Perturbation Method

e Example:
e Policy Rule:

e Functional Equation:
R(z;g9)=h(z,g(z)) =0
e Know:
g (x*) = g*, some z*

R™ (z) =0, forn=1,2,....
e First order perturbation:

R(l) (l'*) — hl (l',g*) + h? <Ivg*) g, (CC*) =0

Solve this for ¢’ () .






Perturbation Method ...
e Second order perturbation:

RP (z*) = hyy (%, g") + 2h12 (27, ¢%) ¢ (7)
x % !/ x\12 x % I (%
has (2%, %) [g' (27))" + ha (2%, g%) g" (27) .

Solve this for ¢" (z*) .

e Recursively, Solve R™ (z*) for ¢\ (z*), conditional on ¢~ (z*) , i =
1,2,...,n.

e Finally, for n'” order perturbation:

1 1
g(z)~ g"+q (") x(x — x*)+§g" (%) x (x — x*)2+...+ﬁg(”) (") % (x — z*)"



e Preferences:

0 Cl—f)/
t -t
EO Zﬁ 1 — 77
t=0

e Technology:
Ct + exp (kt—l—l) < f (kta at) ) t = 07 17 27

ay = Pai—1 + .

f(kt,ar) = exp(ak)exp (ar) + (1 —d)exp (k) .
— Euler Equation:

Eyu' (f (kt, pai—1 + €t) — exp (ki)

—fpu’ (f (kt+17 P2at—1 + PE + 5t+1) — eXp (kt—i—Q)) IK (kt+1, ,026%—1 + PE¢ T 5t+1)] = 0.






Model ...

e Seek Policy Rule:
ki1 =g (kt,ai-1,61,0).
e Must Satisfy:
R (K, ar-1,€1,05{6r1)) = Et[ul (f (ki, par—1 + &) — g (kt,ap-1,€,0))
—Bu (f <9 (Kt, ay—1,€1,0) 7,026%—1 + pert 05t+1) — g (9 (b, ai—1,€1,0) , as, 0141, 0))
X fK (9 (K¢, ai-1,€1,0) aPQ@t—1 + pEr + U€t+1)]

= 0.



Model ...

e \alue of the function is Known At a Particular Point:

k:g<k707070>7

e Second Order Perturbation:
@ (kh ai—1,E¢,y U)

= k+ 9k <kt — k) + 9aQt—1 + g€t + G5O
1
+§[g/€k (kt - k)Z + gaaa%_1 + 9&55? =+ 9000'2]
+0ka (kt _ k) (t—1 + Gke <kt _ k) €t + ko (kt — k) g

+ga5at—15t + GacQt—10 + GecEt0



Model ...

e Error function:

R (K, a-1,6¢,0)

= Ly (f (ky, pag—y +&0) — g (ki ay—1, €4, 0))
—pu(f (9 (ki ai-1,€1,0) , pPag—1 + pe; + 05t+1)
—g (9 (kt, A¢—1, Et, U) , PAt—1 + Et, O€ 11, U))

X fi. (g (kr, ar-1,€0,0) , p’as_1 + pey + e41)] = 0.



Model ...

e Differentiating R and evaluating at &k, = k, ;-1 = 0, ¢, = 0, 0 = 1,
Etgt—l—l =0:

Ry, = u" (fi — gi) — BU" (fregr — g2) fr — BU frrge = 0

R, = u" (f2p — ga) — BU" (frga + f20° — Gk9a — 9ap) fr — BU' (firga + frap®) =0

R. = u"(fo— g:) — BU" (frge + fop — 919 — Ga) fr — BY (frngs + frop)

Ry, = —[u" 4+ pu" (fr — g — 1) + B fri] 9o
e Finding g;. :
1 w 1 u C
2 a—2
gk_[1+g+5mfkk]gk+gzoa fkkmza(l—@)k "



