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Wklv sdshu vwxglhv rswlpdo prqhwdu| srolf| lq d vwrfkdvwlf htxloleulxp
prgho zlwk prqrsrolvwlfdoo| frpshwlwlyh �upv dqg vwlfn| jrrgv sulfhv1 Lq
dq rwkhuzlvh ghwhuplqlvwlf hqylurqphqw/ d ehqhyrohqw prqhwdu| dxwkrulw|
fdq lpsuryh xsrq Iulhgpdq*v uxoh e| dgglqj d sxuho| udqgrp frpsrqhqw wr
wkh prqh| jurzwk udwh1 Wklv uhvxow lv pruh olnho| zkhq prqh| lv qrw lpsru0
wdqw dv d phglxp ri h{fkdqjh1 Xqghu sdudphwulf uhvwulfwlrqv/ zh frpsxwh
wkh zhoiduh0pd{lpl}lqj vwrfkdvwlf surfhvv iru prqh| jurzwk dqg fdofxodwh
wkh zhoiduh jdlqv ri d udqgrp prqhwdu| srolf| uhodwlyh wr Iulhgpdq*v uxoh1

Lq d 4<;3 Mrxuqdo ri Prqhwdu| Hfrqrplfv sdshu �Edqnlqj lq wkh Wkhru|
ri Ilqdqfh/� Hxjhqh Idpd ghvfulehv dq hfrqrp| zlwk d vrsklvwlfdwhg dffrxqw0
lqj v|vwhp zkhuh wudqvihuv ri zhdowk duh frqgxfwhg wkurxjk errnnhhslqj hq0
wulhv1 Wklv hfrqrp| grhv qrw uhtxluh dq| sk|vlfdo phglxp/ vxfk dv fxuuhqf|/
wr idflolwdwh wudqvdfwlrqv1 Lq wkh zruog Idpd ghvfulehv/ dq lqglylgxdo wudqvihuv
zhdowk wr d vhfrqg lqglylgxdo e| pdnlqj d skrqh fdoo ru vhqglqj hohfwurqlf pdlo
wr d �eurnhu0edqnhu� wkdw vljqdov wkh vdoh ri vhfxulwlhv lq wkh �uvw lqglylgxdo*v
sruwirolr1 Dqrwkhu eurnhu0edqnhu/ lq wxuq/ fuhglwv wkh sruwirolr ri wkh vhfrqg
lqglylgxdo14

Idpd*v sdshu zdv surskhwlf1 Erwk whfkqrorjlfdo lqqrydwlrqv/ lq wkh irup ri
kljk vshhg frppxqlfdwlrq dqg srzhuixo uhfrug0nhhslqj frpsxwhuv/ dqg �qdqfldo
ghuhjxodwlrq kdyh pryhg wkh �qdqfldo v|vwhpv ri ghyhorshg hfrqrplhv forvhu wr

WIlqdqfh Ghsduwphqw/ Zkduwrq Vfkrro/ Xqlyhuvlw| ri Shqqv|oydqld1
Dgguhvv= 5655 Vwhlqehuj Kdoo0Glhwulfk Kdoo/ Sklodghoskld SD 4<4370969:/ +548, ;<;0:967/ +548,
;<;09533 ID[/ gxsruCzkduwrq1xshqq1hgx1 Wkh dxwkru zrxog olnh wr wkdqn Pdufr Edvvhwwr/
Mrdr Jrphv/ Shwhu Luhodqg dqg Doh{ Zropdq iru khosixo frpphqwv/ dqg/ lq sduwlfxodu/ Dqguhz
Deho iru srlqwlqj rxw dq huuru lq dq hduolhu gudiw1 Wkh dxwkru lv judwhixo wr vhplqdu sduwlflsdqwv
dw Qruwkzhvwhuq dqg Zkduwrq iru surylglqj xvhixo frpphqwv1 Iluvw yhuvlrq= Rfwrehu 5;/ 4<<:>
wklv yhuvlrq= Iheuxdu| 9/ 4<<<1

4Rqh lqwhuhvwlqj txhvwlrq/ zklfk lv qrw wkh wrslf ri rxu vwxg|/ lv krz wkh sulfh ohyho lv
ghwhuplqhg lq wkh hfrqrp| Idpd ghvfulehv1 Wklv lvvxh lv dgguhvvhg lq Idpd +4<;6,/ Kdoo
+4<;6, dqg Zrrgirug +4<<8,1
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zruog Idpd ghvfulehv1 Wrgd|/ lqglylgxdov lq wkh X1V1 fdq zulwh fkhfnv djdlqvw
d sruwirolr ri vkruw0whup Wuhdvxu| vhfxulwlhv xvlqj prqh| pdunhw pxwxdo ixqgv
dqg prqh| pdunhw ghsrvlw dffrxqwv1 Vwrfn pdunhw pxwxdo ixqgv fxuuhqwo| doorz
lqyhvwruv wr zulwh fkhfnv djdlqvw d sruwirolr ri htxlw| vkduhv15 Rwkhu fkdqjhv
wr �qdqfldo v|vwhpv lqfoxgh wkh uhprydo ri uhvhuyh uhtxluhphqwv rq pdq| w|shv
ri dvvhwv/ ehwwhu fdvk pdqdjhphqw whfkqltxhv dqg wkh lqwurgxfwlrq ri vzhhs
dffrxqwv1 Vhh Grwvh| +4<;7/ 4<;8, iru fdvh vwxglhv1 Wkh h�hfw ri wkhvh fkdqjhv
kdv ehhq d uhgxfhg xvh ri prqh| iru wudqvdfwlrqv1 Iru h{dpsoh/ Froh dqg Rkdqldq
+4<<:, uhsruw wkdw wkh udwlr ri P4 wr rxwsxw kdv idoohq e| d idfwru ri wkuhh lq
wkh srvwzdu X1V1

D qxpehu ri uhvhdufkhuv kdyh ehjxq wr dqdo|}h wkh h�hfw ri �qdqfldo lqqryd0
wlrq rq wkh frqvwuxfwlrq dqg hydoxdwlrq ri htxloleulxp prqhwdu| prghov1 Froh
dqg Rkdqldq +4<<:, dqdo|}h wkh lpsolfdwlrqv ri wkh uhgxfhg uroh ri prqh| rq wzr
fodvvhv ri prghov zlwk prqhwdu| qrq0qhxwudolw|= olplwhg sduwlflsdwlrq dqg vwlfn|
sulfh prghov1 Wkh| �qg wkdw wkhvh uhdo h�hfwv ri d uhgxfhg uroh ri prqh| duh
yhu| gl�huhqw dfurvv wkhvh wzr fodvvhv ri prghov1 Zrrgirug +4<<;, dqg Urwhp0
ehuj dqg Zrrgirug +4<<:, dujxh wkdw li prqh| lv vx!flhqwo| xqlpsruwdqw lq
idflolwdwlqj wudqvdfwlrqv/ wkhq rqh pd| vwxg| wkh uhdo h�hfwv ri prqhwdu| srolf|
zlwkrxw h{solflwo| prghoolqj prqh|1 Lq �qdqfldoo| vrsklvwlfdwhg hfrqrplhv/ wkh
dxwkruv dujxh wkdw pruh lpsruwdqw prqhwdu| skhqrphqrq/ vxfk dv qrplqdo sulfh
g|qdplfv/ fdq eh eurxjkw wr wkh iruhiurqw e| devwudfwlqj iurp wkh frpsolfdwlrqv
ri prghoolqj wkh wudqvdfwlrqv uroh ri prqh|1

Wklv sdshu dovr dgguhvvhv lpsolfdwlrqv ri wkh glplqlvkhg uroh ri prqh|1 Zh
frqvlghu wkh h�hfw rq rswlpdo prqhwdu| srolf| ri wkh glplqlvkhg uroh ri prqh|
lq d prgho zlwk lpshuihfw frpshwlwlrq dqg vwlfn| sulfhv +LFVS,1 Lq dq rwkhu0
zlvh ghwhuplqlvwlf hqylurqphqw/ zh vkrz d prqhwdu| dxwkrulw| fdq lpsuryh rq
Iulhgpdq*v uxoh iurp wkh vwdqgsrlqw ri krxvhkrogv* h{ dqwh h{shfwhg xwlolw| e|
dgglqj d sxuho| udqgrp frpsrqhqw wr wkh prqh| jurzwk udwh1 Wklv uhvxow krogv
li fxuuhqf| lv vx!flhqwo| xqlpsruwdqw lq idflolwdwlqj wudqvdfwlrqv1 Zh lqwurgxfh
d ydu|lqj uroh iru prqh| lq idflolwdwlqj h{fkdqjh e| prghoolqj erwk fdvk dqg
fuhglw jrrgv dv lq Oxfdv dqg Vwrnh| +4<;6/ 4<;:,1

Zh prgho lpshuihfwo| frpshwlwlyh surgxfw pdunhwv e| dvvxplqj wkdw �upv
hqjdjh lq prqrsrolvwlf frpshwlwlrq1 Zh prgho vwlfn| surgxfw sulfhv e| dvvxplqj
�upv pxvw vhw qrplqdo sulfhv rqh shulrg sulru wr wkh uhdol}dwlrq ri wkh prqh|
vkrfn1 Wkhuh duh wzr glvwlqfw phfkdqlvpv wkdw pdnh udqgrpqhvv zhoiduh lp0
surylqj= +d, d prqrsrolvwlfdoo| frpshwlwlyh �up wkdw pxvw vhw lwv ixwxuh sulfh
xqghu xqfhuwdlqw| derxw wkh ixwxuh prqh| vxsso| fkrrvhv d sulfh wr eh d olqhdu
ixqfwlrq ri wkh h{shfwhg vwdwh0sulfh0gh dwhg zdjh1 Zh ghulyh wklv srolf| dv d vwr0
fkdvwlf jhqhudol}dwlrq ri wkh Gl{lw0Vwljolw} frqvwdqw pdunxs uxoh xqghu fhuwdlqw|1
Qh{w/ li wkh prqhwdu| dxwkrulw| dgrswv d udqgrp prqh| uxoh/ vwlfn| sulfhv lqgxfh
srvlwlyh frpryhphqw ehwzhhq djjuhjdwh frqvxpswlrq dqg wkh uhdo zdjh1 Wklv
srvlwlyh frpryhphqw pd| orzhu wkh h{shfwhg vwdwh0sulfh0gh dwhg zdjh/ ohdglqj

5 Lqqrydwlrqv olnh wkhvh duh qrw h{dfwo| wkh vdph dv wkh v|vwhp Idpd ghvfulehv1 Wudqvdfwlrqv
frqgxfwhg zlwk prqh| pdunhw ixqgv duh frqgxfwhg wkurxjk edqnv wkdw krog uhvhuyhv1
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�upv wr kluh pruh zrunhuv/ lqfuhdvh rxwsxw dqg uhgxfh wkh glvwruwlrq dvvrfldwhg
zlwk lpshuihfw frpshwlwlrq1 +e, Li wkh vwhdg|0vwdwh pdunxs lv vx!flhqwo| odujh/
wkh lqgluhfw xwlolw| ixqfwlrq lq whupv ri wkh pdunxs pd| eh lq d frqyh{ uhjlrq1
Lq wkh frqyh{ uhjlrq/ udqgrp prqhwdu| srolf| lqgxfhv udqgrp yduldwlrq lq wkh
pdunxs wkdw lv zhoiduh lpsurylqj1

Zh vwxg| dq LFVS prgho ehfdxvh lw kdv ehfrph d vwdqgdug prgho ri prq0
hwdu| qrqqhxwudolw|1 Jrrgiulhqg dqg Nlqj +4<<:, od| rxw wkh cqhz v|qwkhvlv*
lq pdfurhfrqrplfv dv uhtxlulqj prghov zlwk erwk lpshuihfw frpshwlwlrq dqg
vwlfn| sulfhv1 Dgglwlrqdoo|/ LFVS prghov duh xvhixo ehfdxvh srolf| suhvfulswlrqv
ri wkhvh prghov kdyh ehfrph vwdqgdug1 Pdq| dqdo|vhv ri rswlpdo srolf| lq LFVS
hfrqrplhv frqfoxgh wkdw wkh prqhwdu| dxwkrulw| vkrxog pdlqwdlq d frqvwdqw
udwh ri lq dwlrq1 Luhodqg +4<<:, uhdfkhv wklv frqfoxvlrq e| irupdoo| vwxg|lqj
wkh ghflvlrq ri d ehqhyrohqw prqhwdu| dxwkrulw| lq dq hfrqrp| zlwk lpshuihfw
frpshwlwlrq dqg vwlfn| sulfhv1 Rxu prgho gl�huv iurp Luhodqg lq wkdw zh dvvxph
prqh| grhv qrw sod| dq lpsruwdqw uroh lq idflolwdwlqj wudqvdfwlrqv1

Dqrwkhu sdshu forvho| uhodwhg wr rxuv lv Eodqfkdug dqg Nl|rwdnl +EN/ 4<;:,1
Wkhvh dxwkruv vwxg| d hqylurqphqw zlwk prqrsrolvwlf frpshwlwlrq dqg �{hg
sulfhv1 Rqh pdlq uhvxow ri wkhlu sdshu lv wkdw kroglqj qrplqdo sulfhv �{hg/
prqhwdu| lqmhfwlrqv fdq udlvh djjuhjdwh ghpdqg/ wkhuhe| lqfuhdvlqj rxwsxw dqg
zhoiduh1 Rxu prgho fdq eh wkrxjkw ri dv dq h{whqvlrq ri EN rq wzr glphqvlrqv16

Iluvw/ zkhuhdv EN sodfh prqh| lq wkh xwlolw| ixqfwlrq/ zh xvh wkh Oxfdv0Vwrnh|
fdvk0fuhglw jrrgv prgho dv d sulplwlyh prgho ri prqh| ghpdqg1 Wklv lv qhf0
hvvdu| iru rxu sxusrvh dv zh zrxog olnh wr wklqn derxw dq hfrqrp| zkhuh wkh
wudqvdfwlrqv uroh ri prqh| lv glplqlvklqj1 Vhfrqg/ zh surylgh dq h{solflwo| g|0
qdplf prgho ri vwdjjhuhg qrplqdo sulfh vhwwlqj1 EN/ rq wkh rwkhu kdqg/ frqvlghu
d vwdwlf prgho1 Dv zh h{sodlqhg deryh/ wkh qhjdwlyh frpryhphqw ehwzhhq wkh
dvvhw sulflqj nhuqho dqg zdjhv fdq fdxvh �upv wr uhgxfh wkh dyhudjh pdunxs1
Lqwhuhvw udwh h�hfwv duh qrw suhvhqw lq d vwdwlf prgho1

Wklv sdshu hvwdeolvkhv wkdw/ lq d vwdqgdug lpshuihfw frpshwlwlrq0vwlfn| sulfh
prgho zlwk d glplqlvkhg uroh ri prqh|/ rswlpdo prqhwdu| srolf| pd| lqyroyh d
sxuho| udqgrp frpsrqhqw1 Wklv wudqvodwhv lqwr d vwrfkdvwlf odz ri prwlrq iru
wkh lq dwlrq udwh1 Lq wkh qh{w vhfwlrq/ zh ghvfuleh wkh prgho dqg lwv dvvrfldwhg
htxloleuld1 Lq vhfwlrq 5/ zh suryh wkh pdlq wkhruhpv frqfhuqlqj wkh rswlpdolw|
ri udqgrp prqhwdu| srolf|/ dv zhoo dv vhyhudo h{whqvlrqv1 Vhfwlrq 6 frqfoxghv1

4 Dq H{shfwdwlrqdo Skloolsv Fxuyh Prgho

Lq wklv vhfwlrq/ zh suhvhqw d g|qdplf htxloleulxp fdvk0lq0dgydqfh +FLD, prgho
zlwk lpshuihfw frpshwlwlrq lq surgxfw pdunhwv dqg vwlfn| sulfhv17 Wklv prgho
jhqhudwhv dq h{shfwdwlrqdo Skloolsv fxuyh ehfdxvh xqdqwlflsdwhg lqfuhdvhv lq wkh
prqh| vxsso| jhqhudwh xqh{shfwhg lq dwlrq1 Xqh{shfwhg lq dwlrq uhgxfhv wkh
uhdo sulfh ri jrrgv/ zkrvh qrplqdo sulfhv duh vhw lq dgydqfh1 Orzhu uhdo jrrg

6Erwk ri wkhvh srwhqwldo h{whqvlrqv duh phqwlrqhg exw qrw h{soruhg lq EN1
7Wkh prgho suhvhqwhg khuh lv h{dfwo| Luhodqg +4<<:, h{fhsw wkdw zh doorz iru vwrfkdvwlf

prqhwdu| srolf| dqg prgho erwk fdvk dqg fuhglw jrrgv1
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sulfhv jhqhudwh d whpsrudu| lqfuhdvh lq rxwsxw1
Wkh hfrqrp| frqvlvwv ri d frqwlqxxp ri lghqwlfdo krxvhkrogv/ d frqwlqxxp

ri �upv wkdw surgxfh jrrg 4/ wkh fdvk jrrg/ d frqwlqxxp ri �upv wkdw surgxfh
jrrg 5/ wkh fuhglw jrrg/ dqg d jryhuqphqw1 Hdfk �up surgxfhv d glvwlqfw jrrg/
lqgh{hg e| lwv surgxfhu +l> m,/ zkhuh l olhv rq wkh xqlw lqwhuydo dqg m @ 4 ru 51
Wkh jryhuqphqw frqwurov wkh qrplqdo txdqwlw| ri prqh| yld qrplqdo oxps0vxp
lqmhfwlrqv1 Wkh shu0krxvhkrog prqh| vwrfn dw wkh ehjlqqlqj ri shulrg w lv Pr

| 1
Wkh odz ri prwlrq iru wkh prqh| vxsso| lv

Pr
|n� @ {|P

r
| +4,

zkhuh {| lv dq llg udqgrp yduldeoh zlwk ghqvlw| i wkdw kdv vxssruw ^�>.4,1
Dw wkh ehjlqqlqj ri shulrg w/ wkh uhsuhvhqwdwlyh krxvhkrog hqwhuv wkh shulrg

zlwk qrplqdo prqh|P| dqg �up +l> m, hqwhuv wkh shulrg kdylqj fkrvhq d qrplqdo
sulfh S| +l, iru lwv rxwsxw lq wkh suhylrxv shulrg18 Dw wkh ehjlqqlqj ri wkh shulrg/
hdfk krxvhkrog uhfhlyhv d qrplqdo wudqvihu +{| � 4,P r

| 1
Wkh uhsuhvhqwdwlyh krxvhkrog pd{lpl}hv

"[
|'f

�|Hf

�
!

�
+f�|,

k .
#

�
+f2|,

k � q|

�
+5,

zkhuh f�|> f2|> q| ghqrwh shulrg w frqvxpswlrq ri wkh fdvk jrrg frpsrvlwh/ fuhglw
jrrg frpsrvlwh dqg oderu uhvshfwlyho|/ dqg � ? 41 Frpsrvlwh jrrgv duh gh�qhg
e|

f�| @

�] �

f
f�| +l,

Ew3��*w gl

�w*Ew3��
+6,

iru m @ 4> 5/ � A 4 dqg

q| @
] �

f
q| +l,gl +7,

Fdvk dqg fuhglw jrrgv duh surgxfhg dffruglqj wr d olqhdu whfkqrorj|

] �

f
^f�| +l, . f2| +l,` gl @ q|

Frqvxphuv kdyh udwlrqdo h{shfwdwlrqv uhjduglqj dqg wdnh dv jlyhq wkh vwr0
fkdvwlf surfhvvhv iru iPr

| > S| +l, >Z|j/ zkhuh S| +l, ghqrwhv wkh groodu sulfh ri
wkh fdvk dqg fuhglw jrrg l dqg Z| ghqrwhv wkh qrplqdo zdjh1 Dv lq Oxfdv dqg
Vwrnh| +4<;:,/ fdvk dqg fuhglw jrrgv vhoo dw wkh vdph sulfh1 Prqh| iurp vdohv ri
fdvk jrrgv froohfw lq wkh uhjlvwhu zkloh wudglqj rffxuv/ zkloh LRXv iurp wkh vdoh
ri fuhglw jrrgv dffuxh wr wkh vhoohu zkloh wudglqj rffxuv1 Iru erwk jrrgv/ vdohv
uhyhqxhv ehfrph dydlodeoh iru xvh rqo| diwhu jrrgv wudglqj hqgv1 Wr wkh vhoohu/
wkhuh lv qr oltxlglw| ydoxh ri kroglqj fdvk yhuvxv LRXv1 Dovr/ wkh wzr jrrgv
vkduh wkh vdph olqhdu surgxfwlrq whfkqrorj|1 Wkhuhiruh/ zkhq erwk jrrgv duh lq
srvlwlyh vxsso|/ wkh| kdyh lghqwlfdo sulfhv1

8Zh h{sodlq ehorz zk| wkh qrplqdo sulfh dw wlph | grhv qrw ghshqg rq �1
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Hdfk krxvhkrog fkrrvhv fdvk dqg fuhglw jrrgv/ oderu vxsso| dqg prqh| gh0
pdqg if�| +l, > f2| +l, > q|>P|j wr pd{lpl}h +5, vxemhfw wr +6,/+7, dqg] �

f
S| +l, f�| +l,gl � P| . +{| � 4,Pr

| +8,

f�| +l, > f2| +l, >P| � 3 +9,] �

f
S| +l, +f�| +l, . f2| +l,,gl.P|n� � P|.+{| � 4,Pr

| .
] �

f
^G�| +l, .G2| +l,`gl.Z|q|

+:,
Zh iroorz Froh dqg Nrfkhuodnrwd +4<<;, dqg Luhodqg +4<<:, lq dvvxplqj wkdw
li wkh FLD frqvwudlqw grhv qrw elqg/ wkhq krxvhkrogv fduu| mxvw hqrxjk fdvk wr
pdnh +8, krog zlwk htxdolw|1

Qh{w/ frqvlghu wkh �upv* sureohp1 Dv h{sodlqhg deryh/ surgxfhuv ri fdvk dqg
fuhglw jrrgv fkdujh lghqwlfdo sulfhv1 Lw vx!fhv/ wkhuhiruh/ wr vwxg| wkh pd{lpl}d0
wlrq sureohp ri d w|slfdo surgxfhu ri hlwkhu wkh fdvk ru fuhglw jrrg1 Hdfk fdvk
jrrg �up vhoov rxwsxw rq ghpdqg dw d �{hg sulfh S| +l, gxulqj shulrg w1 Dw wkh
hqg ri shulrg w/ wkh �up pdnhv zdjh sd|phqwv/ sd|v rxw sur�wv dv d glylghqg wr
wkh uhsuhvhqwdwlyh krxvhkrog/ dqg fkrrvhv wkh qh{w shulrg qrplqdo sulfh1 Wklv
sulfh lv vhw ehiruh wkh qh{w shulrg prqhwdu| vkrfn lv nqrzq1 Ilup +l> 4, fkrrvhv
S|n� +l, wr pd{lpl}h H| ^u|n�G�|n� +l,`/ zkhuh

G�|n� +l, @ ^S|n� +l,�Z|n�`

�
S|n� +l,

S|n�

�3w {|n�Pr
|n�

S|n�
+;,

dqg u|n� lv wkh dvvhw sulflqj nhuqho1 D vwhs0e|0vwhs ghulydwlrq ri wkh glylghqg
ri d prqrsrolvwlfdoo| frpshwlwlyh �up lq d FLD hfrqrp|/ h{suhvvhg lq +;,/ lv
ghulyhg lq wkh dsshqgl{ wr Luhodqg +4<<:,1

Wkh vhtxhqfh ri hyhqwv dqg wkh wlplqj ri ghflvlrqv wkdw �upv dqg krxvhkrogv
pdnh lv ghvfulehg lq Gldjudp 41 Gldjudp 4 dovr lqfoxghv d pdunhw iru rqh0shulrg
vwdwh0frqwlqjhqw qrplqdo ghew wkdw pd| eh dydlodeoh wr wkh krxvhkrog1 Wklv dvvhw
pdunhw lv ghvfulehg frpsohwho| lq dq dsshqgl{1 Jlyhq rxu uhsuhvhqwdwlyh djhqw
dvvxpswlrq/ wkh h{lvwhqfh ri wklv pdunhw grhv qrw d�hfw ghflvlrqv ri �upv ru
krxvhkrogv ru htxloleulxp yduldeohv1

Zh duh uhdg| wr gh�qh d udwlrqdo h{shfwdwlrqv htxloleulxp iru wkh prgho1 Zh
frqvlghu htxloleuld zkhuh fxuuhqf| lv ydoxhg dw doo gdwhv dqg lq doo vwdwhv ri wkh
zruog1

Gh�qlwlrq= D udwlrqdo h{shfwdwlrqv htxloleulxp lv d vhw ri vwrfkdvwlf surfhvvhv
if�| +l, > f2| +l, > q|>P|>Pr

| >G�| +l, >G2| +l, > S| +l, >Z|j vxfk wkdw
+l, Krxvhkrogv vroyh wkhlu sureohp1
+ll, Ilupv vroyh wkhlu sureohp1
+lll, Wkh pdunhwv iru fdvk jrrgv/ fuhglw jrrgv/ oderu dqg prqh| fohdu1
+ly, Wkh jryhuqphqw vshfl�hv d udqgrp yduldeoh {|/ dqg wkh odz ri prwlrq

iru wkh prqh| vxsso| reh|v +4,1
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Frqvlghu d uhfxuvlyh irupxodwlrq ri wkh krxvhkrog*v sureohp1 Iluvw/ ohw orzhu
fdvh yduldeohv ghqrwh wkh fruuhvsrqglqj xsshu fdvh yduldeohv vfdohg e| wkh fxu0
uhqw shu fdslwd prqh| vwrfn/ l1h1/ s| +l, @ S| +l, @Pr

| 1 Wr vwxg| wkh uhfxuvlyh
uhsuhvhqwdwlrq/ zh uhpryh wlph vxevfulswv iurp yduldeohv wr ghqrwh wklv shulrg*v
ydoxh ri wkh yduldeoh dqg xvh d sulph wr ghqrwh qh{w shulrg*v ydoxh1 Zlwk wklv
frqyhqwlrq/ wkh krxvhkrog Ehoopdq htxdwlrq lv

y +p>s> {, @ pd{
S�E��cS2E��c?E��

�
!

�
+f�,

k .
#

�
+f2,

k � q. �H
�
y
�
p�> s�> {�

���

vxemhfw wr p. {� 4 @
U �
f s +l, f� +l,gl/ zkhuh gh�qlwlrqv ri frpsrvlwh jrrgv duh

jlyhq e| +6, dqg +7,/ dqg

p� @
4

{

�
p. {� 4 .zq�

] �

f
s +l, +f� +l, . f2 +l,,gl.

] �

f
+g� +l, . g2 +l,, gl

�

Zh zlvk wr vwxg| v|pphwulf vwdwlrqdu| prqhwdu| htxloleuld +VVPH,1 E|
v|pphwulf/ zh phdq wkdw lq dq| shulrg doo �upv fkrrvh lghqwlfdo qrplqdo sulfhv1
E| vwdwlrqdu|/ zh zlvk wr uhvwulfw dwwhqwlrq dzd| iurp vxqvsrw/ vhoi0ixo�oolqj
lq dwlrqdu| dqg vhoi0ixo�oolqj gh dwlrqdu| htxloleuld1 E| prqhwdu| htxloleuld/ zh
phdq wkdw wkh qrplqdo sulfh ohyho lv �qlwh dw doo gdwhv dqg xqghu doo frqwlqjhqflhv1

Wkh �uvw rughu frqglwlrqv iru rswlpl}dwlrq lq d v|pphwulf htxloleulxp/ zkhuh
s +l, @ s dqg f� +l, @ f�/ duh

! +f�,
k3� � �s� �H

�
y6

�
p�> s�> {�

�
s@{

�
@ 3 +<,

# +f2,
k3� @ �H

�
y6

�
p�> s�> {�

�
s@{

�
+43,

4 @ �H
�
y6

�
p�> s�> {�

�
z@{

�
+44,

zkhuh � ghqrwhv wkh pxowlsolhu rq wkh FLD frqvwudlqw1 Wkh hqyhorsh frqglwlrq
uhtxluhv

y6 +p> s> {, @ �H
�
y6

�
p�> s�> {�

�
@{

�
. � +45,

Wkurxjkrxw wklv sdshu/ H +�, uhsuhvhqwv wkh h{shfwdwlrq rshudwru frqglwlrqhg rq
wkh fxuuhqw prqh| jurzwk udwh {1

Lq htxloleulxp/ p @ p� @ 4 vlqfh wkh uhsuhvhqwdwlyh krxvhkrog krogv wkh
shu fdslwd txdqwlw| ri prqh| lq hyhu| shulrg dqg doo vwdwhv1 Holplqdwlqj � dqg
vxevwlwxwlqj rxw wkh hqyhorsh frqglwlrq/ wkh qhfhvvdu| frqglwlrqv iru rswlpl}dwlrq
e| krxvhkrogv duh

sf� @ { +46,

4 @
!�z

s�{
H

��
f
�

�

�k3��
+47,

# +f2,
k3� @

!�s

{s�
H

��
f
�

�

�k3��
+48,
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Rswlpl}dwlrq e| �upv uhtxluhv

s� @
�

� � 4

H +u�z�,

H +u�,
+49,

Htxdwlrq +49, vwdwhv wkdw ulvn0qhxwudo prqrsrolvwlfdoo| frpshwlwlyh �upv vhw sulfh
ryhu h{shfwhg vwdwh0sulfh0gh dwhg pdujlqdo frvw htxdo wr �@ +� � 4,1 Htxdwlrq
+49, lv d vwrfkdvwlf jhqhudol}dwlrq ri wkh ghwhuplqlvwlf Gl{lw0Vwljolw} frqvwdqw
pdunxs uxoh1 Wkh htxloleulxp dvvhw sulflqj nhuqho lv

u� @
�

{

�
f��
f�

�k3�

+4:,

Ehiruh frqwlqxlqj rq wr vroyh wkh lpshuihfw frpshwlwlrq0vwlfn| sulfh prgho/
wkh iroorzlqj ohppd ghprqvwudwhv wkdw zlwk  h{leoh sulfhv dqg shuihfw frpshwl0
wlrq wkh prgho froodsvhv wr wkdw ri Oxfdv dqg Vwrnh| +4<;:,1

Ohppd 4= Li surgxfw pdunhwv duh frpshwlwlyh dqg sulfhv duh  h{leoh/ wkh uh0
vrxufh doorfdwlrq grhv qrw ghshqg rq wkh uhdol}hg prqh| jurzwk udwh dqg lv jlyhq
e|

f� @
�
�!H

�
4@{�

���*E�3k�
f2 @ #�*E�3k�

Surri= Wkh �uvw0rughu frqglwlrqv iru frqvxphu rswlpl}dwlrq duh +<,/ +43,/ +44,/
+45, dqg +46,1 Zlwk  h{leoh sulfhv dqg shuihfw frpshwlwlrq/ sulfh htxdov pdujlqdo
frvw s @ z1

Frpelqlqj +43,/ +44, dqg s @ z/ zh nqrz wkdw

f2 @ #�*E�3k�

Qh{w/ vxevwlwxwlqj � rxw ri +<, xvlqj wkh hqyhorsh frqglwlrq/ zh kdyh

y6 @
!

s
+f�,

k3�

Xvlqj wkh FLD frqvwudlqw dqg vhwwlqj wklv htxdwlrq rqh shulrg iruzdug/

y�6 @
!

{�
�
f��
�k +4;,

Vxevwlwxwlqj +4;, lqwr +44, dqg xvlqj wkh FLD frqvwudlqw djdlq/

f� @ �!H
��
f��
�k

@{�
�

Wkh vlqjoh vwdwlrqdu| vroxwlrq wr wklv htxdwlrq iru dq llg { lv

f� @
�
�!H

�
4@{�

���*E�3k�

:



Rxu �uvw ohppd vwdwhv wkdw zlwk llg prqh| jurzwk/ frpshwlwlyh surgxfw
pdunhwv dqg  h{leoh sulfhv/ wkh uhvrxufh doorfdwlrq grhv qrw ghshqg xsrq wkh
uhdol}dwlrq ri wkh prqh| jurzwk udwh/ exw rqo| xsrq d vlqjoh prphqw ri wkh
glvwulexwlrq ri {1 Uhfdoo wkdw lq wkh Oxfdv0Vwrnh| prgho/ rqo| dqwlflsdwhg lq0
 dwlrq d�hfwv krxvhkrogv ghflvlrqv1 Ixuwkhupruh/ qrwh wkdw wkh sduhwr rswlpdo
doorfdwlrq lv dfklhyhg li { @ �1

Qrz/ ohw xv uhwxuq wr wkh jhqhudo prgho wkdw dgplwv lpshuihfw frpshwlwlrq
dqg rqh0shulrg dkhdg sulfh vhwwlqj1 Vxppdul}lqj/ wkh uhfxuvlyh uhsuhvhqwdwlrq
ri d VVPH frqvlvwv ri if�> f2> z> s�j/ d vhw ri qrqqhjdwlyh ixqfwlrqv ri {/ dqg u�/
d qrqqhjdwlyh ixqfwlrq ri +{> {�,/ wkdw vdwlvi| +46,/ +47,/ +48,/ +49,/ +4:, dv zhoo
dv wkh uhvwulfwlrq wkdw H +u�, � 4 iru doo {19

Wkhruhp 4= Wkh odz ri prwlrq iru wkh vfdohg zdjh lq d VVPH lv z @ I{/
zkhuh

I @

�
�

� � 4
H

��
{�
�k��k*E�3k�

+�!,�*Ek3��H
��
{�
�k3��3E�nk�*E�3k� +4<,

Surri= Zh kdyh �yh htxdwlrqv wkdw fkdudfwhul}h hyhu| VVPH1 Iluvw/ zh pd|
ljqruh +48,/ wkh �uvw0rughu frqglwlrq iru fkrlfh ri f2/ vlqfh f2 rqo| dsshduv lq wkdw
htxdwlrq1 Ri wkh uhpdlqlqj irxu htxdwlrqv/ xvh wkh FLD frqvwudlqw wr vxevwlwxwh
rxw f� dqg f��1 Wklv ohdyhv xv zlwk wkuhh htxdwlrqv= +49, dqg

s�{

!�z
@ H

%�
{�

s�

�k3�
&

u� @
�

{

�
{�@s�

{@s

�k3�

lq wkuhh xqnqrzq hqgrjhqrxv yduldeohv/ u> s>z1
Qh{w/ vxevwlwxwh rxw u� xvlqj wkh odvw ri wkhvh htxdwlrqv1

s� @
�

� � 4

5
7H

�
+{�,k3�z�

�
H

�
+{�,k3�

�
6
8

s� @

�
!�z

{
H

��
{�
�k3����*k

Vxevwlwxwlqj rxw s� uhwxuqv d vlqjoh �uvw0rughu qrqolqhdu vwrfkdvwlf gl�huhqfh
htxdwlrq

�

� � 4

5
7H

�
+{�,k3�z�

�
H

�
+{�,k3�

�
6
8 @

�
!�z

{
H

��
{�
�k3����*k +53,

9Wkh jurvv qrplqdo lqwhuhvw udwh d. Eo��o
3� pxvw eh juhdwhu wkdq ru htxdo wr rqh lq doo vwdwhv

ri wkh zruog1 Li qrw/ djhqwv frxog hduq lq�qlwh sur�wv lq d prqhwdu| htxloleulxp e| wdnlqj vkruw
srvlwlrqv lq qrplqdo erqgv +qrw h{solflwo| prghoohg khuh, dqg orqj srvlwlrqv lq prqh|1

;



Vlqfh { lv llg/ d vroxwlrq wr +53, fruuhvsrqgv wr d odz ri prwlrq iru wkh vfdohg zdjh
lq d sduwlfxodu htxloleulxp1 Wkh vlqjoh vwdwlrqdu| vroxwlrq wr +53, lv z @ I{1
Xvlqj wkh phwkrg ri xqghwhuplqhg frh!flhqwv/ I lv jlyhq e| +4<,1

Qrw vxusulvlqjo|/ d kljk prqh| jurzwk udwh lqfuhdvhv wkh vfdohg zdjh/ vlqfh
I A 31 D odujhu prqh| vxsso| lpsolhv wkdw wkh uhdo sulfh ri jrrgv/ zkrvh
qrplqdo ydoxhv duh suh0vhw/ idoov1 Wklv lqfuhdvhv ghpdqg iru jrrgv1 Lq rughu wr
phhw ghpdqg dw wkh �{hg qrplqdo sulfhv/ �upv kluh pruh zrunhuv1 Wklv elgv
xs wkh uhdo zdjh1 Lqwhusuhwlqj wkh frh!flhqw I lv gl!fxow vlqfh lw lqyroyhv erwk
suhihuhqfh sdudphwhuv dv zhoo dv vhyhudo prphqwv ri wkh glvwulexwlrq ri wkh prqh|
jurzwk udwh1

Lw lv vwudljkwiruzdug wr �qg wkh uhpdlqlqj hqgrjhqrxv yduldeohv1 Vroylqj iru
htxloleulxp fdvk dqg fuhglw jrrg frqvxpswlrq/ zh kdyh

f� @ ��

3
ECH

�
+{�,k3�

�2
H ++{�,k,

4
FD
�*E�3k�

{ +54,

f2 @ �2

3
CH

�
+{�,k3�

�
H ++{�,k,

4
D
�*E�3k�

{�*E�3k� +55,

zkhuh �� @ +!� +� � 4, @�,�*E�3k� dqg �2 @ +# +� � 4, @�,�*E�3k�1 Wkh vfdohg
qrplqdo sulfh s lv jlyhq e| wkh iroorzlqj h{suhvvlrq1

s @ s� @ +��,
3�

3
ECH

�
+{�,k3�

�2
H ++{�,k,

4
FD
�*Ek3��

+56,

Qrwh wkdw s lv lqghshqghqw ri wkh fxuuhqw uhdol}dwlrq ri wkh prqh| vkrfn ehfdxvh
zh kdyh dvvxphg wkdw { lv llg1 Xvlqj +4:, dqg rxu dvvxpswlrq wkdw wkh FLD
frqvwudlqw krogv zlwk htxdolw|/ wkh dvvhw sulflqj nhuqho lv

u� @
�

{k

�
{
�

�k3�
+57,

Htxdwlrqv +54, dqg +55, duh lqvwuxfwlyh iru xqghuvwdqglqj krz dqg zkhq udq0
grpl}lqj prqhwdu| srolf| fdq eh zhoiduh lpsurylqj1

H{dplqlqj +55,/ qrwh wkdw f2 lv frqyh{ dqg lqfuhdvlqj lq wkh fxuuhqw prqh|
vkrfn {1 Wklv frqyh{lw| jhqhudwhv rqh ri wkh ehqh�wv ri dgrswlqj d udqgrp
prqhwdu| srolf|1 Zh fdoo wklv wkh xqdqwlflsdwhg lq dwlrq h�hfw1 Lpshuihfw frp0
shwlwlrq jhqhudwhv wrr olwwoh frqvxpswlrq ri erwk wkh fdvk dqg fuhglw jrrgv lq
wkh prgho1 Lq shulrgv ri kljk prqh| jurzwk/ xqdqwlflsdwhg lq dwlrq gulyhv xs
wkh uhdo zdjh1 Vlqfh wkh vfdohg sulfh ri jrrgv lv �{hg/ wkh pdunxs idoov zkhq
prqh| lv lqmhfwhg dqg wklv uhgxfhv wkh glvwruwlrq dulvlqj iurp lpshuihfw frpsh0
wlwlrq1 Zh h{soruh wkh vrxufh ri wklv frqyh{lw| lq wkh qh{w vhfwlrq ri wkh sdshu>
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krzhyhu/ wklv lv qrw wkh hqg ri wkh vwru|1 Lq dgglwlrq/ zh pxvw dovr frqvlghu wkh
h�hfw ri lqwurgxflqj udqgrpqhvv rq wkh frqglwlrqdo prphqwv ri {� wkdw dsshdu
lq wkh srolf| ixqfwlrq iru f21 Zh glvfxvv wklv lq wkh qh{w vhfwlrq dv zhoo1

Rq wkh rwkhu kdqg/ iurp +54, f� lv olqhdu lq wkh fxuuhqw prqh| vkrfn1 Vlqfh
suhihuhqfhv duh frqfdyh lq f�/ e| Mhqvhq*v lqhtxdolw|/ dgglqj udqgrpqhvv whqgv
wr uhgxfh wkh h{shfwhg xwlolw| frqwulexwlrq ri wkh fdvk jrrg1 Wklv zrunv djdlqvw
wkh srvvlelolw| wkdw udqgrpqhvv lv sduhwr lpsurylqj1 Lw lv iru wklv uhdvrq wkdw rxu
wkhruhpv krog rqo| zkhq wkh fdvk jrrg lv vx!flhqwo| xqlpsruwdqw lq wkh xwlolw|
ixqfwlrq/ wkdw lv/ zkhq ! lv forvh wr }hur1

Lq wklv vhfwlrq/ zh frqvwuxfwhg d forvhg0irup h{suhvvlrq iru wkh hqgrjhqrxv
yduldeohv lq wklv vwrfkdvwlf LFVS prgho1 Wkhvh h{suhvvlrqv duh xvhg uhshdwhgo| lq
wkh qh{w vhfwlrq wr ghyhors vhyhudo wkhruhpv frqfhuqlqj krxvhkrog zhoiduh xqghu
dowhuqdwlyh prqhwdu| srolflhv1

5 Rswlpdo Prqhwdu| Srolf|

Wklv vhfwlrq ghyhorsv d sduwldo sduhwr udqnlqj ri dowhuqdwlyh prqhwdu| srolflhv
lq wkh LFVS prgho1 Rxu xowlpdwh jrdo lv wr ghprqvwudwh wkdw d udqgrp srolf|
iru wkh prqh| jurzwk udwh pd| grplqdwh d ghwhuplqlvwlf rqh1 Dv d suhoxgh wr
wkh pdlq uhvxow/ zh �uvw fkdudfwhul}h wkh rswlpdo ghwhuplqlvwlf prqhwdu| srolf|1

Wkhruhp 5= Uhvwulfwlqj dwwhqwlrq wr ghwhuplqlvwlf prqhwdu| srolflhv/ wkh Udp0
vh| rxwfrph vhwv { @ �1
Surri= Jlyhq wkdw wkh qh{w shulrg prqh| vxsso| jurzwk udwh lv nqrzq zlwk
fhuwdlqw| lq wklv shulrg/ iurp +54,/ wkh txdqwlw| ri wkh fdvk jrrg lv

f� @

�
�! +� � 4,

{�

��*E�3k�
+58,

E| htxdwlrq +55,/ wkh txdqwlw| ri wkh fuhglw jrrg lv

f2 @

�
�!

{#

�
f�

Vlpsoli|lqj/ f2 grhv qrw ghshqg xsrq wkh prqh| jurzwk udwh

f2 @ ^# +� � 4, @�`�*E�3k� +59,

Lw lv fohdu iurp +59, wkdw wr frpsxwh wkh Udpvh| srolf| lw lv vx!flhqw wr vwxg|
wkh h�hfw ri fkdqjlqj { rq wkh fdvk jrrg1

Vxevwlwxwlqj +58, lqwr wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq dqg vxssuhvvlqj wkh
xwlolw| frqwulexwlrq ri f2 vlqfh lw grhv qrw fkdqjh dv { ydulhv=

X +{, @
!

�

�
�! +� � 4,

�{

�k*E�3k�

�
�
�! +� � 4,

�{

��*E�3k�

Wkh ghwhuplqlvwlf Udpvh| sureohp ehfrphv

pd{
%

X +{, vxemhfw wr { � � +5:,
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Wkh prqh| jurzwk udwh pxvw eh qr orzhu wkdq wkh glvfrxqw idfwru lq rughu wkdw
U � 4/ d frqglwlrq uhtxluhg iru h{lvwhqfh ri d prqhwdu| htxloleulxp1 Wkh vroxwlrq
wr +5:, lv wr fkrrvh {W @ �1

Ghyldwlqj iurp Iulhgpdq*v uxoh zlwk d ghwhuplqlvwlf srolf| fdqqrw doohyldwh
wkh glvwruwlrq jhqhudwhg e| lpshuihfw frpshwlwlrq1 Wkh lqwxlwlrq iru Wkhruhp 5 lv
vwudljkwiruzdug1 Zlwk { @ � wkhuh lv qr prqhwdu| glvwruwlrq> krzhyhu/ lpshuihfw
frpshwlwlrq lq surgxfw pdunhwv fuhdwhv wrr olwwoh frqvxpswlrq dqg khqfh wrr
pxfk ohlvxuh uhodwlyh wr wkh vrfldo rswlpxp1 Lqfuhdvlqj wkh jurvv prqh| jurzwk
udwh deryh � pdnhv wkh fdvk jrrg hyhq pruh h{shqvlyh1 Wklv ohdgv krxvhkrogv
wr vxevwlwxwh hyhq ixuwkhu dzd| iurp wkh fdvk jrrg dqg lqwr ohlvxuh1 Erwk d
kljk prqh| jurzwk udwh dqg pdunhw srzhu glvwruw krxvhkrogv* fdvk jrrg0ohlvxuh
pdujlq lq wkh vdph gluhfwlrq1 Lqwurgxflqj d qrqvwrfkdvwlf prqhwdu| glvwruwlrq
fdqqrw xqgr wkh glvwruwlrq jhqhudwhg e| lpshuihfw frpshwlwlrq1

Qh{w/ zh vkrz wkdw lqwurgxflqj d vwrfkdvwlf prqhwdu| srolf| fdq lpsuryh
xsrq Iulhgpdq*v uxoh1 Dv zh hvwdeolvkhg lq vhfwlrq 4/ wkh xqdqwlflsdwhg lq dwlrq
h�hfw lqfuhdvhv wkh h{shfwhg xwlolw| frqwulexwlrq ri wkh fuhglw jrrg e| gulylqj
grzq wkh pdunxs1 Rq wkh rwkhu kdqg/ wkh srwhqwldo iru lq dwlrq ohdgv wr lq dwlrq
h{shfwdwlrq lq hyhu| shulrg/ hyhq li uhdol}hg lq dwlrq rqo| rffxuv rffdvlrqdoo|1
H{shfwhg lq dwlrq ohdgv krxvhkrogv wr vxevwlwxwh rxw ri fdvk jrrgv dqg dpsol�hv
wkh glvwruwlrq jhqhudwhg e| lpshuihfw frpshwlwlrq/ dv ghprqvwudwhg lq Wkhruhp
51 Wkh vl}h ri wklv glvwruwlrq lv lqfuhdvlqj lq wkh jurvv qrplqdo lqwhuhvw udwh rq d
ulvn0iuhh erqg/ zklfk zh ghqrwh U1 Wklv lv ehfdxvh wkh sulydwh pdujlqdo udwh ri
vxevwlwxwlrq ehwzhhq wkh fdvk dqg fuhglw jrrg lv wkh rssruwxqlw| frvw ri kroglqj
prqh| lq rughu wr vdwlvi| wkh FLD frqvwudlqw1 Wkh iroorzlqj Ohppd fkdudfwhul}hv
U1

Ohppd 5= Wkh jurvv rqh0shulrg qrplqdo lqwhuhvw udwh lv

U @ {k@
�
�H

k�
{�
�k3�l� +5;,

Surri= Wr frpsxwh wkh qrplqdo lqwhuhvw udwh/ zh sulfh d ulvn0iuhh qrplqdo erqg1
Wkh jurvv ulvn0iuhh qrplqdo udwh ri uhwxuq lv jlyhq e| U @ ^H +u�,`3�1 Vxevwlwxwlqj
rxw wkh dvvhw sulflqj nhuqho xvlqj u� +4:,/ zh kdyh

U @ +{@�,
+f�,

k3�

H
k
+f��,

k3�
l +5<,

Vlpsoli|lqj +5<, e| vxevwlwxwlqj lq +46, dqg qrwlqj wkdw s @ s� iurp +56,/ zh
kdyh +5;,1

Xqghu Iulhgpdq*v uxoh/ { @ � lq doo vwdwhv1 Lq wklv fdvh/ +46, ghprqvwudwhv
frqvxpswlrq lv frqvwdqw1 Iurp +5;,/ U @ 41 Qr prqhwdu| glvwruwlrq rffxuv>
krzhyhu/ wkhuh lv dovr qr srvvlelolw| iru vxusulvh lq dwlrq1

Iurp +5;,/ zh zloo vkrz wkdw dq| srolf| rwkhu wkdq Iulhgpdq*v uxoh/ wkdw lv
dq| srolf| zlwk d ghqvlw| wkdw grhv qrw frqfhqwudwh doo pdvv rq �/ zloo ohdg wr d
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qrplqdo lqwhuhvw udwh wkdw lv juhdwhu wkdq rqh lq vrph vwdwhv ri wkh zruog1 Vlqfh
zh zrxog olnh wr vkrz wkdw U A 4 lq doo vwdwhv ri wkh zruog/ dv orqj dv Iulhgpdq*v
uxoh lv qrw sxuvxhg/ wkh orzhvw srvvleoh lqwhuhvw udwh wkdw fdq rffxu lv zkhq wkh
prqh| jurzwk udwh lv �1 E| +5;,/ U A 4 dv orqj dv

H
k�
{�
�k3�l

A ��3k

Wr vhh wklv/ qrwh wkdw dv orqj dv i lv d ghqvlw| rq ^�>4, zlwkrxw doo pdvv rq �/
wkhq ]

"

q

�
{k3�

�2 k
{�3k � ��3k

l
i +{, g{ A 3

Vlpsoh dojheud lpsolhv ]
"

q
{k3�i +{, g{ A ��3k

Li wkh jryhuqphqw sxuvxhv d udqgrp prqhwdu| srolf|/ wkh qhw qrplqdo lqwhuhvw
udwh lv srvlwlyh lq dw ohdvw vrph vwdwhv ri wkh zruog> wkhuhiruh/ d prqhwdu| glvwru0
wlrq dulvhv iurp udqgrp prqhwdu| srolf| wkdw lv qrw suhvhqw zkhq wkh prqhwdu|
dxwkrulw| iroorzv Iulhgpdq*v uxoh1

Dqwlflsdwhg lq dwlrq whqgv wr uhgxfh wkh txdqwlw| ri wkh fdvk jrrg khog
e| krxvhkrogv1 Rqh zd| wr uhgxfh wkh qhjdwlyh h�hfwv dvvrfldwhg zlwk udqgrp
prqhwdu| srolf| lv wr uhgxfh wkh suhihuhqfh iru fdvk jrrgv lq wkh krxvhkrog xwlolw|
ixqfwlrq1 Dv h{sodlqhg lq wkh lqwurgxfwlrq/ wklv dvvxpswlrq fdq eh mxvwl�hg
e| ghyhorsphqwv lq �qdqfldoo| vrsklvwlfdwhg hfrqrplhv wkdw kdyh uhgxfhg wkh
uholdqfh rq prqh| dv d phglxp ri h{fkdqjh1 Iru wklv uhdvrq/ zh dvvxph wkdw !
lv forvh wr }hur1

Wkh qh{w ohppd frqfhuqv wkh h�hfw rq wkh pdunxs ri lqwurgxflqj d vpdoo
udqgrp frpsrqhqw wr wkh prqh| jurzwk udwh1

Ohppd 6= Li � ? 3/ wkhuh h{lvwv d udqgrp prqhwdu| srolf| zlwk d orzhu
h{shfwhg pdunxs wkdq hyhu| ghwhuplqlvwlf srolf|1
Surri= E| frqvlghulqj shuwxuedwlrqv wr wkh ghwhuplqlvwlf prqh| jurzwk udwh/ zh
fdq vkrz wkdw wkh h{shfwhg pdunxs idoov xsrq wkh lqwurgxfwlrq ri d vpdoo ghjuhh
ri xqfhuwdlqw|1 Dvvxph wkdw wkh ghwhuplqlvwlf prqh| jurzwk udwh lv htxdo wr
�{ A �1 Iru wklv srolf|/ wkh pdunxs lv jlyhq e| � @ �� @ �@ +� � 4,1 Iru dq| llg
prqh| jurzwk udwh/ wkh h{shfwhg pdunxs qh{w shulrg lv=

H
�
��
�
@

H ++{�,k,H
�
+{�,3�

�
H

�
+{�,k3�

� +63,

Wr vlpsoli| qrwdwlrq iru wkh uhpdlqghu ri wkh surri/ zh vxssuhvv wkh sulph rq �
dqg {1 Zh zloo frqvlghu shuwxuedwlrqv ri wkh udqgrp yduldeoh { lqgh{hg e| �1
Ohw { � �{. �� zkhuh � lv d phdq }hur udqgrp yduldeoh zlwk �qlwh yduldqfh �21
Vlqfh wkh h{shfwhg pdunxs ghshqgv rq prphqwv ri { wkdw kdyh d vlplodu irup/
lw lv xvhixo wr gh�qh wkh iroorzlqj ixqfwlrq1

H +{6> �, @ D6 +�, @
]

^+�{. ��,6` gI +�,
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zkhuh I lv d fgi zlwk phdq }hur1 Lq wklv fdvh/ lw lv vwudljkwiruzdug wr frpsxwh
wkh �uvw dqg vhfrqg ghulydwlyhv ri D6=

D�

6 +�, @ p

] k
+�{. ��,63�

l
�gI +�,

D��

6 +�, @ p +p� 4,
] k

+�{. ��,632
l
�2gI +�,

Hydoxdwlqj wkhvh ghulydwlyhv dw � @ 3/ zh kdyh=

D6 +3, @ �{6

D�

6 +3, @ 3

D��

6 +3, @ p +p� 4, +�{,632 �2

Iurp +63,/ wkh h{shfwhg pdunxs/ lqgh{hg e| �/ lv

H +�> �, @
�

� � 4

H +{k> �,H
�
{3�> �

�
H +{k3�> �,

Zulwlqj wkh UKV ri wklv h{suhvvlrq lq whupv ri D/ zh kdyh

H +�> �, @ ^�@ +� � 4,`Dk +�,D3� +�, ^Dk3� +�,`
3�

Iluvw ri doo/ vlqfh D�

6 +3, @ 3/ lw lv fohdu wkdw CH +�> 3, @C� @ 31 Lq rughu wr
frqvlghu wkh h�hfw rq wkh pdunxs ri xqfhuwdlqw|/ zh pxvw orrn dw wkh vhfrqg
ghulydwlyh1 Wklv dovr phdqv wkdw wkh irupxod iru C2H +�> 3, @C�2 lv uhodwlyho|
vlpsoh +hyhu| whup zlwk d �uvw ghulydwlyh lq lw htxdov }hur,=

C2H +�> 3,

C�2
@

�

� � 4

+
D��

k +3,D3� +3, ^Dk3� +3,`
3� .Dk +3,D

��

3� +3, ^Dk3� +3,`
3�

�Dk +3,D3� +3, ^Dk3� +3,`
32D��

k3� +3,

,

Xvlqj wkh prphqwv frpsxwhg deryh/ zh nqrz

C2H +�> 3,

C�2
@

�2�

� � 4

k
� +�� 4, +�{,k32 +�{,3k . 5 +�{,3� +�{,� � +�� 4, +�� 5, +�{,k3� +�{,�3k

l

Vlpsoli|lqj/ zh kdyh/

C2H +�> 3,

C�2
@

�2�

� � 4
^� +�� 4, . 5� +�� 4, +�� 5,` +�{,32

Vlpsoli|lqj pruh/ zh kdyh

C2H +�> 3,

C�2
@

�

� � 4

#
5��2

�{2

$

Wkhuhiruh/ Y2.E>(f�

YB2
? 3 li � ? 3=
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Ohppd 6 ghprqvwudwhv wkdw d phdq suhvhuylqj lqfuhdvh lq wkh yduldqfh ri wkh
prqh| jurzwk udwh fdq lpso| d ghfuhdvh lq wkh h{shfwhg pdunxs1 D idoo lq wkh
dyhudjh pdunxs uhgxfhv wkh glvwruwlrq dvvrfldwhg zlwk lpshuihfw frpshwlwlrq1
Wklv rffxuv li wkhuh lv vx!flhqw qhjdwlyh frpryhphqw ehwzhhq wkh dvvhw sulflqj
nhuqho dqg wkh uhdo zdjh1 Wr vhh wklv/ frqvlghu krz wkh uhsuhvhqwdwlyh �up
fkrrvhv wkh sulfh1 Uhfdoo wkdw wkh �up fkrrvhv wkh qh{w shulrg sulfh vr wkdw
s� @ ^�@ +� � 4,`H +u�z�, @H +u�,1 Wkh �up vhwv d vfdohg sulfh qh{w shulrg wr eh d
olqhdu ixqfwlrq ri wkh h{shfwhg zdjh xvlqj wkh vwrfkdvwlf glvfrxqw idfwru1

Vxevwlwxwlqj rxw s� xvlqj +49,/ zh kdyh

�� @
�

� � 4

H +u�z�,

H +u�,z�

Qh{w/ pxowlso| wkh qxphudwru dqg ghqrplqdwru ri wkh uljkw0kdqg vlgh ri wkh
deryh htxdwlrq e| H +z�,1

�� @
�

� � 4

H +z�,

z�

�
H +u�z�,

H +u�,H +z�,

�
+64,

Xvlqj wkh gh�qlwlrq ri fryduldqfh/ +64, ehfrphv

�� @
�

� � 4

H +z�,

z�

�
Fry +u�> z�,

H +u�,H +z�,
. 4

�
+65,

Zlwk d qrqvwrfkdvwlf prqh| jurzwk udwh/ H +z�, @ z� dqg Fry +u�> z�, @ 3 vlqfh
u� dqg z� duh qrw vwrfkdvwlf1 Lq wklv fdvh/ wkh pdunxs lv �@ +� � 4,1

Ohw xv h{dplqh wkh h�hfw rq wkh pdunxs ri lqwurgxflqj d vpdoo udqgrp
frpsrqhqw wr wkh prqh| jurzwk udwh1 Iluvw/ frqvlghu wkh h�hfw rq wkh eudfnhwhg
whup lq +65,1 Zh nqrz wkdw z� lv lqfuhdvlqj lq {� ehfdxvh kljkhu prqh| jurzwk
ghfuhdvhv wkh uhdo sulfh ri wkh fuhglw jrrg1 Lq rughu wr phhw juhdwhu ghpdqg iru
jrrgv/ �upv pxvw kluh pruh zrunhuv zklfk gulyhv xs wkh zdjh1 Rq wkh rwkhu
kdqg/ u� lv ghfuhdvlqj lq {� vlqfh jrrgv duh ohvv h{shqvlyh zkhq wkh| duh pruh
sohqwlixo1 Wklv lpsolhv wkdw wkh fryduldqfh ehwzhhq wkh sulflqj nhuqho dqg wkh
uhdo zdjh jrhv iurp ehlqj }hur lq wkh qrqvwrfkdvwlf fdvh wr ehlqj qhjdwlyh xsrq
wkh lqwurgxfwlrq ri d vpdoo ghjuhh ri udqgrpqhvv wr wkh prqh| jurzwk udwh1 Zlwk
udqgrpqhvv/ zkhq wkh zdjh lv kljk wkh sulflqj nhuqho lv orz1 Wklv whqgv wr gulyh
grzq wkh vwdwh0sulfh gh dwhg h{shfwhg zdjh dqg wkhuhiruh orzhuv wkh sulfh ri
frqvxpswlrq1

H{dplqlqj +65,/ wkh pdunxs lv dovr d ixqfwlrq ri H +z�, @z�1 Wkh h�hfwv lq
wkh qxphudwru dqg ghqrplqdwru zrun lq rssrvlwh gluhfwlrqv1 Wkh whup lq wkh
ghqrplqdwru vwdwhv wkdw wkh pdunxs lv ghfuhdvlqj lq wkh uhdol}hg zdjh1 Vlqfh
z @ I{/ wklv lv dqrwkhu zd| wr h{suhvv wkh xqdqwlflsdwhg lq dwlrq h�hfw glv0
fxvvhg suhylrxvo|1 Wkh whup lq wkh qxphudwru uh hfwv wkh idfw wkdw wkh pdunxs
lv lqfuhdvlqj lq wkh dyhudjh zdjh1 E| Mhqvhq*v lqhtxdolw|/ wkh whup H ^H +z�, @z�`
whqgv wr lqfuhdvh xsrq wkh lqwurgxfwlrq ri udqgrpqhvv1 Lq rughu wkdw wkh fr0
yduldqfh whup grplqdwhv wkh H ^H +z�, @z�` whup/ wklv uhtxluhv wkdw wkh hodvwlflw|
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ri wkh sulflqj nhuqho zlwk uhvshfw wr wkh uhdo zdjh lv vx!flhqwo| qhjdwlyh1 Wklv
rffxuv zkhq � ? 31

Dowkrxjk zh kdyh ghvfulehg wkh h�hfw rq wkh dyhudjh pdunxs ri lqwurgxflqj
d vpdoo dprxqw ri xqfhuwdlqw|/ wkh ehqhyrohqw prqhwdu| dxwkrulw| lv lqwhuhvwhg
lq wkh h�hfw rq xwlolw| ri wkh lqwurgxfwlrq ri xqfhuwdlqw|1 Wklv zloo fhuwdlqo|
ghshqg xsrq wkh h{shfwhg pdunxs/ exw lw zloo dovr ghshqg xsrq wkh frqfdylw| ru
frqyh{lw| ri wkh xwlolw| ixqfwlrq1 Wkh iroorzlqj wkhruhp frqfhuqv wkh rswlpdolw|
ri udqgrp prqhwdu| srolf|/ xqghu wkh pdlqwdlqhg dvvxpswlrq wkdw ! lv forvh wr
}hur1

Wkhruhp 6= Iru d vx!flhqwo| vpdoo !/ wkhuh h{lvwv d udqgrp prqhwdu| srolf|
wkdw h{ dqwh sduhwr grplqdwhv hyhu| ghwhuplqlvwlf srolf| li

�

� � 4
A

5 +4� �,2 . �

4� 5�. 5�2

Surri= Dv lq Ohppd 6/ zh zloo frqvlghu vpdoo shuwxuedwlrqv wr d ghwhuplqlvwlf
prqhwdu| srolf|1 Hdfk udqgrp prqhwdu| srolf| zloo eh lqgh{hg e| �/ dqg gh�qhg
e| { @ �{. ��/ zkhuh � lv phdq }hur zlwk �qlwh yduldqfh �21 Hyhu| h{suhvvlrq lq
wkh xwlolw| ixqfwlrq fdq eh h{suhvvhg xvlqj wkh iroorzlqj=

G6cR +�, @

�]
^+�{. ��,6`gI +�,

�R
@ ^D6 +�,`R

Zh fdq frpsxwh wkh �uvw wzr ghulydwlyhv ri G=

G�

6cR +�, @ s ^D6 +�,`R3�D�

6 +�,

G��

6cR +�, @ s +s� 4, ^D6 +�,`R32
�
D�

6 +�,
�2

. s ^D6 +�,`R3�D��

6 +�,

Zh fdq hydoxdwh wkhvh ghulydwlyhv dw � @ 3/ pdnlqj xvh ri h{suhvvlrqv lq wkh
surri ri Ohppd 6=

G6cR +3, @ +�{,6R

G�

6cR +3, @ 3

G��

6cR +3, @ ps +p� 4, +�{,6R32 �2

Wkh h{shfwhg xwlolw| ri d uhsuhvhqwdwlyh djhqw/ lqgh{hg e| �/ lv

HX +�, @
# +�2,

k

�

3
CH

�
+{�,k3�

�
H ++{�,k,

4
D
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�3k

H
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� k

�3k

�
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3
CH

�
+{�,k3�

�
H ++{�,k,

4
D

�

�3k

H

��
{�
� �

�3k

�

zkhuh wkh h{shfwdwlrqv rq wkh UKV ghshqg rq wkh udqgrp yduldeoh { wkurxjk �1
Zh zloo dwwdfn wklv lq wzr sduwv1 Iluvw/ ohw HX� eh gh�qhg e|

HX� +�, @
# +�2,

k

�

3
CH

�
+{�,k3�

�
H ++{�,k,

4
D
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Lq rxu G qrwdwlrq/ wklv lv htxdo wr

HX� +�, @
# +�2,

k

�
Gk3�c k

�3k
+�,Gkc k

k3�
+�,G k

�3k
c� +�,

E| wkh vdph dujxphqw dv lq wkh surri ri Ohppd 6/ CHX� +�, @C� @ 31 Dovr/ wkh
h{suhvvlrq iru wkh vhfrqg ghulydwlyh lv uhodwlyho| vlpsoh=

C2HX� +3,

C�2
@

�
# +�2,

k

�

�5
7G��

k3�c k

�3k

+3,Gkc k

k3�
+3,G k

�3k
c� +3, .Gk3�c k

�3k
+3,G��
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k3�

+3,�
G k

�3k
c� +3, .Gk3�c k

�3k
+3,Gkc k

k3�
+3,G��

k

�3k
c� +3,

6
8

Xvlqj rxu h{suhvvlrqv iru G dqg G�� hydoxdwhg dw }hur/ zh kdyh=

C2HX� +3,

C�2
@ +# +�2,

k @�,

%
�� 5�2 . 5��

+4� �,2

&
�2 +�{,32

Qh{w/ wkh vhfrqg whup ri HX +�, lv jlyhq e|

HX2 +�, @ ��2Gk3�c �

�3k

+�,Gkc �

k3�

+�,G �

�3k
c� +�,

Vlploduo|/

C2HX2 +3,

C�2
@ ��2

5
7G��

k3�c �

�3k

+3,Gkc �

k3�

+3,G �

�3k
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�3k
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6
8

Vxevwlwxwlqj lq rxu h{suhvvlrq iru G dqg G��/ dqg wkhq vlpsoli|lqj/

C2HX2 +3,

C�2
@ ��2

%
5 .

�

+4� �,2

&
�2 +�{,32

Frpelqlqj wkhvh wzr h{suhvvlrqv/ zh vhh wkdw

C2HX +3,

C�2
@

�
�

�{ +4� �,

�2 q
# +�2,

k
�
4� 5�. 5�2

�
� �2

k
5 +4� �,2 . �

lr

Vlqfh zh duh vroho| lqwhuhvwhg lq wkh vljq ri wklv ixqfwlrq/ zh fdq ljqruh wkh �uvw
whup rq wkh UKV/ zklfk lv dozd|v srvlwlyh1

vjq

%
C2HX +3,

C�2

&
@ vjq

k
# +�2,

k
�
4� 5�. 5�2

�
� �2

�
5 +4� �,2 . �

�l

Wkhq/ iru vx!flhqwo| vpdoo !/ d udqgrp prqhwdu| srolf| lv suhihuuhg wr hyhu|
ghwhuplqlvwlf srolf| li
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Vlqfh iurp wkh sdshu �2 @ +# +� � 4, @�,�*E�3k�/ wkh whup # fdqfhov iurp wkh
deryh h{suhvvlrq zkhq zh vxevwlwxwh rxw �21 Wkhuhiruh/ d vx!flhqwo| vpdoo !/ d
vx!flhqw frqglwlrq iru udqgrpqhvv wr eh rswlpdo lv=

�

� � 4
A

5 +4� �,2 . �

4� 5�. 5�2

Wkhuh duh wzr dgglwlrqdo frpphqwv1 Iluvw/ zh dvvxphg wkdw �{ A �1 Wklv lv
qhfhvvdu| lq rughu wr uxoh rxw d qhjdwlyh qhw qrplqdo lqwhuhvw udwh xsrq wkh
lqwurgxfwlrq ri xqfhuwdlqw|1 Li zh frqvlghuhg wkh frqwulexwlrq ri wkh fdvk jrrg
wr suhihuhqfhv/ kdylqj dq dyhudjh prqh| jurzwk udwh juhdwhu wkdq � zrxog eh
sduhwr grplqdwhg1 Zh duh dvvxplqj wkdw ! lv vx!flhqwo| vpdoo/ wkdw zh fdq
ljqruh wkh xwlolw| frqwulexwlrq ri wkh fdvk jrrg1

Vhfrqg/ ljqrulqj wkh fdvk jrrg uhtxluhv wkdw wkh ghulydwlyh ri wkh h{shfwhg
xwlolw| frqwulexwlrq ri wkh fdvk jrrg zlwk uhvshfw wr � hydoxdwhg dw 3 lv �qlwh1
Wklv lv vwudljkwiruzdug wr yhuli| xvlqj +5, dqg +54,1

Wkh deryh h{suhvvlrq lqyroyhv wkh lqwhudfwlrq ri vhyhudo gl�huhqw lq xhqfhv1
Wkh �uvw lq xhqfh lv wkdw wkh dyhudjh pdunxs pd| idoo xsrq wkh lqwurgxfwlrq ri
xqfhuwdlqw| lqwr wkh prqhwdu| srolf|1 Lq dgglwlrq/ wkhuh pd| eh frqyh{ uhjlrqv ri
wkh lqgluhfw xwlolw| ixqfwlrq Y +�,1 Lw lv vwudljkwiruzdug wr vkrz wkdw Y �� +�, A 3
dv orqj dv � A 5 � �1 Wklv h�hfw lpsolhv wkdw lqwurgxflqj udqgrp  xfwxdwlrqv
lq wkh prqh| jurzwk udwh zloo whqg wr lqfuhdvh xwlolw| vr orqj dv krxvhkrogv duh
lq wkh frqyh{ uhjlrq ri wkh lqgluhfw xwlolw| ixqfwlrq1

Iru wkh uhpdlqghu ri wklv vhfwlrq/ zh wdnh xs wzr h{whqvlrqv ri rxu dqdo|vlv=
joredoo| rswlpdo udqgrp prqhwdu| srolf| dqg wkh txdqwlwdwlyh vljql�fdqfh ri wkh
fdvk jrrg1

Joredoo| Rswlpdo Prqhwdu| Srolf|

Wkhruhp 6 surylghg frqglwlrqv xqghu zklfk d udqgrp prqh| jurzwk udwh
sduhwr grplqdwhv hyhu| ghwhuplqlvwlf srolf|1 Wklv ohdgv rqh wr dvn zkdw lv wkh
joredoo| rswlpdo udqgrp prqhwdu| srolf|1 Lq wklv vhfwlrq/ zh vroyh d uhvwulfwhg
yhuvlrq ri wklv sureohp e| sodflqj wzr sdudphwulf irupv rq wkh ghqvlw|1:

Rxu �uvw sdudphwhul}dwlrq ri d udqgrp prqhwdu| srolf| lv

{� @ � . ��x

zkhuh x lv d xqlirup udqgrp yduldeoh rq wkh xqlw lqwhuydo1 Zh wkhq pd{lpl}h +5,
e| fkrlfh ri d qrqqhjdwlyh ��1 Qrwh wkdw wklv sdudphwhul}dwlrq lv htxdo wr wkh
ghwhuplqlvwlf srolf| +vshfl�fdoo|/ Iulhgpdq*v uxoh, zkhq �� @ 31 Iru wkh vhfrqg
sdudphwhul}dwlrq/ zh fkrrvh

: Lqvwhdg ri uhvwulfwlyho| sdudphwhul}lqj wkh vhw ri dgplvvleoh glvwulexwlrqv iru {/ zh frxog
xvh shuwxuedwlrq phwkrgv wr fkdudfwhul}h wkh jhqhudo zhoiduh0pd{lpl}lqj udqgrp prqh| jurzwk
glvwulexwlrq1 Edvvhwwr +4<<;, dssolhv wkhvh whfkqltxhv lq dq rswlpdo0wd{dwlrq sureohp1
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{" @ � . �"�

zkhuh � kdv dq h{srqhqwldo glvwulexwlrq1;

Qh{w zh pxvw vhohfw sdudphwhuv iru wkh prgho1 Wkh prgho kdv �yh suhihuhqfh
sdudphwhuv dqg rqh srolf| sdudphwhu1 Wkh suhihuhqfh sdudphwhuv frqvlvw ri �/
jryhuqlqj wkh ghjuhh ri lpshuihfw frpshwlwlrq/ �/ wkh xwlolw| ixqfwlrq sdudphwhu
ghwhuplqlqj wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/ �/ wkh glvfrxqw idfwru/ # dqg
!/ ghwhuplqlqj wkh xwlolw| zhljkwv rq wkh fdvk dqg fuhglw jrrgv1 Zh fkrrvh � @ 6/
# @ 4> � @ 3=< dqg � @ �81 Zh pdlqwdlq rxu dvvxpswlrq wkdw ! lv yhu| forvh wr
}hur1 Iljxuh 4 glvsod|v wkh ghqvlw| ixqfwlrqv ri wkh rswlpdo srolflhv xqghu erwk
sdudphwhul}dwlrqv1

Zh dovr olvw wkh h{shfwdwlrq/ yduldqfh dqg h{shfwhg xwlolw| dvvrfldwhg zlwk
hdfk prqhwdu| srolf| dv zhoo dv Iulhgpdq*v uxoh1 Dv wkh �jxuh lqglfdwhv/ wkh
xqlirup prqh| vxsso| uxoh lv wkh zhoiduh pd{lpl}lqj srolf| dprqj wkh wkuhh/
dqg erwk udqgrp srolflhv duh suhihuuhg wr Iulhgpdq*v uxoh1 Rxu vhfrqg h{whqvlrq
dvnv zkdw lv wkh txdqwlwdwlyh vljql�fdqfh ri lqwurgxflqj d qrq0qhjoljleoh fdvk
jrrg wr wkh zhoiduh lpsolfdwlrqv ri udqgrp prqhwdu| srolf|1

Lqwurgxflqj D Qrq0Qhjoljleoh Fdvk Jrrg

Qh{w/ zh vkrz wkdw d vljql�fdqw iudfwlrq ri fdvk jrrgv pd| h{lvw lq dq hfrq0
rp| dqg vwloo lpso| d udqgrp rswlpdo prqhwdu| srolf|> wkhuhiruh/ Wkhruhp 6 ri
wkh suhylrxv vhfwlrq lv urexvw wr doorzlqj iru d txdqwlwdwlyho| vljql�fdqw suhihu0
hqfh iru fdvk jrrgv1

Iluvw/ zh pxvw vhohfw srolf| sdudphwhuv1 Wkh vlqjoh jryhuqphqw srolf| sdud0
phwhu lv i / wkh ghqvlw| ixqfwlrq iru wkh prqh| vxsso| jurzwk udwh1 Ohw � @ 6=3/
� @ 3=;/ � @ 3=<;/ ! @ 3=5/ # @ 3=;1 Wkh ydoxh ri � lpsolhv wkdw lq dq htxlole0
ulxp zlwk d frqvwdqw jurzwk udwh ri prqh|/ wkh pdunxs lv 418/ zklfk olhv zlwklq
d udqjh ri hpslulfdo hvwlpdwhv1 Vhwwlqj ! @ 3=5 dqg # @ 3=; jlyhv pruh zhljkw wr
fuhglw wkdq fdvk jrrgv lq wkh xwlolw| ixqfwlrq1 Lq wkh ixwxuh/ zh sodq wr lpsrvh
pruh glvflsolqh rq sdudphwhu fkrlfhv1 Wklv h{dpsoh lv lqwhqghg wr eh looxvwudwlyh1

Qh{w/ zh sdudphwhul}h wzr glvwlqfw prqhwdu| srolflhv/ i� dqg i21 Iluvw/ zh
ohw i� +�, @ 4/ zklfk fruuhvsrqgv wr d frqvwdqw ghfuhdvh lq wkh prqh| vxsso|
dw wkh udwh ri wlph suhihuhqfh1 E| Wkhruhp 5/ dprqj wkh fodvv ri ghwhuplqlvwlf
prqhwdu| srolflhv/ i� pd{lpl}hv frqvxphu zhoiduh1

Rxu vhfrqg uxoh prqh| jurzwk udwh lv d wzr0srlqw glvfuhwh glvwulexwlrq jlyhq
e|

� @ Su +{ @ �, dqg 4� � @ Su +{ @ 4,

zkhuh � @ 3=81 Lq prvw shulrgv/ wkh jryhuqphqw ghfuhdvhv wkh prqh| vxsso|
dw wkh udwh ri wlph suhihuhqfh/ krzhyhu/ rffdvlrqdoo| wkh jryhuqphqw grhv qrw
fkdqjh wkh prqh| vwrfn1

;Wkh ghqvlw| ri " lv e3%%1
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Zh fdq frpsxwh wkh xqfrqglwlrqdo h{shfwhg xwlolw| HX +i, xqghu prqhwdu|
srolf| i 1 Vlqfh dprqj wkh fodvv ri ghwhuplqlvwlf prqhwdu| srolflhv/ i� lv rswlpdo/
zh nqrz wkdw li HX

�
i2

�
A HX

�
i�

�
wkhq d udqgrp srolf| lv suhihuuhg wr doo

ghwhuplqlvwlf prqhwdu| srolflhv1 Wdeoh 4 olvwv HX / h{shfwhg lqwhuhvw udwh dqg
h{shfwhg wrwdo frqvxpswlrq xqghu erwk prqhwdu| uhjlphv1 Qh{w/ fW� ghqrwhv wkh
shufhqwdjh lqfuhdvh lq frqvxpswlrq ri wkh fdvk jrrg wkdw zrxog pdnh vrphrqh
zkr olyhv xqghu wkh ghwhuplqlvwlf srolf| i� eh lqgl�huhqw ehwzhhq i� dqg i21
Wkh wzr srlqw glvwulexwlrq iru i2 zdv fkrvhq duelwudulo|1 Lw lv olnho| wkdw rwkhu
glvwulexwlrqv iru i fruuhvsrqg wr kljkhu xwlolw|1 Dv zh h{shfw iurp wkh glvfxvvlrq
lq wkh suhylrxv vhfwlrq/ H +U, A 4 xqghu i21 Lq dgglwlrq/ dyhudjh wrwdo rxwsxw
ri wkh fdvk dqg fuhglw jrrg lv juhdwhu xqghu i2 ehfdxvh lq wkh shulrgv zkhuh wkh
prqhwdu| lqmhfwlrq rffxuv/ djjuhjdwh surgxfwlrq lqfuhdvhv/ ehfrplqj forvhu wr
wkh frpshwlwlyh htxloleulxp1

Wkh deryh sdudphwhul}dwlrq hvwdeolvkhv wkdw d udqgrp prqhwdu| srolf| fdq
sduhwr grplqdwh ghwhuplqlvwlf prqhwdu| srolf| lq d g|qdplf htxloleulxp LFVS
prgho iru d sodxvleoh sdudphwhul}dwlrq ri wkh prgho1 Lw lv qrw wuxh wkdw iru dq|
sdudphwhul}dwlrq ri wkh prgho/ wkh rswlpdo prqhwdu| srolf| lqyroyhv d udqgrp
frpsrqhqw1 Iru h{dpsoh/ li � lv vx!flhqwo| odujh/ wkh surgxfw pdunhw ehfrphv
duelwudulo| forvh wr frpshwlwlyh1 Lq wklv fdvh/ wkh srwhqwldo ehqh�wv iurp vxusulvh
lq dwlrq jr wr }hur zkloh wkh glvwruwlrqv dvvrfldwhg zlwk U A 4 uhpdlq1 Fohduo|/
li � lv vx!flhqwo| kljk Iulhgpdq*v uxoh lv rswlpdo1

6 Frqfoxvlrq

Wklv sdshu hvwdeolvkhv wkdw rswlpdo prqhwdu| srolf| lq dq lpshuihfw frpshwlwlrq0
vwlfn| sulfh prgho pd| frqwdlq d sxuho| udqgrp frpsrqhqw1 Wklv uhvxow zdv
ghyhorshg xvlqj d g|qdplf htxloleulxp prqhwdu| prgho zlwk udwlrqdo h{shf0
wdwlrqv zkhuh prqh| sod|hg d plqlpdo uroh lq idflolwdwlqj wudqvdfwlrqv1 Wzr
iulfwlrqv fdxvhg d ghsduwxuh iurp wkh Oxfdv0Vwrnh| fdvk0fuhglw prgho�qrplqdo
sulfh uljlglw| dqg lpshuihfw frpshwlwlrq1 Wkhvh iulfwlrqv jhqhudwh dq h{shfwd0
wlrqdo Skloolsv fxuyh/ zkhuh xqh{shfwhg lq dwlrq fdq ohdg wr d zhoiduh0lpsurylqj
lqfuhdvhv lq sk|vlfdo rxwsxw1 Wzr glvwlqfw ihdwxuhv jhqhudwh d uroh iru udqgrp0
l}dwlrq1 Iluvw/ udqgrp prqhwdu| srolf| uhgxfhv wkh vwdwh0sulfh0gh dwhg h{shfwhg
zdjh wkdw �upv idfh1 Rq dyhudjh/ wklv ohdgv wr d orzhu pdunxs dqg kljkhu rxw0
sxw1 Vhfrqg/ udqgrpl}dwlrq doorzv wkh prqhwdu| dxwkrulw| wr lpsuryh zhoiduh
lq frqyh{ uhjlrqv ri wkh lqgluhfw xwlolw| ixqfwlrq1 Rxu uhvxowv kdyh wzr dowhuqd0
wlyh lqwhusuhwdwlrqv= +d, wkh zhoiduh ehqh�wv ri lq dwlrq wdujhwlqj dqg qrplqdo
sulfh vwdelol}dwlrq srolflhv pd| eh ryhuvwdwhg/ ru +e, wklv yhuvlrq ri wkh lpshuihfw
frpshwlwlrq0vwlfn| sulfh prgho pd| kdyh sureohpv phdvxulqj wkh zhoiduh frvwv
ri lq dwlrq1

Xqghu lqwhusuhwdwlrq +d,/ srolflhv wkdw dwwhpsw wr plqlpl}h  xfwxdwlrqv lq
wkh lq dwlrq udwh pd| kxuw vrflhw|1 Lw kdv ehhq revhuyhg iru d orqj wlph wkdw
hvwlpdwhg srolf| ixqfwlrqv ri wkh Ihghudo Uhvhuyh frqwdlq dq lglrv|qfudwlf frp0
srqhqw1 Frfkudqh +4<<7, dvnv/ �Prqh| YDUv uhfrjql}h wkdw srolf| uhvsrqgv
wr wkh hfrqrp|/ dqg wu| wr lvrodwh wkh h{rjhqrxv vkrfnv dv uhvlgxdov wr d srolf|
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uxoh1 Exw zk| vkrxog d srolf|0pdnhu gholehudwho| lqwurgxfh d udqgrp frpsrqhqw
wr lwv ghflvlrqB� Rxu uhvxowv surylgh d uhvroxwlrq ri Frfkudqh*v sx}}oh xvlqj d
vwdqgdug lpshuihfw frpshwlwlrq0vwlfn| sulfh prgho1

Lv wkh Ihghudo Rshq Pdunhw Frpplwwhh fkrrvlqj prqhwdu| srolf| zlwk d
urxohwwh zkhhoB Suredeo| qrw> krzhyhu/ qdwlrqdo hfrqrplhv duh frqvwdqwo| ehlqj
klw e| vpdoo/ udqgrp vkrfnv wr prqh| ghpdqg1 Zkhuhdv wkh prgho ri wklv sd0
shu frqvlghuhg udqgrp prqh| vxsso| glvwxuedqfhv/ dowhuqdwlyho| udqgrp prqh|
ghpdqg vkrfnv fdq jhqhudwh yduldwlrq lq wkh pdunxs1 Li d prqhwdu| dxwkrulw|
fkrrvhv qrw wr ru fdqqrw qhxwudol}h hyhu| vkrfn/ wkhq wkhvh prqhwdu| ghpdqg
vkrfnv dfw dv d qdwxudo udqgrpl}dwlrq ghylfh1 Wklv pd| eh rqh lqwhusuhwdwlrq ri
wkh uhvlgxdo �h{rjhqrxv� vkrfn wkdw lv frqvlvwhqwo| lghqwl�hg lq prqh| YDUv1

Iurp wkh vwdqgsrlqw ri srolf|/ rxu uhvxowv vshdn wr dq lpsruwdqw rshudwlrqdo
txhvwlrq ri prqhwdu| srolf|= krz frvwo| lv orz/ yduldeoh lq dwlrqB Uhfhqwo|/ d
qxpehu ri dxwkruv kdyh dwwhpswhg wr fkdudfwhul}h wkh zhoiduh orvvhv dvvrfldwhg
zlwk orz lq dwlrq lq wkh X1V1 +Vhh Ihogvwhlq 4<<9/ Oxfdv 4<<7 dqg Exoodug dqg
Uxvvhoo/ 4<<:,1< Rwkhuv dgyrfdwh srolflhv wkdw/ lq sulqflsoh/ fdq lqvxuh sulfh
vwdelolw|/ vxfk dv wdujhwlqj FSL ixwxuhv +Frzhq/ 4<<:, dqg wdujhwlqj lq dwlrq
+Plvknlq dqg Srvhq/ 4<<:,1 Wklv sdshu udlvhv d qhz srwhqwldo ehqh�w ri vpdoo/
udqgrp pryhphqwv lq wkh prqh| vxsso|�vpdoo/ udqgrp lq dwlrq doorzv d prq0
hwdu| dxwkrulw| wr uhgxfh wkh glvwruwlrq ri lpshuihfw frpshwlwlrq1

Wkh uhvhdufk phqwlrqhg lq wkh suhylrxv sdudjudsk uh hfwv d uhfhqw lqwhuhvw lq
xqghuvwdqglqj wkh srwhqwldo zhoiduh ehqh�wv ri jrlqj iurp orz wr }hur ru qhjdwlyh
lq dwlrq1 Xqghu lqwhusuhwdwlrq +e, ri wkh sdshu*v uhvxowv/ dq revhuyhu pd| dvn
zkdw prwlydwhv suhvfulswlrqv iru d frqvwdqw sulfh ohyho ru lq dwlrq udwh1 Li wkh
sulpdu| uhdvrq iru uhgxflqj wkh vl}h dqg yrodwlolw| ri lq dwlrq vwhpv iurp Plo0
wrq Iulhgpdq*v +4<93/ s1 :6, frqfhuq wkdw lq dwlrq lqfuhdvhv �wkh glvfuhsdqf|
ehwzhhq vrfldo dqg sulydwh frvwv wkdw ohdg lqglylgxdov wr krog vpdoohu wkdq rswl0
pdo fdvk edodqfhv/� wkhq wkh uhgxfhg xvh ri prqh| dv d phglxp ri h{fkdqjh lq
�qdqfldoo| vrsklvwlfdwhg hfrqrplhv pd| hdvh wkhvh frqfhuqv1 Li wkh sulpdu| uhd0
vrq iru dgyrfdwlqj sulfh ohyho ru lq dwlrq udwh vwdelolw| vwhpv iurp qrplqdo sulfh
iulfwlrqv/ wkhq wkh uhvxowv ri wklv sdshu pd| fdoo wklv mxvwl�fdwlrq lqwr txhvwlrq1

7 Eleolrjudsk|

Edvvhwwr/ Pdufr +4<<;, �Rswlpdo Wd{dwlrq zlwk Khwhurjhqhrxv Djhqwv/� Qruwk0
zhvwhuq Xqlyhuvlw|/ zrunlqj sdshu1

Eodqfkdug/ Rolylhu Mhdq dqg Qrexklur Nl|rwdnl +4<;:, �Prqrsrolvwlf Frpsh0
wlwlrq dqg wkh H�hfwv ri Djjuhjdwh Ghpdqg/� Dphulfdq Hfrqrplf Uhylhz ::/
97:09991

Exoodug/ Mdphv dqg Vwhyhq Uxvvhoo +4<<:, �Krz Frvwo| Lv Vxvwdlqhg Orz Lq dwlrq
iru wkh X1V1 Hfrqrp|B� zrunlqj sdshu1

Frfkudqh/ Mrkq +4<<7, �Vkrfnv/� Fduqhjlh0Urfkhvwhu Vhulhv rq Sxeolf Srolf|1
<Qrqh ri wkhvh vwxglhv prgho hlwkhu vwlfn| sulfhv ru lpshuihfw frpshwlwlrq1
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Froh/ Kdurog dqg Qdud|dqd Nrfkhuodnrwd +4<<:,/ �]hur Qrplqdo Lqwhuhvw Udwhv=
Zk| Wkh|*uh Jrrg dqg Krz wr Jhw Wkhp/� Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv
Txduwhuo| Uhylhz 55/ 50431

Froh/ Kdurog dqg Ohh Rkdqldq +4<<:, �Vkulqnlqj Prqh|/� Ihghudo Uhvhuyh Edqn
ri Plqqhdsrolv/ zrunlqj sdshu1

Frzhq/ W|ohu +4<<:, �Vkrxog Fhqwudo Edqnv Wdujhw FSL IxwxuhvB� Mrxuqdo ri
Prqh|/ Fuhglw dqg Edqnlqj 5:805;81

Grwvh|/ Plfkdho +4<;7, �Dq Lqyhvwljdwlrq ri Fdvk Pdqdjhphqw Sudfwlfhv dqg
Wkhlu H�hfwv rq wkh Ghpdqg iru Prqh|/� Ihghudo Uhvhuyh Edqn ri Ulfkprqg
Hfrqrplf Uhylhz/ 60451

Grwvh|/ Plfkdho +4<;8, �Wkh Xvh ri Hohfwurqlf Ixqgv Wudqvihuv wr Fdswxuh wkh
H�hfwv ri Fdvk Pdqdjhphqw Sudfwlfhv rq wkh Ghpdqg iru Ghpdqg Ghsrvlwv= D
Qrwh/� Mrxuqdo ri Ilqdqfh 8/ 47<6048361

Idpd/ Hxjhqh +4<;3, �Edqnlqj lq wkh Wkhru| ri Ilqdqfh/� Mrxuqdo ri Prqhwdu|
Hfrqrplfv 9/ 6<08:1Idpd/ Hxjhqh +4<;6, �Ilqdqfldo Lqwhuphgldwlrq dqg Sulfh

Ohyho Frqwuro/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 45/ :05<1

Ihogvwhlq/ Pduwlq +4<<9, �Wkh Frvwv dqg Ehqh�wv ri Jrlqj iurp Orz Lq dwlrq
wr Sulfh Vwdelolw|/� QEHU zrunlqj sdshu1

Iulhgpdq/ Plowrq +4<93, D Surjudp iru Prqhwdu| Vwdelolw|/ Irugkdp Xqlyhuvlw|
Suhvv= Qhz \run1

Jrrgiulhqg/ Pduylq dqg Urehuw Nlqj +4<<:, �Wkh Qhz Qhrfodvvlfdo V|qwkhvlv
dqg wkh Uroh ri Prqhwdu| Srolf|/� QEHU Pdfurhfrqrplfv Dqqxdo1

Kdoo/ Urehuw +4<;6, �Rswlpdo Ilgxfldu| Prqhwdu| V|vwhpv/� Mrxuqdo ri Prqh0
wdu| Hfrqrplfv 45/ 660831

Luhodqg/ Shwhu +4<<:, �Vxvwdlqdeoh Prqhwdu| Srolflhv/� Mrxuqdo ri Hfrqrplf G|0
qdplfv dqg Frqwuro1

Oxfdv/ Urehuw +4<<7, �Rq wkh Zhoiduh Frvwv ri Lq dwlrq/� Xqlyhuvlw| ri Fklfdjr/
zrunlqj sdshu1

Oxfdv/ Urehuw dqg Qdqf| Vwrnh| +4<;6, �Rswlpdo Prqhwdu| dqg Ilvfdo Srolf|
lq dq Hfrqrp| zlwkrxw Fdslwdo/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 45/ 880<61

Oxfdv/ Urehuw dqg Qdqf| Vwrnh| +4<;:, �Prqh| dqg Lqwhuhvw lq d Fdvk0lq0
Dgydqfh Hfrqrp|/� Hfrqrphwulfd 88/ 7<408461
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Plvknlq/ Iuhgulf dqg Dgdp Srvhq +4<<:, �Lq dwlrq Wdujhwlqj= Ohvvrqv iurp
Irxu Frxqwulhv/� zrunlqj sdshu1

Urwhpehuj/ Mxolr dqgPlfkdho Zrrgirug +4<<:,/ �Dq Rswlpl}dwlrq0Edvhg Hfrqr0
phwulf Iudphzrun iru wkh Hydoxdwlrq ri Prqhwdu| Srolf|/� QEHU Pdfurhfr0
qrplfv Dqqxdo1

Zrrgirug/ Plfkdho +4<<8, �Sulfh Ohyho Ghwhuplqdf| Zlwkrxw Frqwuro ri d Prq0
hwdu| Djjuhjdwh/� Fduqhjlh0Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf| 76/
40791

Zrrgirug/ Plfkdho +4<<;, �Grlqj Zlwkrxw Prqh|= Frqwuroolqj Lq dwlrq lq d
Srvw0Prqhwdu| Zruog/� Uhylhz ri Hfrqrplf G|qdplfv 4/ 4:6054<1
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8 Dsshqgl{= D Frqwlqjhqw Fodlpv Pdunhw lq Qrplqdo Ghew

Khuh lv d ghvfulswlrq ri wkh prgho zlwk d frpsohwh frqwlqjhqw fodlpv pdunhw
lq qrplqdo erqgv1 Hdfk shulrg lv glylghg lqwr wzr vxeshulrgv1 Ohw | ghqrwh
wkh qrplqdo frqvxphu zhdowk dw wkh ehjlqqlqj ri wkh �uvw vxeshulrg ri w diwhu
wkh prqh| lqmhfwlrq lv dqqrxqfhg exw ehiruh wkh lqmhfwlrq rffxuv1 Zkhq wkh
krxvhkrog hqwhuv d shulrg zlwk qrplqdo zhdowk/ hdfk pxvw �uvw doorfdwh zhdowk
ehwzhhq prqh| dqg erqgv=

P| .H| ^u|n�E|n�` � | +66,

Ohw E|n� eh d udqgrp yduldeoh phdvxudeoh zlwk uhvshfw wr L|n� fkrvhq e| krxvh0
krogv dw wlph w1 Li u|n� lv wkh dvvhw sulflqj nhuqho/ wkhq H| ^u|n�E|n�` ghqrwhv wkh
wlph w groodu sulfh ri d erqg sruwirolr wkdw sd|v rxw dw wlph w. 41

Vhfrqg wkh odz ri prwlrq iru qrplqdo zhdowk lv jlyhq e|

|n� @ P| . +{| � 4,Pr
| .Z|q| � S| +f�| . f2|, .E|n� .G�| .G2| +67,

Khuh zh vxssuhvv l iru vlpsolflw|1 Qrwh wkdw |n� pd| ghshqg xsrq {|n� vlqfh
krxvhkrogv pd| uhfhlyh sd|r�v ri vwdwh frqwlqjhqw ghew E|n�1 Diwhu wkh erqg
pdunhw forvhv/ krxvhkrogv uhfhlyh d qrplqdo vxp wudqvihu +{| � 4,Pr

| 1
Wkh vhfrqg vxeshulrg wkhq ehjlqv zlwk wkh rshqlqj ri fdvk jrrgv/ fuhglw

jrrgv dqg oderu pdunhwv1 Wkh FLD frqvwudlqw uhtxluhv

S|f�| � P| . +{| � 4,Pr
| +68,

Wkh qrqqhjdwlylw| frqvwudlqwv duh lghqwlfdo wr wkrvh suhvhqwhg lq vhfwlrq 41 Dovr/
wkh lqwurgxfwlrq ri qrplqdo ghew uhtxluhv d vwdqgdug frqvwudlqwv wr uxoh rxw Srq}l
vfkhphv1 Dw wkh hqg ri wkh vhfrqg vxeshulrg/ �upv sd| glylghqgv dqg fkrrvh
qh{w shulrg*v sulfh1 Wkh vhtxhqfh ri hyhqwv dqg wkh wlplqj ri ghflvlrqv wkdw �upv
dqg krxvhkrogv pdnh duh uhsuhvhqwhg lq Gldjudp 41

Wkhuh duh wkuhh wklqjv wr qrwh uhjduglqj wkh dgglwlrq ri d qrplqdo dvvhw
pdunhw1 Iluvw ri doo/ wkh Hxohu htxdwlrqv iru wkh fkrlfh ri f�|> f2|> q|>P| duh qrw
fkdqjhg1 Vhfrqg/ vhwwlqj E| @ 3 dqg frpelqlqj +66, dqg +67,/ zh jhw edfn
wkh  rz exgjhw frqvwudlqw zlwkrxw erqgv +:, suhvhqwhg lq vhfwlrq 41 Wklug/
rqh pd| yhuli| e| wdnlqj wkh �uvw rughu frqglwlrq zlwk uhvshfw wr E|n� ri wkh
dvvhw0pdunhw dxjphqwhg krxvhkrog sureohp wkdw wkh dvvhw sulflqj nhuqho lv wkdw
srvlwhg lq +4:,1

Dowhuqdwlyh Ilup Remhfwlyh
Ohw xv frqvlghu pruh forvho| wkh vwuxfwxuh ri wudglqj lq erqgv dqg wkh gholyhu|

ri glylghqgv lq wklv hfrqrp|1 Uhfdoo wkdw �up l fkrrvhv S|n� +l, dw wlph w1 Lq
wkh erg| ri wkh sdshu/ zh dvvxph �upv pd{lpl}h H| ^u|n�G|n� +l,`1 Lw vkrxog eh
fohdu zk| �upv glvfrxqw rqh0shulrg dkhdg groodu sur�wv e| wkh qrplqdo sulflqj
nhuqho1 Krzhyhu/ h{dplqlqj +67,/ rqh pd| qrwh wkdw glylghqgv dftxluhg dw wlph w
fdqqrw eh wudqviruphg lqwr fdvk wr sxufkdvh wkh fdvk jrrg xqwlo wlph w.41 Wkdw
lv/ dowkrxjk doo xqfhuwdlqw| uhjduglqj wkh groodu ydoxh ri wlph w. 4 glylghqgv lq
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uhvroyhg dw wlph w . 4/ wkh vwuxfwxuh ri wudglqj uhtxluhv wkhvh glylghqgv wr cvlw
rxw* dq dgglwlrqdo shulrg1

Lq wklv fdvh/ �upv pd| glvfrxqw glylghqgv iru dq dgglwlrqdo shulrg1 Xqghu
wklv dvvxpswlrq/ wkh remhfwlyh ri wkh �up ehfrphv

pd{
�|n�E��

H| ^u|n�u|n2G�|n� +l,` +69,

Rxu ruljlqdo prwlydwlrq iru wkh sdshu/ wkdw prqh| lv ehfrplqj ohvv lpsruwdqw lq
idflolwdwlqj wudqvdfwlrqv/ surylghv vrph mxvwl�fdwlrq iru ljqrulqj wkh whup u|n2
lq wkh �up*v remhfwlyh1 Lqfoxglqj u|n2 lq wkh �upv remhfwlyh lpsolhv wkdw hyhq
li fdvk jrrgv duh qrw lpsruwdqw wr krxvhkrogv/ fdvk iulfwlrqv vwloo lpslqjh rq
wkh ghflvlrqv ri �upv1 Lw pd| eh uhdvrqdeoh wr dvvxph wkdw lq �qdqfldoo| vr0
sklvwlfdwhg hfrqrplhv/ erwk �upv dqg krxvhkrogv �qg zd|v wr uhgxfh wkh frvwv
dvvrfldwhg zlwk prqh| dv phglxp ri h{fkdqjh1

Lq dq| fdvh/ zh zloo qrz vnhwfk rxw zk|/ xqghu +69,/ wkh rswlpdo prqhwdu|
srolf| vwloo frqwdlqv d sxuho| udqgrp frpsrqhqw1 Xvlqj wkh odz ri lwhudwhg
h{shfwdwlrqv/ wklv h{suhvvlrq ehfrph

pd{
�|n�E��

H| ^u|n�G�|n� +l,H|n� +u|n2,`

Iurp rxu glvfxvvlrq lq wkh sdshu/ H|n� +u|n2, lv wkh lqyhuvh ri wkh jurvv rqh
shulrg qrplqdo lqwhuhvw udwh U|n�1 Ohw xv gh�qh �|n� @ u|n�H|n� +u|n2,1 Li wkh
qrupdol}hg sulfh lv wlph lqghshqghqw s @ s�/ wkhq +4:, lpsolhv

u|n� @
�

{|

�
{|n�
{|

�k3�

Wklv lpsolhv

�|n� @
�2H|n�

k
+{|n2,

k3�
l

+{|,
k +{|n�,

3�

Qrwh wkdw doo wkh whupv lq wkh iudfwlrq duh suhghwhuplqhg dw wlph w1 Wklv phdqv
wkdw wkh| fdq eh gursshg zlwkrxw d�hfwlqj wkh �up*v �uvw rughu frqglwlrq1 Wkh
dujpd{ iurp +69, lv htxdo wr

duj pd{
�|n�E��

H|

k
+{|n�,

3�G�|n� +l,
l

Wkh �uvw0rughu frqglwlrq iru rswlpl}dwlrq lv wkhuhiruh

S|n� +l, @
�

� � 4

H|

k
+{|n�,

3�Z|n�

l
H|

k
+{|n�,

3�
l +6:,

Zulwlqj +6:, lq wkh uhfxuvlyh/ qrupdol}hg irup/

s� @
�

� � 4

H
k
+{�,3�z�

l
H

k
+{�,3�

l +6;,
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Qrwh wkdw +6;, lv h{wuhpho| vlplodu wr wkh �uvw0rughu frqglwlrq iru �up rswlpl}d0
wlrq +49, suhvhqwhg lq vhfwlrq 41 Wkh rqo| gl�huhqfh ehwzhhq wkh wzr lv wkdw u�

lv uhsodfhg khuh zlwk 4@{�1 Zh fdq xvh +6;, wr uhsolfdwh wkh dujxphqw pdgh lq
vhfwlrq 5 wkdw d vpdoo dprxqw ri udqgrpqhvv orzhuv wkh pdunxs1 Iroorzlqj wkh
vwhsv ghvfulehg lq vhfwlrq 5/

�� @
�

� � 4

H +z�,

z�

5
7 Fry

k
+{�,3� > z�

l
H

k
+{�,3�

l
H +z�,

. 4

6
8

Xqghu wklv �up remhfwlyh/ lw lv vwudljkwirzdug wr vkrz wkdw/ wr d vhfrqg rughu/
wkh h{shfwhg pdunxs grhv qrw fkdqjh xsrq wkh lqwurgxfwlrq ri udqgrpqhvv>
krzhyhu/ wkhuh uhpdlqv d frqyh{ uhjlrq ri krxvhkrogv* lqgluhfw xwlolw| ixqfwlrq1
Wkhuhiruh/ udqgrpqhvv pd| eh zhoiduh lpsurylqj hyhq li wkh �upv xvh +69, wr
vhohfw qh{w shulrg*v qrplqdo sulfh1
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Diagram 1:  Sequence of Events

Government and                       Money             (Asset                  Money                  Goods &                     Settlement
Markets              shock, x t,        market                 injection               labor markets

             announced       meets)         occurs                   meet

Firms                  Enter period with                                                                                                                                       Choose Pt+1(i),                        
preset price Pt(i)                                                                                                          pay dividends   
                           

Households         Enter period with                                  Collect Bt(xt)            Receive                Buy goods,                                           
Ωt - Bt, where     Allocate portolio       (x t -1)Ms

t            sell labor
Bt is a random variable                         between Mt and

                                                                                           Et(r t+1 B t+1)           

t t+1

Notes:  1.  Recall Ωt+1 = Mt + (x t -1)Mt
s  + Wtnt - pt(c1t + c2t) + Bt+1 + D1t + D2t

                  2.  Availability of asset market and nominal bonds is optional.



Table 1:  Simulation of Model under Alternative
  Parameterizations

F1 F2
EU 1.88971 1.88976

E(R) 1.00000 1.00101
E(c1 + c2) 0.04319 0.04320

c1* 1.46 %


