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Example #1: Nonstochastic
RBC Model

-0
C)
Y]

l—0o

©.@)
. t
Maximizey,, x,,,} E 15
t=0

subject to:
Ci+ Ky — (1 —0) K = K}, Ky given
First order condition:
C, 7 =BG [oszjll +(1-9)],
or, after substituting out resource constraint:
V(K K1, Kiip) = 0,

fort =0,1,...., with K given.
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‘Solution’ is a function, K;,1 = g(K;), such
that

v(Ky, g(Ky), glg(Ky)]) = 0,
for all K.

Problem:

This 1s an Infinite Number of Equations
(one for each possible K;)

in an Infinite Number of Unknowns

(a value for g for each possible K;)

With Only a Few Exceptions (e.g., 0 = 1,
0 = 1) this is very hard to Solve. Must
Approximate.



Approximation Method
Based on Linearization

e Replace v by Linear Expansion about
About Steady State, K; = K; 1 =
Kt+2 = K*:

V1 (K= K7) o (K1 — K7 )3 (K o—K*) = 0,
or, in conventional notation:

’UlK[A(t + U2K[A{t+1 + /U?)K[A(t_{_Q — 0,
. Ky — K~
K —

e Policy Rule by Rule:
Kt—i—l = MK

e Find As By ‘Method of Undetermined
Coefficients’. By Substitution,

V1 + Vo —|—’l}3)\l2 =0,71=1,2.
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e With RBC Example, One J; is Explosive.
There Are Theorems (see Stokey-Lucas,
chap. 6) That Say You Should Ignore the
Explosive \;.

e In General Class of Models (Especially
Monetary Models) There are No Such
Theorems. So, Explosive A\; May Possibly
Correspond to a Legitimate Equilibrium
Path (see ex. in Stokey-Lucas, chap. 6 for
an example).

e Still, Linearization Methods are Not
Suited to Studying Equilibria that Diverge
Away from K*, Because Validity of
Approximation Falls Apart.



e [f Both Eigenvalues Are Explosive,
There 1s Nothing Useful for Linearization
Methods to Do.

e [f Both Eigenvalues Are Non-Explosive,
You Have Found Multiple Equilibria For
Your Model.

e A Unique Solution Requires Just the Right
Number of Explosive Roots.



Canonical Form

e Suppose z; 1s a Vector of Endogenous
Variables, Determined at ¢.

e Many Models Imply that z; Satisfies:

E [Oéoztﬂ + o2 + oz + 503t+1 + 51815] = 0,

st = Psi_1+ €, ¢~ 1id
e Simple RBC Model:

Qo = V3, a1 = Vg, a3 =1, By =1 =¢ =35 =0.
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Example #2: RBC Model
With Uncertainty

e Maximize
Ey» BU(CY),
=0

subject to

Ci+ Kiy1 — (1= 90) Ky = f(KG4, 0;),

915 — Pet—l + €4, GtNN(O, O'g).
e First Order Condition:

U(Kt+2, K1, Ky, 0141, 9t)

= Uc(f(K4,00) + (1 = 0) Ky — Ky
—BU: (f(Kir1,0i1) + (1 = 0) K1 — Kiy0)
X [ fr(01) +1—9].
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e Solution is a g( K}, 0;), Such That

E{U (9(9<Kta Qt)a Qt—l—l)a g<Kt7 (915)7 Kta 6t+17 Ht) |9t} — 07

For All Kt, @t.

e Linearization Strategy: Replace v by

Linear Taylor Series Expansion About
K, = K*, 0; = 0. Can Write this In
Canonical Form,

Ei oz + a1z + oze 1 + BoSei1 + B8 = 0,

St = PSt_l —+ €t, €4 = €4
with

Zt = [A(H_l, St — (975, P = JoR
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e As Before, Look for a Linear Solution:
2z = Azi_1 + Bs;.

e Using Method of Undetermined Coef-
ficients, Substitute Solution (With As
Yet Undetermined Coefficient Values)

into Linearized First Order Condition, to
Obtain:

a(A)z 1+ Fsi+EiByerr = a(A)z 1+ Fsy =0,
where

oz(A) = OéQA2 + OzlA + 9,
F = (Bp+ayB)P+ |68, + (Aag + a1) B .
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e Strategy: Solve for A First, Using
Requirement

a(A) = 0.
Then, solve for B Using the Requirement
F =0.

Note: Finding B Involves Solving a
Linear Equation, Conditional on Having
A in Hand.
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Example #3 RBC Model

With Hours Worked and
Uncertainty

e Maximize

©.9)

E Y BUC,N)

t=0

subject to
Ci+ Ky — (1= 0) Ky = f(Ky, Ny, 0y)
— First Order Conditions:
0 = Elog(Kito, Niy1 K1, Niy Ky, 0441, 0,) |64
and
0= UN(KHla N, K, Qt)-

where
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Vi (Kig2, Nig1 K1, Ny, Ky, 0144, 04)

= Uc(f(Kt, Nty 01) + (1 — 0) Kt — K1, Nt)
—BU. (f (K1, Ney1,0p41) + (1 — 0) K1 — Ko, Niya)
X |\ fr(Kis1, Neg1, 0pi1) +1 =9

and,

UN<Kt+17 Ny, K, 6t)

= Un (f (K, Ni, 01) + (1 — 0) K — Kip1, Nt)
+U. (f(Ky, N .Oy) + (1 —0) Ky — K1, Ny)
X fn(Ky, N, 0;).
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— After Linearizing, Obtain Canonical
Form:

By loozig1 + onze + aozi—1 + Boseer + Bysd = 0,

s¢ = Psi_ 1+ €, ¢~ 1id

— Here,
S v K* vk S V3" v aNT
! 0 0 |"7" T | onaK* unaN* |7
o — UK75K* 0
2 _”UN73K* 01’

By = (gKﬁ) , By = (5?2)

N N /
Rt = (Kt+1>Nt) ~
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— Again, Look for Solution:
2z = Azi_1 + Bs;.
— Now, A is Root of Matrix Polynomial:
a(A) = agA* + a1 A + apl = 0.

— Also, B Satisfies Same System of
Linear Equations as Before:

F = (By+ayB)P + By + (Aay + 1) B] .
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Example #4: Example #3
With ‘Exotic’ Information Set

e Suppose the Date ¢ Investment Decision
1s Made Before the Current Realization of

the Technology Shock, While the Hours
Decision 1s Made Afterward.

e Now, Canonical Form Must Be Written
Differently:

& [&OZHl + o2 + oz + 505t+1 + 515t] = 0,

where

£X, = [E[Xlt\et—l]] |

E [ X2|0]

e Must Change s;:

o 975 o pO . €+
() P= 18] o= (1)
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e Adjust 3,’s:

o VK 6 0 o VK7 0
60_(0 O>761_<UN’40>7
e Again, Posit Following Solution:

2z = Az + Bs;.

e Substitute Into Canonical Form:a(A)z;_1+
FSt + Etﬁ()gt—l—l = Oé(A)Zt_l + FSt — O,

Er |z + a1z + aoze1 + Boser1 + 5154
= Oé(A)Zt_l + 515F8t -+ 51560515—#1 = Oé(A)Zt_l + gtFSt = 0,

e Then,

Fi1 Fio F110; + F120, 4
EFs, = & =&
e : [le FQQ] SR [F21(9t + Foot 1

_ [ 0 Fio+ phy

sy = F's.
For oy ] t t
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Equations to be solved:

F Only Has Three Equations How Can
We Solve for the Four Elements of B7

Answer: Only Three Unknowns in B
Because B Must Also Obey Information
Structure:

0 B
B = :
[ By By ]

Bottom Line: With Exotic Information
Structure, Lags of 6; Must Appear in s;.
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Conclusion

e Solving Models Can Be Boiled Down to
Finding A and B in:

(%) 2t = Az, + Bsy,

e To Set Up the Problem, Must First
Write Equations of the Model and the
Exogenous Variables in the following
Form:

Erlawzie1 + anze + aoze 1 + BoSer1 + 5184

sy = Psi_1+ €, ¢~ 1id
e The Matrices A and B Must Solve:

alA) = 0,
(standard information set) F' = 0,
(exotic information set) F' = 0



Working capital loans for capital rental are:

¢k,tPtTfKt
My[L o mt a4 (Yl + Pkl /ps + (k- n) /(mp.)) /m?]
Yk
mb (1 m+ ) + (hwl + Yer*k/p. + (k- n) /(7))

Loans to entrepreneurs:

(k_n)/(p.7)
mb (L m+x) + (Gl + ¥k /. + (k- n) /(7p.))

Total reserves are:

M M+ X,

MP[L mA4a+ (Yl + /s + (k- n) /(7)) /m?]
1 m+z)mb

mP (1 m+ )+ (hwl + YprFk/p. + (k- n) [(7p.))

Required reserves are:

(1 m4z)mb+ (hwl + Yer¥k/ps))
mb (L m+ ) + (bl + Ypr*k/p, + (k- n) /(7))

Excess reserves are:

(1 m+z)m’ 7(1 m+2z)m’+ (Ywl +dprtk/p.))
mb (1 m+x) + (bl + pr¥k/p. + (k- n) /(i)

The ratio of firm demand deposits to total assets are:

@Z}l,tVtht + @Dk,tPtTfKt
ML mA+a+ (Yl + bk /. + (k- n) /(7ps)) /mb]
Yrwl + ¥k
mb (L m+ o+ (bl +Ppr*h/p. + (K n) [(mp.)) /m]

3.2. Linearization

There are 24 endogenous variables whose values are determined at time ¢. We load them
into a vector, z;. The elements in this vector are reported in the following table. In addition,
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there is an indication about which shocks the variable depends on. If it depends on the
realization of all period t shocks, then we indicate a, for ‘all’. If it depends only on the
realization of the current period non-financial shocks, then we indicate p, for ‘partial’. The
table also indicates the information associated with each of the 24 equations used to solve
the model. These equations are collected below from the preceding discussion. Note that
the number of equations and elements in z; is the same. Note also, in each case, the third
and fourth columns always have the same entry. In several cases, z; contains variables dated

t+1. In the case of k; , for example, the presence of a p in the third column indicates that

k. is a function of the realization of the period ¢ non-financial shocks, and is not a function
of the realization of period t financial shocks, or later period shocks. In the case of Ry | the
presence of an a indicates that this variable is a function of all period ¢ shocks, but not of
any period ¢ + 1 shocks.

z;  information, z information, equation

I m p p
2 5 a a
3 7F a a
4 it p p
5 Qt p p
6 a a
7 Rf a a
8 1y a a
9 ¢ a a
10 7 a a
11 e,y a a
12 mb a a (3.22)
13 }A%t a a
14 ag, a a
15 j\z,t a a
16 my a a
17 RM a a
18 & p p
19 wy p p
20 it a a
21 Ky D p
22 R¢ a a
23 Iy a a
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The last of these variables is money growth, Z;. As we show below, this is simply a trivial
function of the underlying shocks. In addition, recall (2.35), in which the 10" and 11
variables are the same. A combination of the efficiency conditions for labor and capital in
the firm sector, equations (1) and (2) below, are redundant with the efficiency conditions for
labor and capital in the banking sector, (11) and (12). We deleted equation (11) below from
our system.

In fact, we have 25 equations and unknowns in our model. The system we work with
is one dimension less because we set © 0, so that 9, disappears from the system. When
we want © > 0, we can get our 25 equation by linearizing (2.24), and 9y is then our 25
variable.

3.2.1. Firms

The inflation equation, when there is indexing to lagged inflation, is:

. 1. B 1 B &) (. 5 _
(1) FE |:7Tt 1 —|—67Tt 1 —|—67Tt (1 I 6) gp (St + )\fﬂ‘/) Qt =0
The linearized expression for marginal cost is:
. R - . (1 a)YR -
2) it 4 Uk 1 SRR
()O”tWLl_I_q/Jle/fk,t‘F( o) Wy + 1+ R (p
apR 1 a)yR] ~ . .
+[1+¢kR+ 1+77Z)1R Rt €t st—O

Another condition that marginal cost must satisfy is that it is equal to the marginal cost of
one unit of capital services, divided by the marginal product of one unit of services. After
linearization, this implies:

YR (@kt + Rt)
1+ YR

(3) ff + & (1 « (ﬂz,t + Zt [;;t + ’&tD 5.=0

3.2.2. Capital Producers

The ‘Tobin’s q’ relation is:
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The coefficients in the canonical form are:

a (4,9) 1

a(4,4) = S p(1+p)
a(4,4) = Sp,

o (4’4) = B35 K

B (4,46) = BS p,
p(4,46) = S,

3.2.3. Entrepreneurs

The variable utilization equation is
(5) E[ff  oat ] =0,

where 7F denotes the rental rate on capital. The date ¢ standard debt contract has two
parameters, the amount borrowed and @; . The former is not a function of the period ¢ + 1
state of nature, and the latter is not. Two equations characterize the efficient contract. The
first order condition associated with the quantity loaned by banks in period ¢ in the optimal
contract is:

1+ Rk 1+ Re

GIHRFT (0o A (@) pG @)]o] =~  Ap
g F(w)]1+RelF(w) T (@) }wt =0

RFREF ReR®
(6)E)\( : : )

Note that this is not a function of the period ¢ 4+ 1 uncertainty. Also, note that when p = 0,
so that A = 1, then this equation simply reduces to [ﬁf QY ] = éf . The linearized zero
profit condition is:

M (5 1) Egrr (5 1) SRk

( _w uGw
(qt T ﬁt>: 0.

The law of motion for net worth is:

(8) M 4+aRF+aR +aki+auwi+as+am+aj,+adg +abi+an =0
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The definition of the rate of return on capital is:

(9) P (1 ™k +(1 5)q7r (1 Tk) rhpk Rrkrk (1 6)qg - i o7k
t Rkq (1 78k 4+ (1 d)q ! ¢ RF

These are the coefficients corresponding to this equation, in the canonical representation of
the model:

7'('(1 Tk) rk ok

@ (9,7) = 1: R, @ (9,3) = R
B(9,57) = (r'x 5)%:%5

a (9,1) = ! Tk)T;:-(l 5)7r:frt

@ (9,9) = (1}2_5)”:@

w09 = R

3.2.4. Banking Sector

In the equations for the banking sector, it is capital services, k;, which appears, not the
physical stock of capital, k;. The link between them is:

]A{t - E’t + lALt.
An expression for the ratio of excess reserves to value added in the banking sector is:

(10) €yt + Ny Ty + Nup Y+ Nty + Mgy 4 Ny s
+n¢k1ﬁk,t + (n dy) []_ft + @t} + nrkff + Ny
+( d)l+ (ny,  dy) fiey s dydt =0
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where m? is the scaled monetary base, m; is the currency-to-base ratio, ; is the growth rate
of the base

(1 m+2z) T (¢lwl + E@bkrkk;) Tzzﬁkrkk

n: = )
n

n = (1 7m {1l m+az) T(d}lwl—i—ﬁiwkrkk),

Ny = (1 7)m’(1 m+2z)/n

N = (1 7)mtm/n
ne = (1 7)mbz/n
Ny, = Ny=m= THwl/n
1
Ny = Nk =Ng = T—¢krkk/n
1 k
n,, = T—Yr'k/n

and
d = (i(l yk)k>a((1 ul)l) “
a(z(l uk)k>a((1 1) ©
1

d,, = = = «
(z( k) (@ v
dk = «
k
1%
d,/k = Oél ok
dl =1 «
l
14
d,,l = (1 a)l Y

The first order condition for capital in the banking sector is:

0 = kpRi+ke& 7+ kodb + kebys + kufia
R N [Et + at} 4y Ky, D
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YR

Fr [ 1+ R g =1 log(en) £+ 1+ Ther

1 Ther&
x = 9 6_]- ) 1
k 1+ Ther K 5+1—|—’7’h6r p=01 0

s vk

k. = (1 04)1 Vl,k:,,k:(l oz)ﬁ, k=01 «), k= (1 «
e~ the . _ R

1+ Thy ¥ 14+ YR

The latter equation was deleted from our system, because it is redundant given the two firm
Euler equations and the following equation.
The first order condition for labor in the banking sector is:

(11) 0 = IgRy + 1€y + Lol + Loy + Lufizy
0 4 L DF 4+ 0, + 1, [l%t + at] LAy + Ly,

where
l; = k; for all i, except
o~ ViR Lo VIR
: L+ R T+¢R
!
v
L, = k, 1, 0li=Fk:+ T =k 1,
Jk
ll,k = kyk m, lk = kk + 1.

The production function for deposits is:

T(m +m) -
t

(12) j? Sév,t log (ev,t) ggt

m (1 7)m b mmy + ry
m+m (1 7)m ™M 1 m+z

(1 7)m 1m

m ™m
_|_
lm +m (1 7)m Tm }

Pwl 5 .
Yrwl + Pprkk /. (wl’t T lt) i

¢kak/Mz
hrwl + YprFk/

[ <1/Afkt + 7+ Jet ﬂzt)]-
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The coefficients in the canonical form are:

5(12,16) = 1 it
T(m +m)

g (12,4) = . T; ‘ratio, required to excess reserves’

m  T(m +m)
p(12,13) = log(e,)¢: ft
a (12,11) = £: épy, a (12,12) =m = m}
a (12,19) = o (12,200 =8 (12,7) =m  w;: Wy, L,y
a (12,3) = a (12,5) =« (12,21) =8 (12,10) = S (12,46)

N N ) -
= m  wg: Ty, U, ki, Yrt, fla

_ x N
a (12,23) = m T mtz LT
_ m
12,16) = 7
o (12,16) T s
where
-1 @ @ 7m ™ @@ 7)m+m)
 m +m (1 T)m  tm (m +m)m  7(m +m)
m
— (m+m)m  T(m +m)]
B 1 N T (@ mm  tm +7(m +m)
Comtm (L mm o otm o (m tm)[m o r(m tm)]
m
 m+m)[m T(m +m)]
[
w, = o _:/Z;:rkk e labor component of working capital loans
*k
wy, @Dlw;blj: ¢k{“ llj]i; T capital component in working capital loans,

where m +m is total deposits and m  7(m -+ m ) is excess reserves.

her 1 Ther +1
Ther Ther .
‘ “ 1% R=0
+ {(1 e 1 +7’her—}-1:|7-t t

(13) B [(1heT7) Ther Ther }l <L+1og(ev)> §§t+§;§

L ¢
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The coefficients in the canonical form are:

a (13,17) = 1 : Ry

(
1 7 T R
o (13,11) = ther l(1 TVhe 1 Ther +1] ot
o (13,13) = 1:R,
1 7 T 1 :
]_ 1 — T 1 .
5313) = he |l o] (e et ) €
1 7 T
13,16) = " . qb
f (13,16) he {(1 P he 1 rher+1] Tt
1 1
B (13,4) - Ther |i(1 7_) he’r 1 + Therr- T 1]
Th,

= = I’7A't

(1 ) he 1 (the + 1)

In the version of the model in which the banking sector is dropped, we must nevertheless
have a loan market clearing condition:

Wil + @Z)kytPtTfKt = Mtb M, + X,.

The right side of this equation is the supply of base for the purpose of lending. The left
hand side is the corresponding demand. Scale this by dividing by P, z; :

ky

Yrwely + ¢k,trfut = m? (1 mp+ay). (3.23)

2.t
Linearizing this:
(25) Yywl [12171: + W + Zt:| + wkrk#—i [Q/Ajkt + ff + @i + Ky ﬂzt]

mP (1 m+ x) [l + L] — 0.

m x
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The parameters of the reduced form are:

o (25,19) = Yl : iy, o (25,20) = Yl : 1
k ko
( 573) = ’Qbk;’l“kz : Tta (25 5) wkrkz C Uy
a(25,12) = mP(1 m+a) :md a (2516) = mtm : 1wy
Eo=
a (25,21) = pr"—: ky, a (25,23) = mlz:
fz
B(25,7) =l : 1y, B (25,10) = L ;T Y
p ko
6 (25746) = ¢k7‘ — Mzt
3.2.5. Household Sector
The definition of u? is:
N Hz M, C A HzC N
14) E w27 L b—E—,
( ) c ct |:C(/JJZ b) c (qu b) 1;“ ,t 56 (qu b) % )t
+—MZ + Bb Cét —bﬁﬂz Cét —b,UJz Cét Q?
¢ (p. b) ¢ (p= b ¢ (p: )

The coeflicients in the canonical form are:

a (14,18) = (ﬁ) (1. +b 5]
o (14,18) = b3 (ﬁ) et b
o (14,18) = (ﬁ) busc: &

5 (14,46) = bﬁ (m) ClL, Mz

_ [ 1 e |
B (14,46) = [ T b)+(c(uz b)> /J/z]-,uz,t
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The household’s first order condition for time deposits is:

- . RerT R (1 TT) .
15) EX A+ A, L 7 #r Re Q' =0.
( ) { ,t + ,t ,U/ ,t Tt 1 + (1 ) Re + 1 _'_ (1 TT) Re t t

The household’s first order condition for capital is:

R RF . o . N
(24) E{ At + {WR,]? +)\z,t Tt Mozt ] Qt}

The coefficients in the canonical form are:

a (24,15) = 1: A,

Rk /\k
@ @L7) = oo B
a(24,1) = 1: 7
a (24,15) = 1: A
B (24, 46) 1: i

The first order condition for currency, M, :

N

(16) 0+ (1 og) & +

m+x L3

3

[(1 o) (1 0)z meﬂf]
1

1+z
1+x

+[ (1 o) (log(m) log(l m+m)+ L

(2 o) {Xz,ﬁ —7 +Rat]

1

With ACEL preferences, set the coefficient on ¢ to zero here. The household’s first
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order condition for currency, M} | is:

(17) E Wim 0) [c (%)0]

Tq

1 0 oq 1 oq
1 m+zx mp

00 .
o ! st oa (1 op)log(m)00 01 oy)in
1 . .
(1 0)(1 aq)—l—l](1 m—l—x) (24 mim; |

+(1 o)log(l m+x)00, (2 o)md

+7Ti)\z T4 (1 77) R A
2 (1 )RR PPRAP | N Mt m e | O
Tl z atla,t alt z z 2, t

=0.

With ACEL preferences, replace ¢ by unity and set ¢;  to zero. We now derive the coefficients
in the canonical form are. Let

e o @] () T )
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a (17,18) = - (1 o)
a (17,16) = 7:; 01 o) +[1 0 gq)+1]<1 ZH)]
a (17,12) = Wﬁ (2 oy)
a (17,15) = Wﬁ A1+ (1 77) R,
a (17,17) = Wi (1 )R,
a (17,1) = A,
a (17,15) = At Ay,
(]_7 40) = 7;12 :f)t
B (17,22) = Wﬁ %—i—(l o,)log(m)8 (1 Yog(1 m+x)0] : 0,
T
(0] (].7, 23) = - [(1 0) (]. Uq) + ].] (ﬁ) : At
B (17,25) Wﬁ NTPR, 7P
B (17, 46) As: fiay

With ACEL preferences, replace ¢ with unity in Y. Also, « (17,18) should be zero. The first
order condition for consumption is:

s e[ () |

N ~ N n m R x R
[Ut 04Ct + (1 O'q) ( m? Htmt (1 Ht) (1 ms + 1 l’t>)

+(1 g, llog (%) log (ﬁ)]eét]

(1479 A, [ 74 Xz,t} Q =0

-
147
With ACEL preferences, the middle term is replaced by zero. The reduced form wage
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equation is:

l

. . . . R . - @ T -
(19) E{n Wy +nwtnw +n T o AnTANT ANl |:>\Z,t 1 Tﬂ'tl} + 1 G Qt} =0
where
buSw n
b (1 + 5&0) + oL w n
BEwbuw n
buwéuw n
n= Ewbw (1 + 5) = n
buwB&w n
o (1 M) n
1 Ay n
(1 )‘w) n
3.2.6. Aggregate Restrictions
The resource constraint is:
G (D) _~ Rk .. = R X X L
(200 0= d, {mwwt + mR,’f + G Atk flay | A uylly + gyGe + cyCe + yzzt

+O(1 Yuyd  « (ﬁt fizg + ki + 95) (1 a) (Zt + ﬁé) €
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and the object in square brackets corresponds to the resources used up in monitoring.
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Monetary policy is represented by:
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The parameters in the reduced form are:
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The timing of this equation could be changed to:
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3.2.7. Monetary Policy

Monetary policy has the following representation:

p
= E Tit,
7

where the z;;’s are functions of the underlying shocks.

3.2.8. Other Variables

The currency to deposit ratio is:
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