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1. Households

There is a continuum of households, indexed by h € (0,1). The h'® household’s preferences

are:
By p' lu () + F(LY) + v (—%)] ,
t=0 i

where ¢ and L} denote the h'" household’s levels of consumption and market work effort,
respectively. Also, Q" /P, is the real value of the part of its financial wealth that the household
chooses to hold in non-interest bearing form. The household faces two forms of uncertainty.
There is aggregate uncertainty that stems from uncertainty in the growth rate, y, of nominal
money balances: ~
My

My = Mt ’
where M, is the beginning of period aggregate, per capita, stock of money. In addition, the
household faces two forms of iodiosyncratic uncertainty. Being a monopoly supplier of its
own labor, it sets its wage rate. However, it can only adjust its wage at exogenously and
randomly determined times. Similarly, the household can only adjust Q" at exogenously
determined, random times. In modeling this, we follow Calvo. Thus, we seek to understand
the consequences of frictions in the adjustment of these variables, without modeling explicitly
what the source of those frictions is. A complete analysis would of course do so. Such an
analysis would recognize that the timing of household () and wage decisions is endogenous.
We hope that the outcome of our analysis is not distorted too much by our decision not
to model this. In any case, our modeling choices are made by a desire to study, in an
integrated framework, the operation of a variety of frictions studied in the literature. The
Calvo approach has become the standard for modeling frictions in decisions.

We further restrict the analysis by making assumptions which guarantee that the frictions
do not cause households to become heterogeneous in ways that are analytically difficult to
model and (hopefully!) not important from the point of view of the phenomena we seek to
understand. We do this by allowing households to enter into insurance markets against the
outcomes of these frictions. Again, here we follow standard practice.

The timing of household decisions is like this. At the beginning of the period, before
any uncertainty is realized, the households purchase consumption insurance. Then it is
determined whether households can adjust their ) and their wage. Households who can




adjust () do so before the current period realization of . Households who can adjust their
wage do so after the current realization of . Households also make an investment decision.
This is made before the realization of all uncertainty.

1.1. Consumption Insurance

Insurance markets open at the beginning of the period, before that period’s uncertainty has
been realized. Let s = (s7,s"), where s? = 1 indicates the household can change the current
period value of @), and s? = 0 indicates that it cannot. Also, s* indicates whether it can or
cannot change its posted nominal wage rate. We assume that the s;’s are independent over
time, with each other, and with all other random variables, with probability function, ¢(s).
We let

& = prob[st = 0], 1 = q,w.

We imagine that insurance against h is offered by perfectly competitive insurance com-
panies. For each possible value of p = 1 and s = 5, there is a representative, competitive
insurance company. This company sells contracts which pay $1 if 7 and 5 are realized
and nothing otherwise. The quantity of such contracts purchased by the A" household is
B"(3, i). Regardless of the value of s that is realized by the A household, the company
charges the h'" household a premium, &(5, 1) B"(5, i) if p = i and zero for all other values
of u. We work with symmetric equilibria, in which all households buy the same amount of
insurance, i.e.,

B3, 1) = B’(5, 1) = B(5, i) for all h, j,

each 5, ji." Then, the payout of the 5, ji insurance company is
P(3)B(s, ), p =
0, u #

==

The insurance company receives
6(s,m)B(s,p) if p = f,
0if u # p.
The zero profit condition on the insurance company is equivalent with
8(s, ) = ¢(s), for all p.

IBelow, we verify that a symmetric equilibrium actually exists.




1.2. The Household’s Decisions

At the beginning of the period, before s or u are realized, the household makes its decision
about B"(s, ). Then, s is realized. If the realization of s indicates that the household may
change Q", then it does so. Otherwise, it goes with Q" /i, where Q" denotes the previous
period’s value of Q" and i is the mean money growth rate. Either way, it splits up M" into
two components:
- Qhu Qh7

where M" — Q" goes to the financial intermediary, M" is the h*" household’s beginning of
period money balances and Q" is sent to the consumption goods market. It now goes to the
goods market

The asset evolution equation of the A" household conditional on a realization of ; and s
is:

MM (p,5) = R(u) [M" = Q"(h) + <- - 1)]\’4} + D(u)
+B"(s, 1) 25 S, 1)B"(3, 1)

+ Q") + W s, ) — P (¢ (s, ) + K" = (1= )K" )| + R ()K",

where D(p) denotes dividends received from firms and M is the economy-wide stock of
money, W is the wage rate and P is the price level. In each case, we use the notation to
indicate which shock the variable depends on.

We now consider the Euler equation for B”(s, u1). This Euler equation allows us to prove
that u. is independent of the realization of s. Fix sg, g at Sg, fig. Now, differentiate the
criterion with respect to B (ho, fio):

o (o) @(50)10(50, fo) — (S0, fio)mo (o) D #(s0)vo(s0, fio) = 0.
S0

Here, v(50, fip) is the marginal value of an extra dollar at the end of period 0 conditional on
the realized value of s and of money growth being as indicated. That is, it is the multiplier
on the household’s period 0 budget constraint in the Lagrangian formulation of its problem.
Also, mo(fip) is the probability that the realization of money growth is fi at time zero. We
have exploited the fact that Bj(5o, fio) appears as a cost in each state of nature, while it
appears as a benefit in only the state of nature, 3y, fip. Note that m(fig) appears on both
sides of the minus sign, so it can be cancelled out. Substituting this and the zero-profit
condition for insurance companies into this expression,

vo(50, flo) Zcb 50)v0(S0, fio)-



Since the right hand side is only a function of fyg, it follows that the left hand side is only a
function of fip too. In particular, it is not a function of 54 :

Uo(So, ,LL()) = Uo(ﬂo), for all S0, Ho- (11)

Under additive separability, this implies that consumption is independent of sq. (It is easy
to verify from the Lagrangian representation of the household’s problem that u./P = v.)

There is a simple (standard) explanation of why u, is independent of the realization of s.
Optimization by the household implies that it equates the marginal rate of substitution in
consumption between two different s states of nature to the associated relative price. The
marginal utility of consumption is the probability of the realization of s, times u, for that
state. At the same time, the price of consumption in that state is the probability of that
state. Equating marginal rate of substitution to relative price there is a cancellation of the
probability and price terms, leaving the implication that u.(s")/u.(s) = 1.

We now differentiate the household’s Lagrangian problem with respect to M., (s, ).
The notation here reflects that you can pick end-of-period ¢ money, M, ,, contingent on the
realized period ¢ uncertainty. Fix 5, fi, and differentiate with respect to My, (5, fir):

Ue,t Uet+1
e ﬂ E,
Rf B—H

We can derive this equation using a variational argument based on acquisition of state-
contingent insurance. Thus, suppose the household buys one extra unit of insurance which
pays off in state 5, fi;. That is, B*(5,, ji;) is increased by 1. The cost of this is 8(5;, fiz), to
be paid at the end of the period if u; = fiy, regardless of the value of s;. In utility terms
this is 6(5¢, fir) {m(ﬁt)zst (;S(St)%ﬂ = 0(5, fu)m(fi)ucy/ P, The benefit is that the extra
dollar of insurance payoff that occurs in state S¢, iz can be invested in the next period’s
financial market for a return of R;.; per dollar invested, which is valued in utility terms in
the amount, m;(fi)¢(5;)Etic 41 Riy1/Pis1. The result follows from cancelling m(ji;) in the
cost and benefit, as well as from the observation (proved above) that (5, fit) = ¢(5;).

There is a different way to gain intuition into (1.2), based on thinking of consumption as
a credit good. Suppose you have a dollar at the end of period ¢, and you're thinking about
it at the beginning of period ¢. You could use the dollar to purchase 1/P; goods today. Or,
you could invest the dollar in the morning of period ¢ + 1, earn R, dollars by then end of
period ¢ 4+ 1 and then use those dollars to finance the purchase of Ryy1/P;;1 consumption
goods during t + 1.

The Euler equation for @) is:

L i (8&) {U' <ﬂ> — Ucygy [Rirj — 1]} - =0, (1.3)

=0 By omg i1« Tty

Riys. (1.2)
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where Q, is the value of Q chosen by households who have the ability to choose at time ¢. It
is understood that when j = 0, 7,1 - *m4; = 1. Households that cannot change () must set
it as follows:

Qi = TQ—1.

This Euler equation has a simple interpretation. Consider first the case where £, = 0 and
there is no uncertainty at all. In this case, the Euler equation says that you want to equate
the marginal utility of an extra dollar spent on () (this operates via v and via the additional
money this gives you to augment your money next period) with the marginal utility of the
extra dollars you would have at the end of the period if you had instead deposited the
money with the financial intermediary. With uncertainty about s* and p, then this first
order condition holds in expectation. Now, let {, > 0. Then the marginal dollar in q is
commited probabilistically over many periods, and the Euler equation reflects this.

To understand this, remember that consumption is a credit good in this model. So,
the gross earnings of a dollar in the bank during period 0 can be spent in the period 0
goods market. That’s one thing you can do with a dollar. That’s on the right side of the
equation. Alternatively, you can hang the dollar on your rear view mirror and enjoy utility,
while spending it at the same time. That’s what’s on the left side of the equation. Notice
that when wu, is high, then ¢ will be low (because v” < 0). That’s because if you care a lot
about consumption, you'll maximize that by keeping your money in the bank so as to get as
much money as possible. This seems like an unhappy feature of the model. It really draws
attention to the fact that this is not a transactions-based model of money demand. If you
really want to consume a lot, you’ll take that cash off the rear view mirror and stick it in
the bank. Having the cash on the rear view mirror is interfering with your ability to enjoy
consumption. In a transactions-based model, the more cash you hold on, the easier it is to
have consumption. Interestingly, the sign of the income elasticity of q demand is ‘right’.
That is, the higher the level of consumption, the greater will be ¢q. That’s because, with a
higher consumption the marginal utility of consumption is lower, so you don’t mind having
the cash hanging on your rear view mirror.

The household is a monopoly supplier of its own (differentiated) labor. It sells labor to a
firm which transforms household labor into a homogeneous input good, X. That producer’s
production function is:

Aw

1 1
x=[[ ()™ dh] 1< Ay < 0. (1.4)
0

The producer’s problem is to maximize (1.4) subject to:

1
WX, — [ wiLidn,
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where W, is the price of X;. The first order condition associated with this problem, which
is the household’s demand for labor curve, is:

Xi. (1.5)

Wi

ﬁ:[

The household’s Euler equation for setting W}, when it is allowed to do so, is:

> i 7 I/T/t VVtﬁ-j Ue t+5
0=E;. B Liwi | — aE) |, 1.6
i, JZ_(:) (5 /3) t+j lm/t Ptﬂ-t—i—l . '7Tt+j )\w + fL,t+J ( )

where W, is the value of W/ that it chooses. Also,

P
t+1 — .
P,

To interpret (1.6), consider first the case, &, = 0. In this case, the above expression reduces
to: -
1 W,

h
— — Ut + =0.
)\w ,Pt C7t fL,t
Another way to write this is: )
%%
h t
_Awa,t = Euc,t-

The right side looks like the average revenue, in units of utility, associated with selling labor.
You set that equal to a constant markup, A, over the marginal cost of producing the good,
i.e., the marginal utility of leisure, — f2. With &, > 0, you get a weighted average of these
terms over each date.

This is the investment Euler equation:

E juc = ﬁthuc,tH[?‘fH +1-46], (1.7)

where




2. Firms

There are three types of firms. One hires labor from the households and transforms it into a
homogeneous input good, denoted X. This was discussed in the previous section. The other
type of firm buys X and rents capital, and produces an intermediate good which it sells to
a final goods producer. There is a continuum of these intermediate goods producers, each
of which is a monopoly supply of its own good and is competitive in the markets for inputs.

2.1. Final Good Firms

Production function of representative final good firm:

1 1 s
Y, = [/ Yit*fdi] L1< ) < oo (2.1)
0
Fonc: R
)75 &
P; Y .

Price of final Goods:

1 =5 (1=21)
P = [ | P fdz'] (2:3)
0
2.2. Intermediate Good Firms
Production function of i**, i € (0, 1),intermediate good firm:
Yi=KiX; 0<a<l, (2.4)

2.2.1. Non-Price Euler Equations

Suppose the i firm’s price, P, is somehow given (see next subsection for how this is
determined). Then the firm must produce Yj; in (2.2). Firm solves:

min WRX; + R*K; + ¢ [V; — K7 X[ ™|,
K;, X

where ( is the Lagrange multiplier. Solving:

¢ = ()73 ey

1l—« o
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WR = (Fy
Rk = CFK7

were ( is marginal cost, MC. Let s denote real marginal cost (the inverse of the markup):

s=MC_ ¢
=% =5
Then, we get the usual foncs:
K . SFX
P R
k
RF = SFK.

The first of these is the ‘X-input demand’ equation. In a graph with W/P on the vertical
axis and X on the horizontal, demand is downward-sloping. A fall in R or a rise in s shifts
labor demand to the right. Note:

o
1—

- ()

1 1
X:/ X,di, K:/ Kidi.
0 0

(07

R* = WR -

X; X
k- VBT LR

all i € (0,1), where

Substituting out for R* in the marginal cost expression,

1 <Xt> W,
K;

—R
11—« b

St =
P,

2.2.2. Price Euler Equation

Randomly, 1 — &, firms get to set price, and &, must set P;; = 7P, ;—1. The ones that get to
change their price, P;, do so to solve:

[e%e] ’\f Af i
I-57= 5 —i\ X =T
B> (86, v, Vi P, l(pma) T MGy (B) T ] (2.5)
=0
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Fonec:
Y

1
> L (P ) ,
2} (8 Ut"rj}/;"rJ‘Pt:-J % [PH_TJ — )\fMCt-s-j} m = 0. (2.6)
j

or, after rearranging:

A

- ] P, -1 [Pri MO, . .
B (B&) (Ve Prry) Y ( ~t+J> [ e Afi] )

j=0 Py Py Py
Define:
i P, MC, 1 (L\® P .
P = Fz, St = Pttzl—oz<é> wy Ry, 7Tt+1:%tl7 Uy = vy,
Jjoo T 1
Xt] — k=1 Trt+k: '-7 > 0 .
’ 1 7=0
After multiplying by P; MO and rearranging:
o0 -
Ep Y (B&) Oea Yy (Xeg) ™ [BeXey — Apsers] - (2.7)
j=0

2.3. Final Good Price

or

3. Monetary Policy

We will consider two types of policies. In one, monetary policy is an exogenous stochastic
process for money growth,
M,
e = Lad
M,




Here is the time series representation we will assume for this:
e = Qpi—1 + €1 + wigi—1 + Waks_a. (3.1)
We will also consider policies like this:
R, = ap + arEymip + ayye, (3.2)

where y; = % denotes the percent deviation of output from steady state (‘trend’).

4. Loan Market Clearing

Financial intermediaries receive M; — @; from households and a transfer, (1 — )M, from
the monetary authority. They lend the full amount out to the intermediate good firms which
use the funds to pay for X. Loan market clearing requires

WtXt = ,Ll/tMt - Qt' (41)

5. Resource Constraint

We want to develop an expression that relates aggregate consumption and investment to
aggregate employment and the aggregate stock of capital. It turns out that we get close to
such an expression. An extra term having to do with the distrubution of prices and wages,
enters too.

Let Y* denote the unweighted average of output in each sector:2

veo= [y = [ FORG) X

= [ P ux (0,

?Here, we're assuming more than we need. For example, if the production function were
linear homogeneous in K and X — XY, where X? is a fixed cost, then all firms would use the
same ratio of K to X. To see this, note that they all face the same rental rate on capital, r*
and the same wage rate, W :

FK:T‘k, FX:W

o Fe (K
W Fxy “\X-X0)’

Then, the ratio,

so everyone has the same K/X.
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where . .
K = [ K(f)df. X = [ x(f)df,

and X is the total output of the labor contractor (the new line here is that the labor
contractor hires the labor effort of individual households to produce a homogeneous good
used by the intermediate good producers). Now, each intermediate good firm confronts the
same factor prices, so they hire capital and labor in the same proportions. That’s why the
capital/labor ratio for each individual firm is identical, and identical to the aggregate. Then,

K
X
So, the unweighted sum of output of the intermediate goods producers can be represented
as a function of aggregate capital and the aggregate output of the labor contractor. There
are two reasons why this expression falls short. First, the unweigthed sum of output, Y*,
does not correspond to anything in this model. Second, we want to relate output to the
unweighted sum of labor, not X, because that is how the labor input is measured in the
data.
Note,

Y* = F( ,1)/01X(f)df - F(g,l)X — F(K, X).

2
>\f—1
] Ydf

. 1 B 1 P
2 2
— YPAf—l (P*) 1—)\f7

where Y is aggregate output of the final good sector, as defined above, and P* is the indicated
weighted average of the individual prices, where the weights differ from what they are in P.

So,

A

A
PN\
vi=(=)" v
(P*>

Now, actual output is Y, and this is what is available to be divided into consumption and
investment. So, we write the resource constraint as follows:

A

CH+K —(1-6K < (%) YR, X).

We also want a measure of ‘employment’ for our economy (this useage of L is inconsistent
with the useage of L way up above...but we intend to go with this new useage):

L= /01 L(h)dh

11



Now

W

— XWRET (W)

A

W\ msr
= X
()

1 N ;
W = [ /O W ()5 dh)

L = /01 [M]%th

where

Then, the resource constraint can be written as a function of aggregate capital and labor as

follows:
A —

—f D
P* = * -
C+K —(1-6K < <F>Af F K,(VMV»A L

This is our aggregate resource constraint.

The analysis is still slightly incomplete, however, because we have to discuss the deter-
mination of P* and W*.

The same logic that delivers expressions for P* and W* delivers expressions for these
things too:

1—daw
A Aw ‘| Aw

Wi = [(1 = &) (W) 7 & (AW, T

Divide both sides by W;:

~ AAL D 1;2\;‘}
Wt* VVt T—\w <VVt_1 t*1>1xw
- 1_ w I17 + wl \ T 77
Wi (1-¢ )<VV1€> : Wy Wiy
or,
~ N 1;Aw
L\ Aw T Wi " T w
up = (1= € (@)™ +6 (2220 )| T
s t
where
W
t m? t f)t



6. Solving the Model

We now turn to solving the model. We do so by first linearizing the model’s Euler equations
and other constraints around steady state. The first section computes the steady state. The
second subsection presents the linearization formulas. The third section shows how we solved

the model.

6.1. Steady State

These are the nine steady state variables we seek: w, 7, k, L, R, 7, q, ¢, m. (In steady state,

X = L). The investment equation is:
1=p[*+(1-9),

where r* = (MC/P) x F}, implies:

The M’ equation is:

The money equation is:

The labor decision is:

The marginal cost equation is:

() ) 0 e

The money market clearing condition is:
wL = pm — q.

The resource constraint is:
c+ 6K = KL~

13
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Also, constancy of m implies:
p=T. (6.9)

We solve for the nine variables like this. First, compute 7* from (6.1). Then, use (6.6) to
obtain wR. Next, use (6.3) to compute R and then get w from w = wR/R. Then, use (6.2)
to get L/K. Now we use (6.5) and (6.8) to solve for ¢ and L. By (6.8), we get:

c= l(%)a - 6%1 L. (6.10)

Letting the utility function be

Cl—ac _L1+0L ql—aq
pum— L pu— pum—
) = F (D) = i, v(0) = b
Writing out (6.5):
w; L= Loy, (6.11)

Combining (6.10) and (6.11), we obtain:

(R A

Since w and K/L have already been determined, this is one equation in the one unknown,
L. With L and K/L, we compute K. We get ¢ from (6.10) and ¢ from (6.4). Finally, we get
m from (6.7).

6.2. Linearizing the Equations

We will now linearize the various equations.

6.2.1. Linearizing the Price Equation

The Euler equation of a firm that changes its price in period ¢ is given in (2.7). Letting
it

N\, —
— f
Arj = e Vi X

1 . .
tj > we can write this as follows:

Ao [DeXeo — Apse] + BE At [De X1 — Apsesa]
+ (ﬁfp)Q Apo [Pt X2 — Apsera) + (ﬁfp)g Ais [Pi X3 — Apsies] + oo
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Differentiate this with respect to p; and evaluate the result in steady state

u.Y
1 -3¢’

where we have used the fact that in steady state, A;; = u.Y. Differentiate with respect to
Si4+4, J > 0 and evaluate the result in steady state:

<ﬁ€p> c

Now differentiate with respect to m 4, 7 > 0:

X, , X
- (ﬁfp) Atjpt - (ﬁfp)gﬂ Ay j1Ds Lyt
T4 Tt45+1
or, in steady state (p = 1):
1 uw.Y
(8, = et
( gp) 7 1 o /Bé-p

Using this information to take the Taylor series expansion of (2.7) about steady state, we
get:

UCY ~m s N
Ppy — ApucY's > (8E) Sivy
1- ﬁgp 7=0

u.Y
1 _ﬁgp ;(ﬁgp) 7Tt+j7

or, (sAy =1),
1_ﬁfp Z ﬁfp 5t+] +Z ﬁgp T4l

From the formula for the aggregate price level, and using the Calvo trick:

R 1 1=y
P=|1-&) (R)77 +&@R)T]

or, after dividing by P, :

et



Linearizing

Pe=1 =+ < T
Substituting,
7= LBl P8 S5 g yis, 4 L8 3 (3 )
&p 5=0 fp =1
Then,
7Art — ﬁfpﬁ't—}-l + (1 - gp)él B ﬁgp) <§t + ggpﬁfpﬁ-t—kl

or, after combining:

(1-&)(1-85),
& '

T = Bt +

Expanding the expression for r* :

rkrf = rFw, + rth +r*L, — r* K,

so that, X R X
f’f:wt‘i‘Rt‘i‘Lt—Kt

6.2.2. Linearizing the Q Equation

Rewriting (1.3):

1

Z ﬁgq {'U tht ]) Ue,t+j [Rt+j — 1] X_ =0.
j=0 t

Writing this out:

1

0 = V(@) — ucs(Ry — 1)+ B {v (@ Xi1) — Uepsr [Rer — 1] <
1

+(B8)° {v' (@ X12) — Uerra [Reyo — 1]} — th

Differentiate with respect to ¢ :
2
v+ BEquiiy + (BEg)” Vo + -
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or, in steady state:

U”

1- ﬁgq
Differentiating with respect to R.y;, 7 > 0, and evaluating in steady state:

— (B&) ue.

Differentiating with respect to u. .. ; and evaluating that in steady state:

—(8&) (R—1).

Differentiating with respect to m.;, 7 > 0:

; ; 1
~ 1 ~
- (ﬁfq)g U£I+th+j_ - (ﬁfq)JJr U£/+j+1q7t+j+1— RS
Ti+j Tij+1
or, in steady state:
(/Bé‘q).] /l
-0 7

Putting all this together:

/U//qv ~ /U/qu o] . o] R
0~ BE,Y s — e ( 56 | Ry + g =0
1—%t1—m§¥”tﬂ % ! et
Rewriting
= S R .
= 30 (060 v + (1= 6) 5 (R = 1) 3 (06a) |y B+ s
j=1 7=0
Now, note that u./v" = 1/(R — 1). Then, u./(v"q) = (u./v") v’ /(v"q) = [1/(R — 1)]v'/(v"
Also,
"=~
S
v
so that
u, 1 1

v R—1v"q¢ (R—1)o,
Substituting this into the expression for Et, we get

1
(R_l)aq

R

4= (88 Fes — (1= 0, ~ )X (86) | g hens + s
=1 Jj=0
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or

16, i R o4
i > (B&) [ﬂRtﬂ + Uettj
Jj=0 B

q

G = (88) gy —
j=1

Then, multiplying by (1 — 8¢,L™"), where Lz, = z;_;, for integer values of j :

~ ~ . 1-p5¢&, /. R -
qy = ﬁquHl + ﬁgqﬂ-t-&-l - o g <Uc,t + ﬁﬁe)

The aggregate () is:
Qi = (1— fq)@t + & Qi1
Dividing by F; : -
g = (1—&)q + fq%%l'
Linearizing:
g = (1 - fq)/q:t + fth—l - fqﬁ't-
or,
(1= €)a, = G — (€1 — Eqti].
Now, multiplying the ¢ equation by (1 —¢,) :

(G — [§qGt—1 — &47e])
= B (G — [§g@r — EgTrera]) + (1 — &) By i

—(1- fq) ! —Oqﬁfq <ﬁc,t + %Rt>

Simplifying,

(th - gqthfl)
= ﬁgq (Cjt—i-l - fth) + Eq (ﬁ'frt—i-l - ﬁ't)

—(1— fq) ! —Oqﬁfq <ﬂc,t + %Rt>
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6.2.3. Linearizing the Wage Equation

The household’s Euler equation associated with the wage rate is (1.6). Letting @, =
Wi /Wy and wy = W,/ P,, we rewrite (1.6). First, note that:

~ L Dw ~ . Aw
— 1—Aw = 1-Aw
E o Wtﬂ-] L - Wtﬂ-] L
t+5 — Wiss t+5 — P, . t+j
t+j t+j Wit
~ . )\_w . Aw
W 1w I w Wy ? A I
— t+j = t+i
Wiy j Pimteg - Ty Wi Py - w5
Aw

. 'lz)twt’ﬁ'j T=Aw L
= t+j
Wi jTe41 " Tt j

So, (1.6) can be written as:

z_: ﬁgw Lt—l—j

t+j

Dw
T
- Ue t—l—] WrWy
wttht,] + f ((w Xt,] Lt+j

Writing this out, term by term:

0 = f/t |:’lIJt’UJt )\w < Lt>:|
2w
- ~ U W W =Aw
+B8wLiy1 | Wrw Xe )’\Hl + fr (( : tXt,l) Lt+1>
w Wi+t1
ER.STE
~ - Ug W W =3
+(ﬁfw)2 Lo wttht,Q )’\HQ + f1 (( : tXt 2) Lt+2>
w W42
+...
In steady state, w = 1,7 = T, e 4+ fr = 0. The latter implies that there is no need to

worry about dlfferentlatlng the term out81de the square brackets in the wage-setting problem.
Differentiate with respect to w;, and evaluate the result in steady state:

1 [u—i-fLL)\ L].

1_ﬁ€w 1_)\
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Differentiate with respect to wy,and evaluate that in steady state:

B o 1
+1_ﬁ£w [ Aw fLL — A L‘|
1 Ue Aw 1 Aw 1
- 1—ﬁ§lew_+fLL W L]E‘f Tl

Differentiate with respect to w..;, 7 > 0, and evaluate in steady state:

Aw 1

— AW
Differentiate with respect to m;, 7 > 0 and evaluate that in steady state:
(B’ e M ] 1
L |w— L
1o, LY, T,
Do the same for L;.; (aggregate employment) and e g4
1

(B&0) Lfre, (Béw) Lw)\—

— (B&w) Lfirg

™

Collecting terms

' = 1—1% N T, L] @t+wt)_fLL1iAw%L%t
—LfLL Z Béw) by — ﬁﬁw [ u; +fLL1 w)\w 1; BEw) Firs
. Lwu,
"‘szLLZ(ﬁfw)J Levi+ ;\uu Z(ﬁfw) Uct
7=0 wo 5=0

After dividing by L, this expression is written:

L R Ty
0 = 1—ﬁ£w _w+fLL1_>\ L] [wt—f-U)t]— 1_ﬁ£w ;(ﬁgﬂ)) T+
—I—ZU% Z (ﬁfw)J 7lc,t—'—j - fLL 1 — LZ ﬁfw wt'”
=0 Ao 15
+fr L (Béw) iy
=0
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Denoting {w;‘—w + frr lf“ﬁw } = [_fL + frr 1f1§\w L} =0y, ,w;‘—i = — f1, we obtain:

1 = N 5-L e LA > 7 A
1 — /ng [ + wt] 1 — ﬁgw ;(ﬁfw) T+1 fLJE;) (/ng> uc,t+]
Aw =
—fLLL1 — Z(ﬁfw) Wiy + fLLLZ Béw) Liy; =0
w =0 7=0

or,

1 S . w o orP&w . N

T O'L['LUt + 'LUt] =1 ﬁgﬁfw [wt+1 + wt+1] 1 fﬁﬁgwaHl + fLucﬂg
Aw .
+fLLL1 — )\ww — furLL
Define
— froL
fr
Note, that 6, = —f1 + frz72-L = fr [lj—;wf;f - 1} = f1 [lj;waL — 1], so dividing
expression above by fr,
1 )\w -~ ~ w )\w ~ A~
1 —ﬁfw [1 — O'L— 1‘| [wt+wt] — 1 fgﬁgw [1 _)\wUL_ 1‘| [wt+1+wt+1] +
1 Aw R .
1— 3 [1 )\ng — 1] BEuwTip1 + Uey
to 2 ok
O'L1 _)\wwt Or Ly

The aggregate wage looks like this:

1 . 1—w
W= | [ = ai
0
There are two types of firms: 1 — &, have the new wage, W, this time, because they got
tapped. The &, others are stuck with the wage they had last period. Because the ones

that are stuck are randomly selected, the distribution of stuck wages is exactly the same as
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the overall distribution of wages last time. The difference is that there is a smaller overall
measure. Then,

~ 1 1 1_>\w
W= (1= &) (W) T + & (W)= |
Dividing this by P;, we get:
7 1l
1 X
e = (1= ) @)™ 6 (Zua) 77|
t

Now, differentiate (ignoring the constant terms, which cancel):

A [1—&”

Dy = (1 — Ay T
wy = ( Jw .

—1 1/ . i
wWi-rw (wt + wt) +

Now, simplify:
oy = (1= &) (1 + ) + &y (i1 — 71)
or,
(1= &u) Wy = &ty — &u (Wy1 — 7y)

Combining this with the wage equation:

1—/%%@ {ﬁxng - 1} ﬁ[wt — & (Wi — 7)) =
o [0y — 1| sl — & (i — A+
k%ﬁw [13@ oL — 1] BEwTitr + Uey + ULlwa wy — oLy

Note, that when we set &, = 0 this expression, becomes:

[ Ao ] A A
or—1 wt:uc,t+UL1—

Wy — oLy
1-— Xy w

or
Uey — oLy +w, = 0,

which is just the static Euler quation we would have started out with if we had set &, at the
very beginning. Note that A\, is not present here. Its only influence on the system is on the
steady state.
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6.2.4. Intertemporal Consumption Euler Equation

The Euler equation for M is given in (1.2). It can be rewritten

Riy1
Uetr = ﬁuc,t—i—l .
T41
Let
—UeeC
0. = .
Ue
Then,
1

Ct = Cry1 — _(Rt—H - 'ﬁ't-',-l)-
Oc¢

Note that this is a slightly weird equation. It’s got tomorrow’s interest rate in it.

reflects that consumption is a credit good.

6.2.5. Investment Euler Equation

We now linearize the investment Euler equation, (1.7):
A k A ke sk
UeeCCt = PUce|r” + 1 — 6]ceyr + Bucr™ry
But, B[r* +1 — 6] =1, and, letting 0. = —uc.c/u, :

1

o ~ kAk

Ct = Coy1 — — BT,
Oc¢

or,
R . 1 .
Ct = Ct41 — py (1-8(1-9)) 7“f+1-

C

Previously, we derived an expression for 77, :
" . . . .
Tivr = Wy + Rygr + Loy — Kiga

Substituting this into the linearized intertemporal Euler equation:

. . 1 ) . . .
Ct = Cty1 — 0'_ (1 — ﬁ(l — 6)) (wt+1 + Rt+1 + Lt+1 — Kt+1) .

C
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6.2.6. Resource Constraint

Log-linearizing;:

A 1_ )\w )\w = )\w N N A A~k
w, = . {1_)\w<1—§w)wt+§wm [—m—wt—kwtl—kwt_l}},

or
W} = (1 — &)t + &u |~ — Wy + 1y 1 + 0] ]

From before R
(1= &) Wy = Euy — & (W1 — 7y)

Substituting this into the w; equation, we get:
Wi = Euti_y

Now we’ll figure out P*/P. The following expression holds for P* :

L\ L _*L%t
f?zlu—aacﬂlw+ffﬁﬁnr*f
Dividing by P, :
N —— 2
* ~ % T * 1_7;% N
pr=|(1=&)(B)" +& <7T_tpt_1>

Taking the log-linear approximation:

N el i = As L

or,
By = (1= &)+ & |~ + By

Substituting out for ﬁt in terms of 7;, we get
pi = ffﬁ:—1

The message here is that p; = 0 if you start from steady state. This means that the
variations in P*/P and W*/W will be nill in the linear approximation.
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We now linearize the resource constraint:

A
*

P; Sy} W oy
ct + Kt+1 — (1 — 6)Kt S <F> F(Kt, <—> Lt)

t
Log-linearizing this: %¢ + Y£ [KtH - (1- 6)[%}} = Fx’;—Kf(t + %fjt Let

KK

_ FxL
Y+’ -

Sc = Ve

S = [0%%

K
Y’ oL

£
Y?
so that S X ap - ar -

ét + - [Kt+1 - (1 - 6)Kt} - —Kt + _Lt

Se Se Se

6.2.7. Loan Market Clearing

Dividing the loan market clearing condition, (4.1), by P;, we obtain
w Xy = Mty — Q.

Here, m; = M,/ P, evolves as follows:

Linearizing these expressions:
wX (ﬁ)t + Xt) = pm (fis + M) — qGe

and
Myyp1 = g + My — Tyiq.

6.2.8. Collecting the Linearized Equations

Price equation
(1)E: {fpﬁﬁm +(1-&)(1-5&) [aﬁt — aK, + W — 1 + Rt} - &ﬁt} =0,

where §, = o (Xt — Kt) 4y, 4+ Ry and b, = @y — 7.
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This is the Q equation, after adopting the change of variable, §; = ¢, — 7y

(200 = B {8 (G — &) + & (BE — 1) 70

(1) _Uffq (~ocie+ R}E F)

—ﬁt + 7+ fq (51:71 - 7Art—l)}7

where 4.; = —o.¢;. This change of variable was adopted because we want to think of Et
as the choice variable, not ¢;. The latter is ); divided by P, but we are thinking of @); as
chosen before P, is observed. So, a given choice of ¢; corresponds to a random choice of @),
conditional on the realization of F;.

This is the wage equation

0= _% [Awor = (1= Au)] @[wt — & (W1 — )]+
B 125 Duwor — (1= )] gy — G (@ = )+
Pwor = (1= )] 251 — (1= M) 0ele + orhuty — (1= A) op L}

or,
(3)E {7701131:71 + muady + a1 + Nafte + Nt + s Ly + 776675} =0
where . ‘.
N A S =
~1 8, Awor, — (1= Ay)] m[l + P&
5 Pwor — (1= )l gy + onhufu

= — 1 Pwor — (1= )] 7%
o 1
156 Puor — (1= 2l gy
—or (1= Aw)
-0 (1= Ay)

Now, we’d actually like to think of w, instead of w0, where w, = W, /P, 1. This will allow u
is to consider situations in which W; is chosen before the current realization of P;. Now,
12)15 - ’lIJt - 7ATt.

E; {770 (ﬁ)tfl - 7%th> +m (@t — th) + 12 (@tﬂ - 7ATt+1) + M3t + NaFepr + s Ly + 776675} =0,
or

(3" E; {7701777571 + Wy + NoWis1 — Nofte—1 + (93 — 1) T + (N4 — 7o) Fesr + 05 Le + 776675} =0,
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. I, A . .
(4)Et {Ct+1 - 0—(Rt+1 - 7Tt+1) - Ct} = 0.

1-6(1-9) C

Oc

(5)Ei—1 {ét+1 — (th + Ry 4 Levy — Kt+1) — ét} = 0.

In the alternative case,

1—-p8(1-9)

- (wt—H — 1+ Rep1 + Ly — Kt+1) — Ct} = 0.
C

(5/)Et71 {ét—Fl -

(6)¢; + % (Kip— (1= 8)K,| - [%Kt + ﬂﬁt] =0
Se Se Se
(T (i + 1) — q (G, — #) — wX (i + Ly) =0
In the alternative case,
(Tpm (fu + M) — q (@e - 7ATt) —wX (@t — T+ f/t) =0
(8)}115_1 + ’ﬁ’bt_l - 7ATt - ’ﬁ’bt - O
The final equation is the one that characterizes monetary policy. It is either (3.1), or

(9)E: [RR: — ag — axmiiy — a,¥i| = 0. (6.12)

If it is (3.1), then things need to be simplified a little first. Let

0p = pby1 + e,
where
Lt ¢ w1 W 0 Et
0, — Et . 0 0 0 0 0, — Et
Tlean P70 1 00" |0
i1 1 0 0 0 0
We must remember to distinguish between ¢ and ¢ :
qt B y i JPtfl )
SO

q=q/7.
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6.2.9. Solving the Equations

Let z; denote a vector of the model variables determined at time ¢. The Euler equations can
be written in the following format:

E{apziir + anze + oz + Bobiy1 + 016} =0,

where «; are 8 x 8 matrices, (3; is 8 x 2, 1 = 0, 1. Also, &; is the expectation operator, which
reflects the timing assumptions on the expectations in (1)-(8). A solution is an 8 x 8 matrix
A and an 8 x n matrix B, where z; = Az;,_1+ Bs;, which satisfies the Euler equations and the
information constraints. Also, s; = #; when the information set for all expectations includes
all date t shocks and and s; = (6;,0; 1)’ when the information set is lagged for one or more
equations. We have n = 2 in the first case and n = 4 in the second.

6.2.10. Benchmark case

In the benchmark case, money has the exogenous representation,

Ur
@
Wt
ny
T K
Ct
L,
R,
In the Euler equation
7%75 at 'L/T\)t mt Kt+1 ét Lt Rt
&0 0 0 000 0 0 ]
0 BE, 0 000 0 0
Na — 12 0 72 0 00 0 0
L 0 0 001 0 -+
Qp = 1755125) 0 _175;176) 00 1 _175;176) _175515)
0 0 00 000 ’ 0
0 0 0 0 00 0 0
0 0 0 0 00 0 0
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e G W oty K & L R
[ _(ap + fp) 0
I+ fq(ﬁgq - 1) _<ﬁ€§ + 1)
N3 — ™M 0
0 0
a1(1 4) = 0 0
0 0
q+ wlL —q
i -1 0
where a; = (1 — &) (1 — BE;).
Tt 575 Wy 1y Kt—i—l Ct i/t
0 0 aaq
0 aqg—; 0
0 U Us
0 -1 0
a(5 ¢ 8) = 18016 4 0
Oc 0 —wcL
i 0 0 0

0 0 0 0
—& & 0 0
-1 0 1m0 O
0 0 0 0
Q2 = 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
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0
0
0
0
0
0

pm 0 0 0O

0

7ﬁ1:

8x4

Bo =0
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