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Notes on the Perturbation Method

I Introduction

These notes provide a brief introduction to the use of perturbation methods for solving the

policy rule in an equilibrium model.∗ The example used is the neoclassical growth model

with a consumption/saving decision and one source of uncertainty. Briefly, perturbation

methods use the implicit function theorem to compute various derivatives of the function of

interest. Those derivatives can then be used to construct the Taylor series approximation to

the equilibrium function of interest. For example, suppose we have a model in which there

is an exogenous variables, x, and an endogenous variable, y, and an equilibrium condition

which links the two:

h (x, y) = 0.

The equilibrium policy rule, y = g (x) has the property:

R (x) = h (x, g (x)) = 0.

Since R (x) = 0 for all x, we know that R(n) (x) = 0 for n = 1, 2, ... . Suppose the necessary

differentiability conditions are satisfied. Then,

R(1) (x) = h1 (x, g (x)) + h2 (x, g (x)) g
0 (x)

R(2) (x) = h11 (x, g (x)) + 2h12 (x, g (x)) g
0 (x)

h22 (x, g (x)) [g
0 (x)]

2
+ h2 (x, g (x)) g

00 (x) ,
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and so on, for R(n), n = 1, 2, ... . Suppose we know the value of the function, g, at a particular

point, say x∗. That is, the value of g (x∗) ≡ g is known. Let

hi ≡ hi (x
∗, g) , i = 1, 2

hij ≡ hij (x
∗, g) , i, j = 1, 2.

The objects, hi and hij, i, j = 1, 2, are computable because g and the function, h, are known.

We can now compute g0, g00 using the fact, R(n) = 0 for n = 1, 2 :

g0 = −h1
h2

g00 = −h11 + 2h12g
0 + h22 [g

0]2

h2
.

This strategy can obviously be used to compute g(n), for n = 3, 4, 5, ... . We can use these

derivatives to construct an approximation to g (x) . For example, they can be used to con-

struct the Taylor series expansion. According to Taylor’s theorem, if g(i) (x) is continuous on

[a, b] , for i = 1, ..., n− 1, and g(n) (x) is continuous on (a, b) , then there exists an x̃ ∈ (a, b)

such that

g (x) = g + g0 × (x− x∗) +
1

2
g00 × (x− x∗)2 + ...+

1

(n− 1)!g
(n−1) × (x− x∗)n−1

+
1

n!
g(n) (x̃)× (x− x∗)n−1

An implication is that as long as g is differentiable and g(n) is small relative to n!, the Taylor

series expansion is highly accurate for x over a potentially very large range.†

II Neoclassical Growth Model Without Labor

Consider a version of the neoclassical growth model with preferences:

E0

∞X
t=0

βtu (ct) ,

and with resource constraint:

ct + exp (kt+1) ≤ f (kt, at) , t = 0, 1, 2, ....
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where

at = ρat−1 + εt.

u (ct) =
c1−γt

1− γ
, f (kt, at) = exp (αkt) exp (at) + (1− δ) exp (kt) .

Here, kt+1 denotes the log of the capital stock at the beginning of time t+ 1.

The equilibrium condition for this model is, after combining the resource constraint, the

law of motion of the shock and the intertemporal Euler equation:

Et[u
0 (f (kt, ρat−1 + εt)− exp (kt+1))

−βu0
¡
f
¡
kt+1, ρ

2at−1 + ρεt + εt+1
¢
− exp (kt+2)

¢
fK
¡
kt+1, ρ

2at−1 + ρεt + εt+1
¢
] = 0.

Here, fK denotes the marginal physical product of capital (not, the log of capital!). At date

t, the variable, εt, is observed and future realizations of εt are as yet unknown. We suppose

the latter are realizations of a random variable with variance Vε.

We find it convenient to consider a sequence of problems, in which the variance of εt+1 is

σVε, for σ ranging from zero to unity. Let the policy rule which solves the model for given

σ be:

kt+1 = g (kt, at−1, εt, σ) .

The function, g, satisfies the following functional equation:

R (kt, at−1, εt, σ; εt+1) ≡ Et[u
0 (f (kt, ρat−1 + εt)− g (kt, at−1, εt, σ))

−βu0
¡
f
¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢
− g (g (kt, at−1, εt, σ) , at, σεt+1, σ)

¢
×fK

¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢
] = 0.

Note that R (kt, at−1, εt) = 0, so that all the derivatives of this function are zero as well.

The policy rule, g, is the analog of the function, g, in the previous section. The value

of this function, at the non-stochastic steady state is known. That is, if k denotes the

non-stochastic steady state value of the log of capital, then,

k = g (k, 0, 0, 0) .
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We compute k by imposing fKβ = 1 :

k = log

(∙
αβ

1− (1− δ) β

¸ 1
1−α
)
.

We seek

ĝ (kt, at−1, εt, σ)(1)

= k + gk (kt − k) + gaat−1 + gεεt + gσσ

+
1

2
[gkk (kt − k)2 + gaaa

2
t−1 + gεεε

2
t + gσσσ

2]

+gka (kt − k) at−1 + gkε (kt − k) εt + gkσ (kt − k)σ

+gaεat−1εt + gaσat−1σ + gεσεtσ

where ĝ is the second-order Taylor series expansion of g about kt = k, at−1 = εt = σ = 0.

Here, as everywhere, a function whose arguments are missing is assumed to be evaluated in

nonstochastic steady state.

R (kt, at−1, εt, σ) ≡ Et[u
0 (f (kt, ρat−1 + εt)− g (kt, at−1, εt, σ))

−βu0
¡
f
¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢
− g (g (kt, at−1, εt, σ) , ρat−1 + εt, σεt+1, σ)

¢
×fk

¡
g (kt, at−1, εt, σ) , ρ

2at−1 + ρεt + σεt+1
¢
] = 0.

Differentiating R and evaluating at kt = k, at−1 = 0, εt = 0, σ = 1, Etεt+1 = 0 :

Rk = u00 (fk − gk)− βu00
¡
fkgk − g2k

¢
fk − βu0fkkgk = 0

Ra = u00 (f2ρ− ga)− βu00
¡
fkga + f2ρ

2 − gkga − gaρ
¢
fk − βu0

¡
fkkga + fk2ρ

2
¢
= 0

Rε = u00 (f2 − gε)− βu00 (fkgε + f2ρ− gkgε − ga) fk − βu0 (fkkgε + fk2ρ)

Rσ = − [u00 + βu00 (fk − gk − 1) + βu0fkk] gσ

To solve this, note that Rk is a function of gk only. The value of gk that we want satisfies

|gk| < 1 (see Stokey-Lucas on this) and

g2k − φgk +
1

β
= 0,
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where

φ = 1 +
1

β
+ β

u0

u00
fkk,

fkk
u0

u00
= α (1− α) kα−2

c

γ
.

Note that given gk, we can solve linearly for ga and gε. Note that if ρ = 0, then ga = 0.

Note, too, that gσ = 0. The latter implies that when a linear perturbation about steady state

is done, there is no need to adjust the constant term in the policy rule, to accommodate

uncertainty.

To obtain the coefficients in the second-order part of the expansion, we compute all the

second derivatives of R and in each case we evaluate the result at kt = k, at−1 = 0, εt = 0,

σ = 0. Let Rji denote the cross derivative of R with respect to j and i, j, i = k, a, ε, σ,

obtained in this way. The objects, Rji, are functions of all the coefficients in ĝ in (1).

There is considerable structure on Rji. The most important is that, given coefficients

on the linear terms in (1), Rji is a linear function of the coefficients on the cross terms.

This greatly simplifies the problem of determining the value of these coefficients which set

Rji = 0, for j, i = k, a, ε, σ. There is additional structure, which simplifies this problem even

more. First, it is easy to show that gjσ must be zero for j = k, a, ε. That is, in a second order

expansion of g about steady state there is no need to adjust the slope terms to accommodate

uncertainty. To see this, note that the derivative of the error function, Rj (kt, at−1, εt;σ) ,

has the following form, for j = k, a, ε :

Rj (kt, at−1, εt;σ) =

Z
h[kt, at−1, σεt+1, g (kt, at−1, εt, σ) ,

g (g (kt, at−1, εt, σ) , ρat−1 + εt, σεt+1, σ) ,

gj (kt, at−1, εt, σ) , gj (g (kt, at−1, εt, σ) , ρat−1 + εt, σεt+1, σ)]dF (εt+1) ,

where F denotes the distribution function associated with εt+1. In the above expression, we

have isolated the various ways that σ enters Rj (kt, at−1, εt;σ) . Differentiating this expression
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with respect to σ and evaluating the result at kt = k, at−1 = 0, εt = 0, σ = 0 :

Rj =

Z
h3εt+1dF (εt+1)

+

Z
h4gσdF (εt+1) +

Z
h5 (gkgσ + gεεt+1 + gσ) dF (εt+1)

+

Z
h6gjσdF (εt+1) +

Z
h7 (gjkgσ + gjεεt+1 + gjεgσ) dF (εt+1)

= h6gjσ.

Here, the last terms reflects the facts:

gσ =

Z
εt+1dF (εt+1) = 0.

In numerical experiments, we found that h6 6= 0. From this we conclude that gjσ = 0 for

j = k, a, ε.

An additional useful feature of Rji = 0 is that these equations have a particular recursive

structure, which allows us to solve them by solving a sequence of one-dimensional (linear)

equations. Thus, the only second-order terms in (1) that enters Rkk is gkk. So, we first solve

for gkk. Given a value for gkk, the only second order term in (1) that enters Rka is gka. Given

gkk and gka, Rke is a function only of gke. The object, Rkσ is only a function of gkσ. Given

gkk and gka, Raa is a function only of gaa. Given gkk, gka, gaa, Rae is a function only of gae.

Given gkσ, Raσ is a function only of gaσ. Given gaa, gka, gkk, Ree is only a function of gee.

Given gkσ, gaσ, Reσ is a function only of geσ. Finally, given gaa, gae, gaσ, geσ, gka, gke, gkk, gkσ,

gee, Rσσ is only a function of gσσ. These computations have been programmed in MATLAB

program, second.m.
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