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Abstract

We formulate an optimizing-agent model in which both labor and product markets exhibit monopolistic
competition and staggered nominal contracts.  The unconditional expectation of average household
utility can be expressed in terms of the unconditional variances of the output gap, price inflation, and
wage inflation.  Monetary policy cannot achieve the Pareto-optimal equilibrium that would occur under
completely flexible wages and prices; that is, the model exhibits a tradeoff in stabilizing the output gap,
price inflation, and wage inflation.  We characterize the optimal policy rule for reasonable calibrations 
of the model.  We also find that strict price inflation targeting generates relatively large welfare losses,
whereas several other simple policy rules perform nearly as well as the optimal rule.
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4 Lqwurgxfwlrq
Iru vhyhudo ghfdghv/ hfrqrplvwv kdyh lqyhvwljdwhg wkh prqhwdu| srolf| wudghr� eh0
wzhhq sulfh lq dwlrq yduldelolw| dqg rxwsxw jds yduldelolw|/ xvlqj d zlgh ydulhw| ri
wkhruhwlfdo dqg hpslulfdo prghov14 Krzhyhu/ wkh h{lvwhqfh ri d yduldqfh wudghr� kdv
ehhq fdoohg lqwr txhvwlrq lq uhfhqw dqdo|vlv ri g|qdplf jhqhudo htxloleulxp prghov
zlwk rswlpl}lqj djhqwv1 Lq wkhvh prghov/ vwdjjhuhg sulfh vhwwlqj lv wkh vroh irup ri
qrplqdo uljlglw|/ dqg prqhwdu| srolf| uxohv wkdw nhhs wkh lq dwlrq udwh frqvwdqw dovr
plqlpl}h rxwsxw jds yduldelolw|15 Wkh prqhwdu| dxwkrulwlhv fdq dfklhyh wkh Sduhwr0
rswlpdo zhoiduh ohyho +wkdw lv/ wkh zhoiduh ohyho wkdw zrxog rffxu lq wkh devhqfh ri
qrplqdo lqhuwld dqg prqrsrolvwlf glvwruwlrqv, wkurxjk wkh uhpdundeo| vlpsoh srolf|
ri vwulfw sulfh lq dwlrq wdujhwlqj/ luuhvshfwlyh ri wkh sdudphwhu ydoxhv ru rwkhu vshfl�f
ihdwxuhv ri wkhvh prghov1

Lq wklv sdshu/ zh dqdo|}h dq rswlpl}lqj0djhqw prgho zlwk vwdjjhuhg qrplqdo zdjh
vhwwlqj lq dgglwlrq wr vwdjjhuhg sulfh vhwwlqj1 Dv lq uhfhqw frqwulexwlrqv/ yrodwlolw| ri
djjuhjdwh sulfh lq dwlrq lqgxfhv glvshuvlrq lq sulfhv dfurvv �upv dqg khqfh lqh!flhqw
glvshuvlrq lq rxwsxw ohyhov1 Vlploduo|/ zlwk vwdjjhuhg zdjh frqwudfwv/ yrodwlolw| ri
djjuhjdwh zdjh lq dwlrq lqgxfhv lqh!flhqflhv lq wkh glvwulexwlrq ri hpsor|phqw dfurvv
krxvhkrogv1 Khqfh/ dfklhylqj wkh Sduhwr0rswlpdo htxloleulxp zrxog uhtxluh qrw rqo|
d }hur rxwsxw jds dqg frpsohwh vwdelol}dwlrq ri sulfh lq dwlrq/ exw dovr frpsohwh
vwdelol}dwlrq ri zdjh lq dwlrq1

Wkhvh frqvlghudwlrqv ohdg gluhfwo| wr rxu pdlq uhvxow= lw lv lpsrvvleoh iru prqhwdu|
srolf| wr dwwdlq wkh Sduhwr rswlpxp h{fhsw lq wkh vshfldo fdvhv zkhuh hlwkhu zdjhv
ru sulfhv duh frpsohwho|  h{leoh1 Qrplqdo zdjh lq dwlrq dqg sulfh lq dwlrq zrxog
uhpdlq frqvwdqw rqo| li wkh djjuhjdwh uhdo zdjh udwh zhuh frqwlqxrxvo| dw lwv Sduhwr0
rswlpdo ohyho1 Vxfk dq rxwfrph lv lpsrvvleoh ehfdxvh wkh Sduhwr0rswlpdo uhdo zdjh
pryhv lq uhvsrqvh wr ydulrxv vkrfnv/ zkhuhdv wkh dfwxdo uhdo zdjh frxog qhyhu fkdqjh
lq wkh devhqfh ri qrplqdo zdjh ru sulfh dgmxvwphqw1 Jlyhq wkdw wkh Sduhwr rswlpxp
lv lqihdvleoh/ wkh prqhwdu| srolf|pdnhu idfhv wudghr�v lq vwdelol}lqj zdjh lq dwlrq/
sulfh lq dwlrq/ dqg wkh rxwsxw jds1

Xqghu vwdjjhuhg zdjh dqg sulfh vhwwlqj/ wkh rswlpdo prqhwdu| srolf| uxoh gh0
shqgv rq wkh vshfl�f vwuxfwxuh dqg sdudphwhu ydoxhv ri wkh prgho1 Wkhvh ihdwxuhv
d�hfw erwk wkh vhw ri ihdvleoh prqhwdu| srolf| fkrlfhv +wkh srolf| iurqwlhu, dqg wkh
suhihuhqfhv ri wkh srolf|pdnhu +wkh lqgl�huhqfh orfl lpsolhg e| wkh vrfldo zhoiduh
ixqfwlrq,1 Iru h{dpsoh/ rswlpdo prqhwdu| srolf| ghshqgv rq wkh uhodwlyh gxudwlrq
ri zdjh dqg sulfh frqwudfwv= wkh rswlpdo uxoh lqgxfhv juhdwhu yduldelolw| lq wkh pruh
 h{leoh qrplqdo yduldeoh1

Wkh zhoiduh ohyho xqghu wkh rswlpdo prqhwdu| srolf| uxoh surylghv d qdwxudo ehqfk0
pdun djdlqvw zklfk wr phdvxuh wkh shuirupdqfh ri dowhuqdwlyh srolf| uxohv1 Zh �qg

4Wkh vhplqdo sdshuv lqfoxgh Skhosv dqg Wd|oru +4<::,/ Wd|oru +4<:<,/ dqg Wd|oru +4<;3,1 Vrph
uhfhqw h{dpsohv lqfoxgh Eu|dqw/ Krrshu/ dqg Pdqq +4<<6,> Khqghuvrq dqg PfNleelq +4<<6,> Whworz
dqg yrq }xu Pxhkohq +4<<9,> Zlooldpv +4<<<,> Ohylq/ Zlhodqg/ dqg Zlooldpv +4<<<,> Uxghexvfk
dqg Vyhqvvrq +4<<<,1

5Frqwulexwlrqv lqfoxgh Jrrgiulhqg dqg Nlqj +4<<:,/ Nlqj dqg Zropdq +4<<<,/ Luhodqg +4<<:,/
Urwhpehuj dqg Zrrgirug +4<<:,/ dqg Urwhpehuj dqg Zrrgirug +4<<<,1

4



wkdw vwulfw sulfh lq dwlrq wdujhwlqj fdq lqgxfh vxevwdqwldo zhoiduh frvwv xqghu vwdj0
jhuhg zdjh vhwwlqj/ gxh wr h{fhvvlyh yduldwlrq lq qrplqdo zdjh lq dwlrq dqg wkh
rxwsxw jds1 Wklv srolf| irufhv doo dgmxvwphqw lq uhdo zdjhv wr rffxu wkurxjk qrp0
lqdo zdjhv/ zklfk lq wxuq uhtxluhv yduldwlrq lq wkh rxwsxw jds1 Zh dovr dqdo|}h
k|eulg uxohv lq zklfk wkh qrplqdo lqwhuhvw udwh uhvsrqgv wr hlwkhu zdjh lq dwlrq ru
wkh rxwsxw jds lq dgglwlrq wr sulfh lq dwlrq1 Wkh shuirupdqfh ri hdfk k|eulg uxoh lv
yluwxdoo| lqglvwlqjxlvkdeoh iurp wkdw ri wkh rswlpdo uxoh iru d zlgh udqjh ri vwuxfwxudo
sdudphwhuv1

Wklv sdshu lv rujdql}hg dv iroorzv1 Zh rxwolqh wkh prgho lq Vhfwlrq 51 Lq
Vhfwlrq 6/ zh ghulyh wkh vrfldo zhoiduh ixqfwlrq xvlqj hvvhqwldoo| wkh vdph phwkrgv dv
Urwhpehuj dqg Zrrgirug +4<<:,1 Lq Vhfwlrq 7/ zh suhvhqw nh| uhvxowv frqfhuqlqj wkh
srolf| iurqwlhu1 Zh xvh qxphulfdo phwkrgv wr fkdudfwhul}h rswlpdo prqhwdu| srolf|
lq Vhfwlrq 8/ dqg lqyhvwljdwh wkh zhoiduh frvwv ri dowhuqdwlyh srolf| uxohv lq Vhfwlrq 91
Frqfoxvlrqv dqg gluhfwlrqv iru ixwxuh uhvhdufk duh jlyhq lq Vhfwlrq :1

5 Wkh Prgho
Rxu prgho lv vlplodu lq pdq| uhvshfwv wr uhfhqw rswlpl}lqj0djhqw prghov zlwk qrplqdo
sulfh lqhuwld1 Prqrsrolvwlfdoo| frpshwlwlyh surgxfhuv vhw sulfhv lq vwdjjhuhg frqwudfwv
zlwk wlplqj olnh wkdw ri Fdoyr +4<;6,16 Wklv sulfh0vhwwlqj ehkdylru lpsolhv dq htxdwlrq
olqnlqj sulfh lq dwlrq wr wkh jds ehwzhhq wkh uhdo zdjh dqg wkh pdujlqdo surgxfw ri
oderu1 Lq frqwudvw wr prvw uhfhqw frqwulexwlrqv/ zh dvvxph wkdw prqrsrolvwlfdoo|
frpshwlwlyh krxvhkrogv vhw qrplqdo zdjhv lq vwdjjhuhg frqwudfwv17 Krxvhkrog zdjh0
vhwwlqj ehkdylru lpsolhv dq htxdwlrq olqnlqj zdjh lq dwlrq wr wkh jds ehwzhhq wkh
uhdo zdjh dqg wkh pdujlqdo udwh ri vxevwlwxwlrq ri frqvxpswlrq iru ohlvxuh1

Xqghu prqrsrolvwlf frpshwlwlrq/ rxwsxw dqg oderu vxsso| zrxog eh ehorz wkhlu
Sduhwr0rswlpdo ohyhov lq wkh devhqfh ri jryhuqphqw lqwhuyhqwlrq/ hyhq zlwk shuihfwo|
 h{leoh zdjhv dqg sulfhv1 Zh dvvxph wkdw wkh fhqwudo wdvn ri prqhwdu| srolf|
lv wr plwljdwh wkh h�hfwv ri qrplqdo lqhuwld/ zkloh �vfdo srolf| lv uhvsrqvleoh iru
r�vhwwlqj glvwruwlrqv dvvrfldwhg zlwk lpshuihfw frpshwlwlrq1 Wkhuhiruh/ iroorzlqj
uhfhqw vwxglhv/ zh dvvxph wkdw rxwsxw dqg oderu duh hdfk vxevlgl}hg dw �{hg udwhv
wr hqvxuh wkdw wkh htxloleulxp zrxog eh Sduhwr0rswlpdo li zdjhv dqg sulfhv zhuh
frpsohwho|  h{leoh1

514 Ilupv dqg Sulfh Vhwwlqj

Zh dvvxph d frqwlqxxp ri prqrsrolvwlfdoo| frpshwlwlyh �upv +lqgh{hg rq wkh xqlw
lqwhuydo,/ hdfk ri zklfk surgxfhv d gl�huhqwldwhg jrrg wkdw lv frqvxphg vroho| e|
krxvhkrogv18 Ehfdxvh krxvhkrogv kdyh lghqwlfdo suhihuhqfhv/ lw lv frqyhqlhqw wr de0

6 Nlpedoo +4<<8, dqg \xq +4<<9, slrqhhuhg wkh xvh ri sulfh frqwudfwv zlwk Fdoyr0vw|oh wlplqj lq
vwrfkdvwlf/ rswlpl}lqj0djhqw prghov1

7Vrorz dqg Vwljolw} +4<9;,/ Eodqfkdug dqg Nl|rwdnl +4<;:,/ Nroopdqq +4<<:,/ Hufhj +4<<:,/ dqg
Nlp +4<<<, dovr lqfrusrudwh erwk qrplqdo sulfh dqg zdjh lqhuwld1

8Prqrsrolvwlf frpshwlwlrq udwlrqdol}hv wkh dvvxpswlrq wkdw �upv duh zloolqj wr vdwlvi| xqh{shfwhg
lqfuhdvhv lq ghpdqg hyhq zkhq wkh| duh whpsrudulo| frqvwudlqhg qrw wr fkdqjh wkhlu sulfhv1
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vwudfw iurp wkh krxvhkrog*v sureohp ri fkrrvlqj wkh rswlpdo txdqwlw| ri hdfk gl�hu0
hqwldwhg jrrg t|Es� iru s 5 dfc �o1 Wkxv/ zh dvvxph wkdw wkhuh lv d uhsuhvhqwdwlyh
�rxwsxw djjuhjdwru� zkr frpelqhv wkh gl�huhqwldwhg jrrgv lqwr d vlqjoh surgxfw wkdw
zh uhihu wr dv wkh �rxwsxw lqgh{1� Wkh rxwsxw djjuhjdwru frpelqhv wkh jrrgv lq
wkh vdph sursruwlrqv dv krxvhkrogv zrxog fkrrvh/ dqg wkhq vhoov wkh rxwsxw lqgh{ wr
krxvhkrogv1 Wkxv/ wkh djjuhjdwru*v ghpdqg iru hdfk gl�huhqwldwhg jrrg lv htxdo wr
wkh vxp ri krxvhkrog ghpdqgv1

Wkh rxwsxw lqgh{ t| lv dvvhpeohg xvlqj d frqvwdqw uhwxuqv wr vfdoh whfkqrorj| ri
wkh Gl{lw dqg Vwljolw} +4<::, irup +zklfk pluuruv wkh suhihuhqfhv ri krxvhkrogv,=

t| '

�] �

f

t| Es�
�

�nwR _s

��nwR
+4,

zkhuh wR : f1 Wkh rxwsxw djjuhjdwru fkrrvhv wkh exqgoh ri jrrgv wkdw plqlpl}hv
wkh frvw ri surgxflqj d jlyhq txdqwlw| ri wkh rxwsxw lqgh{ t|/ wdnlqj dv jlyhq wkh
sulfh �| Es� ri wkh jrrg t|Es�1 Wkh djjuhjdwru vhoov xqlwv ri wkh rxwsxw lqgh{ dw wkhlu
xqlw frvw �|=

�| '

�] �

f

�| Es�
3�
wR _s

�3wR
+5,

Lw lv qdwxudo wr lqwhusuhw �| dv wkh djjuhjdwh sulfh lqgh{1 Wkh djjuhjdwru*v ghpdqg
iru hdfk jrrg t| Es� � ru htxlydohqwo| wrwdo krxvhkrog ghpdqg iru wklv jrrg � lv jlyhq
e|

t| Es� '

�
�| Es�

�|

�3E�nwR�
wR

t| +6,

Hdfk gl�huhqwldwhg jrrg lv surgxfhg e| d vlqjoh �up wkdw kluhv fdslwdo vhuylfhv g| Es�
dqg d oderu lqgh{ u| Es� gh�qhg ehorz1 Hyhu| �up idfhv wkh vdph Free0Grxjodv
surgxfwlrq ixqfwlrq/ zlwk dq lghqwlfdo ohyho ri wrwdo idfwru surgxfwlylw| f|=

t| Es� ' f|g|Es�
ku|Es�

�3k +7,

Wkh djjuhjdwh fdslwdo vwrfn lv �{hg dw 7g/ dqg fdslwdo dqg oderu duh shuihfwo| preloh
dfurvv �upv1 Hdfk �up fkrrvhv g| Es� dqg u| Es�/ wdnlqj dv jlyhq erwk wkh uhqwdo
sulfh ri fdslwdo dqg wkh zdjh lqgh{`| gh�qhg ehorz1 Wkh vwdqgdug vwdwlf �uvw0rughu
frqglwlrqv iru frvw plqlpl}dwlrq lpso| wkdw doo �upv kdyh lghqwlfdo pdujlqdo frvw shu
xqlw ri rxwsxw +��|,1 Pdujlqdo frvw fdq eh h{suhvvhg dv d ixqfwlrq ri wkh zdjh
lqgh{/ wkh djjuhjdwh oderu lqgh{ u|/ wkh djjuhjdwh fdslwdo vwrfn/ dqg wrwdo idfwru
surgxfwlylw|/ ru htxlydohqwo|/ dv wkh udwlr ri wkh zdjh lqgh{ wr wkh pdujlqdo surgxfw
ri oderu +��u|,=

��| '
`|u

k
|

E�� k� 7gkf|

'
`|

��u|

+8,

��u| ' E�� k� 7gku3k| f| +9,

Surgxfhuv vhw sulfhv lq vwdjjhuhg frqwudfwv zlwk udqgrp gxudwlrq= lq dq| jlyhq
shulrg/ wkh �up lv doorzhg wr uhvhw lwv sulfh frqwudfw zlwk suredelolw| +�� 1R,1 Qrwh
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wkdw wkh suredelolw| wkdw d �up zloo eh doorzhg wr uhvhw lwv frqwudfw sulfh lq dq|
shulrg grhv qrw ghshqg rq krz orqj lwv h{lvwlqj frqwudfw kdv ehhq lq h�hfw/ dqg
wklv suredelolw| lv lqyduldqw wr wkh djjuhjdwh vwdwh yhfwru1 Wkxv/ d frqvwdqw iudfwlrq
+�� 1R, ri �upv uhvhw wkhlu frqwudfw sulfhv hdfk shulrg1

Zkhq d �up lv doorzhg wr uhvhw lwv sulfh lq shulrg |/ wkh �up fkrrvhv �| Es� wr
pd{lpl}h wkh iroorzlqj sur�w ixqfwlrqdo=

H|
"[
�'f

1 �
R �|c|n�EE� n � R��

��| Es�t|n� Es����|n�t|n� Es�� +:,

Wkh rshudwru H| uhsuhvhqwv wkh frqglwlrqdo h{shfwdwlrq edvhg rq lqirupdwlrq wkurxjk
shulrg | dqg wdnhq ryhu vwdwhv ri qdwxuh lq zklfk wkh �up lv qrw doorzhg wr uhvhw lwv
sulfh19 Wkh �up*v rxwsxw lv vxevlgl}hg dw d �{hg udwh � R1 Wkh �up glvfrxqwv sur�wv
uhfhlyhg dw gdwh | n � e| wkh suredelolw| wkdw wkh �up zloo qrw kdyh ehhq doorzhg wr
uhvhw lwv sulfh +1R

�, dqg e| wkh glvfrxqw idfwru �|c|n�1
: Qrwh wkdw zkhqhyhu wkh �up

lv qrw doorzhg wr uhvhw lwv frqwudfw/ wkh �up*v sulfh lv dxwrpdwlfdoo| lqfuhdvhg dw wkh
xqfrqglwlrqdo phdq udwh ri jurvv lq dwlrq/ �1 Wkxv/ li �up s kdv qrw dgmxvwhg lwv
frqwudfw sulfh vlqfh shulrg |/ wkhq lwv sulfh lq shulrg | n � lv �|n� Es� ' ���| Es�1

Wkh �uvw0rughu frqglwlrq iru d sulfh0vhwwlqj �up lv

H|
"[
�'f

1�R�|c|n�

�
E� n � R�

E� n wR�

���| Es�

�|n�
� ��|n�

�|n�

�
t|n� Es� ' f� +;,

Wkxv/ wkh �up vhwv lwv frqwudfw sulfh vr wkdw glvfrxqwhg uhdo pdujlqdo uhyhqxh +lqfox0
vlyh ri vxevlglhv, lv htxdo wr glvfrxqwhg uhdo pdujlqdo frvw/ lq h{shfwhg ydoxh whupv1
Zh dvvxph wkdw surgxfwlrq lv vxevlgl}hg wr holplqdwh wkh prqrsrolvwlf glvwruwlrq dv0
vrfldwhg zlwk d srvlwlyh pdunxs> wkdw lv/ � R ' wR1 Wkxv/ lq wkh olplwlqj fdvh lq zklfk
doo �upv duh doorzhg wr vhw wkhlu sulfhv hyhu| shulrg +1R $ f,/ htxdwlrq +;, uhgxfhv wr
wkh idploldu frqglwlrq wkdw sulfh htxdov pdujlqdo frvw/ ru htxlydohqwo|/ wkdw wkh uhdo
zdjh htxdov wkh pdujlqdo surgxfw ri oderu=

`|

�|
' ��u| +<,

515 Krxvhkrogv dqg Zdjh Vhwwlqj

Zh dvvxph d frqwlqxxp ri prqrsrolvwlfdoo| frpshwlwlyh krxvhkrogv +lqgh{hg rq wkh
xqlw lqwhuydo,/ hdfk ri zklfk vxssolhv d gl�huhqwldwhg oderu vhuylfh wr wkh surgxf0
wlrq vhfwru> wkdw lv/ jrrgv0surgxflqj �upv uhjdug hdfk krxvhkrog*v oderu vhuylfhv
�| E��/ � 5 dfc �o/ dv dq lpshuihfw vxevwlwxwh iru wkh oderu vhuylfhv ri rwkhu krxvhkrogv1
Lw lv frqyhqlhqw wr dvvxph wkdw d uhsuhvhqwdwlyh oderu djjuhjdwru +ru �hpsor|phqw
djhqf|�, frpelqhv krxvhkrogv* oderu krxuv lq wkh vdph sursruwlrqv dv �upv zrxog

9Iru vlpsolflw|/ wkh yduldeohv lq htxdwlrq +:, duh qrw h{solflwo| lqgh{hg e| wkh vwdwh ri qdwxuh1
:Wkh vwdwh0frqwlqjhqw glvfrxqw idfwru #w>w.m lqglfdwhv wkh sulfh lq shulrg w ri d fodlp wkdw sd|v

rqh groodu lq d jlyhq vwdwh ri qdwxuh lq shulrg w. m> glylghg e| wkh suredelolw| wkdw vwdwh zloo rffxu1
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fkrrvh1 Wkxv/ wkh djjuhjdwru*v ghpdqg iru hdfk krxvhkrog*v oderu lv htxdo wr wkh
vxp ri �upv* ghpdqgv1 Wkh oderu lqgh{ u| kdv wkh Gl{lw0Vwljolw} irup=

u| '

�] �

f

�| E��
�

�nw� _�

��nw�
+43,

zkhuh w� : f1 Wkh djjuhjdwru plqlpl}hv wkh frvw ri surgxflqj d jlyhq dprxqw ri
wkh djjuhjdwh oderu lqgh{/ wdnlqj hdfk krxvhkrog*v zdjh udwh `| E�� dv jlyhq/ dqg
wkhq vhoov xqlwv ri wkh oderu lqgh{ wr wkh surgxfwlrq vhfwru dw wkhlu xqlw frvw `|=

`| '

�] �

f

`| E��
3�
w� _�

�3w�
+44,

Lw lv qdwxudo wr lqwhusuhw`| dv wkh djjuhjdwh zdjh lqgh{1 Wkh djjuhjdwru*v ghpdqg iru
wkh oderu krxuv ri krxvhkrog � � ru htxlydohqwo|/ wkh wrwdo ghpdqg iru wklv krxvhkrog*v
oderu e| doo jrrgv0surgxflqj �upv � lv jlyhq e|

�| E�� '

�
`| E��

`|

�3 �nw�
w�

u| +45,

Wkh xwlolw| ixqfwlrqdo ri krxvhkrog � lv

H|
S"

�'f q
�

�
XE�|n� E�� c '|n�� n Y E� |n� E�� c ~|n�� n

>f
�3>

�
�|n�E��

�|n�

��3>�

XE�| E�� c '|� '
�

�3j
E�| E���'|�

�3j

Y E� | E�� c ~|� '
�

�3�
E���| E��� ~|�
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+46,

zkhuh wkh rshudwru H| khuh uhsuhvhqwv wkh frqglwlrqdo h{shfwdwlrq ryhu doo vwdwhv ri
qdwxuh/ dqg wkh glvfrxqw idfwru q vdwlv�hv f 	 q 	 �� Wkh shulrg xwlolw| ixqfwlrq lv
vhsdudeoh lq wkuhh dujxphqwv= qhw frqvxpswlrq/ qhw ohlvxuh/ dqg uhdo prqh| edodqfhv1
Qhw frqvxpswlrq lv gh�qhg e| vxewudfwlqj wkh frqvxpswlrq vkrfn '| iurp wkh krxvh0
krog*v frqvxpswlrq lqgh{ �| E��1 Qhw ohlvxuh lv gh�qhg e| vxewudfwlqj krxuv zrunhg
�| E�� dqg wkh ohlvxuh vkrfn ~| iurp wkh krxvhkrog*v wlph hqgrzphqw +qrupdol}hg wr
xqlw|,1 Wkh frqvxpswlrq dqg ohlvxuh vkrfnv duh frpprq wr doo krxvhkrogv1 Uhdo
prqh| edodqfhv duh qrplqdo prqh| kroglqjv �| E�� gh dwhg e| wkh djjuhjdwh sulfh
lqgh{ �|1

Krxvhkrog �*v exgjhw frqvwudlqw lq shulrg | vwdwhv wkdw frqvxpswlrq h{shqglwxuhv
soxv dvvhw dffxpxodwlrq pxvw htxdo glvsrvdeoh lqfrph=

�|�| E�� n�| E����|3� E�� n B|n�c|�| E����|3� E��

' E� n ���`| E���| E�� n K| E�� n A| E��
+47,

Dvvhw dffxpxodwlrq frqvlvwv ri lqfuhdvhv lq prqh| kroglqjv dqg wkh qhw dftxlvlwlrq
ri vwdwh0frqwlqjhqw fodlpv1 Hdfk hohphqw ri wkh yhfwru B|n�c| uhsuhvhqwv wkh sulfh

8



ri dq dvvhw wkdw zloo sd| rqh xqlw ri fxuuhqf| lq d sduwlfxodu vwdwh ri qdwxuh lq wkh
vxevhtxhqw shulrg/ zkloh wkh fruuhvsrqglqj hohphqw ri wkh yhfwru �| E�� uhsuhvhqwv
wkh txdqwlw| ri vxfk fodlpv sxufkdvhg e| wkh krxvhkrog1 �|3� E�� lqglfdwhv wkh ydoxh
ri wkh krxvhkrog*v fodlpv jlyhq wkh fxuuhqw uhdol}dwlrq ri wkh vwdwh ri qdwxuh1 Oderu
lqfrph `| E���| E�� lv vxevlgl}hg dw d �{hg udwh ��1 Hdfk krxvhkrog rzqv dq htxdo
vkduh ri doo �upv dqg ri wkh djjuhjdwh fdslwdo vwrfn/ dqg uhfhlyhv dq doltxrw vkduh
K| E�� ri djjuhjdwh sur�wv dqg uhqwdo lqfrph1 Ilqdoo|/ hdfk krxvhkrog uhfhlyhv d
oxps0vxp jryhuqphqw wudqvihu A| E��1 Wkh jryhuqphqw*v exgjhw lv edodqfhg hyhu|
shulrg/ vr wkdw wrwdo oxps0vxp wudqvihuv duh htxdo wr vhljqrudjh uhyhqxh ohvv rxwsxw
dqg oderu vxevlglhv1

Lq hyhu| shulrg |/ hdfk krxvhkrog � pd{lpl}hv wkh xwlolw| ixqfwlrqdo +46, zlwk
uhvshfw wr frqvxpswlrq/ prqh| edodqfhv/ dqg kroglqjv ri frqwlqjhqw fodlpv/ vxemhfw
wr lwv oderu ghpdqg ixqfwlrq +45, dqg lwv exgjhw frqvwudlqw +47,1 Wkh �uvw0rughu
frqglwlrqv iru frqvxpswlrq dqg kroglqjv ri vwdwh0frqwlqjhqw fodlpv lpso| wkh idplo0
ldu �frqvxpswlrq Hxohu htxdwlrq� olqnlqj wkh pdujlqdo frvw ri iruhjrlqj d xqlw ri
frqvxpswlrq lq wkh fxuuhqw shulrg wr wkh h{shfwhg pdujlqdo ehqh�w lq wkh iroorzlqj
shulrg=

X�c| ' H| dq E� n-|�X�c|n�o ' H|
�
q E� n U|�

�|
�|n�

X�c|n�

�
+48,

zkhuh wkh ulvn0iuhh uhdo lqwhuhvw udwh -| lv wkh udwh ri uhwxuq rq dq dvvhw wkdw sd|v rqh
xqlw ri frqvxpswlrq xqghu hyhu| vwdwh ri qdwxuh dw wlph |n�/ dqg wkh qrplqdo lqwhuhvw
udwh U| lv wkh udwh ri uhwxuq rq dq dvvhw wkdw sd|v rqh xqlw ri fxuuhqf| xqghu hyhu|
vwdwh ri qdwxuh dw wlph |n �1 Qrwh wkdw wkh rplvvlrq ri wkh krxvhkrog0vshfl�f lqgh{
� lq htxdwlrq +48, uh hfwv rxu dvvxpswlrq ri frpsohwh frqwlqjhqw fodlpv pdunhwv iru
frqvxpswlrq +exw qrw iru ohlvxuh,/ zklfk lpsolhv wkdw frqvxpswlrq lv lghqwlfdo dfurvv
krxvhkrogv lq hyhu| shulrg E�| E�� ' �|�1

Krxvhkrogv vhw qrplqdo zdjhv lq vwdjjhuhg frqwudfwv wkdw duh dqdorjrxv wr wkh
sulfh frqwudfwv ghvfulehg deryh1 Lq sduwlfxodu/ d frqvwdqw iudfwlrq +�� 1�, ri krxvh0
krogv uhqhjrwldwh wkhlu zdjh frqwudfwv lq hdfk shulrg1 Lq dq| shulrg | lq zklfk
krxvhkrog � lv deoh wr uhvhw lwv frqwudfw zdjh/ wkh krxvhkrog pd{lpl}hv lwv xwlolw|
ixqfwlrqdo +46, zlwk uhvshfw wr wkh zdjh udwh `| E��/ |lhoglqj wkh iroorzlqj �uvw0rughu
frqglwlrq=

H|
"[
�'f

q�1��

�
E� n ���

E� n w��

��`| E��

�|n�
X�c|n� n Y�E��c|n�

�
�|n� E�� ' f +49,

zkhuh H| khuh lqglfdwhv wkh frqglwlrqdo h{shfwdwlrq wdnhq rqo| ryhu vwdwhv ri qdwxuh
lq zklfk wkh krxvhkrog lv xqdeoh wr uhvhw lwv zdjh1 Zkhqhyhu wkh krxvhkrog lv qrw
doorzhg wr uhqhjrwldwh lwv frqwudfw/ lwv zdjh udwh lv dxwrpdwlfdoo| lqfuhdvhg dw wkh
xqfrqglwlrqdo phdq udwh ri jurvv lq dwlrq/ �1 Wkxv/ li krxvhkrog � kdv qrw uhvhw lwv
frqwudfw zdjh vlqfh shulrg |/ wkhq lwv zdjh udwh lq shulrg |n� lv`|n� E�� ' ��`| E��1

Dffruglqj wr htxdwlrq +49,/ wkh krxvhkrog vhwv lwv zdjh vr wkdw wkh glvfrxqwhg
pdujlqdo xwlolw| ri wkh lqfrph +lqfoxvlyh ri vxevlglhv, iurp dq dgglwlrqdo xqlw ri oderu
lv htxdo wr lwv glvfrxqwhg pdujlqdo glvxwlolw|/ lq h{shfwhg ydoxh whupv1 Zh dvvxph wkdw
hpsor|phqw lv vxevlgl}hg wr holplqdwh wkh prqrsrolvwlf glvwruwlrq dvvrfldwhg zlwk d
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srvlwlyh pdunxs> wkdw lv/ �� ' w�1 Wkxv/ lq wkh olplwlqj fdvh lq zklfk doo krxvhkrogv
duh doorzhg wr vhw wkhlu zdjhv hyhu| shulrg +1� $ f,/ htxdwlrq +49, uhgxfhv wr wkh
frqglwlrq wkdw wkh uhdo zdjh htxdov wkh pdujlqdo udwh ri vxevwlwxwlrq ri frqvxpswlrq
iru ohlvxuh +�-7|,=

`|

�|
' �-7| +4:,

�-7| ' �Y�c|

X�c|
' E�|3'|�

3j

E�3�|3~|�3�
+4;,

516 Wkh Vwhdg| Vwdwh

Wkh qrq0vwrfkdvwlf vwhdg| vwdwh ri rxu prgho lv ghulyhg e| vhwwlqj wkh wkuhh vkrfnv
wr wkhlu phdq ydoxhv + 7f/ 7'/ dqg 7~,1 Jlyhq wkdw erwk zdjh dqg sulfh frqwudfwv duh
lqgh{hg wr wkh vwhdg|0vwdwh lq dwlrq udwh �c wkh vwhdg| vwdwh lv wkh vdph dv li zdjhv
dqg sulfhv zhuh ixoo|  h{leoh1 Wkxv/ jlyhq rxu dvvxpswlrqv derxw surgxfwlrq dqg
hpsor|phqw vxevlglhv/ wkh vwhdg| vwdwh lv Sduhwr0rswlpdo1 Doo �upv surgxfh wkh vdph
dprxqw ri rxwsxw +7t Es� ' 7t ,/ xvlqj wkh vdph dprxqw ri oderu/ dqg doo krxvhkrogv
vxsso| wkh vdph txdqwlw| ri oderu +7u Es� ' 7u ' 7� ' 7� E��,/ zkhuh yduldeohv zlwk
eduv uhsuhvhqw vwhdg|0vwdwh ydoxhv1 Xvlqj wkh surgxfwlrq ixqfwlrq +e, wr vroyh iru
oderu krxuv lq whupv ri rxwsxw/ htxloleulxp ydoxhv ri wkh uhdo zdjh dqg rxwsxw duh
ghwhuplqhg e| wkh frqglwlrq wkdw��u| ' �-7|/ xvlqj htxdwlrqv +S, dqg +�H,1 Wkh
uhdo lqwhuhvw udwh 7- lv ghwhuplqhg e| wkh frqvxpswlrq Hxohu htxdwlrq +48,1;

517 Wkh Sduhwr Rswlpxp

Iru frpsdudwlyh sxusrvhv/ zh frqvlghu wkh htxloleulxp ri rxu prgho xqghu  h{leoh
sulfhv dqg zdjhv/ khqfhiruwk uhihuuhg wr dv wkh Sduhwr rswlpxp1 Zh iroorz wkh
vwdqgdug dssurdfk ri orj0olqhdul}lqj durxqg wkh vwhdg| vwdwh ri wkh prgho1 Vpdoo
ohwwhuv ghqrwh wkh ghyldwlrqv ri orjdulwkpv ri wkh fruuhvsrqglqj yduldeohv iurp wkhlu
vwhdg|0vwdwh ohyhov/ dqg ohwwhuv zlwk dvwhulvnv uhsuhvhqw Sduhwr0rswlpdo ydoxhv ri wkh
fruuhvsrqglqj yduldeohv1 Zh vroyh iru ydoxhv ri Sduhwr0rswlpdo rxwsxw ++W| ,/ wkh uhdo
zdjh +lW| ,/ dqg uhdo lqwhuhvw udwh +oW| � xvlqj wkh vdph htxdwlrqv wkdw zhuh xvhg deryh
wr rewdlq wkh vwhdg| vwdwh=

+W| '
E�n��� �
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�
\ ' k n ��� n E�� k�j��

+4<,

;Zh vhw �T @ 3=6496/ �[ @ 7=3599/ �] @ 3=36/ dqg �N @ 63 �T1 Xvlqj wkh edvholqh fdoleudwlrq
ghvfulehg lq Vhfwlrq 814 +qdpho|/ � @ 3=6/ dqg � @ " @ 4=8,/ zh rewdlq �O @ 3=5: dqg �\ @ 43 �T @
6=4961 Wkxv/ �O dqg �] wrjhwkhu dffrxqw iru derxw rqh0wklug ri wkh krxvhkrog*v wlph hqgrzphqw/ dqg
wkh vwhdg| vwdwh fdslwdo2rxwsxw udwlr lv htxdo wr 61
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Wkh vxevfulsw | n �m| lqglfdwhv d rqh0vwhs0dkhdg iruhfdvw ri wkh yduldeoh edvhg rq
lqirupdwlrq dydlodeoh wkurxjk shulrg |1

Dv xvxdo/ d srvlwlyh surgxfwlylw| vkrfn %| udlvhv erwk +W| dqg lW| 1 D srvlwlyh
frqvxpswlrq vkrfn ^| udlvhv wkh pdujlqdo xwlolw| ri d jlyhq ohyho ri wkh frqvxpswlrq
lqgh{/ lqgxflqj dq lqfuhdvh lq oderu vxsso| wkdw udlvhv +W| dqg uhgxfhv lW| 1 D srvlwlyh
ohlvxuh vkrfn 5| gluhfwo| uhgxfhv oderu vxsso| e| udlvlqj wkh pdujlqdo glvxwlolw| ri d
jlyhq dprxqw ri oderu krxuv/ wkhuhe| ghfuhdvlqj +W| dqg lqfuhdvlqj lW| 1

518 Wkh G|qdplf Htxloleulxp

Zlwk vwdjjhuhg zdjh dqg sulfh vhwwlqj/ wkh nh| htxdwlrqv ri wkh prgho duh olvwhg lq
Wdeoh 41 Jlyhq wkdw rxwsxw fdq ghyldwh iurp lwv Sduhwr0rswlpdo ohyho/ zh gh�qh wkh
rxwsxw jds }| ' +| � +W| 1

Lq wkh frqvxpswlrq Hxohu htxdwlrq +A���,/ wkh h{shfwhg fkdqjh lq wkh rxwsxw jds
ghshqgv rq wkh ghyldwlrq ri wkh vkruw0whup uhdo lqwhuhvw udwh +wkdw lv/ wkh qrplqdo
lqwhuhvw udwh �| ohvv h{shfwhg rxwsxw sulfh lq dwlrq Z|n��|, iurp wkh htxloleulxp uhdo
lqwhuhvw udwh oW| 1 Vroylqj wkh htxdwlrq iruzdug/ wkh fxuuhqw rxwsxw jds ghshqgv
qhjdwlyho| rq dq xqzhljkwhg vxp ri fxuuhqw dqg ixwxuh vkruw0whup uhdo lqwhuhvw udwhv/
qdwxudoo| lqwhusuhwhg dv wkh �orqj0whup� uhdo lqwhuhvw udwh1 Wklv htxdwlrq uhvhpeohv
d Nh|qhvldq LV fxuyh1<

Htxdwlrqv +A��2, dqg +A���, duh vlpsoh wudqvirupdwlrqv ri htxdwlrqv +9, dqg +4;,/
uhvshfwlyho|1 Wkh pdujlqdo surgxfw ri oderu/ 6R,|/ lv qhjdwlyho| uhodwhg wr wkh rxwsxw
jds/ zkloh wkh pdujlqdo udwh ri vxevwlwxwlrq/ 6or|/ lv srvlwlyho| uhodwhg wr wkh rxwsxw
jds1 Wkh rxwsxw jds lv }hur dw wkh lqwhuvhfwlrq ri wkh 6R,| dqg 6or| vfkhgxohv/
qdpho|/ dw wkh Sduhwr0rswlpdo uhdo zdjh udwh/ lW| 1

Xvlqj wkh �uvw0rughu frqglwlrq ri hdfk sulfh0vhwwlqj �up +;,/ lw lv vwudljkwiruzdug
wr rewdlq dq djjuhjdwh htxdwlrq wkdw kdv ehhq ghulyhg lq hduolhu zrun= qdpho|/ sulfh
lq dwlrq ghshqgv rq wkh shufhqwdjh ghyldwlrq ri uhdo pdujlqdo frvw iurp lwv frqvwdqw
ghvluhg ohyho ri xqlw|143 Rxu sulfh0vhwwlqj htxdwlrq +A��e, iroorzv iurp wkh htxdolw|
ehwzhhq uhdo pdujlqdo frvw dqg wkh udwlr ri wkh uhdo zdjh wr wkh pdujlqdo surgxfw ri
oderu1

Fxuuhqw sulfh lq dwlrq +dv d ghyldwlrq iurp vwhdg| vwdwh, ghshqgv srvlwlyho| erwk
rq h{shfwhg sulfh lq dwlrq dqg rq wkh shufhqwdjh e| zklfk wkh uhdo zdjh/ l|/ h{fhhgv
wkh pdujlqdo surgxfw ri oderu/ 6R,|1 Vroylqj wkh htxdwlrq iruzdug uhyhdov wkdw
sulfh lq dwlrq ghshqgv rq fxuuhqw dqg h{shfwhg ixwxuh jdsv ehwzhhq uhdo zdjhv dqg
pdujlqdo surgxfwv ri oderu1 Wkxv/ sulfh lq dwlrq lv dw lwv vwhdg|0vwdwh ydoxh rqo|
zkhq wkh uhdo zdjh dqg wkh pdujlqdo surgxfw ri oderu duh htxdo dqg duh h{shfwhg wr

<Vhh/ iru h{dpsoh/ Zrrgirug +4<<9, dqg Nhuu dqg Nlqj +4<<9,1
43Vhh \xq +4<<9, dqg wkh sdshuv flwhg lq irrwqrwh 51 D yhu| vlplodu sulfh0vhwwlqj htxdwlrq lv

lpsolhg e| wkh dvvxpswlrq ri txdgudwlf phqx frvwv ri dgmxvwlqj qrplqdo sulfhv/ dv lq Urwhpehuj
+4<<9,1

;



uhpdlq vr1 Rwkhuzlvh/ wkhuh lv d qrq0ghjhqhudwh glvwulexwlrq ri rxwsxw sulfhv dfurvv
�upv/ dqg 6R,| � l| vkrxog eh lqwhusuhwhg dv wkh dyhudjh dfurvv �upv1

Dv vkrzq lq Dsshqgl{ D/ wkh zdjh0vhwwlqj htxdwlrq +A��D, lv ghulyhg xvlqj wkh
krxvhkrog*v �uvw0rughu frqglwlrq iru vhwwlqj lwv frqwudfw zdjh udwh +49,1 Wklv htxdwlrq
vwdwhv wkdw wkh dprxqw e| zklfk fxuuhqw zdjh lq dwlrq h{fhhgv lwv vwhdg|0vwdwh ydoxh
+�, ghshqgv rq wkh shufhqwdjh e| zklfk krxvhkrogv* dyhudjh pdujlqdo udwh ri vxevwl0
wxwlrq/ 6or|/ h{fhhgv wkh uhdo zdjh l |/ wdnlqj h{shfwhg zdjh lq dwlrq qh{w shulrg dv
jlyhq1 Zdjh lq dwlrq lv dw lwv vwhdg|0vwdwh ydoxh rqo| zkhq wkh uhdo zdjh dqg wkh
pdujlqdo udwh ri vxevwlwxwlrq duh htxdo dqg duh h{shfwhg wr uhpdlq vr1 Rwkhuzlvh/
wkhuh lv d qrq0ghjhqhudwh glvwulexwlrq ri zdjh udwhv dqg oderu krxuv dfurvv krxvh0
krogv/ dqg 6or|� l| vkrxog eh lqwhusuhwhg dv wkh dyhudjh dfurvv doo krxvhkrogv1 Wkh
zdjh0vhwwlqj htxdwlrq/ olnh wkh sulfh0vhwwlqj htxdwlrq/ fdq eh h{suhvvhg htxlydohqwo|
lq whupv ri wkh zdjh pdunxs/ qdpho|/ wkh shufhqwdjh ghyldwlrq ri wkh uhdo zdjh iurp
wkh 6or| ri krxvhkrogv1

Wkh lghqwlw| +A��S, h{suhvvhv wkh fkdqjh lq wkh uhdo zdjh dv wkh gl�huhqfh ehwzhhq
zdjh lq dwlrq dqg sulfh lq dwlrq1 Ilqdoo|/ d prqhwdu| srolf| uxoh lv uhtxluhg wr
forvh wkh prgho1 Vxfk d uxoh lv qrw olvwhg lq Wdeoh 4/ exw lq Vhfwlrq 8 zh zloo
frqvlghu ihhgedfn uxohv lq zklfk wkh vkruw0whup qrplqdo lqwhuhvw udwh �| +h{suhvvhg
dv d ghyldwlrq iurp lwv vwhdg|0vwdwh ydoxh, uhvsrqgv olqhduo| wr rqh ru pruh ri wkh
hqgrjhqrxv yduldeohv dqg h{rjhqrxv glvwxuedqfhv1

Lw lv lqwhuhvwlqj wr qrwh wkdw wkh prgho lq Wdeoh 4 kdv vrph irupdo vlplodulw| wr
wkh hduolhu zrun rq �glvhtxloleulxp� prghov144 Lq sduwlfxodu/ zdjhv dqg sulfhv duh
vxemhfw wr qrplqdo lqhuwld dqg h{klelw sduwldo dgmxvwphqw wrzdug wkh Sduhwr0rswlpdo
htxloleulxp1 Krzhyhu/ wkh zdjh dqg sulfh htxdwlrqv lq Wdeoh 4 duh ghulyhg iurp
rswlpl}lqj ehkdylru/ dqg wkxv ghshqg rq wkh xqghuo|lqj vwuxfwxuh ri suhihuhqfhv dqg
whfkqrorj| dv zhoo dv h{rjhqrxvo|0vshfl�hg phdq frqwudfw gxudwlrq sdudphwhuv1

6 Wkh Zhoiduh Ixqfwlrq
Wkh prqhwdu| srolf|pdnhu pd{lpl}hv wkh xqfrqglwlrqdo h{shfwdwlrq ri wkh xqzhljkwhg
dyhudjh ri krxvhkrog xwlolw| ixqfwlrqdov1 Wklv sureohp lv htxlydohqw wr pd{lpl}lqj
wkh xqfrqglwlrqdo h{shfwdwlrq ri wkh dyhudjh ri krxvhkrog shulrg xwlolw| ixqfwlrqv/
Z|/ uhihuuhg wr khuhdiwhu dv wkh srolf|pdnhu*v shulrg zhoiduh ixqfwlrq145

Z|' XE�|c '|� n

] �

f

Y E�| E�� c ~|� _� +54,

Lq wklv h{suhvvlrq/ frqvxpswlrq lv lghqwlfdo dfurvv krxvhkrogv zkhuhdv oderu krxuv
pd| ydu| dfurvv krxvhkrogv +gxh wr frpsohwh frqwlqjhqw fodlpv iru frqvxpswlrq exw
qrw iru ohlvxuh,1 Lq dgglwlrq/ wklv h{suhvvlrq iru Z| uh hfwv rxu dvvxpswlrq wkdw
wkh zhoiduh orvvhv uhodwhg wr  xfwxdwlrqv lq uhdo edodqfhv duh vx!flhqwo| vpdoo wr eh

44Hduolhu zrun rq glvhtxloleulxp prghov e| Forzhu/ Sdwlqnlq/ Eduur dqg Jurvvpdq/ Ehqdvv|/
Judqgprqw/ Pdolqydxg/ Qhjlvkl/ dqg rwkhuv lv flwhg lq Fxgglqjwrq/ Mrkdqvvrq/ dqg Oùijuhq +4<;7,1
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614 Dssur{lpdwlrq ri wkh Shulrg Zhoiduh Ixqfwlrq

Wr dqdo|}h wkh ghyldwlrq ri wkh srolf|pdnhu*v shulrg zhoiduh iurp wkh Sduhwr rswl0
pxp/ zh ghulyh wkh vhfrqg0rughu Wd|oru dssur{lpdwlrqv ri Z| dqg Z

W

| durxqg wkh
vwhdg|0vwdwh shulrg zhoiduh ohyho Z/ dqg wdnh wkhlu gl�huhqfh147 Dv vkrzq lq Ds0
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zkhuh ?| E�� lqglfdwhv wkh shufhqw ghyldwlrq iurp vwhdg| vwdwh ri wkh oderu krxuv
�| E�� ri krxvhkrog �/ dqg �@o�?| E�� lqglfdwhv wkh furvv0vhfwlrqdo glvshuvlrq ri ?| E��
durxqg wkh furvv0vhfwlrqdo dyhudjh H�?| E��1 Vlploduo|/ +| Es� lqglfdwhv wkh shufhqw
ghyldwlrq iurp vwhdg| vwdwh ri wkh rxwsxw t| Es� ri �up s / dqg �@os +| Es� lqglfdwhv
wkh furvv0vhfwlrqdo glvshuvlrq ri +| Es�148 Qrwh wkdw wkh pdujlqdo glvxwlolw| ri oderu
lv srvlwlyh dqg lqfuhdvlqj +wkdw lv/ �Y�E 7�c 7~� : f dqg �Y��E 7�c 7~� : f,/ vr wkdw
doo wkuhh whupv rq wkh uljkw kdqg vlgh ri htxdwlrq +55, duh qhjdwlyh1

Wkh �uvw whup fdswxuhv wkh shulrg zhoiduh frvw ri yduldwlrq lq wkh rxwsxw jds1
Iru d jlyhq rxwsxw jds }|/ Iljxuh 4 ghslfwv wklv zhoiduh frvw +lq shufhqwdjh whupv, dv
wkh vkdghg duhd ehwzhhq wkh xszdug0vorslqj6or| vfkhgxoh +htxdwlrq EA����, dqg wkh
grzqzdug0vorslqj 6R,| vfkhgxoh +htxdwlrq EA��D�,149 Pxowlso|lqj wkh vkdghg duhd
e| X�E 7�c 7'� 7� jlyhv wkh shulrg zhoiduh frvw lq whupv ri xwlolw|1

Wkh uhpdlqlqj wzr whupv fdswxuh wkh shulrg zhoiduh frvwv ri furvv0vhfwlrqdo glv0
shuvlrq wkdw dulvh ehfdxvh ri vwdjjhuhg zdjh dqg sulfh frqwudfwv1 Hyhq zkhq wkh
rxwsxw jds lv }hur/ vwdjjhuhg zdjh vhwwlqj fdq ohdg wr glvshuvlrq lq krxuv zrunhg
dfurvv krxvhkrogv/ zkloh vwdjjhuhg sulfh vhwwlqj fdq ohdg wr glvshuvlrq lq gl�huhqwl0
dwhg jrrgv surgxfwlrq dfurvv �upv1 Furvv0vhfwlrqdo glvshuvlrq lq krxuv lpsrvhv d
zhoiduh frvw +fdswxuhg e| wkh vhfrqg whup, ehfdxvh krxvhkrogv glvolnh yduldwlrq lq
wkhlu oderu vxsso|/ wkdw lv/ ehfdxvh krxvhkrogv kdyh lqfuhdvlqj pdujlqdo glvxwlolw| ri
oderu +�Y�� E 7�c 7~� : f,1

Lq dgglwlrq/ furvv0vhfwlrqdo glvshuvlrq lq hpsor|phqw dqg lq surgxfwlrq hdfk
lpsrvh lqh!flhqflhv +fdswxuhg e| wkh wklug whup, e| udlvlqj wkh djjuhjdwh oderu
krxuv/ �| '

U �

f
�| E�� _�/ qhhghg wr surgxfh d jlyhq ohyho ri wkh rxwsxw lqgh{1

46Wkdw lv/ zh dvvxph wkdw wkh zhljkw �3 lq htxdwlrq +46, lv duelwudulo| forvh wr }hur1
47Wkh hfrqrp| zlwk vwdjjhuhg frqwudfwv kdv wkh vdph vwhdg| vwdwh dv wkh Sduhwr0rswlpdo hfrqrp|/

ehfdxvh erwk zdjh dqg sulfh frqwudfwv duh lqgh{hg wr vwhdg|0vwdwh lq dwlrq1
48Wkdw lv/ ydukqw +k, @

U 4
3
+qw +k,�Hkqw +k,,

5 gk dqg ydui|w +i, @
U 4
3
+|w +i,�Hi|w +i,,

5 gi /

zkhuh Hkqw +k, @
U 4
3
qw +k,gk dqg Hi|w +i, @

U 4
3
|w +i,gi 1 Qrwh wkdw ydukqw +k, @ yduk oqQw +k,1

49Wklv judsklfdo uhsuhvhqwdwlrq lv xvhg lq Dl}hqpdq dqg Iuhqnho +4<;9, wr vkrz wkdw wkh zhoiduh
frvw ri yduldwlrqv lq wkh rxwsxw jds fdq eh uhsuhvhqwhg e| d orvv lq hfrqrplf vxusoxv1
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Wkhvh lqh!flhqflhv zrxog dulvh hyhq li wkh pdujlqdo glvxwlolw| ri oderu zhuh frq0
vwdqw +Y��E 7�c 7~� ' f,14: Oderu vhuylfhv ri krxvhkrogv duh lpshuihfw vxevwlwxwhv lq
surgxfwlrq/ dqg gl�huhqwldwhg jrrgv duh lpshuihfw vxevwlwxwhv lq frqvxpswlrq> wkxv/
wkh pdjqlwxghv ri wkh lqh!flhqflhv lqfuhdvh zlwk wkh ghjuhhv ri frqfdylw| ri wkh oderu
lqgh{ dqg ri wkh rxwsxw lqgh{ +dv ghwhuplqhg e| wkh ydoxhv ri wkh zdjh pdunxs udwh
w� dqg wkh sulfh pdunxs udwh wR,1 Vlqfh hdfk krxvhkrog*v oderu krxuv hqwhu v|p0
phwulfdoo| lqwr wkh djjuhjdwh oderu lqgh{/ dqg hyhu| krxvhkrog kdv htxdo zhljkw lq
wkh vrfldo zhoiduh ixqfwlrq/ wkh Sduhwr0rswlpdo htxloleulxp kdv wkh surshuw| wkdw wkh
qxpehu ri oderu krxuv lv lghqwlfdo dfurvv krxvhkrogv1 Xqghu vwdjjhuhg zdjh vhwwlqj/
krzhyhu/ wkh hfrqrp| qr orqjhu h{klelwv wklv rswlpdolw| surshuw|1 Wkh lqh!flhqf|
dvvrfldwhg zlwk furvv0vhfwlrqdo glvshuvlrq ri oderu krxuv fdq eh h{suhvvhg lq whupv ri
wkh shufhqwdjh lqfuhdvh lq djjuhjdwh oderu krxuv uhtxluhg wr surgxfh d jlyhq ohyho ri
wkh oderu lqgh{=

?| ' ,| n
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�nw�

�
�@o�?| E�� +56,

zkhuh ?| lv wkh shufhqw ghyldwlrq iurp vwhdg| vwdwh ri dyhudjh oderu krxuv/ �|/ dqg ,|
lv wkh shufhqw ghyldwlrq iurp vwhdg| vwdwh ri wkh oderu lqgh{/ u|1

Vlploduo|/ vwdjjhuhg sulfh vhwwlqj lqgxfhv furvv0vhfwlrqdo glvshuvlrq lq surgxfwlrq/
dqg wkhuhe| lqfuhdvhv wkh dyhudjh ohyho ri gl�huhqwldwhg jrrgv rxwsxw uhtxluhg wr
surgxfh d jlyhq ohyho ri wkh rxwsxw lqgh{1 Vlqfh doo �upv idfh wkh vdph Free0Grxjodv
surgxfwlrq ixqfwlrq +htxdwlrq +7,,/ wklv lqh!flhqf| fdq eh h{suhvvhg lq whupv ri wkh
shufhqwdjh lqfuhdvh lq wkh oderu lqgh{ uhtxluhg wr surgxfh d jlyhq ohyho ri wkh rxwsxw
lqgh{=
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zkhuh +| dqg %| duh wkh shufhqw ghyldwlrqv iurp vwhdg| vwdwh ri wkh rxwsxw lqgh{ t|
dqg ri wrwdo idfwru surgxfwlylw| f|/ uhvshfwlyho|1 Wkh vhfrqg whup rq wkh uljkw kdqg
vlgh ri htxdwlrq +57, uhsuhvhqwv wkh lqfuhdvhg dprxqw ri oderu krxuv uhtxluhg ehfdxvh
ri furvv0vhfwlrqdo glvshuvlrq lq surgxfwlrq1

Wkh �qdo whup lq wkh zhoiduh dssur{lpdwlrq +htxdwlrq +55, lv rewdlqhg e| pxowl0
so|lqj wkh lqh!flhqf| whupv lq htxdwlrqv +56, dqg +57, e| wkh idfwru Y�E 7�c 7~� 7� 1

615 Zhoiduh Frvw ri Djjuhjdwh Yrodwlolw|

Wkh srolf|pdnhu*v remhfwlyh lv wr pd{lpl}h wkh xqfrqglwlrqdo h{shfwdwlrq ri htxdwlrq
+55,1 Wkh uhvxowlqj htxdwlrq fdq eh h{suhvvhg +wr vhfrqg0rughu, lq whupv ri wkh
xqfrqglwlrqdo yduldqfhv ri wkh rxwsxw jds/ sulfh lq dwlrq/ dqg zdjh lq dwlrq1 Iluvw/
Dsshqgl{ E ghprqvwudwhv wkdw H}2| ' Y@o E}|�1 Qh{w/ wkh oderu ghpdqg ixqfwlrq
+45, ri hdfk krxvhkrog gluhfwo| lpsolhv wkdw
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4:Dv d vhfrqg0rughu dssur{lpdwlrq/ htxdwlrq +55, rplwv kljkhu0rughu whupv wkdw lqyroyh wkh lqwhu0
dfwlrq ehwzhhq surgxfwlyh lqh!flhqflhv dqg djjuhjdwh rxwsxw  xfwxdwlrqv/ dv zhoo dv kljkhu0rughu
whupv dvvrfldwhg zlwk wkh uhvsrqvh ri hpsor|phqw glvshuvlrq wr  xfwxdwlrqv lq wkh oderu krxuv ri
wkh dyhudjh krxvhkrog1

44



Wkxv/ furvv0vhfwlrqdo hpsor|phqw glvshuvlrq ydulhv gluhfwo| zlwk zdjh glvshuvlrq/ zlwk
wkh iruphu whqglqj wrzdug lq�qlw| dv oderu vhuylfhv ehfrph forvhu wr shuihfw vxevwl0
wxwhv +wkdw lv/ dv wkh zdjh pdunxs udwh w� dssurdfkhv }hur,1 Pruhryhu/ Dsshqgl{ E
ghprqvwudwhv wkdw

H d�@o� *?`| E��o '
1�

E�31��
2Y@oE/|� +59,

zkhuh wkh rshudwru Y@o lqglfdwhv wkh xqfrqglwlrqdo yduldqfh1 Wkxv/ furvv0vhfwlrqdo
zdjh glvshuvlrq dvvrfldwhg zlwk d jlyhq yduldqfh ri zdjh lq dwlrq lqfuhdvhv zlwk wkh
dyhudjh gxudwlrq ri zdjh frqwudfwv1 Frpelqlqj htxdwlrqv +58, dqg +59, |lhogv dq h{0
suhvvlrq iru H d�@o� ?| E��o lq whupv ri Y@oE/|�1 Wkh dqdorjrxv uhodwlrq H d�@os +| Es�o '�

�nwR
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E�31R�
2

�
Y@o EZ|� lv ghulyhg lq Urwhpehuj dqg Zrrgirug +4<<<,1

Wkxv/ wkh h{shfwhg ghyldwlrq ri vrfldo zhoiduh iurp lwv Sduhwr0rswlpdo ohyho fdq
eh h{suhvvhg dv
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zkhuh wkh sulfh dqg zdjh dgmxvwphqw frh!flhqwv VR dqg V� duh gh�qhg lq Wdeoh 4
deryh1 Wkh zhoiduh ghyldwlrq iurp wkh Sduhwr0rswlpdo ohyho lv vfdohg e| X�E 7�c 7'� 7�/
vr wkdw wkh uljkw0kdqg vlgh ri htxdwlrq +5:, h{suhvvhv wkhvh zhoiduh orvvhv dv d iudfwlrq
ri Sduhwr0rswlpdo frqvxpswlrq1

Vhyhudo lpsruwdqw txdolwdwlyh ihdwxuhv ri wkh vrfldo zhoiduh ixqfwlrq duh hylghqw
iurp htxdwlrq +5:,1 Wkh zhoiduh frvw ri sulfh lq dwlrq yrodwlolw| lqfuhdvhv zlwk wkh
ghjuhh ri vxevwlwxwdelolw| dfurvv gl�huhqwldwhg jrrgv +zklfk lv lqyhuvho| uhodwhg wr wkh
sulfh pdunxs udwh wR, dqg zlwk wkh phdq gxudwlrq ri sulfh frqwudfwv +zklfk ydulhv
srvlwlyho| zlwk 1R dqg qhjdwlyho| zlwk VR,14; Zhoiduh lv lqghshqghqw ri wkh yduldqfh ri
sulfh lq dwlrq rqo| lq wkh vshfldo fdvh ri frpsohwho|  h{leoh sulfhv +wkdw lv/ 1R ' f dqg
khqfh VR ' 4,1 Vlploduo|/ wkh zhoiduh frvw ri zdjh lq dwlrq yrodwlolw| lqfuhdvhv zlwk
wkh ghjuhh ri vxevwlwxwdelolw| dfurvv gl�huhqwldwhg oderu lqsxwv +zklfk lv lqyhuvho|
uhodwhg wr wkh zdjh pdunxs udwh w�, dqg zlwk wkh phdq gxudwlrq ri zdjh frqwudfwv
+zklfk ydulhv srvlwlyho| zlwk 1� dqg qhjdwlyho| zlwk V�,1 Ilqdoo|/ lw vkrxog eh qrwhg
wkdw wkh zhoiduh frvw ri rxwsxw jds yrodwlolw| grhv qrw ghshqg rq hlwkhu 1R ru 1�1
Wkxv/ wkh uhodwlyh zhljkw rq rxwsxw jds yrodwlolw| ghfolqhv zlwk wkh phdq gxudwlrq ri
sulfh frqwudfwv dqg wkh phdq gxudwlrq ri zdjh frqwudfwv1

7 Wkh Srolf| Iurqwlhu
Zh kdyh vkrzq wkdw wkh srolf|pdnhu*v zhoiduh ixqfwlrq fdq eh h{suhvvhg lq whupv ri
wkh yduldqfhv ri wkuhh djjuhjdwh yduldeohv= wkh rxwsxw jds/ sulfh lq dwlrq/ dqg zdjh
lq dwlrq1 Zh ghprqvwudwh wkh lpsrvvlelolw| ri frpsohwho| vwdelol}lqj pruh wkdq rqh

4;Lw lv lpsruwdqw wr qrwh wkdw rxu orj0olqhdu dssur{lpdwlrq ehfrphv uhodwlyho| lqdffxudwh dv wkh
ghjuhh ri vxevwlwxwdelolw| ri gl�huhqwldwhg jrrgv ru oderu vhuylfhv dssurdfkhv lq�qlw|/ wkdw lv/ dv
hlwkhu �s ru �z dssurdfk }hur1
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ri wkhvh wkuhh yduldeohv1 Wklv uhvxow ghshqgv rqo| rq wkh djjuhjdwh vxsso| uhodwlrqv
+W415, wkurxjk +W418,/ dqg qrw rq wkh sduwlfxodu vshfl�fdwlrq ri jrrgv ghpdqg ru
wkh prqhwdu| srolf| uxoh1 Lw iroorzv wkdw prqhwdu| srolf| fdqqrw dfklhyh wkh Sduhwr0
rswlpdo ohyho ri vrfldo zhoiduh1 Lqvwhdg/ wkh srolf|pdnhu idfhv wudghr�v lq vwdelol}lqj
wkh wkuhh yduldeohv> wkhvh wudghr�v duh vxppdul}hg e| wkh srolf| iurqwlhu1 Wkh Sduhwr
rswlpxp fdq eh dfklhyhg rqo| lq wkh wzr vshfldo fdvhv lq zklfk hlwkhu sulfhv ru zdjhv
duh frpsohwho|  h{leoh1

714 Wkh Jhqhudo Fdvh

Rxu uhvxow iru wkh jhqhudo fdvh ri vwdjjhuhg zdjh dqg sulfh vhwwlqj lv vwdwhg lq wkh
iroorzlqj sursrvlwlrq=

Sursrvlwlrq 4= Zlwk vwdjjhuhg zdjh dqg sulfh vhwwlqj
�
1� : f dqg 1R : f

�
/ wkhuh

h{lvwv d wudghr� lq vwdelol}lqj wkh rxwsxw jds/ wkh sulfh lq dwlrq udwh/ dqg wkh zdjh
lq dwlrq udwh= lw lv lpsrvvleoh iru pruh wkdq rqh ri wkh wkuhh yduldeohv }|/ Z|/ dqg /|

wr kdyh }hur yduldqfh1 Wkhuhiruh/ prqhwdu| srolf| fdqqrw dwwdlq wkh Sduhwr0rswlpdo
vrfldo zhoiduh ohyho1

Surri= Iurp htxdwlrq +W417,/ sulfh lq dwlrq uhpdlqv dw vwhdg|0vwdwh li dqg rqo|
li wkh uhdo zdjh dqg wkh pdujlqdo surgxfw ri oderu duh htxdo> wkdw lv/ Z| ' Z|n��| ' f li
dqg rqo| li l| ' 6R,|/ zkhuh wkh6R,| vfkhgxoh lv jlyhq e| htxdwlrq +A��2,1 Vlploduo|/
iurp htxdwlrq +W418,/ zdjh lq dwlrq uhpdlqv dw vwhdg|0vwdwh li dqg rqo| li wkh uhdo
zdjh dqg wkh pdujlqdo udwh ri vxevwlwxwlrq duh htxdo> wkdw lv/ /| ' /|n��| ' f li dqg
rqo| li l| ' 6or|/ zkhuh wkh 6or| vfkhgxoh lv jlyhq e| htxdwlrq +A���,1 Wkh 6R,|
dqg 6or| vfkhgxohv lqwhuvhfw dw wkh Sduhwr rswlpxp> wkdw lv/ }| ' f dqg l| ' lW|
li dqg rqo| li l| ' 6R,| ' 6or|1 Wkxv/ dq| wzr ri wkh wkuhh frqglwlrqv +}| ' f/
l| ' 6R,|/ dqg l | ' 6or|, lpso| wkh wklug frqglwlrq/ vr wkdw wkh rxwsxw jds zrxog
uhpdlq dw }hur dqg qrplqdo zdjh lq dwlrq dqg sulfh lq dwlrq zrxog uhpdlq frqvwdqw
rqo| li wkh djjuhjdwh uhdo zdjh udwh zhuh frqwlqxrxvo| dw lwv Sduhwr0rswlpdo ohyho1
Krzhyhu/ lw lv hylghqw iurp htxdwlrq +4<, wkdw wkh Sduhwr0rswlpdo uhdo zdjh lW| pryhv
lq uhvsrqvh wr hdfk ri wkh h{rjhqrxv vkrfnv/ zkhuhdv wkh dfwxdo uhdo zdjh l| zrxog
dozd|v uhpdlq dw lwv vwhdg|0vwdwh ydoxh li qhlwkhu sulfhv qru zdjhv hyhu dgmxvwhg1
Jlyhq wklv frqwudglfwlrq/ lw iroorzv wkdw qr pruh wkdq rqh ri wkh wkuhh yduldeohv }|/
Z|/ dqg /| fdq kdyh }hur yduldqfh zkhq wkh h{rjhqrxv vkrfnv kdyh qrq0}hur yduldqfh1
Wkhuhiruh/ wkh Sduhwr0rswlpdo vrfldo zhoiduh ohyho lv lqihdvleoh/ ehfdxvh wkh yduldqfhv
ri doo wkuhh yduldeohv hqwhu wkh srolf|pdnhu*v zhoiduh ixqfwlrq zlwk zhljkwv wkdw duh
vwulfwo| qhjdwlyh1

Wkh surri lv looxvwudwhg lq Iljxuh �1 Srlqw � uhsuhvhqwv dq lqlwldo Sduhwr0rswlpdo
htxloleulxp1 Srlqw � uhsuhvhqwv wkh Sduhwr0rswlpdo htxloleulxp iroorzlqj d srvlwlyh
surgxfwlylw| vkrfn14< Frpsohwho| vwdelol}lqj dq| wzr ri wkh wkuhh yduldeohv }|/ Z|/ dqg

4<Dffruglqj wr htxdwlrqv +W4=6, dqg +W4=8, dq| vkrfn vkliwv erwk vfkhgxohv yhuwlfdoo| e| wkh
dprxqw ri wkh fkdqjh lq wkh htxloleulxp uhdo zdjh1 Zh frqvlghu d srvlwlyh surgxfwlylw| vkrfn dv
dq h{dpsoh1
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/| lv lpsrvvleoh/ ehfdxvh grlqj vr zrxog lpso| wkdw wkh hfrqrp| zdv vlpxowdqhrxvo|
dw erwk srlqwv � dqg �1

715 Wzr Vshfldo Fdvhv

Dv qrwhg lq wkh lqwurgxfwlrq/ uhfhqw vwxglhv kdyh fkdudfwhul}hg rswlpdo prqhwdu|
srolf| lq rswlpl}lqj0djhqw prghov lq zklfk vwdjjhuhg sulfh vhwwlqj lv wkh vroh irup ri
qrplqdo uljlglw|1 Wkh vdolhqw �qglqj ri wkhvh vwxglhv lv wkdw prqhwdu| srolf| idfhv qr
wudghr� ehwzhhq plqlpl}lqj yduldelolw| lq wkh rxwsxw jds dqg plqlpl}lqj yduldelolw|
lq sulfh lq dwlrq/ vr wkh Sduhwr rswlpdo zhoiduh ohyho fdq eh dwwdlqhg1 Wklv �qglqj
lv frqvlvwhqw zlwk wkh lpsolfdwlrq ri wkh vshfldo fdvh ri rxu prgho lq zklfk zdjhv duh
frpsohwho|  h{leoh1 Zh suryh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 5=

+D, Zlwk vwdjjhuhg sulfh frqwudfwv dqg frpsohwho|  h{leoh zdjhv +1R : f dqg 1� '
f,/ prqhwdu| srolf| fdq frpsohwho| vwdelol}h sulfh lq dwlrq dqg wkh rxwsxw jds/
wkhuhe| dwwdlqlqj wkh Sduhwr0rswlpdo vrfldo zhoiduh ohyho1

+E, Zlwk vwdjjhuhg zdjh frqwudfwv dqg frpsohwho|  h{leoh sulfhv +1� : f dqg 1R '
f,/ prqhwdu| srolf| fdq frpsohwho| vwdelol}h zdjh lq dwlrq dqg wkh rxwsxw jds/
wkhuhe| dwwdlqlqj wkh Sduhwr0rswlpdo vrfldo zhoiduh ohyho1

Wr suryh Sursrvlwlrq 5D/ qrwh wkdw lq wklv fdvh/ qrplqdo zdjhv fdq dgmxvw iuhho|
wr hqvxuh wkdw wkh uhdo zdjh lv htxdo wr wkh pdujlqdo udwh ri vxevwlwxwlrq +l | '
6or|,1 Frpelqlqj wklv frqglwlrq zlwk htxdwlrqv EA��2�/ EA����/ dqg EA��e� |lhogv
dq h{shfwdwlrqdo Skloolsv fxuyh wkdw orrnv uhdvrqdeo| idploldu h{fhsw iru wkh devhqfh
ri dq huuru whup=

Z| ' qZ|n��| n
�
VR \
�3k

�
}| +5;,

Wklv htxdwlrq lpsolhv wkdw wkh rxwsxw jds kdv }hur yduldqfh li sulfh lq dwlrq lv frp0
sohwho| vwdelol}hg +wkdw lv/ }| ' f li Z| ' Z|n��| ' f,1 Vroylqj htxdwlrq +5;, iruzdug
vkrzv wkdw vwdelol}lqj wkh rxwsxw jds dovr vwdelol}hv sulfh lq dwlrq1 Jlyhq wkdw zdjhv
duh frpsohwho|  h{leoh/ wkh yduldqfh ri zdjh lq dwlrq uhfhlyhv }hur zhljkw lq wkh vrfldo
zhoiduh ixqfwlrq +5:,1 Wkxv/ lw lv srvvleoh wr dwwdlq wkh Sduhwr0rswlpdo vrfldo zhoiduh
ohyho e| vwulfwo| wdujhwlqj hlwkhu sulfh lq dwlrq +dv uhfrpphqghg e| Jrrgiulhqg dqg
Nlqj +4<<:, dqg Nlqj dqg Zropdq +4<<<,,/ ru htxlydohqwo|/ wkh rxwsxw jds1

Sursrvlwlrq 5D lqglfdwhv wkdw vwdjjhuhg sulfh vhwwlqj e| lwvhoi grhv qrw lpso| d
sulfh lq dwlrq0rxwsxw jds yduldqfh wudghr�1 Wr rewdlq vxfk d wudghr�/ rqh dssurdfk
wdnhq lq wkh olwhudwxuh kdv ehhq wr dgg dq h{rjhqrxv vkrfn wr htxdwlrq +5;,153 Vxfk
d vkrfn kdv ehhq lqwhusuhwhg dv uhsuhvhqwlqj djjuhjdwh sulflqj plvwdnhv ru rwkhu
xqh{sodlqhg ghyldwlrqv iurp wkh rswlpdolw| frqglwlrq +5;,1 Lq frqwudvw/ d sulfh

53Vhh Nloh| +4<<;, dqg PfFdooxp dqg Qhovrq +4<<<,1 Lq wkh uhvxowlqj htxdwlrq/ li sulfh lq dwlrq
lv frpsohwho| vwdelol}hg/ wkhq wkh yduldqfh ri wkh rxwsxw jds lv sursruwlrqdo wr wkh yduldqfh ri wkh
h{rjhqrxv vkrfn1
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lq dwlrq0rxwsxw jds yduldqfh wudghr� dulvhv hqgrjhqrxvo| lq rxu prgho zlwk vwdjjhuhg
zdjh dqg sulfh vhwwlqj1 E| vxevwlwxwlqj wkh6R,| vfkhgxoh +A��2, lqwr wkh sulfh0vhwwlqj
htxdwlrq +A��e,/ zh rewdlq wkh iroorzlqj uhodwlrqvkls=

Z| ' qZ|n��| n VRb6R, }| n VR El| � lW| � +5<,

D vwdelol}dwlrq wudghr� dulvhv ehfdxvh ri wkh �qdo whup VR El| � lW| � lq htxdwlrq +5<,/
udwkhu wkdq iurp dq dg krf vkrfn1 Ixuwkhupruh/ wklv wudghr� ghshqgv rq wkh suhihu0
hqfh dqg whfkqrorj| sdudphwhuv ri wkh prgho dv zhoo dv wkh h{rjhqrxv glvwxuedqfhv
%|/ ^|/ dqg 5|1

Wr suryh Sursrvlwlrq 5E/ qrwh wkdw sulfhv fdq dgmxvw iuhho| wr hqvxuh wkdw wkh uhdo
zdjh lv htxdo wr wkh pdujlqdo surgxfw ri oderu +l| ' 6R,|,1 Frpelqlqj wklv frqglwlrq
zlwk htxdwlrqv EA��2�/ EA����/ dqg EA��D� |lhogv wkh iroorzlqj uhodwlrqvkls=

/| ' q/|n��| n
�
V� \
�3k

�
}| +63,

Frpsdulvrq ri htxdwlrqv +5;, dqg +63, uhyhdov wkh irupdo v|pphwu| ehwzhhq wkh
wzr vshfldo fdvhv1 Htxdwlrq +63, lpsolhv wkdw frpsohwh zdjh lq dwlrq vwdelol}dwlrq
+/| ' /|n��| ' f, vwdelol}hv wkh rxwsxw jds/ zkloh sulfhv dgmxvw iuhho| wr nhhs wkh uhdo
zdjh dw lwv Sduhwr0rswlpdo ydoxh1 Jlyhq wkdw wkh yduldqfh ri sulfh lq dwlrq grhv qrw
hqwhu wkh vrfldo zhoiduh ixqfwlrq +5:,/ lw lv srvvleoh wr dwwdlq wkh Sduhwr0rswlpdo vrfldo
zhoiduh ohyho1

Hylghqwo|/ lq wklv vshfldo fdvh zlwk vwdjjhuhg zdjh vhwwlqj dqg frpsohwho|  h{leoh
sulfhv/ frpsohwh rxwsxw jds vwdelol}dwlrq jhqhudwhv srvlwlyh yduldqfh ri sulfh lq dwlrq1
Vxfk d yduldqfh wudghr� kdv ehhq ghulyhg suhylrxvo| lq rwkhu prghov zlwk vwlfn| zdjhv
dqg  h{leoh sulfhv154 Qhyhuwkhohvv/ dv lv hylghqw iurp Sursrvlwlrq 5E/ wklv wudghr�
grhv qrw qhfhvvdulo| kdyh dq| frqvhtxhqfhv iru vrfldo zhoiduh1

8 Rswlpdo Prqhwdu| Srolf|
Lq wklv vhfwlrq zh xvh qxphulfdo phwkrgv wr fkdudfwhul}h rswlpdo prqhwdu| srolf|1 Lq
sduwlfxodu/ iru vshfl�hg ydoxhv ri wkh vwuxfwxudo sdudphwhuv/ zh �qg wkh lqwhuhvw udwh
uxoh wkdw pd{lpl}hv wkh zhoiduh ixqfwlrq +5:, vxemhfw wr wkh orj0olqhdul}hg ehkdylrudo
htxdwlrqv jlyhq lq Wdeoh 41 Iru wkh vdnh ri euhylw| dqg fodulw|/ zh irfxv h{foxvlyho| rq
yrodwlolw| lqgxfhg e| h{rjhqrxv surgxfwlylw| vkrfnv> frqvxpswlrq dqg ohlvxuh vkrfnv
lpso| txdolwdwlyho| vlplodu surshuwlhv ri wkh prqhwdu| srolf| iurqwlhu155

814 Sdudphwhul}dwlrq dqg Frpsxwdwlrq

Wkurxjkrxw wklv vhfwlrq/ zh xvh d glvfrxqw idfwru q ri f�bb +fruuhvsrqglqj wr d
txduwhuo| shulrglflw| ri wkh prgho,/ dqg zh xvh krxvhkrog xwlolw| sdudphwhuv j ' � '

54H{dpsohv lqfoxgh Ohylq +4<;<,/ Eu|dqw/ Krrshu/ dqg Pdqq +4<<6, Khqghuvrq dqg PfNleelq
+4<<6,/ Eodqfkdug +4<<:,/ dqg Iulhgpdq +4<<<,1

55Vhh Hufhj/ Khqghuvrq/ dqg Ohylq +4<<;,1 E| wdnlqj wklv dssurdfk/ zh dovr dyrlg wkh qhhg wr
fdoleudwh d frqwhpsrudqhrxv fryduldqfh pdwul{ iru wkh wkuhh glvwxuedqfhv1
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��D +vr wkdw xwlolw| lv qhduo| orjdulwkplf lq frqvxpswlrq dqg ohlvxuh,1 Xqohvv rwkhuzlvh
vshfl�hg/ wkh Free0Grxjodv fdslwdo vkduh sdudphwhu k ' f�� +lpso|lqj wkdw rxwsxw
kdv d oderu hodvwlflw| ri 31:,> wkh zdjh dqg sulfh pdunxs udwhv w� ' wR '

�
�
> dqg wkh

zdjh dqg sulfh frqwudfw gxudwlrq sdudphwhuv 1� ' 1R ' f�.D +lpso|lqj dq dyhudjh
frqwudfw gxudwlrq ri �*E� � f�.D� ' e txduwhuv,1 Zh dvvxph wkdw wkh surgxfwlylw|
vkrfn %| iroorzv dq DU+4, surfhvv zlwk �uvw0rughu dxwrfruuhodwlrq ri f�bD/ zkhuh wkh
lqqrydwlrq 0%c| lv l1l1g1 zlwk phdq }hur dqg yduldqfh j20%1

Wkh ixoo prgho frqvlvwv ri wkh htxdwlrqv lq Wdeoh 4 dqg wkh rswlpdo lqwhuhvw udwh
uxoh1 Jlyhq rxu dvvxpswlrqv derxw wkh h{rjhqrxv vkrfnv/ wkh rswlpdo lqwhuhvw udwh
uxoh kdv wkh iroorzlqj jhqhudo irup=56

�| ' �fZ| n ���|3� n �2l|3� n ��%|3� n �e0%c| n �Dl|32 n �S%|32 n �.0%c|3� +64,

Lw lv lpsruwdqw wr qrwh wkdw wklv uxoh lqfoxghv d �{hg sdudphwhu �f rq fxuuhqw sulfh
lq dwlrq Z|> wklv sdudphwhu pxvw eh odujh hqrxjk wr hqvxuh ghwhuplqdf| +wkdw lv/
wkh h{lvwhqfh ri d xqltxh vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxp,1 Wkh sdu0
wlfxodu ydoxh fkrvhq iru �f grhv qrw d�hfw wkh uhgxfhg0irup vroxwlrq zkhq wkh rwkhu
sdudphwhuv lq htxdwlrq +64, duh fkrvhq rswlpdoo|1

Wr frq�up wkdw wkh ghwhuplqdf| frqglwlrqv duh vdwlv�hg dqg wr frpsxwh wkh
uhgxfhg0irup vroxwlrq ri wkh prgho iru d jlyhq vhw ri sdudphwhuv/ zh xvh wkh qx0
phulfdo dojrulwkp ri Dqghuvrq dqg Prruh +4<;8,/ zklfk surylghv dq h!flhqw lpsoh0
phqwdwlrq ri wkh phwkrg sursrvhg e| Eodqfkdug dqg Ndkq +4<;3,1 Kdylqj rewdlqhg
wkh uhgxfhg0irup vroxwlrq/ lw lv vwudljkwiruzdug wr frpsxwh wkh yduldqfhv ri wkh rxw0
sxw jds/ sulfh lq dwlrq/ dqg zdjh lq dwlrq1 Wkhvh yduldqfhv lq wxuq duh xvhg wr
hydoxdwh wkh zhoiduh ixqfwlrq +5:,1 Iru d jlyhq vhw ri vwuxfwxudo sdudphwhuv/ zh xvh
d kloo0folpelqj dojrulwkp wr ghwhuplqh wkh ydoxhv ri wkh prqhwdu| srolf| sdudphwhuv
wkdw pd{lpl}h vrfldo zhoiduh157 Wkurxjkrxw wkh uhpdlqghu ri wkh sdshu/ wkh ydul0
dqfhv ri wkh hqgrjhqrxv yduldeohv dqg wkh fruuhvsrqglqj zhoiduh orvv duh doo vfdohg e|
wkh surgxfwlylw| lqqrydwlrq yduldqfh1

815 Jhrphwulf Uhsuhvhqwdwlrq

Xvlqj wkh qxphulfdo phwkrgv ghvfulehg deryh/ zh fdq ghslfw wkh srolf|pdnhu*v rs0
wlpl}dwlrq sureohp jhrphwulfdoo|/ wkhuhe| kljkoljkwlqj wkh sdudoohov zlwk wkh vwdq0
gdug vrfldo sodqqhu*v sureohp1 Lq sduwlfxodu/ hdfk ohyho vhw ri wkh zhoiduh ixqf0
wlrq +5:, fruuhvsrqgv wr dq lqgl�huhqfh orfxv dqg irupv d sodqh lq 60glphqvlrqdo
~Y@o E}|� cY@o EZ|� cY@o E/|�� vsdfh1 Vlqfh wkh zhljkw rq hdfk yduldeoh lv qhjdwlyh/
lqgl�huhqfh orfl ixuwkhu iurp wkh ruljlq duh dvvrfldwhg zlwk orzhu vrfldo zhoiduh1 Wkh
ehkdylrudo htxdwlrqv lq Wdeoh 4 ghwhuplqh wkh srolf| iurqwlhu/ wkdw lv/ wkh erxqgdulhv
ri wkh srolf|pdnhu*v rssruwxqlw| vhw lq ~Y@o E}|� cY@o EZ|� cY@o E/|�� vsdfh1 Wkh
srolf| iurqwlhu kdv wkh surshuw| wkdw wkh yduldqfh ri dq| vlqjoh yduldeoh fdqqrw eh

56Wr ghwhuplqh wkh jhqhudo irup ri wkh rswlpdo lqwhuhvw udwh uxoh/ zh iroorzhg wkh dssurdfk ri
Whworz dqg yrq }xu Pxhkohq +4<<<,1

57D ghwdlohg ghvfulswlrq ri wkh vroxwlrq dojrulwkp dqg uhfhqw hqkdqfhphqwv pd| eh irxqg lq
Dqghuvrq +4<<:,1 Xvlqj Pdwode yhuvlrq 815 rq d 733Pk} Shqwlxp LL/ wklv dojrulwkp jhqhudwhv wkh
udwlrqdo h{shfwdwlrqv vroxwlrq zlwklq d ihz vhfrqgv iru hyhu| fdvh frqvlghuhg khuh1
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uhgxfhg zlwkrxw lqfuhdvlqj wkh yduldqfh ri rqh ru erwk ri wkh rwkhu yduldeohv1 Wkh
rswlpdo prqhwdu| srolf| rxwfrph rffxuv dw wkh srlqw ri wdqjhqf| ehwzhhq wkh srolf|
iurqwlhu dqg rqh ri wkh lqgl�huhqfh orfl1

Iljxuh 5 sruwud|v 50glphqvlrqdo volfhv ri wkh 60glphqvlrqdo yduldqfh vsdfh iru wkh
fdoleudwlrq ghvfulehg deryh1 Iru h{dpsoh/ wkh xsshu0ohiw sdqho ghslfwv wkh srolf|
iurqwlhu dqg wkh uhohydqw lqgl�huhqfh orfxv lq whupv ri wkh yduldqfhv ri wkh rxwsxw
jds dqg sulfh lq dwlrq/ kroglqj wkh yduldqfh ri zdjh lq dwlrq frqvwdqw dw lwv rswlpdo
ydoxh1 Hdfk volfh ri wkh srolf| iurqwlhu lv grzqzdug0vorslqj/ dqg wkh ruljlq grhv qrw
olh rq wkh srolf| iurqwlhu1 Wkxv/ dv lqglfdwhg e| Sursrvlwlrq 4/ wkhuh lv d qrq0wulyldo
wudghr� lq vwdelol}lqj wkh fruuhvsrqglqj sdlu ri yduldeohv/ dqg wkh Sduhwr0rswlpdo
zhoiduh ohyho lv lqihdvleoh1

Lq frqwudvw/ lq wkh vshfldo fdvh ri vwdjjhuhg sulfh frqwudfwv dqg frpsohwho|  h{leoh
zdjhv +qrw vkrzq,/ wkh srolf| iurqwlhu frqwdlqv d srlqw dw zklfk Y@o EZ|� ' Y@o E}|� '
f> wkdw lv/ wkh srolf| iurqwlhu lqwhuvhfwv wkh Y@o E/|� d{lv1 Lq wklv vshfldo fdvh/ Y@o E/|�
kdv }hur zhljkw lq wkh zhoiduh ixqfwlrq +5:,/ lpso|lqj wkdw wkh lqgl�huhqfh orfl duh
sdudooho wr wkh Y@o E/|� d{lv1 Wkxv/ wkh rswlpxp lv irxqg zkhuh wkh srolf| iurqwlhu
lqwhuvhfwv wkh Y@o E/|� d{lv/ dqg wkh rswlpdo srolf| uxoh |lhogv wkh Sduhwr0rswlpdo
zhoiduh ohyho1

816 Lpsolfdwlrqv ri Zdjh dqg Sulfh Frqwudfw Gxudwlrq

Dv zh kdyh vhhq/ wkh srolf|pdnhu idfhv d qrq0wulyldo vwdelol}dwlrq sureohp zkhq
erwk zdjhv dqg sulfhv duh ghwhuplqhg e| vwdjjhuhg frqwudfwv1 Qrz zh xvh qxphulfdo
phwkrgv wr frqvlghu d julg ri ydoxhv iurp 3 wr 31< iru wkh frqwudfw gxudwlrq sdudphwhuv
1� dqg 1R> wkdw lv/ iru hdfk w|sh ri frqwudfw/ wkh dyhudjh gxudwlrq udqjhv iurp rqh
txduwhu +frpsohwh  h{lelolw|, xs wr whq txduwhuv1 Iru hdfk frpelqdwlrq ri 1� dqg 1R/
zh ghwhuplqh wkh rswlpdo prqhwdu| srolf| uxoh dqg wkh fruuhvsrqglqj lpsolfdwlrqv
iru djjuhjdwh yrodwlolw| dqg vrfldo zhoiduh1

Lq Iljxuh 6/ sdqhov D/ E dqg F ghslfw wkh rswlpdo yduldqfhv ri sulfh lq dwlrq/
zdjh lq dwlrq/ dqg wkh rxwsxw jds/ uhvshfwlyho|/ zkloh sdqho G ghslfwv wkh zhoiduh
orvv lqfxuuhg xqghu wkh rswlpdo srolf| uhodwlyh wr wkh Sduhwr rswlpxp1 Hdfk frqwrxu
olqh lqglfdwhv wkh frpelqdwlrqv ri phdq zdjh dqg sulfh frqwudfw gxudwlrqv xqghu
zklfk wkh rswlpdo srolf| |lhogv wkh vshfl�hg yduldqfh ru zhoiduh orvv1 Iru h{dpsoh/
wkh frqwrxu olqhv lq sdqho D uhsuhvhqw d flufxodu vwdlufdvh vwduwlqj rq wkh yhuwlfdo
d{lv dqg jrlqj xszdug lq d forfnzlvh gluhfwlrq/ zkloh wkh frqwrxu olqhv lq sdqho E
uhsuhvhqw d flufxodu vwdlufdvh vwduwlqj rq wkh krul}rqwdo d{lv dqg jrlqj xszdug lq d
frxqwhuforfnzlvh gluhfwlrq1

Iljxuh 6 looxvwudwhv wkh lpsolfdwlrqv ri Sursrvlwlrq 5/ qdpho|/ wkdw prqhwdu| srolf|
fdq dwwdlq wkh Sduhwr rswlpxp li hlwkhu zdjhv ru sulfhv duh frpsohwho|  h{leoh1 Wkh
yhuwlfdo d{lv ri hdfk sdqho fruuhvsrqgv wr wkh vshfldo fdvh ri vwdjjhuhg sulfh frqwudfwv
dqg frpsohwho|  h{leoh zdjhv> wkdw lv/ zdjh frqwudfwv kdyh phdq gxudwlrq ri rqh
txduwhu +lpso|lqj wkdw doo krxvhkrogv uhylvh wkhlu zdjh frqwudfwv hyhu| shulrg,/ dqg
vrfldo zhoiduh grhv qrw ghshqg rq wkh yduldqfh ri zdjh lq dwlrq1 Dorqj wklv d{lv/ wkh
rswlpdo srolf| uxoh dwwdlqv wkh Sduhwr0rswlpdo zhoiduh ohyho e| frpsohwho| vwdelol}lqj
erwk sulfh lq dwlrq dqg wkh rxwsxw jds/ zkloh wkh yduldqfh ri zdjh lq dwlrq uhdfkhv
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lwv pd{lpxp ydoxh1 Wkh krul}rqwdo d{lv fruuhvsrqgv wr wkh v|pphwulf vshfldo fdvh
ri vwdjjhuhg zdjh frqwudfwv dqg frpsohwho|  h{leoh sulfhv> lq wklv fdvh/ wkh Sduhwr0
rswlpdo zhoiduh ohyho lv dwwdlqhg e| frpsohwho| vwdelol}lqj zdjh lq dwlrq dqg wkh
rxwsxw jds/ zkloh wkh yduldqfh ri sulfh lq dwlrq uhdfkhv lwv pd{lpxp ydoxh1

Pruh jhqhudoo|/ Iljxuh 6 kljkoljkwv dq lpsruwdqw ihdwxuh ri wkh rswlpdo srolf|
uxoh= pryhphqw lq wkh pruh  h{leoh qrplqdo yduldeoh dffrxqwv iru d uhodwlyho| odujhu
vkduh ri wkh rswlpdo uhdo zdjh dgmxvwphqw1 Zkhq sulfh frqwudfwv kdyh orqjhu phdq
gxudwlrq wkdq zdjh frqwudfwv +wkh qruwkzhvw txdgudqw ri hdfk sdqho,/ wkh rswlpdo
yduldqfh ri sulfh lq dwlrq lv uhodwlyho| orz dqg wkh rswlpdo yduldqfh ri zdjh lq dwlrq
lv uhodwlyho| kljk1 Lq frqwudvw/ zkhq sulfh frqwudfwv kdyh vkruwhu phdq gxudwlrq wkdq
zdjh frqwudfwv +wkh vrxwkhdvw txdgudqw,/ wkh rswlpdo srolf| uxoh lv dvvrfldwhg zlwk
uhodwlyho| kljk sulfh lq dwlrq yduldqfh dqg uhodwlyho| orz zdjh lq dwlrq yduldqfh1

Ilqdoo|/ wkh rswlpdo yduldqfh ri wkh rxwsxw jds lv txlwh orz iru hyhu| frpelqdwlrq
ri zdjh dqg sulfh frqwudfw gxudwlrqv/ hyhq wkrxjk hdfk ri wkhvh fdoleudwlrqv lpsolhv
d uhodwlyho| orz zhljkw rq wkh rxwsxw jds yduldqfh lq wkh vrfldo zhoiduh ixqfwlrq +5:,1
Wklv uhvxow vxjjhvwv wkdw wkh rswlpdo srolf| pljkw eh zhoo0dssur{lpdwhg e| vwulfw
rxwsxw jds wdujhwlqj> zh h{solflwo| lqyhvwljdwh wklv uxoh +dqg rwkhuv, lq wkh iroorzlqj
vhfwlrq1

9 Dowhuqdwlyh Prqhwdu| Srolf| Uxohv
Xvlqj wkh shuirupdqfh ri wkh rswlpdo prqhwdu| srolf| uxoh dv d ehqfkpdun/ zh dq0
do|}h wkh zhoiduh frvwv ri �yh dowhuqdwlyh prqhwdu| srolf| uxohv1 Hdfk ri wkh �uvw
wkuhh uxohv irfxvhv h{foxvlyho| rq vwdelol}lqj d vlqjoh yduldeoh= sulfh lq dwlrq/ zdjh
lq dwlrq/ ru wkh rxwsxw jds1 Qh{w/ zh frqvlghu d k|eulg uxoh lq zklfk wkh lqwhuhvw
udwh uhvsrqgv wr erwk sulfh lq dwlrq dqg wkh rxwsxw jds> wklv uxoh lv vlplodu lq irup
wr wkrvh frqvlghuhg uhfhqwo| e| vhyhudo dqdo|vwv158 Ilqdoo|/ zh frqvlghu d k|eulg uxoh
lq zklfk wkh lqwhuhvw udwh uhvsrqgv wr erwk sulfh lq dwlrq dqg zdjh lq dwlrq1 Wklv
uxoh lv d qdwxudo rqh wr frqvlghu lq d prgho zlwk wzr irupv ri qrplqdo lqhuwld/ dqg
kdv wkh dgydqwdjh wkdw wkh srolf|pdnhu qhhg qrw nqrz wkh Sduhwr0rswlpdo ohyho ri
rxwsxw1

Wkh wrs urz ri Wdeoh 5 lqglfdwhv wkh zhoiduh orvvhv ri wkhvh uxohv xqghu wkh edvholqh
fdoleudwlrq jlyhq lq Vhfwlrq 8141 Wkh uhvxowv ri vrph vhqvlwlylw| dqdo|vlv duh uhsruwhg
lq wkh uhpdlqghu ri wkh wdeoh1 Lq sduwlfxodu/ zh hydoxdwh wkh shuirupdqfh ri hdfk
uxoh iru d udqjh ri ydoxhv ri wkuhh vwuxfwxudo sdudphwhuv= k/ 1�/ dqg wR1 Hdfk
sdudphwhu lv ydulhg lq wxuq/ zkloh nhhslqj doo rwkhu vwuxfwxudo sdudphwhuv dw wkhlu
edvholqh ydoxhv1 Iru d jlyhq vhw ri vwuxfwxudo sdudphwhuv/ d kloo0folpelqj dojrulwkp lv
xvhg wr ghwhuplqh wkh frh!flhqwv ri hdfk k|eulg uxoh wkdw pd{lpl}h wkh vrfldo zhoiduh
ixqfwlrq +5:,1

Wkh zhoiduh frvwv ri vwulfw sulfh lq dwlrq wdujhwlqj duh kljk xqghu wkh edvholqh
fdoleudwlrq/ dqg lqfuhdvh ixuwkhu zkhq wkh phdq zdjh frqwudfw gxudwlrq lv yhu| orqj
+wkdw lv/ zkhq 1� lv odujh, ru zkhq wkh 6R,| vfkhgxoh lv qhduo|  dw +wkdw lv/ zkhq

58Hduo| dqdo|vlv ri vxfk uxohv pd| eh irxqg lq Eu|dqw/ Krrshu/ dqg Pdqq +4<<6,/ Khqghuvrq dqg
PfNleelq +4<<6,/ dqg Wd|oru +4<<6,/ zkrvh qdph lv iuhtxhqwo| dvvrfldwhg zlwk vxfk uxohv1
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k lv vpdoo,1 Zkhq wkh 6R,| vfkhgxoh lv uhodwlyho|  dw/ d jlyhq vkrfn wr wrwdo idfwru
surgxfwlylw| kdv d odujhu lpsdfw rq wkh htxloleulxp uhdo zdjh/ dqg wkhuhe| uhtxluhv d
odujhu dgmxvwphqw ri qrplqdo zdjh udwhv +jlyhq wkdw sulfhv uhpdlq frqvwdqw,1 Zkhq
phdq zdjh frqwudfw gxudwlrq lv orqj/ rqo| d vpdoo iudfwlrq ri krxvhkrogv dgmxvw wkhlu
zdjh frqwudfwv lq dq| jlyhq shulrg/ vr wkdw d jlyhq pryhphqw lq wkh djjuhjdwh qrplqdo
zdjh udwh lv dvvrfldwhg zlwk d uhodwlyho| kljk ohyho ri furvv0vhfwlrqdo hpsor|phqw
glvshuvlrq1

Vwulfw zdjh lq dwlrq wdujhwlqj shuirupv pxfk ehwwhu wkdq vwulfw sulfh lq dwlrq
wdujhwlqj iru hyhu| frpelqdwlrq ri vwuxfwxudo sdudphwhuv frqvlghuhg lq Wdeoh 51 Wkh
shuirupdqfh ri vwulfw zdjh lq dwlrq wdujhwlqj zrxog ghwhulrudwh li wkh prgho zhuh
prgl�hg wr holplqdwh wkh zhdowk h�hfw rq oderu vxsso| dqg wr lqfrusrudwh �up0
vshfl�f frvwv ri dgmxvwlqj fdslwdo ru oderu +wkhuhe|  dwwhqlqj wkh 6or| vfkhgxoh dqg
lqfuhdvlqj wkh frvw ri sulfh lq dwlrq yrodwlolw|/ uhvshfwlyho|,1

Vwulfw rxwsxw jds wdujhwlqj grhv qhduo| dv zhoo dv wkh rswlpdo uxoh uhjdugohvv ri
wkh uhodwlyh gxudwlrq ri zdjh dqg sulfh frqwudfwv ru ri wkh ydoxh ri k lq wkh udqjh
frqvlghuhg1 Wklv srolf| lv jhqhudoo| frqvlvwhqw zlwk d nh| ihdwxuh ri wkh rswlpdo uxoh=
erwk qrplqdo zdjhv dqg sulfhv dgmxvw lq uhvsrqvh wr wkh uhdo zdjh ghyldwlrq iurp
lwv htxloleulxp ydoxh/ zlwk wkh pruh  h{leoh yduldeoh dxwrpdwlfdoo| dffrxqwlqj iru d
odujhu vkduh ri wkh dgmxvwphqw surfhvv1 Krzhyhu/ wklv srolf| jhqhudwhv qrwlfhdeoh
zhoiduh frvwv zkhq wkh sulfh pdunxs udwh wR lv yhu| vpdoo= lq wklv fdvh/ wkh vrfldo
zhoiduh ixqfwlrq +5:, dvvljqv yhu| kljk zhljkw wr wkh yduldqfh ri sulfh lq dwlrq/ zkloh
frpsohwh rxwsxw jds vwdelol}dwlrq lqgxfhv voljkwo| pruh sulfh lq dwlrq yrodwlolw| wkdq
wkh rswlpdo srolf| uxoh1

Ilqdoo|/ erwk frqvwudlqhg0rswlpdo k|eulg uxohv shuirup qhduo| dv zhoo dv wkh rswl0
pdo uxoh lq doo fdvhv1

: Frqfoxvlrqv
Zkhq erwk zdjhv dqg sulfhv duh ghwhuplqhg e| vwdjjhuhg qrplqdo frqwudfwv/ prqh0
wdu| srolf| fdqqrw dfklhyh wkh Sduhwr0rswlpdo zhoiduh ohyho/ dqg wkh rswlpdo srolf|
uxoh ghshqgv rq wkh xqghuo|lqj vwuxfwxuh dqg sdudphwhu ydoxhv ri wkh prgho1 Wkh
Sduhwr rswlpxp lv rqo| ihdvleoh li hlwkhu zdjhv ru sulfhv duh frpsohwho|  h{leoh1
Wkxv/ zkloh frqvlghudwlrqv ri sduvlprq| dorqh pljkw vxjjhvw dq h{foxvlyh irfxv rq
hlwkhu vwdjjhuhg sulfh vhwwlqj ru vwdjjhuhg zdjh vhwwlqj/ wkh lqfoxvlrq ri erwk w|shv
ri qrplqdo lqhuwld pdnhv d fulwlfdo gl�huhqfh lq wkh prqhwdu| srolf| sureohp1

Pruh jhqhudoo|/ rxu dqdo|vlv vxjjhvwv wkdw wkh h{lvwhqfh ri d prqhwdu| srolf| wudgh0
r� lv qrw frqwlqjhqw rq wkh sduwlfxodu vshfl�fdwlrq ri vwdjjhuhg zdjh dqg sulfh vhwwlqj
frqvlghuhg khuh1 Iru h{dpsoh/ rxu prgho lv lvrprusklf wr d prgho zlwk gl�huhqwldwhg
jrrgv dw wzr vwdjhv ri surgxfwlrq/ lq zklfk wkh sulfhv ri erwk lqwhuphgldwh lqsxwv
dqg �qdo jrrgv duh ghwhuplqhg e| vwdjjhuhg qrplqdo frqwudfwv1 Zh frqmhfwxuh wkdw
d prqhwdu| srolf| wudghr� zrxog dovr h{lvw xqghu dowhuqdwlyh irupxodwlrqv/ vxfk dv
+4, rqh0shulrg lqsxw sulfh frqwudfwv dqg vwdjjhuhg rxwsxw sulfh frqwudfwv/ dqg +5,
 h{leoh lqsxw sulfhv dqg vwdjjhuhg rxwsxw sulfh frqwudfwv/ zkhuh gl�huhqwldwhg jrrgv
surgxfhuv idfh lglrv|qfudwlf surgxfwlylw| vkrfnv ru vkliwv lq uhodwlyh ghpdqg1 Lq hdfk
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ri wkhvh fdvhv/ wkh sulfhv ri vhyhudo lqsxwv dqg2ru rxwsxwv duh ghwhuplqhg e| qrplqdo
frqwudfwv wkdw duh qrw frpsohwho| v|qfkurql}hg/ dqg vrph ri wkh uhodwlyh sulfhv ri
wkhvh lwhpv ydu| lq uhvsrqvh wr h{rjhqrxv vkrfnv lq wkh Sduhwr0rswlpdo htxloleulxp1

Dowkrxjk lw lv zruwkzkloh wr frqvlghu dowhuqdwlyh irupxodwlrqv ri qrplqdo lqhuwld/
zh eholhyh wkdw erwk zdjhv dqg sulfhv duh vwlfn| lq dfwxdo hfrqrplhv/ dqg wkdw wkh
uhodwlyh sulfh ri oderu sod|v dq lpsruwdqw uroh lq jhqhudwlqj d qrq0wulyldo srolf| wudgh0
r�1 Rxu srvlwlrq lv frqvlvwhqw zlwk wkh orqj klvwru| ri dqdo|vhv +gdwlqj edfn dw ohdvw
wr Nh|qhv +4<68,, lq zklfk qrplqdo zdjh lqhuwld sod|v d vljql�fdqw uroh lq jhqhudw0
lqj djjuhjdwh  xfwxdwlrqv1 Lq frqwudvw/ uhfhqw frqwulexwlrqv kdyh hpskdvl}hg vwlfn|
sulfhv udwkhu wkdq vwlfn| zdjhv/ dw ohdvw lq sduw ehfdxvh vwdwh0frqwlqjhqw hpsor|phqw
frqwudfwv fdq/ lq sulqflsoh/ suhyhqw dq| plvdoorfdwlrq ri oderu gxh wr qrplqdo zdjh
frqwudfwv159 Krzhyhu/ rqh fdq dovr lpdjlqh vwdwh0frqwlqjhqw rxwsxw frqwudfwv zklfk
hqvxuh wkdw vwlfn| sulfhv kdyh qr doorfdwlyh h�hfwv> vxfk vwdwh0frqwlqjhqw frqwudfwv duh
qhlwkhu pruh qru ohvv sodxvleoh wkdq wkh dqdorjrxv hpsor|phqw frqwudfwv1 Khqfh/
lw vhhpv uhdvrqdeoh wr dvvxph wkdw erwk zdjh dqg sulfh frqwudfwv kdyh vljql�fdqw
doorfdwlyh h�hfwv/ dw ohdvw xqwlo ixuwkhu jxlgdqfh lv surylghg e| hpslulfdo uhvhdufk1

Zh kdyh xvhg qxphulfdo phwkrgv wr dqdo|}h wkh surshuwlhv ri rswlpdo prqhwdu|
srolf| dqg wr txdqwli| wkh zhoiduh orvvhv ri dowhuqdwlyh srolf| uxohv1 Iru wkh vshfl�fd0
wlrqv frqvlghuhg khuh/ zh �qg wkdw vwulfw sulfh lq dwlrq wdujhwlqj jhqhudwhv uhodwlyho|
odujh zhoiduh orvvhv/ zkhuhdv vhyhudo rwkhu vlpsoh srolf| uxohv shuirup qhduo| dv zhoo
dv wkh rswlpdo uxoh1 Wkhvh �qglqjv vkrxog eh lqyhvwljdwhg ixuwkhu lq prghov wkdw
uhod{ vrph ri rxu nh| vlpsoli|lqj dvvxpswlrqv vxfk dv frpsohwh frqvxpswlrq ulvn
vkdulqj dqg frpsohwh lqirupdwlrq ri sulydwh djhqwv dqg srolf|pdnhuv15:

59Eduur +4<::, lv vrphwlphv flwhg wr vxssruw wklv ylhz1 Krzhyhu/ Eduur klpvhoi dssolhv wklv
dujxphqw wr sulfhv dv zhoo dv zdjhv1

5:Rwkhu nh| vlpsoli|lqj dvvxpswlrqv lqfoxgh wlph0vhsdudeoh suhihuhqfhv/ qr fdslwdo dffxpxodwlrq/
qr dgmxvwphqw frvwv/ dqg h{rjhqrxv gxudwlrq ri zdjh dqg sulfh frqwudfwv1 Wkh vhqvlwlylw| ri frqwudfw
gxudwlrq wr prqhwdu| srolf| kdv ehhq vwxglhg suhylrxvo| e| Fdq}rqhul +4<;3,/ Jud| +4<:;,/ dqg
Grwvh|/ Nlqj/ dqg Zropdq +4<<:,/ dprqj rwkhuv1
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Dsshqgl{ D
Lq wklv dsshqgl{/ zh ghulyh wkh djjuhjdwh zdjh vhwwlqj htxdwlrq EA��D� xvlqj �uvw0

rughu Wd|oru dssur{lpdwlrqv zkhuh dssursuldwh1 Iru hyhu| krxvhkrog ��| wkdw uhvhwv
lwv frqwudfw zdjh lq shulrg |/ gh�qh _|

�
��|

�
' *?`|E��|� � *?`|1 Wkhq wkh orj

gl�huhqwldo ri wkh �uvw0rughu frqglwlrq +49, durxqg wkh vwhdg| vwdwh lv
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�S�
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zkhuh �eY�c|n� ' � E�� ,| n �~ 5|� lv wkh dyhudjh ri pdujlqdo glvxwlolwlhv ri oderu dfurvv

krxvhkrogv1 Htxdwlrq +4;, lpsolhv wkdw 6or| ' �
�eX�c| n eY�c|

�
/ zkloh wkh djjuhjdwh

zdjh gh�qlwlrq +44, lpsolhv wkdw _|
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�
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�31�
/|1 Wkxv/ vxevwlwxwlqj +D15, lqwr

+D14, |lhogv
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Iruzduglqj +D16, e| rqh shulrg/ pxowlso|lqj wkh uhvxow e| 1�q/ vxewudfwlqj wkh rxw0
frph iurp +D16,/ dqg uhduudqjlqj |lhogv +A��D,1

Dsshqgl{ E
Lq wklv dsshqgl{/ zh ghulyh wkh dssur{lpdwlrq ri Z|�Z

W
| jlyhq lq htxdwlrq +55,1

Zh dovr vkrz wkdw H}2| ' Y@o E}|� dqg wkdw H d�@o�i*?`| E��jo ' 1�
E�31��

2Y@o E/|�1
Wkurxjkrxw wklv dsshqgl{/ zh xvh vhfrqg0rughu Wd|oru dssur{lpdwlrqv1

Zh xvh wzr dssur{lpdwlrqv uhshdwhgo|1 Li � lv d jhqhulf yduldeoh/ wkh uhodwlrqvkls
ehwzhhq lwv dulwkphwlf dqg orjdulwkplf shufhqwdjh fkdqjhv lv
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Wkh Ghulydwlrq ri wkh Dssur{lpdwlrq ri Z�Z
W

Htxdwlrq +54, zlwkrxw wlph vxevfulswv lv uhshdwhg khuh iru frqyhqlhqfh=

Z ' XE�c'� n
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f
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Iluvw/ zh dssur{lpdwh XE�c'�=
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U �

f
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2
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Doo �upv fkrrvh lghqwlfdo fdslwdo oderu udwlrv
�
gEs�
uEs�

�
htxdo wr wkh djjuhjdwh udwlr

�
g
u
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ehfdxvh wkh| idfh wkh vdph idfwru sulfhv/ vr

t Es� '
�
gEs�
uEs�

�k
u Es�f '

�
g
u

�k
u Es�f +E143,

Vlqfh wkh wrwdo dprxqw ri fdslwdo lv �{hg/ htxdwlrq +E143, lq wxuq lpsolhv

+ Es� ' %� k, n , Es� c Hs + Es� ' %� k, n Hs , Es� c �@os+ Es� ' �@os , Es� +E144,

Vxevwlwxwlqj wkh uhodwlrqvklsv lq htxdwlrq +E144, lqwr htxdwlrq +E1<,/ dqg holplqdwlqj
Hs+ Es� xvlqj htxdwlrq +E15, |lhogv htxdwlrq +57,/ uhshdwhg khuh iru frqyhqlhqfh=

55



, * �
�3k

E+ � %� n �
2

�
�

�3k

� �
wR

�nwR

�
�@os+ Es� +E145,

Vroylqj htxdwlrq +E1;, iru H�? E�� dqg holplqdwlqj , xvlqj htxdwlrq +E145, |lhogv
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Dssur{lpdwlqj wkh xwlolw| dvvrfldwhg zlwk frqvxpswlrq dqg oderu dw wkh Sduhwr
rswlpxp/ XE�Wc '� dqg H�Y E�W E�� c ~�/ uhvshfwlyho|/ lq dqdorjrxv zd|v dqg vxe0
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1 Xvlqj wkhvh uhodwlrqvklsv wrjhwkhu zlwk wkh vroxwlrq iru Sduhwr0

rswlpdo rxwsxw +4<,/ wkh �uvw dqg vhfrqg olqhv fdq eh h{suhvvhg dv \X� 7�
�3k

+W E+ � +W�

dqg \X� 7�
2E�3k�

E+W2 � +2�/ uhvshfwlyho|1 Frpelqlqj whupv zh duulyh dw htxdwlrq +55,1

Surri Wkdw H}5
w'Y@h E}w�

Qrz zh vkrz wkdw H}| lv ri vhfrqg rughu/ vr wkdw EH}|�2 fdq eh qhjohfwhg lq wkh
vhfrqg0rughu dssur{lpdwlrq1 Zh dvvxph wkdw wkh prgho kdv d xqltxh vwdwlrqdu|
vroxwlrq/ vr wkdw wkh ghyldwlrq ri djjuhjdwh rxwsxw t| iurp wkh Sduhwr rswlpxp t W

|

fdq eh h{suhvvhg dv t|�t W
| ' C

�
#|c #|3�c #|32c ���

�
/ zkhuh #| lv wkh yhfwru ri phdq0}hur

l1l1g1 lqqrydwlrqv dw wlph |1 Ehfdxvh wkh hfrqrp| zlwk vwdjjhuhg frqwudfwv kdv wkh
vdph vwhdg| vwdwh dv wkh Sduhwr0rswlpdo hfrqrp|/ CEfc fc fc ���� ' f1 Wkxv/ wdnlqj
xqfrqglwlrqdo h{shfwdwlrqv ri wkh vhfrqg0rughu Wd|oru dssur{lpdwlrq |lhogv

56



H
�
t| � t W

|

7t

�
'

�

27t

"[
�'f

C#|3� c#|3�
Y@o E#|� +E149,

Dsso|lqj h{suhvvlrq +E14, wr t| � t W

| / wdnlqj xqfrqglwlrqdo h{shfwdwlrqv/ dqg
uhduudqjlqj whupv |lhogv

H}| ' H
�
t| � t W

|

7t

�
� �

2

�Y@o E}|� n EH}|�2
�

+E14:,

Wdnhq wrjhwkhu/ htxdwlrqv +E149, dqg +E14:, lpso| wkdw H}| lv ri vhfrqg rughu1

Wkh Dssur{lpdwlrq ri H�@h�i*?`| E��j
Dv lq Dsshqgl{ D/ ohw`|

�
��|

�
lqglfdwh wkh zdjh ri hyhu| krxvhkrog ��| wkdw uhvhwv

lwv frqwudfw zdjh lq shulrg |/ dqg ohw _|

�
��|

�
' *? `|

�
��|

�
� *?`|1 Qrwh wkdw

*?`| E�� ' *?`|3� E�� n *?� iru hdfk ri wkh uhpdlqlqj 1� krxvhkrogv wkdw fdqqrw
uhvhw wkhlu zdjhv1 Wkxv/ furvv0vhfwlrqdo zdjh glvshuvlrq lv

�@o� *?`| E�� ' 1�H� E*?`|3� E�� n *?�� H� *?`| E���
2

nE�� 1��
�
*?`|

�
��|

�
� H� *?`| E��

�2
+E14;,

Iru wkrvh krxvhkrogv wkdw fdqqrw uhvhw wkhlu zdjhv/ wkh zdjh glvshuvlrq durxqg
wkh fxuuhqw djjuhjdwh zdjh lv

H� E*?`|3� E�� n *?�� H� *?`| E���
2 ' �@o� *?`|3� E�� n /2

| +E14<,

ehfdxvh /| � *?`| � *?`|3� � *?� dqg ehfdxvh EH� *?`| E��� *?`|� dqg
EH� *?`| E��� *?`|� duh ri vhfrqg rughu iurp +E15, vr wkhlu vtxduhv dqg furvv surg0
xfwv fdq eh ljqruhg lq wkh vhfrqg0rughu dssur{lpdwlrq1

Vlploduo|/
�
*?`|

�
��|

�
� H� *?`| E��

�2

'
�
_|

�
��|

��2

1 Wkxv/ wkh vtxduhg orjd0
ulwkplf ghyldwlrq ri wkh frqwudfw zdjh iurp wkh fxuuhqw djjuhjdwh zdjh lv=�

*?`|

�
��|

�
� H� *?`| E��

�2

'
�

1�
�31�

�2

/2
|

+E153,

Vxevwlwxwlqj htxdwlrqv +E14<, dqg +E153, lqwr htxdwlrq +E14;, dqg uhduudqjlqj
whupv/ zh rewdlq

�@o� *?`| E�� ' 1��@o� *?`|3� E�� n
1�

�31�
/2
| +E154,

Ilqdoo|/ wdnlqj xqfrqglwlrqdo h{shfwdwlrqv dqg uhduudqjlqj whupv |lhogv

H�@o� *?`| E�� '
1�

E�31��2
H /2

| '
1�

E�31��2
Y@o E/|� +E155,

Qrwh wkdw H/2
| ' Y@o E/|� ehfdxvh H/| +olnh H}|, lv ri vhfrqg rughu1

57



Uhihuhqfhv
Dl}hqpdq/ M1/ dqg M1 D1 Iuhqnho +4<;9, �Zdjh Lqgh{dwlrq/ Vxsso| Vkrfnv/ dqg Prq0

hwdu| Srolf| lq d Vpdoo Rshq Hfrqrp|�/ lq V1 Hgzdugv dqg O1 Dkdphg +hgv1,
Hfrqrplf Dgmxvwphqw dqg H{fkdqjh Udwh Fkdqjhv lq Ghyhorslqj Frxqwulhv/ Xql0
yhuvlw| ri Fklfdjr Suhvv/ Fklfdjr1

Dqghuvrq/ J1 V1/ dqg J1 Prruh +4<;8, �D Olqhdu Dojheudlf Surfhgxuh iru Vroylqj
Olqhdu Shuihfw Iruhvljkw Prghov�/ Hfrqrplf Ohwwhuv/ 4:/ 57:�851

Eduur/ U1 M1 +4<::, �Orqj0Whup Frqwudfwlqj/ Vwlfn| Sulfhv/ dqg Prqhwdu| Srolf|�/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 6/ 638 6491

Eodqfkdug/ R1 +4<<:, �Frpphqw�/ lq QEHU Pdfurhfrqrplfv Dqqxdo 4<<:/ PLW
Suhvv/ 5;<�5<81

Eodqfkdug/ R1/ dqg F1 P1 Ndkq +4<;3, �Wkh Vroxwlrq ri Olqhdu Gl�huhqfh Prghov
xqghu Udwlrqdo H{shfwdwlrqv�/ Hfrqrphwulfd/ 7;/ 4638�441

Eodqfkdug/ R1 M1/ dqg Q1 Nl|rwdnl +4<;:, �Prqrsrolvwlf Frpshwlwlrq dqg wkh H�hfwv
ri Djjuhjdwh Ghpdqg�/ Dphulfdq Hfrqrplf Uhylhz/ ::/ 7/ 97:�9991

Eu|dqw/ U1/ S1 Krrshu/ dqg F1 Pdqq +4<<6, Hydoxdwlqj Srolf| Uhjlphv= Qhz Uhvhdufk
lq Hpslulfdo Pdfurhfrqrplfv/ Eurrnlqjv Lqvwlwxwlrq/ Zdvklqjwrq/ G1F1

Fdoyr/ J1 +4<;6, �Vwdjjhuhg Sulfhv lq d Xwlolw| Pd{lpl}lqj Iudphzrun�/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 45/ 6;6�6<;1

Fdq}rqhul/ P1 E1 +4<;3, �Oderu Frqwudfwv dqg Prqhwdu| Srolf|�/ Mrxuqdo ri Prqh0
wdu| Hfrqrplfv/ 9/ 574 5781

Fxgglqjwrq/ M1 W1/ S10R1 Mrkdqvvrq/ dqg N10J1 Oùijuhq +4<;7,GlvhtxloleulxpPdfurh0
frqrplfv lq Rshq Hfrqrplhv/ Edvlo Eodfnzhoo/ R{irug1

Gl{lw/ D1 N1/ dqg M1 Vwljolw} +4<::, �Prqrsrolvwlf Frpshwlwlrq dqg Rswlpxp Surgxfw
Glyhuvlw|�/ Dphulfdq Hfrqrplf Uhylhz/ 9:/ 5<:�63;1

Grwvh|/ P1/ U1 J1 Nlqj/ dqg D1 O1 Zropdq +4<<:, �Vwdwh Ghshqghqw Sulflqj dqg
G|qdplfv ri Exvlqhvv F|fohv�/ Zrunlqj Sdshu Qr1 <:05/ Ihghudo Uhvhuyh Edqn ri
Ulfkprqg1

Hufhj/ F1 M1 +4<<:, �Qrplqdo Zdjh Uljlglwlhv dqg wkh Sursdjdwlrq ri Prqhwdu|
Glvwxuedqfhv�/ Lqwhuqdwlrqdo Ilqdqfh Glvfxvvlrq Sdshuv/ Qr1 8<3/ Ihghudo Uhvhuyh
Erdug1

Hufhj/ F1 M1/ G1 Z1 Khqghuvrq/ dqg D1 W1 Ohylq +4<<;, �Wudghr�v Ehwzhhq Lq dwlrq
dqg Rxwsxw0Jds Yduldqfhv lq d Rswlpl}lqj0Djhqw Prgho�/ Lqwhuqdwlrqdo Ilqdqfh
Glvfxvvlrq Sdshuv/ Qr1 95:/ Ihghudo Uhvhuyh Erdug1

58



Iulhgpdq/ E1 +4<<<, �Frpphqw�/ lq M1 Wd|oru +hg1, Prqhwdu| Srolf| Uxohv/ Wkh
Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr/ 6<;�7351

Jrrgiulhqg/ P1/ dqg U1 Nlqj +4<<:, �Wkh Qhz Qhrfodvvlfdo V|qwkhvlv dqg wkh Uroh
ri Prqhwdu| Srolf|�/ lq QEHU Pdfurhfrqrplfv Dqqxdo 4<<:/ PLW Suhvv/ Fdp0
eulgjh/ 566�5;61

Jud|/ M1 +4<:;, �Rq Lqgh{dwlrq dqg Frqwudfw Ohqjwk�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/
;9/ 4�4;1

Khqghuvrq/ G1/ dqg Z1 PfNleelq +4<<6, �D Frpsdulvrq ri Vrph Edvlf Prqhwdu|
Srolf| Uhjlphv iru Rshq Hfrqrplhv= Lpsolfdwlrqv ri Gl�huhqw Ghjuhhv ri Lqvwux0
phqw Dgmxvwphqw dqg Zdjh Shuvlvwhqfh�/ lq Fduqhjlh0Urfkhvwhu Vhulhv rq Sxeolf
Srolf|/ Yroxph 6</ 554�64:1

Luhodqg/ S1 Q1 +4<<:, �D Vpdoo Vwuxfwxudo/ Txduwhuo| Prgho iru Prqhwdu| Srolf|
Hydoxdwlrq�/ lq Fduqhjlh0Urfkhvwhu Vhulhv rq Sxeolf Srolf|/ Yroxph 7:/ ;6�43;1

Nhuu/ Z1/ dqg U1 J1 Nlqj +4<<9, �Olplwv rq Lqwhuhvw Udwh Uxohv lq wkh LV Prgho�/
Ihghudo Uhvhuyh Edqn ri Ulfkprqg Hfrqrplf Txduwhuo|/ ;5/ 7:�:81

Nh|qhv/ M1 P1 +4<68, Wkh Jhqhudo Wkhru| ri Hpsor|phqw/ Lqwhuhvw/ dqg Prqh|/
Kdufrxuw/ Eudfh/ dqg Zruog/ Qhz \run1

Nloh|/ P1 W1 +4<<;, �Prqhwdu| Srolf| xqghu Qhrfodvvlfdo dqg Qhz0Nh|qhvldq Skloolsv
Fxuyhv/ zlwk dq Dssolfdwlrq wr Sulfh Ohyho dqg Lq dwlrq Wdujhwlqj�/ Ilqdqfh dqg
Hfrqrplfv Glvfxvvlrq Vhulhv Qr1 4<<;05:/ Ihghudo Uhvhuyh Erdug1

Nlp/ M1 +4<<<, �Frqvwuxfwlqj dqg Hvwlpdwlqj d Uhdolvwlf Rswlpl}lqj Prgho ri Prq0
hwdu| Srolf|�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ iruwkfrplqj1

Nlpedoo/ P1 V1 +4<<8, �Wkh Txdqwlwdwlyh Dqdo|vlv ri wkh Edvlf Qhrprqhwdulvw Prgho�/
Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj/ 5:/ 4574�45::1

Nlqj/ U1 J1/ dqg D1 O1 Zropdq +4<<<, �Zkdw Vkrxog wkh Prqhwdu| Dxwkrulw| Gr
Zkhq Sulfhv Duh Vwlfn|B�/ lq M1 Wd|oru +hg1, Prqhwdu| Srolf| Uxohv/ Wkh Xqlyhu0
vlw| ri Fklfdjr Suhvv/ Fklfdjr/ 67<�6<;1

Nroopdqq/ U1 +4<<:, �Wkh H{fkdqjh Udwh lq d G|qdplf0Rswlpl}lqj Fxuuhqw Dffrxqw
Prgho zlwk Qrplqdo Uljlglwlhv= D Txdqwlwdwlyh Lqyhvwljdwlrq�/ Zrunlqj Sdshu/
Lqwhuqdwlrqdo Prqhwdu| Ixqg1

Ohylq/ D1 +4<;<, �Wkh Wkhruhwlfdo dqg Hpslulfdo Uhohydqfh ri Vwdjjhuhg Zdjh Frq0
wudfw Prghov�/ Sk1G1 glvvhuwdwlrq/ Vwdqirug Xqlyhuvlw|1

Ohylq/ D1/ Y1 Zlhodqg/ dqg M1 F1 Zlooldpv +4<<<, �Urexvwqhvv ri Vlpsoh Prqhwdu|
Srolf| Uxohv xqghu Prgho Xqfhuwdlqw|�/ lq M1 Wd|oru +hg1,Prqhwdu| Srolf| Uxohv/
Wkh Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr/ 596 5<<1

59



PfFdooxp/ E1 W1/ dqg H1 Qhovrq +4<<<, �Shuirupdqfh ri Rshudwlrqdo Srolf| Uxohv lq
dq Hvwlpdwhg Vhplfodvvlfdo Vwuxfwxudo Prgho�/ lq M1 Wd|oru +hg1, Prqhwdu| Srolf|
Uxohv/ Wkh Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr/ 67<�6<;1

Skhosv/ H1 V1/ dqg M1 E1 Wd|oru +4<::, �Vwdelol}lqj Srzhuv ri Prqhwdu| Srolf| xqghu
Udwlrqdo H{shfwdwlrqv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;8/ 496�4<31

Urwhpehuj/ M1 M1 +4<<9, �Sulfhv/ Rxwsxw/ dqg Krxuv= Dq Hpslulfdo Dqdo|vlv Edvhg
rq d Vwlfn| Sulfh Prgho�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 6:/ 838� 8661

Urwhpehuj/ M1 M1/ dqg P1 Zrrgirug +4<<:, �Dq Rswlpl}dwlrq0Edvhg Hfrqrphwulf
Iudphzrun iru wkh Hydoxdwlrq ri Prqhwdu| Srolf|�/ lq QEHU Pdfurhfrqrplfv
Dqqxdo 4<<:/ PLW Suhvv/ Fdpeulgjh/ 5<:�6791

Urwhpehuj/ M1 M1/ dqg P1 Zrrgirug +4<<<, �Lqwhuhvw0Udwh Uxohv lq dq Hvwlpdwhg
Vwlfn| Sulfh Prgho�/ lq M1 Wd|oru +hg1, Prqhwdu| Srolf| Uxohv/ Wkh Xqlyhuvlw| ri
Fklfdjr Suhvv/ Fklfdjr/ 8:�44<1

Uxghexvfk/ J1 G1/ dqg O1 H1 R1 Vyhqvvrq +4<<<, �Srolf| Uxohv iru Lq dwlrq Wdujhw0
lqj�/ lq M1 Wd|oru +hg1, Prqhwdu| Srolf| Uxohv/ Wkh Xqlyhuvlw| ri Fklfdjr Suhvv/
Fklfdjr/ 536�5791

Vrorz/ U1/ dqg M1 Vwljolw} +4<9;, �Rxwsxw/ Hpsor|phqw/ dqg Zdjhv lq wkh Vkruw
Uxq�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ ;5/ 86:�8931

Wd|oru/ M1 +4<:<, �Vwdjjhuhg Frqwudfwv lq d Pdfur Prgho�/ Dphulfdq Hfrqrplf Uh0
ylhz/ 9</ 43;�4461

Wd|oru/ M1 +4<;3, �Djjuhjdwh G|qdplfv dqg Vwdjjhuhg Frqwudfwv�/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ ;;/ 4�571

Wd|oru/ M1 E1 +4<<6, �Glvfuhwlrq yhuvxv Srolf| Uxohv lq Sudfwlfh�/ lq Fduqhjlh0
Urfkhvwhu Vhulhv rq Sxeolf Srolf|/ Yroxph 6</ 4<8�5471

Whworz/ U1/ dqg S1 yrq }xu Pxhkohq +4<<9, �Prqhwdu| Srolf| Uxohv lq d Vpdoo
Iruzdug0Orrnlqj Pdfr Prgho�/ surfhvvhg/ Ihghudo Uhvhuyh Erdug1

Whworz/ U1/ dqg S1 yrq }xu Pxhkohq +4<<<, �Vlpsolflw| Yhuvxv Rswlpdolw|= Wkh Fkrlfh
ri Prqhwdu| Srolf| Uxohv zkhq Djhqwv Pxvw Ohduq�/ Ilqdqfh dqg Hfrqrplfv
Glvfxvvlrq Vhulhv Qr1 4<<<043/ Ihghudo Uhvhuyh Erdug1

Zlooldpv/ M1 F1 +4<<<, �Vlpsoh Uxohv iru Prqhwdu| Srolf|�/ Ilqdqfh dqg Hfrqrplfv
Glvfxvvlrq Vhulhv Qr1 4<<<045/ Ihghudo Uhvhuyh Erdug1

Zrrgirug/ P1 +4<<9, �Frqwuro ri wkh Sxeolf Ghew= D Uhtxluhphqw iru Sulfh Vwdelo0
lw|B�/ QEHU Zrunlqj Sdshu 89;7/ Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk1

\xq/ W1 +4<<9, �Qrplqdo Sulfh Uljlglw|/ Prqh| Vxsso| Hqgrjhqhlw|/ dqg Exvlqhvv
F|fohv�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 6:/ 678�6:31

5:



Wdeoh 4= Nh| Htxdwlrqv

}| ' }|n��| � �
j��

�
�| � Z|n��| � oW|

�
+jrrgv ghpdqg, EA����

6R,| ' lW| � b6R, }| +pdujlqdo surgxfw ri oderu, EA��2�

zkhuh b6R, '
k

�3k

6or| ' lW| n b6or }| +pdujlqdo udwh ri vxevwlwxwlrq, EA����

zkhuh b6or '
���
�3k

n j��

Z| ' qZ|n��| n VR El| �6R,|� +sulfh vhwwlqj, EA��e�

zkhuh VR '
E�31Rq�E�31R�

1R

/| ' q/|n��| n V�E6or| � l|� +zdjh vhwwlqj, EA��D�

zkhuh V� ' E�31�q�E�31��

1�E�n���E �nw�w�
��

l| ' l|3� n /| � Z| +uhdo zdjh fkdqjh, EA��S�



Wdeoh 5= Zhoiduh Frvwv ri Dowhuqdwlyh Srolf| Uxohv

Vwulfw Wdujhwlqj K|eulg Wdujhwlqj
Rswlpdo Sulfh Zdjh Rxwsxw Sulfh Lq dwlrq Sulfh Lq dwlrq
Srolf| Lq dwlrq Lq dwlrq Jds Rxwsxw Jds Zdjh Lq dwlrq

Edvholqh Sdudphwhuv 517 4;19 618 517 517 517

Zdjh Frqwudfw Phdq
Gxudwlrq E�� 1

�
�3�

4 3 3 618 3 3 3
5 419 918 618 419 419 419
7 517 4;19 618 517 517 517
; 51: 691; 618 51: 51: 51:

Oderu Hodvwlflw|
ri Rxwsxw Ek�

3 515 :3518 519 515 515 515
314 516 ::1; 51; 516 516 516
315 517 6618 614 517 517 517
316 517 4;19 618 517 517 517
317 517 4416 713 518 518 517
318 516 :155 71: 518 518 516

Sulfh Pdunxs
Udwh EwR�

3138 :16 4;19 491< 431< ;16 :19
3143 813 4;19 <13 81< 819 814
3158 51< 4;19 716 51< 51< 51<
3183 41< 4;19 51: 41< 41< 41<

Qrwh= Hdfk zhoiduh orvv lv h{suhvvhg dv d ghyldwlrq iurp wkh Sduhwr0rswlpdo zhoiduh ohyho/ glylghg e|
wkh surgxfw ri wkh surgxfwlylw| lqqrydwlrq yduldqfh dqg wkh xwlolw| ri vwhdg|0vwdwh frqvxpswlrq1



mrst

�
*

t

mplt

0 gt

Real wage

Output gap

g slope(mplt)

g slope(mrst)

g
*

t-1 A

B

�

Figure 1:  Welfare Costs of Output Gap Deviations
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Figure 2
Three Views of the Monetary Policy Frontier
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A. Price Inflation Variance
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Figure 3
Optimal Monetary Policy for Alternative Contract Durations
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B.  Wage Inflation Variance
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C.  Output Gap Variance
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D.  Welfare Loss (relative to Pareto Optimum)
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