R represent optimal policy

* Finding the Ramsey optimal setting of the 6
variables involves solving a simple Lagrangian
optimization problem.



Ramsey Problem

®© 1+
max  Eo)_ ﬁt{<log Ci — exp(zy) M )
t-0

v,pi,Ct,N,Rt,t,Ft,Kt 1+ @

1 B Ry j|
+/11t_ Ct E: Ct+1 41

1 1-6(7)"" >_ o
+ A - (1-6 + —
Lf <( )< 1-0 Py

+ ﬂ,gt :1 + Etﬁf;%ﬂQFHl — Ft]

Ciexp(ri)N?
1 et

_ ol \ e
+/’L5t Ft(llgﬂé )1 —Kt:|

+ Aet[Ct — pFe2N¢ ]}

+/14t (1—1/)85 +Etﬁ97_ff+1Kt+l_Kti|




Solving the Ramsey Problem
(surprisingly easy in this case)

e First, substitute out consumption everywhere

1+
N(P

max Eo Z ,Bt{(log N + logp; —exp(zt) T jr p )
t=0

v,pt Nt,Rt, 71, Ft, Kt

definesR 1 edp R¢ }
1t_ Pt Nt tpﬁleamNHl Ttr1

1 1—9(7%0“)5_1 o
+ A - (1-0 + —
%) b <( )< T-6 i1

7+ Aa[1+ B POF 1 — Fi]

defines F

defines tax/+ Aa| (1-v)— £ 1 exp(zi)N{™ps + E¢fOR¢, Kt — Kt:|

_ o7l \1s
definesly)wt Ft(lle_ﬂé )1 _Kt:|}




Solving the Ramsey Problem, cnt’d
e Simplified problem:

1+¢
max EOZﬂt{OogNt + logp; — exp(zt) N; )

ntp Nt 1+g0

NS a1
+/12t[p§‘ ((1 9)( 10 ) +p?f1>}}

e First order conditions with respect to p{, 7t, N

1

. e o m (P i
Pt + B2t Oty = Ao, Tt = |: 1-0+0(pr ) , Nt = exp| - go + 1

e Substituting the solution for inflation into law
of motion for price distortion:

pr = [(1-0)+0(p; ) |0,



Solution to Ramsey Problem

Eventually, price distortions
eliminated, regardless of shocks

1
1 4
Tt = [@-0) +6pr) DT
When price distortions p *
gone, sois inflation. 7 = t;l

Efficient (first best) - Nt = exp( 1 —I— 1, )
1

allocations in real \
economy 1 —V =

—Cy = p;‘eatNt.

Consumption corresponds to efficient
allocations in real economy, eventually when price distortions gone




Eventually, Optimal (Ramsey) Equilibrium and
Efficient Allocations in Real Economy Coincide

Convergence of price distortion

0.98 —

0.96 —

0.94 —

‘ 7/‘/}}/7,,,,,,L77777*f———+————f——fff —
0=0.75¢=10
1
/ pi = [@-0) +0(pr ) 7T




* The Ramsey allocations are eventually the
best allocations in the economy without price
frictions (i.e., ‘first best allocations’)

e Refer to the Ramsey allocations as the ‘natural
allocations’'....

— Natural consumption, natural rate of interest, etc.



* Preceding provides important foundations for
the construction of the New Keynesian model.





