
Perturbation Method

• Example:
h (x, y) = 0.

• Policy Rule:
y = g (x) .

• Functional Equation:
R (x; g) = h (x, g (x)) = 0

• Know:
g (x∗) = g∗, some x∗

R(n) (x) = 0, for n = 1, 2, ....
• First order perturbation:

R(1) (x∗) = h1 (x, g
∗) + h2 (x, g

∗) g0 (x∗) = 0

Solve this for g0 (x∗) .
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Perturbation Method ...

• Second order perturbation:

R(2) (x∗) = h11 (x
∗, g∗) + 2h12 (x

∗, g∗) g0 (x∗)

h22 (x
∗, g∗) [g0 (x∗)]

2
+ h2 (x

∗, g∗) g00 (x∗) .

Solve this for g00 (x∗) .

• Recursively, Solve R(n) (x∗) for g(n) (x∗) , conditional on g(n−i) (x∗) , i =
1, 2, ..., n.

• Finally, for nth order perturbation:

g (x) ≈ g∗+g0 (x∗)×(x− x∗)+
1

2
g00 (x∗)×(x− x∗)2+...+

1

n!
g(n) (x∗)×(x− x∗)n
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Model

• Preferences:

E0

∞X
t=0

βt c
1−γ
t

1− γ
,

• Technology:

ct + exp (kt+1) ≤ f (kt, at) , t = 0, 1, 2, ....

at = ρat−1 + εt.

f (kt, at) = exp (αkt) exp (at) + (1− δ) exp (kt) .

– Euler Equation:

Et[u
0 (f (kt, ρat−1 + εt)− exp (kt+1))

−βu0
¡
f
¡
kt+1, ρ

2at−1 + ρεt + εt+1
¢
− exp (kt+2)

¢
fK
¡
kt+1, ρ

2at−1 + ρεt + εt+1
¢
] = 0.
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Model ...

• Seek Policy Rule:

kt+1 = g (kt, at−1, εt, σ) .

• Must Satisfy:

R (kt, at−1, εt, σ; {εt+1}) ≡ Et[u
0 (f (kt, ρat−1 + εt)− g (kt, at−1, εt, σ))

−βu0
¡
f
¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢
− g (g (kt, at−1, εt, σ) , at, σεt+1, σ)

¢
×fK

¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢
]

= 0.
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Model ...

• Value of the function is Known At a Particular Point:

k = g (k, 0, 0, 0) ,

k = log

(∙
αβ

1− (1− δ)β

¸ 1
1−α
)
.

• Second Order Perturbation:

ĝ (kt, at−1, εt, σ)

= k + gk (kt − k) + gaat−1 + gεεt + gσσ

+
1

2
[gkk (kt − k)2 + gaaa

2
t−1 + gεεε

2
t + gσσσ

2]

+gka (kt − k) at−1 + gkε (kt − k) εt + gkσ (kt − k)σ

+gaεat−1εt + gaσat−1σ + gεσεtσ
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Model ...

• Error function:

R (kt, at−1, εt, σ)

≡ Et[u
0 (f (kt, ρat−1 + εt)− g (kt, at−1, εt, σ))

−βu0(f
¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢

−g (g (kt, at−1, εt, σ) , ρat−1 + εt, σεt+1, σ))

×fk
¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢
] = 0.
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Model ...

• Differentiating R and evaluating at kt = k, at−1 = 0, εt = 0, σ = 1,
Etεt+1 = 0 :

Rk = u00 (fk − gk)− βu00
¡
fkgk − g2k

¢
fk − βu0fkkgk = 0

Ra = u00 (f2ρ− ga)− βu00
¡
fkga + f2ρ

2 − gkga − gaρ
¢
fk − βu0

¡
fkkga + fk2ρ

2
¢
= 0

Rε = u00 (f2 − gε)− βu00 (fkgε + f2ρ− gkgε − ga) fk − βu0 (fkkgε + fk2ρ)

Rσ = − [u00 + βu00 (fk − gk − 1) + βu0fkk] gσ

• Finding gk :

g2k −
∙
1 +

1

β
+ β

u0

u00
fkk

¸
gk +

1

β
= 0, fkk

u0

u00
= α (1− α) kα−2

c

γ
.
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