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1 Equilibrium under selling

1.1 Equilibrium Under Selling with Unobservable Vintages

There are only “new” and “old” cars; prices are p, and p,. Types 0 € [0y, 0] buy new cars and
keep only quality go (i.e. sell as soon as car depreciates). Types 6 € [fg1,0p] buy new cars and keep
qualities go and g;. Types 6 € [01,001] buy used cars, keep ¢;, and sell ga. It is convenient to denote
masses of buyers as follows: vg =1 — F(6p) is the mass of new car buyers who only keep go; vo1,0
(resp. wo1,1) is the mass of new car buyers who keep ¢p and ¢; and, in any given period (in steady
state), happpen to own a quality-go (resp. ¢1); it must be the case that vg1 0+vo1,1 = F(6o1)—F (6o)-
Furthermore, let v1,1 be the mass of types who buy used and happen to own a quality-g; car; finally,
v1,2 is the mass of buyers who buy used and happen to own a quality-go; it must be the case that
V1,1 T V1,2 = F(901) — F(Gl) and 1 — F(Gl) =Y.

Now let ¢ denote the fraction of new cars that are bought by types who then only keep quality
qo- We have

vo = ( )
voro = ( )
vo1,1 = (1 —="14)vo1,1 + YoAvo1,0
v = ( )
vig = ( )
To clarify: in steady state, the total mass of types 6§ who buy new and keep gy equals the mass of
such individuals whose car did not die in the previous period , plus the mass of such individuals

whose cars died in the previous period and was replaced by a new car; in particular, the steady-
state flow of replacement cars equals the mass of cars that were in the hands of buyers who buy
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used, happened to hold a car of quality g2, and whose car died. An identical interpretation holds
for vo1,0. The interpretation of vgi 1 is similar, but now the interpretation of the second term is
different: the inflow of buyers into this category equals the mass of buyers who are also buying
new and keeping qo and ¢;, who had a car of quality gy in the previous period, which however
depreciated. For vy 1, the second term represents the mass of cars held by consumers who buy new
and keep only go (these are the only used cars that enter the market at quality level ¢;). Finally,
for v1 2, the second term has an analogous interpretation; the first is more noteworthy. Recall that,
in the equilibrium we are trying to construct, cars of quality g2 that do not depreciate (hence, die)
are immediately sold; however, until they depreciate, they remain part of the pool of used cars.
Hence the first term.

Rearranging terms and noting that (vo + v01,0)79A = (vo1,1 + v1,1)71A = v1,27,A and (vy +
v01,0) + (vo1,1 +v1) +vi2 =Y, we get v17272(’yal + 71—1 + 72_1) =Y and therefore

Vo + V01,0 = — — = Y = )\Y
Yo TVt 72
—1
vo11 +v11 = —3 71_1 —Y =AY
Yot 72
—1
g = 2 Y =AY

Finally, taking into account the way each quality is split among each group,

vo = AoYe
vor0 = AY(l—o)
voi1 = MY (1—9)
v = MYy
vig = A2Y.

Note that these quantities are independent of A. Moreover, the fraction of quality-gg cars owned
-1

O)_‘f)\l = 'y’;@rv’l = (g, the fraction of quality-qp cars in the new
0 1

by buyers who keep go and ¢ is 5

1

market is T /\/}(El_cp) = 7_1+3§1 0 = \(, and the fraction of quality-¢; cars in the used market
0 1 -
is >\1/<\plfk2 = ;. All these quantities are also independent of A.

Turn now to the value functions. Consider buyers who participate in the used-car market.
Recall they must keep ¢; and sell g2 immediately (because there are some quality-q; cars in the
used-car market, and the price they get for their car equals the price they pay for another used
car). We must determine the fraction of quality-¢; cars that are supplied in every period. Types
0 € [0o, 0] sell quality-q; cars, so the fresh supply of this quality equals voyyA = AY ©y,A; on the
other hand, the wvo1 1 types 6 € [0o1,60] who held a quality-g; car in the previous period, which
then depreciated, sell a mass vp1,171A = MY (1 — @)y, A of quality-ga, cars. Furthermore, the vy 2
types 6 € [01, 00p1] who had a bad draw in the previous period, as well as the v1; types in the same

interval who had a quality-g; car in the previous period, which then depreciated, are also reselling



their cars on the used market. This adds v1 17 A4 v12(1 —7A) = MY oy A+ XY (1 —v,A) cars
(note that we must make sure that the cars offered do not die). Hence, the fraction of quality-g;
used cars offered each period in vintage 1 is

AoY A
MY ©070A + MY (1= 9)y A+ MYy A+ XY (1 —74)
Aoy
A0PYoA + A1y A + Ao (1 = 7,4)
A7 w
A0PYoA + A2 7

using the fact that A\;y; = Aa79. Observe that " does depend upon A. Note that the fraction of
quality-q; used cars of at any point in time, ¢, will in general be different from ¢", because cars
of quality ¢o accumulate in the used-car market. Hence

RN
Vul0) = —pu+ " {ppql@ +e PR [(1— 7 A) W1 (0) + 11 Alpu + Vu(9))]}
_erA
=) [T+ R 0+ (- a2l |
_ e
War(®) = T+ 2 {(1 = 11 A) W1 (0) + 71 A+ V(o))

To clarify: if the used car is g1, then buyers enjoy it for one period; then, if it does not depreciate,
they get the continuation value W, 1(0) determined by the assumption that the car is sold as soon
as it depreciates. If the used car is ¢, it is sold immediately, but one must take into account the
fact that the car may still die (hence the buyer may be unable to resell it).

Next, consider 6 € [fy1,6p]. These buyers buy a new car, and sell it when it depreciates to gs.
We must still keep track of the continuation values; however, now a new car is guaranteed to be of
quality gqo.

—_ e PA
Vi01(0) = —pn + qug + e P2 (1 — 7o A) Wh01,0(0) + voAWy01,1(0)]

1—ePA

Wh,01,1(0) = T(Iﬁ +e P2 {(1 = 7 A) Wao1,1(0) + 71Apy + Vi1 ()]}
1-— C_pA PN
Who1,000) = TQOH +e P2 {1 — v A)Wi01,0(0) + 7oAWp01.1(0)} .

Finally, we consider buyers who buy new cars and keep qg.

1—e P2
Vio(0) = —po+ %qoﬂ + e P2 (1= 7oA Wao(8) + YoAlpu + Vio(6)}

Wn,O(H) = Vn,0(0)+pn-



To construct an equilibrium, consider an arbitrary ¢ € [0,1]: ¢ = 1 cannot yield an equilib-
rium, because it would induce an efficient allocation, which, by Theorem 1 and Proposition 1, is
impossible. For each such ¢, it is possible to choose prices p,, and p, such that

Vu(01) =0, Vypo01(801) = Viu(bo1).

We now consider three cases. (1) If V;,0(60) < Vi,01(80) for all ¢ (recall that ¢ determines the
cutoff fp), then in particular this is true for ¢ = 0, where 6y = ; this implies that, for ¢ = 0,
Vno(0) < Vi01(0) for all 6 (the argument requires a decomposition analogous to the one in the
proof of Lemma 2). Hence ¢ = 0 yields the right incentives to all consumers types when they do
not own a car.

(2) If V3,0(60) > Vi01(6o) for all values of ¢, then in particular this is the case at ¢ = 1, where
0o = Oo1; for this value of ¢, it is then the case that V,, 0(0p) > Vy01(00) = Vi (6p). Hence there
exists a price p], > py, such that V;, 0(6p) = Vi,(00) > V,, 01(00); that is, at the prices pl,, py, all types
6 € [0 = o1, 0] buy new cars and keep only qo, and types 0 € [0, 0] buy used cars.

(3) If, finally, there exist ¢, such that at the corresponding prices and cutoff types 6, 65,
Vi0(00) < Vio1(00) and Vi, 0(63) > Vi01(6;), then by continuity there exists ¢” such that equality
obtains.

Thus, in all thee cases, for an appropriate choice of prices and ¢ € [0, 1], consumers follow the
policies described above when they do not own a car; to complete the argument, we now show that
they also do so when they already own a car (i.e. they adopt the “right” keeping policies).

The argument for consumers who experiment with used cars is straightforward: if they currently
own quality ¢ (resp. g2) given that their best continuation policy is to buy another used car, they
can only do worse (resp. better) in expectation by selling their current car. Thus, turn to type 0o1,
assuming that ¢ < 1 (otherwise this case is irrelevant). It is clear that this type should not keep a
car of quality ¢o. If her current car instead is of quality ¢;, her continuation value is

1—ePrA _
Who1,1(001) = TQIQOI +e P2 {(1 =7 A)Wh01.1(001) + 11 A[pu + Vio1 (001)]} =
1 — e_pA PN
= Tm@m +e P2 {1 — v A) Wy o1,1(001) + V1 Apu + Vu(ln)]} =
= Wu(ln);

if she instead sells her car, then she can get at most py, + V;,.01(601) = pu + Vu(001) < Wy (0o1). The
inequality follows because the L.h.s. is the value of receiving a used car, which may be of quality
q1 or ¢o, and following the optimal keeping policy for used cars, whereas the r.h.s. is the value
of receiving a car of quality ¢;, then following the same optimal keeping policy. Hence, type o1
should keep a car of quality ¢;, and consequently she should also keep a car of quality gg. This
implies that all other types in [fg1, o] also have the correct incentives.

Finally, consider type 6y, assuming ¢ > 0 (otherwise this case is irrelevant). We must ensure
that this type will be willing to sell quality q;. If she does, she obtains

Pu+ Voo(8). = pu+ Vio1(6o) > Who1,1(001),



where the inequality follows because py, + V,.01(6o) is the value of receiving a car of quality ¢o, and
keeping it until it depreciates to ¢o, then buying a new car and continuing with the same keeping
policy. Since V;,0(001) = V3,01(60), W 01,1(001) can equivalently be viewed as the value of keeping
a car of quality g; until it depreciates, then reverting to the designated policy for type 6y. This
shows that keeping ¢; is not a profitable deviation for type 6y, and concludes the proof.

1.2 Equilibrium Under Selling with Observable Vintages

Notation is approximately as above. Now types in [fy, ] buy new (i.e. vintage 0) cars and keep
only qo; their mass is vg. Types in [fo1, o] buy vintage 0 and keep ¢o and ¢1; vo1,0 is the mass of
such types who happen to own a quality-go car, and vp1,1 is the mass of such types who own quality
q1- Types in [0, 6001] buy vintage 1 and keep only ¢i; v1,1 and v; 2 denote the masses of such types
who own qualities ¢; and g2 respectively. Finally, types in [f2,6;] buy vintage 2 and keep quality
q2; their mass is vo. We thus have, in steady state,

vo = (L—0)vo+ (v2+v12)72A¢
vo1,0 = (1 —70A)vo1,0+ (v2 +v12)72A(1 — )
vo11 = (1 —71A)vo1,1 + vo1,070A
v = (I —=7A)v11 + vyl
v12 = UOl,l'VlA
vg = (1 —7A)v2 +v1171A +v12(1 —74).

To clarify, quality-g; cars of vintage 1 are cars previously owned by types in [0, f] that have just
depreciated; quality-go cars of vintage 1 instead are cars that were discarded by types in [fp1, 0o
The latter cars are immediately resold, and hence become of vintage 2, provided they do not die:
this explains the third term in the r.h.s. of the last equation. The remaining cars of vintage 2 are
either surviving vintage-2 cars or vintage-1 cars that have just depreciated from ¢; to gs.

We solve as above. In particular, (vo + v01,0)70Q = (v2 + v12)72A and (vo11 + v11)71A =
(UQ + 1)172)’}/2A, and we obtain vy + V01,0 = oY, V01,1 + V1,1 = AY and v1,2 +v2 = XY, with A; as
above. Therefore

vo = AoYe
vor0 = AoY(l—¢)
vo11 = MY (1—o)
v = MYy
vig = MYl -9y
v = Y — XY (1—¢)y,

(note that A\iy; = Ajy; for all 4,5 = 0,...2). The fraction of quality-g; cars of vintage 1 is

P = m, and the fraction of quality-go cars in the hands of types 6 € [0o1, 6o is @5 = ﬁ.



Turn now to value functions and prices. For types 0 € [02,04],

_ P
V(0) = =2+ T+ ¢ PA{(1 = 1 A)Va(6) + pal + 1AV

Next, consider 0 € [01,001]. We must distinguish between buyers who currently own a quality-
¢1 car, and those who currently own ¢o (and hence will immediately dispose of it). The key issue
here is the composition of the supply of vintage-1 cars: A\gY ¢v,A come from types 6 € [0y, 1], and
hence are of quality ¢1; MY (1 — ¢)v;A come from types 6 € [0p1, 6p], and hence are of quality go.
Therefore, the fraction of quality-g; cars supplied is

oYy S
MY oA+ MY (1 -9 A  p+l-—p 7

where we use the fact that A\oyy = A1y;. Hence we can write

_ o~ PA

O = oot T 04 - A0 + 1 A0 + )]}

e
- [+ P 0) + (- 28]}

1—ePA
Wii(6) = %qle + e PA (1= A) W1 (6) + 11 A[VA(8) + pal} -

To clarify: consider a buyer who currently has no car. If she buys a vintage-1 car, with probability
¢ she gets g1; W1,1(6) represents her continuation payoff, assuming the car does not depreciate
at the end of the period. With probability 1 — ¢, she gets g2, in which case she sells the car
immediately, provided the car does not die at the end of the period; note that, in any case, the
buyer will purchase a vintage-1 car in the next period if her current car is of quality gs.

Now consider 6 € [fo1, 0p]. Recall that these buyers sell their cars only when it depreciates to

qz.
1-— e_pA — oA
Vor(0) = —po+ T(Jﬁ +e P2 (1 — 79 A)Wo1,0(8) + voAWo1,1(0)]
1-— e_pA — oA
Wor,1(0) = Tm@ +e P2 {(1 =71 A)Wor,1(0) + 1 Alp1 + Vor (0)]}
1-— e_pA — oA
Woi10(0) = TQOQ +e P2 (1 — v9A)Wor1,0(0) + voAWo1,1(0)]

Note that the problem is exactly the same as the problem faced by consumers 6 € [0y, 0] in the
no-vintages case: simply let pg = p, and p; = p,.
Finally, V;(0) is exactly like V}, ¢ in the no-vintage case:

1—ePA _
Vo(0) = —po+ Tq(ﬁ + e P2 {(1 = 7o A)Wo(0) + voAlp1 + Vo(0)}

Wo(0) = Vo(0) + pr1.



To establish the existence of an equilibrium, we proceed as in the case of unobservable vintages.
For every value of ¢ € [0, 1], we can determine pg, p1, p2 via the indifference conditions

Vo(B2) =0, Vi(01) =Va(01), Voi1(0o1) = Vi(bo1).

However, Theorem 1 and Proposition 1 imply that ¢ = 1 cannot correspond to an equilibrium,
because it implies efficiency. Furthermore, the proof of Theorem 1 shows that, at ¢ = 1, type
fo1 = 0y will strictly prefer to keep quality ¢; rather than resell her current car and buy another
vintage-0 car. This easily implies that, for ¢ = 1, V5(0g) < Vo1(0o). Hence, we only need to consider
two cases: if Vp(0p) > Vo1(0) for all ¢, then ¢ = 0 yields the right incentives when consumers do
not own a car; otherwise, Vy(6g) = Vo1(0g) for some ¢ € [0, 1).

Incentives when consumers already own a car are verified as in the case of unobservable vintages,
so the proof is omitted.

2 Omitted Proofs

2.1 Proof of Lemma 1
Note first that, by Eqgs. (15), one can write

Yon(Dd) 0 ... 0
| 0 L
0 o ... 0
foralln =1,..., N, where v" = [v}},...v}]" and
Y10 Vnn(A) 0 cee e 0
Anfl "= 7n—1,n+1A 7n,n+1A 7n+1,n+1(A) 0 ce 0
’Yn—l,NA %,NA ’Yn+1,NA SRR VN,N(A)

Next, since v, ,(A) =1 — Gppi14,
VA 100" = [GroinA =y v D T=Yonpd o 1=y npAl 0" =

= _’Yn—l,n—l(A)fUZ:% + Z (1 - 7m,N+1A)U77:’L_1 =

m=n—1

N
—1 —1 -1
= _Vn—l,n—l(A)vzfl + 1" — Z ’Ym,N—i-lAU:Ln

m=n—1



and hence

N
V" =y (B)uy = 10—y (AT = Y Vv At =
m=n—1
n—1

N
_ 410 ¢
= v’ —y0(A > kv Avg.
0 k=t

~
Il

1oV

In particular, since vintage-IN cars can only have quality qu, = v]]\\; and GNN+1 = YN N+1

and therefore also vy n(A) =1 — vy y11A. Hence

N—

N

N N 0 ‘

YN N At =10 — VN,N(A) =10 — 5 0(A)vg — Z%,NHA%
(=0 k—t

[y

and therefore

N N

Z Z’Yk,NHA”i = 10" — ’7070(A)U8 =Y.

=0 k=¢
This shows that, if the quantities v, are defined via equation (15), they automatically satisfy
equation (16). It is also easy to see that v]! > (H?Zl ’)/g_l,e) Xoy; furthermore, v}, = 0 if y = 0.
Hence, as long as xy > 0, there exists y* such that equation (17), too, is satisfied.

To prove the second part of the claim, note first that all quantities v]!, are bounded, so y — 0
as A — 0. This immediately implies that v?, — 0 for m > 0; proceeding by induction, assume
that we have shown v ! — 0 for m > n — 1: then the last line of equation (15) implies that
vy, — 0 as well for m > n (in particular, the terms in the summation corresponding to £ =n — 1
vanish because v~} is bounded). Furthermore, it is clear that v = >}, vf for all A; therefore,

|U:§—U§|:|UZ—Z?:0U£+Z?:0U£— n}_ 04‘2?01 fz —0as A—0.

2.2 Proof of Lemma 4

From equation (19), the claim is clearly true for n = 0. For n > 0, note first that the denominator
of Al can be rewritten as follows:

N—-1 N N
_ -1 _
Z ( Z YerAvy ™ + v (A)of ) = D0 D kAT Y (A
k=n \f=n-—1 l=n—1k=¢ l=n
N-1 N
= ) Gren Aoy D v (A)yT
l=n—1 {=n

N
-1 § : -1



Accordingly, rewrite A}, as follows:

Vi 1nAVET] A+ Yy (D)0

A=
n Gn—l nAUn 1 + Zf . UEL—I
_ -1
’Yn—l,nvn—l + Ynn (D) vnA

n—1 °*

n—1 N Uy
anl,nvn—l + ZE:n A

Now Lemma 1 shows that v/"{ — v}_; > 0 as A — 0. Furthermore, we claim that sup % < 00

for all n and m > n. To see this, observe first that, from equations (16) and (17),

y N N N N
12 .
AT Nt S D) v =Y <
=0 k=¢ (=0 k=t
since v0, = x,,y for m > 0, this immediately implies that the claim is true for n = 0. Assuming

that it is true for n — 1 > 0, for m > n, equation (15) implies that

m—1 _
Unl

Km_ Z Ve, ’U?_l"i_’}/m,m(A) TZ
l=n—1

n—1
and the induction hypothesis implies that supa~o “%— < oo; since 7,, ,,(A) — 1, the claim is true

for n as well.
The proof of the Lemma can now be completed: we have

n—1
A > Yn— lnvn 1
n — - ”U?_l
anlvnvn—l + EZ n
i 1
> Yn— 1n n—1
- n 1
Gn lnvn 1+Z£ nsupA>0 A
Yn—1,nVn—1
N n—1,n Up, n _ > 07

Grn—1n0;,_ 1+ZZ n SUPAS) A~

and the claim follows.



