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Description of the map

2D piecewise linear discontinuous map
F:I' - I =[0,1]x0,1],

Fl:( Z )_)( gigzu ) (z,y) € D;
w2 ) (8287 ) emen
() (8). ewens
e (3)-(82%58) ewen
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Description of the map

2D piecewise linear discontinuous map
F:I* - I?, I* =[0,1] x [0, 1],

. (1-19)z .
Fl-( )_)((1_6)y+5>)($1y)€D17

e 8

in( ; )—)( Ei:g;z-&& )’ (2,4) € Da:

Fa:( Z )—)( 8:8; >, (z,y) € Ds;
e 1-6)z+46

F4:( v )—)( El—égy—%& ),(w,y)eD‘}.

where the regions are defined as

D, = {(z,y): P*<0, PY<0}; D,={(z,y): P®">0, PY>0}
D3; = {(z,y): P*<0, PY >0}, Ds={(z,y): P®>0, PY <0}

P = (2 —1/2) + ma(y - 1/2), P¥=(y—1/2)+my(z—1/2)
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and the parameters satisfy 0 < 6 < 1, mg > 0, my > 0.
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Description of the map

2D piecewise linear discontinuous map

F:P - D, P =[01x0,1],
Fl:( Z )_)( Eiigiﬂs ) (z,y) € Dy;
2 (5)- (6% ) ewen
()= (8) ewen
e (3)-(8%58) wen
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Description of the map

2D piecewise linear discontinuous map
F:I* - I?, I* =[0,1] x [0, 1],

. (1-19)z .
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e 8
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and the parameters satisfy 0 < 6 < 1, mz > 0, my > 0.
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Preliminaries

@ Map F is symmetric wrt (z,y) = (1/2,1/2) denoted S.

@ Any invariant set A of map F is either symmetric wrt S or there must exist one
more invariant set A’ which is symmetric to A wrt S.
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Preliminaries

@ Map F is symmetric wrt (z,y) = (1/2,1/2) denoted S.

@ Any invariant set A of map F is either symmetric wrt S or there must exist one
more invariant set A’ which is symmetric to A wrt S.

The discontinuity lines:

y=—e+ 3 (C°) e P =0, y=-my+ T4 (CY) & PY=0
They coincide if my = -2~ (C) in which case F is defined by the maps F; and F» only.

Mg
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Preliminaries

@ Map F is symmetric wrt (z,y) = (1/2,1/2) denoted S.

@ Any invariant set A of map F is either symmetric wrt S or there must exist one
more invariant set A’ which is symmetric to A wrt S.

The discontinuity lines:
Yo ey e (0) e PP =0, y= myss T (CY) e PY =0
They coincide if my = mLz (©) in which case F is defined by the maps Fy and F- only.

o’

2D bif. diagram: period adding and period incrementing structures

atan(my) =

04 06 1 atan(mx) 14
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Partitioning of the parameter space

Dependingon mymy, 21, mz 21, my 21

e For (mz, my) € Ry = {mzmy > 1, m, < 1} (Case I) and
(mz,my) € Rip = {mzmy < 1, my > 1} (Case II) map F has two attracting border
fix. p-ts, (z,y) = (0,1) and (z,y) = (1,0). Their basins are separated by C*.
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Partitioning of the parameter space

Dependingon mymy, 21, mz 21, my 21

e For (mz, my) € Ry = {mzmy > 1, m, < 1} (Case I) and
(mz,my) € Rip = {mzmy < 1, my > 1} (Case II) map F has two attracting border
fix. p-ts, (z,y) = (0,1) and (z,y) = (1,0). Their basins are separated by C*.

A
my Rr \ R R
1
Ry
Rur R
0 -
0 mx
AR NZ] TNEF I
Yy x ¢ Y : c*
c »
J) & F2
F1 F1
£3 F4
0 0
0

X

1

0
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Partitioning of the parameter space

e For (ms, my) € Rirr = {my < 1, my < 1} (Case IlI) |
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Partitioning of the parameter space

e For (ms, my) € Rirr = {my < 1, my < 1} (Case IlI) |
'y
my R R
1

Ry
Rur R

0 -

0 mx

Attractors of F' (Case Ill)

An n-cycle v,, n > 2, belonging to the left border Iy of I?,
and an n-cycle v/, belonging to the right border I of IZ.
The basins of v, and 7., are separated by C®.
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Case Ill: two border n-cycles and period adding structure

The dynamics on I (I) are governed by the 1D piecewise linear discontinuous map g
(g, resp.) with the discontinuity point c_; = (my +1)/2 > 1/2
(c1=(1—-my)/2=1—c_1 < 1/2):

: _ ) g(y)=(1-68y+é 0<y<c.
g'yﬁg(y)_{gn(y)Z(l—é)y, c1<y<1
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Case Ill: two border n-cycles and period adding structure

The dynamics on I (I) are governed by the 1D piecewise linear discontinuous map g
(g, resp.) with the discontinuity point c_; = (my +1)/2 > 1/2
(c1=(1—-my)/2=1—c_1 < 1/2):

: _ ) g(y)=(1-68y+é 0<y<c.
g'yﬁg(y)_{gn(y)Z(l—é)y, c1<y<1

=
Il
(=
=
Il
—

g g0)

0
0 Ci1 y 1 o C:] Yo
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Case Ill: two border n-cycles and period adding structure

The dynamics on I (I) are governed by the 1D piecewise linear discontinuous map g
(g, resp.) with the discontinuity point c_; = (my +1)/2 > 1/2
(c1=(1—-my)/2=1—c_1 < 1/2):

: _ ) g(y)=(1-68y+é 0<y<c.
g'y%g(y)_{gn(y)Z(l—é)y, c1<y<1

g g0)

0
0 Ci1 y 1 o C!] Yo

0 02 04§ 08 08 1
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Case Ill: two border n-cycles and period adding structure

The dynamics on I (1) are governed by the 1D piecewise linear discontinuous map g
(g, resp.) with the discontinuity point c—; = (my +1)/2 > 1/2
(c1=(1—-my)/2=1—c_1 < 1/2):

: _ ) 9(y)=(1-68y+4é 0<y<c.
g'yﬁg(y)_{gn(y)Z(l—é)y, c1<y<1

B
Il
o
=
Il
—_

(a0 ‘[z

0 0
0 i1 Yy 1 o0 c YV o
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Partitioning of the parameter space

e For (mg, my) € Riy = {mymy < 1, m, > 1} (Case IV) J
Case IV
4
my Ru R
1
Ry
R R
0 -
mix
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Partitioning of the parameter space

e For (mg, my) € Riy = {mymy < 1, m, > 1} (Case IV) J
Case IV
A
my Ru Ri Rt
1
Ry
Rur R
0 -
0 1 mx

Attractors of map F' (Case V)

An interior 2-cycle 'z, which may coexist or not with
two attracting border n-cycles v, € Iy and v,, € I;.
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Partitioning of the parameter space

Cases IV and V: An interior 2-cycle

A
my Rn Ri Ryt
1
Rvr
Rm R
0
4] mx
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Partitioning of the parameter space

Cases IV and V: An interior 2-cycle

F 1

my Rn Ri Ryt y
1
Rvr
Rm R
0 > 0 0
0 1 mx 0 x 1 0 1

An interior 2-cycle I'; = {po, p1}, with

_(1 1—5)€D _(1—5 1
P=\2"% 25 G Py L
exists for mgy > 1, my < 1 (i.e., (mz, my) € Ryv U Ry ):

At m, = 1 a BCB occurs at which pg € C® (as well as p1 € C%);
At my = 1 a BCB occurs at which pg € C¥ (as well as p, € C?)

)EDz
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Interior 2-cycle

Case IV: Basins of attraction (below curve B : m, = %)

1

¥y

08

06

04

0.2
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Interior 2-cycle

1—dmg
mz(1—6) )

Case IV: Basins of attraction (above curve B : my =
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Partitioning of the parameter space

e For (mg, my) € Ry = {mamy > 1, my < 1} (Case V) J
Case V
4
my| Ru Rw
1
Rv
R Riv
0 = 0
mx 0 X 1
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Partitioning of the parameter space

e For (mg, my) € Ry = {mamy > 1, my < 1} (Case V) ]
Case V
A
my RJ] RJ RVI’
1
Ry
Rm R
0 -
0 1 mx 00 x 1

Attractors (Case V)

e Case IV = Case V: the curves C* and C? are merging and switching their position.
e Borders Iy and I; are no longer invariant, cycles v, and 7. no longer exist.
e 2-cycle T's may coexists or not with basic cycle I'an, n > 2, or with I'2,, and T'y(ny1).
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Case V: interior 2- and 2n-cycles; incrementing structure
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Case V: interior 2- and 2n-cycles; incrementing structure
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Partitioning of the parameter space

e For (mz, my) € Ryr = {mz > 1, my > 1} (Case VI) J
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Partitioning of the parameter space

e For (mz, my) € Ryr = {mz > 1, my > 1} (Case VI) J
Case VI
A
1
Ry
Rur R
0
0 mx
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Partitioning of the parameter space

e For (mz, my) € Ryr = {mz > 1, my > 1} (Case VI) |
Case VI
'y
my RH RI Rpj
1
Ry
Rur Riv
0
0 1 ix
Attractors of map F (Case VI)
Several coexisting attracting interior cycles of even periods.
17 / 35
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Border collision bifurcations of an interior cycle

Let F has an interior cycle s = {p:}:75 " = {(zi,¥:)}mg ", n > 1. It can be

=0
represented by a symbolic sequence o = 001...02n—1 where o; € {1,2,3,4} and
1 ifp, €D
o — 2 if pi € D2
4 if p; € Dy

@ Any interior cycle I'2,,, n > 1, of map F can be represented by the symbolic
sequence 1¥4™253™ where k > 1, 0 < m < k.
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Border collision bifurcations of an interior cycle

Let F has an interior cycle s = {p:}:75 " = {(zi,¥:)}mg ", n > 1. It can be
represented by a symbolic sequence o = 001...02n—1 where o; € {1,2,3,4} and

1 ifp, €D
o — 2 ifp,;EDz
4 if p; € Dy

@ Any interior cycle I'2,,, n > 1, of map F can be represented by the symbolic
sequence 1¥4™253™ where k > 1, 0 < m < k.

y cr y <
08 +k 08 +k
Cx Pm+k-1 om Pmik-1 Pm
Pk Cr A\
06 06
Pic1
04 04 Pk1
Pa(m+i-1
02 0 02 P2(m+k)-1
Po
0 0
0 02 04 06 08 x 1 0 02 04 06 08 x 1
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Border collision bifurcations of an interior cycle

2n—1

@ The rightmost point po € D; of the cycle I'an = {ps};"5 ", n > 1, of map F with
symbolic sequence 1¥4™2%3™ has the following coordinates:

— a™ GRS -
(130,’!-/0) - (1+am+k) 1+am+k) ) a = 1 - 5
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Border collision bifurcations of an interior cycle

2n—1

@ The rightmost point po € D; of the cycle I'an = {ps};"5 ", n > 1, of map F with
symbolic sequence 1¥4™2%3™ has the following coordinates:

— a™ GRS -
(mO,yO) - (1+am+k) 1+am+k) ) a = 1 - 5

Proposition 1. Let 0 < 6§ < 1, (mz, my) € Ry U Ry ;. Let F have a cycle
Ton = {pi};75*, n > 1. Then it is an interior 2(m + k)-cycle having the symbolic

sequence 1¥4™2%3™ where k > m, 0< m <[, 1= L1°g1_5 0.5J + 1. The related
periodicity region P,, ;. is confined by at most four BCB boundaries:

Bk my= % =: m;(m,k) (po € CY)

Bhi: my= % = minky  (Paktm)—1 € CY)
Bk me= % =M (k) (pr € C7)

Bhk: o= % = Ma(mpy (Pe-1 € C7)

The region P, can be one-side unbounded (only the the boundaries Bfn’k, Bfn,k and
B, ;. exist) or two-side unbounded (only B2, ; and B}, , exist).
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Border collision bifurcations of an interior cycle

@ The rightmost point po € D; of the cycle I'an, = {pi}:75", n > 1, of map F with

symbolic sequence 1¥4™2%3™ has the following coordinates:

m m-+k
(zo,y0) = (]__;,_Zim-{—k) 1_‘:’_‘17711%) , ai=1-9

BCB of I'ym+x): po € CY

,
1 .
y cy Bm,k : m}':m,{'fm,k)
my 1‘
08 Pm
Cx Pmk-1
Pk
N 3
06 Bk Pk B gl,k
Pr-1 mx:mg(m,k) mx:m.é(m,k)
04
P2(m+k)-1
02 Po ) bl
Bin.i: my=mymp)
. mx
—_—
0 02 04 06 08 x 1
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Border collision bifurcations of an interior cycle

@ The rightmost point po € D; of the cycle I'zn = {ps};2; , n > 1, of map F' with

2n—1

symbolic sequence 1¥4™2%3™ has the following coordinates:

am
(zo,%0) = TFamTk1 TyamTE

am+k

), a:=1-9¢

BCB of Fg(m+k): Po(k+m)-1 € cY

1

y

08

06

04

02

CY
Pm+k
Ccx m+k-
Pk
JZ3\
DP2(m+k)-1
Po
02 04 06 08

3
B mk
my= m.é(m,k)

1.
Bm,k : my:m,{'(m,k)
my

P mk

|

4
Bm,k
mx:m.é(m,k)

=2
szﬂ.k,’ My =13, k)

mx
e
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Border collision bifurcations of an interior cycle

@ The rightmost point po € D; of the cycle I'zn = {ps};2; , n > 1, of map F' with

2n—1

symbolic sequence 1¥4™2%3™ has the following coordinates:

m
(molyo) = (]__;'_Zim-l—kl 1

O N
FamTEk

m-+k

), a:=1-9¢

BCB of Fg(m+k): pr € C*

1

y

08

06

04

02

(624
Pm+k
Pm+ic-1
c¥ 2
JZ3\
P2m+k)-1
Po
02 04 08 08

3
B mk
my= m.g(m, k)

1.
B mk: m}':m}(m,k)
my

<— Pmk

4
B mk
171.= 1, 1)

B %»z.k,: m}':m}z'(m, 9]

mx
—_—
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Border collision bifurcations of an interior cycle

@ The rightmost point po € D; of the cycle I'an, = {pi}:75", n > 1, of map F with

symbolic sequence 1¥4™2%3™ has the following coordinates:

m m-+k
(zo,y0) = (]__;,_Zim-{—k) li,'im-i—k) , ai=1-9

BCB of Fg(m+k): DPr—1 € c*

,
1 .
y cy B mk - m,\':m}(m,k)
my
08 Pm+k
Ccx Pm+k-1
Pk
N 3 4
06 Bk Pk —> Bk
Pr-1 M= mxa(m, k) M= m.\:fl( mk)
04
P2im+k)-1
02 0
2
Bk My=miinp
. mx
—
0 02 04 06 08 x 1
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Period incrementing structures

The set of periodicity regions {Ppm k}7,, form a period incrementing structure. ]
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Period incrementing structures

The set of periodicity regions {Ppm k}7,, form a period incrementing structure. ]

Proposition 2. The number of period incrementing structures in the (mg, my)-plane is
defined by I = Lloglﬂs 0.5J + 1, that is, for fixed 0 < § < 1 map F can have cycles with
symbolic sequences 1¥4™2%3™ for any 1 < m < [ and k > m.
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Period incrementing structures

The set of periodicity regions {Ppm k}7,, form a period incrementing structure.

Proposition 2. The number of period incrementing structures in the (mg, my)-plane is
defined by I = Lloglﬂg 0.5J + 1, that is, for fixed 0 < § < 1 map F can have cycles with

symbolic sequences 1¥4™2%3™ for any 1 < m < [ and k > m.

my,7 [
14 mys -
2 my.s
my, =
S my3
S 1.2
08 my=1 my
08
o4 mx=1
02
0
0o 02 04 08 " atan(mx) 4

IS

S atan(my)

0 02 04 06 08 1 atan(mx) 14
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Period incrementing structures

The set of periodicity regions {Ppm k}7,, form a period incrementing structure. J
Proposition 2. The number of period incrementing structures in the (mg, my)-plane is
defined by I = Lloglﬂg 0.5J + 1, that is, for fixed 0 < § < 1 map F can have cycles with
symbolic sequences 1¥4™2%3™ for any 1 < m < [ and k > m.
0=01=1=7
my,7 8 1 | 1
14 6 i_ 14 z
: ol T ;
< . H N
§ e IE N
08 my=1 my o 15
17
06 — 0 ;?
04 =1 c 04 iz
0. 0. 2
Dm 02 04 08 08 1 atan(mx) 4 0 02 04 06 08 1 atan(mx) 14

: 1 _ 1 _. : 2 _
limg_ oo My(mk) = 3a=0)"=1 = Mym» limg oo My (k). = My,m—1
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Period incrementing structures

0=03=101=2

7
/
T

atan(my)
(o)
atan(my)

S
ki

P12
04 S
mx=1
0 Pii
o
0 02 04 05 08 1 gran(mx)14
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Period incrementing structures

0=03=101=2

| ] ‘3
14
14 _{ H“ p
B P 2 7
£ o £ ;
§ K] 11
3 S 13
my=1 08 15
08 { 17
08 ~ MJ 19
P12 21
04 2z
mx=1 =
0 Pis 2
0
0 02 04 06 08  atan(mx) 14
5 1
4 16 68,10 6.10 08
m
ol 8J10.12 y
3 06
" [8.10,14
Lam=2,k=5)
2 04
12| 10 3 68 6
1 -0 02
C —_—
0 0
1 12 14 16 18 2 22 Mx 24 0 02 04 06 x 08 1

Discrete Time Fashion Cycl
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Codimension-two BCB of an interior cycle

Proposition 3. In the (z, y)-phase plane of map F a parallelogram P with vertices p, q,
p’ and ¢’ can be constructed if my > m,, m; > 1, independently on §. Here
P=(zp,Yp) = (1/2 + M/2my,1/2 — M/2),9 = (zq,Yq) = (1/2 — M/2,1/2 + M/2m.)

pl:(l_mprl_yp)x q/:(1_5471_yq)!M:(my—mz)/(mzmy_l)

ZTp
Lo]_ = %m +1
1
Liy: y= zz,l(m -1)+1,

0 02 04 06 08 y 1
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Codimension-two BCB of an interior cycle

Consider a region P x and its vertex point p)%, = (M2, 1), Main x)- J
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Codimension-two BCB of an interior cycle

Consider a region P x and its vertex point p)%, = (M2, 1), Main x)- J

Proposition 4. The vertex point p71n‘°’,C of region P,k (i.e., mz = mi(m,k),

my = m;(m,k)) is a particular codimension-2 BCB point at which four points of the

cycle T'y(m4k) collide with the borders: po € CY, px € C%, prym € CY and pag+m € C”.
1,3 . _ _ . !

Moreover, at p,." it holds that po = p, px = g, Pe+m = p' and partm =g
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Codimension-two BCB of an interior cycle

Consider a region P x and its vertex point p)%, = (M2, 1), Main x)- J

Proposition 4. The vertex point p71n‘°’,C of region P,k (i.e., mz = mi(m,k),

my = m;(m,k)) is a particular codimension-2 BCB point at which four points of the

cycle T'y(m4k) collide with the borders: po € CY, px € C%, prym € CY and pag+m € C”.
1,3 . _ _ . !

Moreover, at p,." it holds that po = p, px = g, Pe+m = p' and partm =g

k

pinsk for different m, k belong to curves Vi : my = 34—, which for fixed k and

6 =0 (a — 1_) tend to my = my, while for fixed § and & — oo tend to m, = 1.

16 — 1 —
- / 4 /"
§ e § -
< P g -
s s
§ § )
- S o~
~ 1
12 12 g
11 1
P35
. 1
b
S 5=005
03 08 my=1
12 13 4 atan(mx) ¢ 13 w4 atan(mx) 6

NED, Pisa, Sept. 7-9, 2017 Discrete Time Fashion Cycles 27 / 35



Discrete- versus continuous-time model

Continuous-time fashion model is defined as follows:

d)\t {O((l — >\t)} If Pt > 0,
I S [—aAt, a(l = At)] if P, = 0,
{—Ol)\t} If Pt < 0,
d\: {a(l - A:)}1 if Pt* > 01
dtt € { [—aX,a(1—A})], ifP=0,
{_O‘A:}, If Pt* < 07

P.=(A:—1/2)+m(Af —1/2), P =\ —1/2)+m*(A: —1/2).
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Continuous-time fashion model is defined as follows:

d}\t {O((l — >\t)} If Pt > 0,
I S { [—aAt, a(l = At)] if P, = 0,
{—Ol)\t} If Pt < O,
d\: { {a(l - A:)}1 if Pt* > 01
5 @ [aXf, (1 —A})], if P=0,
dt {_O‘A:}, If Pt* < 07

P.=(A:—1/2)+m(Af —1/2), P =\ —1/2)+m*(A: —1/2).

At (Af) is a fraction of Conformists (Nonconformists) that chooses one of two strategies,
m > 0 (m* > 0) is the relative frequency of intergroup matching to intragroup matching
from a C's (N's) point of view, o > 0 is the speed of adjustment.
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Discrete- versus continuous-time model

Continuous-time fashion model is defined as follows:

d}\t {0{(1 — >\t)} If Pt > 0,
I S { [—a)\t, a(l = At)] if P, = 0,
{—Ol)\t} If Pt < 0,
d\: { {a(l - A:)}1 if Pt* > 01
5 @ [aXf, (1 —A})], if P=0,
dt {—CYA:}, If Pt* < 07

P.=(A:—1/2)+m(Af —1/2), P =\ —1/2)+m*(A: —1/2).

At (Af) is a fraction of Conformists (Nonconformists) that chooses one of two strategies,
m > 0 (m* > 0) is the relative frequency of intergroup matching to intragroup matching
from a C's (N's) point of view, o > 0 is the speed of adjustment.

The (m, m*)-plane can be subdivided into the regions according to the location of the
discontinuity lines. In Matsuyama, 1992, these regions are distinguished as Case 1
(m <1< mm*), Case 2 (m < mm* < 1), Case 3 (mm* < m < 1), Case 4
(m>1>mm*), Case 5 (m > mm* > 1) and Case 6 (mm* > m > 1), where Case 6a
(m > m* > 1) and Case 6b (m* > m > 1).
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Discrete- versus continuous-time model

Attractors of the continuous-time fashion model (Matsuyama, 1992)

@ In Case 1 and Case 2 the attractors of A are the border fixed points
(A&, A1) = (0,1) and (As, A?) = (1.0).

@ In Case 3 and Case 4.the attractors are the border points (\;, \}) = (0, %) and
(e, A7) = (1,272).

@ In Case 5 and Case 6a the attractor is the interior point (A, \}) = (%, %) :

@ In Case 6b the attractor is a limit cycle formed by a parallelogram with vertices

1 Xoo 1 Xo 1 X 1 X
P = = = — - ([ == = ke
(2+2m*’2 2)’ Q (2 2 '2 2m)
1 X 1 X 1 X 1 X
P - Ee). o- (el B)
2 2m*’2+ 2 » @ 2+ 2’2 2m
where
x _ m'—m
T mm* —1

NED, Pisa, Sept. 7-9, 2017 Discrete Time Fashion Cycles 29 / 35




Discrete- versus continuous-time model

Case 6b

2|
Case2 | Case 1| Case 6b
\ limit
0.1, (10) | eycle /Case 6a
\

N

(o, lAlm*' ), (1.'1'27”")

Case 3

I
|
|
1
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Discrete- versus continuous-time model

F1

Fa
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Discrete- versus continuous-time model

Cases Ill and IV

As § — 0 cycles v, € Iy and 7, € I of map F shrinktod=C* NIy and d =C* NI,
respectively, while 'z shrinks to S.
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As § — 0 cycles v, € Iy and 7, € I of map F shrinktod=C* NIy and d =C* NI,
respectively, while 'z shrinks to S.
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Discrete- versus continuous-time model

Cases V and Vla

As § — 0 limit sets of trajectories of map F shrink to S.
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Discrete- versus continuous-time model

Cases V and Vla

As § — 0 limit sets of trajectories of map F shrink to S.

1 1
y
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Discrete- versus continuous-time model

Cases VIb

As § — 0 limit sets of trajectories of map F' tend to parallelogram P.
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Discrete- versus continuous-time model

Cases VIb

As § — 0 limit sets of trajectories of map F' tend to parallelogram P.
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Discrete- versus continuous-time model

Cases VIb

As § — 0 limit sets of trajectories of map F' tend to parallelogram P.

1
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x Case Via
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