Technical Notes for Discussion of Eggertsson, What Fiscal Policy Is Effective at Zero
Interest Rates?
Lawrence J. Christiano

The model that was simulated for the discussion is presented in the first section. The
simulation strategy is described in the next section.

1. Household

The utility function of the j** household is:
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The budget constraint is:
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where II;; denotes lump sum profits and lump sum taxes.

1.1. Intertemporal Condition
The discount rate from ¢ to ¢t + 1 has the following representation:
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The first order condition associated with bonds is:
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Linearizing around a zero inflation steady state:
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1.2. Household Wage/Employment Decision

The household selects the wage rate to optimize:

i j i
E; ; (ﬁffw) [UtJriVVj,t+ihj,t+i - Aﬁ )

where v;,; denotes the multiplier on the household budget constraint in the Lagrangian
representation of its problem. The household treats this object as an exogenous constant.
Each household that optimizes its wage, chooses the same wage rate, W, :
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where h,; denotes the level of employment in period ¢ + i of a household that optimizes its
wage in period ¢ :

and H, ; denotes aggregate employment. Also, W; denotes the aggregate wage rate. Impos-
ing the requirement that the household is always on the labor demand curve implies:
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Given our utility function, we have

Note that

where MRS}, ; denotes the marginal rate of substitution between consumption and leisure
in period t + ¢ for a person that reoptimizes in period ¢ and does not reoptimize between

t+ 1 and ¢ + 7. Substit
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ute this into the first order condition:
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Now, consider the following scaling:
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Note that with this definition,
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Then, the first order condition reduces to:
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We are interested in the case where [ is time varying. Although in the end the time
varying [ has no impact on the reduced form wage equation, it is useful to establish this.
Thus,
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We write out the first order condition like this:
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Log-linearly expanding this expression, and taking into account that the object in square
brackets is zero in steady state:
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(note how the time varying 5 disappeared) or, noting w = A\, M RS
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for ¢ > 0. Then,
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Substituting the previous expression into (1.1), we conclude that the first order condition
for wages looks as follows:
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We now deduce the implications of the aggregate restrictions across wages:
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Divide by W, and use the scaling notation:
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Log-linearize this about steady state:
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Substituting this into (1.2):
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Subtract the second from the first and make use of (1.3)
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1.3. Goods Production and Price Setting

Suppose that a final good, Y;, is produced using a continuum of inputs as follows:
1oL Af
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The good is produced by a competitive, representative firm which takes the price of output,
F,, and the price of inputs, P, as given. The first order necessary condition associated with

optimization is:
A

AN
(P ) Y, = V. (1.5)
it

A useful result is obtained by substituting out for Y;; in (1.4) from (1.5):

P, = UOI (BT di](Afl). (1.6)

Each intermediate good is produced by a monopolist using the following production
function:

Yi.= Athz‘,t-

The equilibrium condition associated with price setting is, after log-linearizing about steady
state:
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so that
§t = wt.

The resource constraint is:
*
Ct = pt Hta

where p; denotes the Tak Yun distortion, which is unity to a first order approximation.

1.4. Equilibrium Conditions

The system has 6 unknowns:
T, U_}t; Ht; 7T’Lu,t7 Rt; Zt?

and the following equations. The equations that characterize the private economy are:
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and monetary policy:
1 . ~
A2 = prdRis+ (1= pe) g [rm + rny} ,
dZ, dz, > — (l — 1) ‘zero bound not binding’
th = A .
— (% — 1) otherwise ‘zero bound binding’

The latter captures the fact that R, > 0, which means R, > R =1/ — 1.
We write this in matrix form as follows. Supppose the zero bound is not binding, so that
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This gives us six equations in the six unknowns:

[0 0 0 0 0 0] ARy 0
00 0 0 -3 0 Rt 0
0 -8 0 0 0 0 H,1 Lo
0 0 -1 0 -1 0 Wys1 5
00 0 0 0 0 Fran 0

(00 0 0 0 0]\ dZn )

T 0 00 -1 0 0]
0 00 0 00
0 00 0 00
Tl o 00 0 00
—pp 000 0 00
| 0 00 0 00|
or,
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Q21 + 12 + a1 + BoSiyr + P15 = 0,

where the definitions of the matrices are obvious and Let,

Zt =

The linearized system when the zero bound is binding is as follows:

(

d+ apzep1 + 2z + aoze1 + BySeyr + Bise =0,

where

o O O OO

1
-1

dr t+1
dr t+1

and &g is oy with its 6,6 element replaced by zero. This system is simply the previous one

with (1.7) replaced by:

th:—<
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2. Simulating the Model

The general algorithm appears in the third subsection below. It captures the feature of
our setting, that the equations that characterize equilibrium change during the simulation.
Before we discuss the algorithm in its full generality, we provide two examples to illustrate
features of the algorithm not related to the equation switching.

2.0.1. Simple Example

We use a slight perturbation on a standard shooting algorithm. The perturbation is designed
so that the algorithm is required to ‘hit’ a specific target at a specific date, as opposed to the
usual shooting in which a target is reached asymptotically. Because the general algorithm
involves other complications, it is useful to point out the perturbation that we use, in isolation
from the other complications. Suppose that the system obeys the following scalar difference
equation:

Qpze1 + 0z + oz = dy,

for t =1,2,...,T. Here, 2y is given. For t > T + 1,

Zr = Azt—1~
Writing the equations out explicitly:
QoZo + 1121 + uzg = dl
o741 + 127 + Qo1 = dT.

Given oy # 0, and given an arbitrary z; € R!, we can use these equations to compute
22, ..., 2741. But, it has to be the case that

2ra1 — AZT =0.
So, the algorithm is to adjust z; until the above equation is satisfied.

2.0.2. Algorithm Based on QZ Decomposition

The problem we have to confront in applying the simple algorithm in the previous section
is that g is not invertible. One way to adapt the algorithm applies the )Z decomposition.
Thus, let

QaoZ = Hy, Qo = Hy,
Z'z = 7.

Multiply (??7) by @ :

QuoZZ 21 + QanZZ' 2+ QooZ Z' 21 + Qd + QBysi41 + QB = 0,
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or,
d¢

Hyyeyy + Hivy + QoaZyy 4 Qd + Boser + Bysi = 0.

Summarizing,
Hoyy o + Hiyy = Dy,

fort=1,2,...,7 — 1. Write

_ Go H(%Z _ | G H112 _ ’Y% o Lz
Hy = l 0 HgQ , Hy = 0 H122 y Ve = ’Y? =Lz = Loz )7
Dy = —Q[di+ aszi—1],

where Hy and H; are upper triangular and the diagonal elements of G are non-zero while
the [ diagonal elements of H2? are all zero. It is necessary to verify numerically that all the
elements of HZ? are zero. We assume that the diagonal elements of H?* are all non-zero.

Also,

Then, the system is written

dy = d + Bysi+1 + 515t

KR uiEInk IR

0 0 5 0 HP ][] 2

5L me ] - ]

o o [l#]Tlo m]lg] T D
5 0% RN - (3
0 0 T1-1 0 Hj TYr—2 | _Dsz
[Go H&2HW%}+[G1 H%QHWIN _ Dh]
0 0 'Y% 0 H122 7%71 _D%fl 7

where we have imposed H3? = 0. We have found that, numerically, this is a property of our

model. To simulate this system
a value for 71 and compute:

Fort=1:

Fort=1,...,T —1:

forward note first that D, is determined because v, = 0. Fix

7= (HP) " DY

—Q(dz + QazZ)
(1) 0}
~Gy? [+ Gt + 1% - D)

—Q (diy1 + 2 Z7,)
(1) " D2,
—Gyt [HEA2, + Gyt + HI%y2 — D}
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We now have 74, v%, Dr.Recall that in period T + 1,
2rp1 = Azp,
so that, after multiplying by 2’ :

Y111 = A’)/Ta A= Z/AZ;

A

( Vi1 > _ 1
2 = Y-

VY111 1[12

We must still satisfy the ¢ = T" equilibrium conditions:
Go HE2T[ b, Gi H{* ][ 7% Dy
0 0 B I B - e -
T+1 1 T T
Note, however, that the bottom set of equations are satisfied because of the way 2 was
chosen and because 77.,; does not enter these equations. The first set of equations need not

be satisfied, however, and so we use the requirement that these be satisfied to pin down ~1.
In particular, we adjust 1 until the following expression is satisfied:

or,

G07%“+1 + H3272T+1 + G\vy + H{*v5 = Dy

Note that this is a number of equations equal to the dimension of 71.

2.0.3. Extending the Algorithm

We now address the possibility that t; > 1 and 5 < T. That is, the lower bound starts to
bind in some period after the discount rate goes negative and before it turns positive again.
Thus, the lower bound is not binding for ¢t = 1, ...,¢; — 1, it is binding for t = ¢4, ..., t3 and it is
not binding for ¢ > t,. Because we assume t5 < T', we can apply a straightforward adaptation
of the algorithm in the previous section. First, the d; sequence needs to be adjusted so that
the constant vector, d in (??), is only turned on for ¢ = ¢y, ..., t5. Second, we require the QZ
decomposition of the system both for the time when the lower bound is binding and the time
when it is binding:

QapZ = Hy, QanZ = Hy
@0402 = ﬁo; Q&IZ = lff1
Y = Z,Zta ;)'/t = ZIZt.
2.0.3.1.The Initial Non-Binding Regime Fort=1,...;t; —1:

Qozer1 + 12e = — [ezi1 + BoSt+1 + P15 -
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To solve these equations, proceed as before. After applying the QZ decomposition:

)L e - o
o o [l Lo mr )] T (o
Go Ho* | [ | [G H2 | [] _ [ D
o o |l]Tlo )] T | ps
5 ][5 ][] - (3
0 0 Tt-1 0 Hj Yti—-2 | Dt1 2
5 (5 10 - ()
0 0 /Ytl 0 Hl 725171 i Dtl 1

The basic idea of the simulation is that we start a given period, ¢, with (v},~?) and use
the period t equation to solve forward to obtain (%1 e +1) . This would be completely
straightforward and standard if the lead matrix in the QZ decomposition of the dynamic
equation were invertible. It is not. So, to do the simulation, we compute 77, , using the ¢+ 1
equation. Then, there is only 7} 1 to compute using the period ¢ equation. This computation
is possible because the relevant block in the lead matrix is invertible.

To begin the simulation, note first that D; is determined because z; = 0. Fix a value for
71 and compute:

3= (1) D2

Fort=1:
Dy = —Q(d2+ aaZ7;) (constant term in period 2 equation)
v = (H 122)71 D3 (solving period 2 equation for v3)
vy = —Gg' [Hy*v3 + Givi + Hi*yi — Di] (using period 1 equation to find 73)

We proceed in this way in each period, t =1,....,t; — 2:

D1 = =Q(dps1 + a2Zyy)
-1
'Yt2+1 = (H122) D152+1
Ve = —Go' [Ho*Vip + Gy + Hi*vi — Di]

Period t = t; — 1 requires special treatment because the subsequent period’s equation
belongs to a different regime. We first solve for %21 using the ¢; equation. The ‘constant

term’ in the ¢; equation is:
—Q(@fﬂhz(Vhl)).
%1—1

Note that the @ here belongs to the binding regime, while Z belongs to the non-binding
regime. We require the Z from the non-binding regime because what is needed to construct
the constant term is 2, 1, and what we actually have in hand at this point is v, ; = 2%, 1.
With Dy, in hand, we compute ifl :

~ -1 .
3= (A7) Di.
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We now return to the t; — 1 equation to seek fﬁl. The equation is:
oz, + 012y 1 = — [z —2 + Bosy + By, -],

or, .

2y, + a1z -1 = — [z, -2 + By, + BSt 1] -
Now, apply the QZ decomposition relevant for the non-binding regime:

QQOZZ/Z’?tl + Qalzzlztl—l - Dtlfla -Dtl,l = - [Oéthl_Q + 50‘9t1 + ﬁlstl—l]
or, .
HOZ’Z’?tl + Hlfytlfl = Dt171'

Let

My Mis
~ ~~
77 =M= | mOxm=) (m-U)xi

M21 M22 ’
~— ~—
Ix(m—1) Ixl

where m denotes the length of z;, and m — [ is the rank of «y. Then the previous system can
be written:

Gy Hy? My My T,
N~~~ N~~~ S~~~ N~~~ ~—~ G H12 1 Dl
(m—=l)x(m—1) (m—1)xl (m=0)x(m=1) (m-=l)xI (mfé)xl + |: 1 122 :| |: 71521*1 :| — |: t21
\O/_/ \O’_/ %/2_1/ %/2_2/ ,)/tl O Hl rYtlfl Dtl

Ix(m—1) Ix1 Ix(m—1) Ixl Ix1

or,

GoMyy + H? My, GoMys + HY? Mo ] [%l } " [ Gi H}P? ] [7%11 } _ l D} ]
0 0 52 0 HE ||, Dy |

Yt
We are now in a position to solve for itll. Writing out the first of the above equations:

[GOMH + H&2M21:| %11 + [G0M12 + H32M22} ifl + Gl/%%l—l + H1127t21—1 = Dtll—h
so that

i, = — [GoMyy + H52M21rl [(GoMyz + Hy* M) 77, + Giyy, 1 + Hi*vi _1 — Dy 4] -

2.0.3.2.The Binding Regime We now turn to the period when the lower bound con-
straint on the interest rate is binding, ¢t = ¢4, ..., t5. The equation to be solved is:

Qpzir1 + 0z = — [anzi—1 + d + BoSer1 + G184 -
Multiply by Q 3 3
HoYyyq + H17y, = Dy,

17



or,

{ Go Héz 1 l 7t1+1 } + { G I:—’lm 1 l 7t1 i l?tll
0 ’7t1+1 0 H22 ’7t1 i D1521

[ Go Hy* || 7t1+2 _ + G {1112 11 7t1+1 _ _ l?tl1+1 _
0 0 | %1+2 | L0 HY? %1+1 | | D1 |
Go f{&2 7t2 > | 4 [ Gy Pﬁm %2 - i 127512—3 ]
0 0 |[4h=] | 0 H2|| s | Diys |
Go Hy? 7t2 1|4 1 Pﬁm %2 2 127512—2
0 0 |[44] [0 H2|| %] | Dis |

We have 7, in hand. Consider ¢ = #; first.
period t; + 1 equation. Thus,

As before, we must compute 3; ,, using the

Dt1+1 = —Q (dt1+1 + a2Z%1)
’7?1-1—1 = (E[122) Dt21+1

Then, using the period t; equation:

'7%1+1 = G [H0127t1+1 + él'ﬁl + Hil2'7t21 Dtll}
We proceed in this way in each period, ¢t = tq,...,to — 1:

Dt+1 = —Q <dt+1 + 042Z%>

’V?Jrl = (ﬁ122> Dt+1

e = ~Go" [AP5 + Guat+ % - D

The t = t5 equation requires special adjustments analogous to the ones used at the end of
the non-binding regime, because solving the ¢ = t5 equation requires working with the £, 41
equation first. The ‘constant term’ in the ¢5 + 1 equation is:

Dt2+]_ = —Q (dt2+l + OZQZ ( r}/t2 )) .
/ytz

As before, Q is part of the QZ decomposition relevant to the non-binding regime, but Z
belongs to the binding regime because we have 7,, in hand, and this must be converted to
o+

With Dy, in hand, we compute 77, , ; as follows:

’7t22+1 = <H122) D2

to+1°

We now return to the ¢, equation:
QpZty+1 + dIZ’?tQ - = [&22’?152 +d+ ﬁ05t2+1 + 618752] )
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or, after multiplying by Q : o . .
HOZ/Z%ZH + Hl’NYtz = Dy,,

where th is available from the previous computations. Writing this out more carefully,

5 108 % -0

0 0 My M, 7?2+1 0 FI122 s Dth
where . -
~ My Mo } = /
M — ~ ~ = Z Z = M .
{ My, May ( )

Writing out the first of the above equations:

2 t2)

[GOMH + FI(%?MH} Vegr1 + [ée]\;fm + ﬁézf\;[m] Voo + G, + HI?AL, = D,
or,
R N T L~ . - .

/7%2_}_1 = - [GOMM + H(%Qle] [(GOMR + H52M22> 7§2+1 + G17t12 + H1125/?2 - Dtlz] :
2.0.3.3.The Final Non-Binding Regime Given (7%2 415 7?2 +1) , we now solve the equa-
tions in the non-binding regime, t = t5 4+ 1, ..., 7. Consider period t, 4 1 first:

Q02ty, + M1 Zty4+1 = — [Oé?ztz + /808t2+2 + ﬁlstz-f—l] .
Multiplying by () and applying the QZ decomposition:
QOéOZZ/thJrQ + QQIZZ/Zt2+1 == _Q [OéZZtQ + 608t2+2 + /Blst2+l] 9

or,
H07t2+2 + H17t2+1 = Dt2+17

lGo H&Q} [V%ﬁgl_l_lGl HP} l%ﬁl]:[l}tlﬁl}

0 O Vept2 0 HP Vet D7, 1

or,

To solve for (v},,2,77 1) , we first obtain 77 ,, using the ¢ + 2 equation:

Dyyo = —Q(diys2+ a2Zv,, 1) (constant term in period t; + 2 equation)
Vs = (H122)71 D} ., (solving period t; + 2 equation for 7} ,)
Then,
7%2-&-2 = _Gal [H(%27t22+2 + Glﬁ)/;flz-f—l + H%Z‘Y?z-f—l - Dgz-‘rl] .
Fort=t,+1,....,T —1:

Dy = —Q(diyr + a2Zvy)
—1
%?+1 = (H122) Dt2+1
Vi = —Go' [He*vi + Gy + Hi*vi — D]
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We now have v}, 7%, Dr. Recall that s; = 0 for t > T + 1.
2rp1 = Azp,
so that, after multiplying by 2’ :
Y11 = A’)/Ta A= 7'AZ,

or, 3
Ay
( 71T+1 > N
~2 =1 | Ve
T+1 A2
We must still satisfy the ¢ = T" equilibrium conditions:
Go HE2T[ b, Gi H{* ][ 7% Dy
0 0 B I B - e -
141 1 T T
Note, however, that the bottom set of equations are satisfied because of the way 2 was
chosen and because 77, does not enter these equations. The first set of equations need

not be satisfied, however, and so we use the requirement that these be satisfied to pin down
Y741 In particular, we adjust v} until the following expression is satisfied:

G07%“+1 + H3272T+1 + G\vy + H{*v5 = Dy

Note that this is a number of equations equal to the dimension of 71.
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