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Introduction/Content

Two-country model of endogenous innovation �uctuations proposed by
Matsuyama [1], is based on Deneckere-Judd [2] model of innovation dynamics of a
closed economy, and Helpman-Krugman [3] model of intra-industry trade between
two structurally identical countries ! a family of 2D piecewise smooth maps;

In autarky: decoupled innovation �uctuations ! the skew tent map dynamics [4];

Coupled innovation �uctuations: synchronized/asynchronized, regular/chaotic,
symmetric/asymmetric dynamics [5].

[1] K. Matsuyama, L. Gardini, I. Sushko (2015) Globalization and Synchronization of
Innovation Cycles (WP), http://faculty.wcas.northwestern.edu/~kmatsu/ (presented at
MDEF2014).
[2] R. Deneckere, K. Judd (1992) Cyclical and Chaotic Behavior in a Dynamic
Equilibrium Model.
[3] E. Helpman, P. Krugman (1985) Market Structure and International Trade.
[4] I. Sushko, V. Avrutin, L. Gardini (2015) Bifurcation structure in the skew tent map
and its application as a border collision normal form.

[5] C. Mira, L. Gardini, A. Barugola and J.C. Cathala (1996) Chaotic Dynamics in

Two-Dimensional Nonivertible Maps.
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De�nition of the map

� The two-country model of endogenous innovation �uctuations is described by a family
of 2D piecewise smooth maps F : R2

+ ! R2
+, (x; y) 7! F (x; y), where x and y are

normalized measures of innovation cost per variety in country 1 and 2, resp.;

� F is de�ned by maps FHH , FLH , FHL, FLL in regions DHH , DLH , DHL, DLL, resp.;

� These regions are separated by four boundaries: (1) x = s1(�), (2) y = s2(�), where

s1(�) = 1� s2(�) = min
�
s1��s2
1��

; 1
	
; (3) x = h1(y) and (4) y = h2(x) obtained from

complementarity slackness conditions s1
x+�y

+ �s2
y+�x

= 1 and s2
y+�x

+ �s1
x+�y

= 1; resp.
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De�nition of the map (2)

The maps FHH , FLH , FHL and FLL are de�ned as follows:

�
x

y

�
FLL
!

�
�(�s1(�) + (1� �)x)
�(�s2(�) + (1� �)y)

�
; (x; y) 2 DLL = fx < s1(�); y < s2(�)g;�

x

y

�
FHH
!

�
�x

�y

�
; (x; y) 2 DHH = fx > h1(y); y > h2(x)g;�

x

y

�
FHL
!

�
�x

�(�h2(�) + (1� �)y)

�
; (x; y) 2 DHL = fx > s1(�); y < h2(x)g;�

x

y

�
FLH
!

�
�(�h1(�) + (1� �)x)
�y

�
; (x; y) 2 DLH = fx < h1(y); y > s2(�)g:

Parameters:

� � 2 (1; e) is the market share of a competitive variety relative to a monopolistic variety;
� � 2 (0; 1) is a degree of globalization;
� � 2 (0; 1) is the survival rate of old varieties;

� s1 = 1� s2 2 [0:5; 1), s1 = L1
L1+L2

and s2 = L2
L1+L2

, where L1 and L2 are associated

with labor supply in country 1 and 2, resp.
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In autarky: Decoupled system (� = 0)

Innovation �uctuations in each country are described

by the related skew tent map f :

x
f
!

�
fL(x) = �(�s1 + (1� �)x); x � s1;

fH(x) = �x; x > s1;

y
f
!

�
fL(y) = �(�s2 + (1� �)y); y � s2;

fH(y) = �y; y > s2:
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Decoupled system: a 2D view

An n-cyclic attractor (an attracting n-cycle or n-piece chaotic attractor) of the skew

tent map f ) n coexisting n-cyclic attractors of F

Synchronized attracting 2-cycle fpLL; pHHg; Asynchronized attracting 2-cycle

fpLH ; pHLg; their basins are separated by the closure of the stable invariant sets of two

saddle 2-cycles; unique �xed point p� is unstable.
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Decoupled system: a 2D view (2)

An n-cyclic attractor of f ) n coexisting n-cyclic attractors of F

Boundaries of the chaotic attractors are formed by the proper images of the generating
segments of the critical lines

C1
�1 : f(x; y) : x = s1; y > 0g, C2

�1 = f(x; y) : x > 0; y = s2g.
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Coupled system: critical lines and absorbing region

F is a noninvertible map of Z0 � Z2 � Z4 type; the regions with di�erent number of

preimages are separated by the critical lines Ci = F (Ci
�1), i = 1; 4, where

C1

�1
: f(x; y) : x = s1; 0 < y < s2(�)g; C2

�1
= f(x; y) : 0 < x < s1(�); y = s2g;

C3

�1
: f(x; y) : y = h(x); x > s1(�)g; C4

�1
: f(x; y) : x = h(y); y > s2(�)g:
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Coupled system: increasing � in symmetric case
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Coupled system: symmetric case (2)
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Coupled system: symmetric case (2)
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Coupled system: symmetric case (2)
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Coupled system: increasing � in asymmetric case
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Coupled system: increasing � in asymmetric case
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Coupled system: increasing � in asymmetric case

MDEF, Urbino, Italy, June 23-26, 2016 Globalization and Fluctuations of Innovation 27 / 33



Coupled system: increasing � in asymmetric case
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Outline of the research project

Description of basin transformations related to homoclinic bifurcations
(fractalization of the basin boundary) and to contacts of basin boundaries with
critical lines;

Transformations of chaotic attractors related to merging, expantion and �nal
bifurcations;

Role of border collision bifurcations in the observed bifurcation scenarious.

MDEF, Urbino, Italy, June 23-26, 2016 Globalization and Fluctuations of Innovation 29 / 33



References

� Acemoglu, Daron, Introduction to Modern Economic Growth, Princeton University
Press, Princeton, 2008.
� Acemoglu, Daron, Gino Gancia and Fabrizio Zilibotti, �O�shoring and Directed
Technological Change,� 2013.
� Acemoglu, Daron, and Fabrizio Zilibotti, �Productivity Di�erences,� Quarterly Journal
of Economics, 116, 2001, 563-606.
� Benhabib, Jess, �Multiple Equilibria in the Aghion-Howitt Model,� Research in
Economics 68, 2014, 112-116.
� Bramoull�e, Yann, and Gilles Saint-Paul, �Research Cycles,� Journal of Economic
Theory, 145 (2010): 1890-1920.
� Deneckere, Raymond, and Kenneth Judd, �Cyclical and Chaotic Behavior in a Dynamic
Equilibrium Model,� Chapter 14 in Jess Benhabib, ed., Cycles and Chaos in Economic
Equilibrium Princeton University Press, Princeton, 1992.
� Evans, George, Seppo Honkaponja and Paul M. Romer, �Growth Cycles,� American
Economic Review, 88, June 1998, 495-515.
� Francois, Patrick, and Huw Lloyd-Ellis, �Animal Spirits through Creative Destruction,�
American Economic Review, 93, 2003, 530-550.
� Francois, Patrick, and Huw Lloyd-Ellis, �Implementation Cycles, Investment, and
Growth,� International Economic Review, 49, (August 2008), 901-942.

MDEF, Urbino, Italy, June 23-26, 2016 Globalization and Fluctuations of Innovation 30 / 33



References

� Francois, Patrick, and Huw Lloyd-Ellis, �Schumpetarian Cycles with Pro-cyclical R&D,�
Review of Economic Dynamics, 12 (2009): 567-591.
� Frankel, Je�rey A., and Andrew K. Rose, �The Endogeneity of the Optimal Currency
Area Criteria,� Economic Journal, 108 (July 1998): 1009-1025.
� Gale, Douglas, �Delay and Cycles,� Review of Economic Studies, 63 (1996), 169-198.
� Gardini, Laura, Iryna Sushko, and Ahmad Naimzada �Growing Through Chaotic
Intervals,� Journal of Economic Theory, 143 (2008), 541-557.
� Grossman, Gene, and Elhanan Helpman, �Product Development and International
Trade,� Journal of Political Economy, 97 (December 1989), 1261-1283.
� Grossman, Gene, and Elhanan Helpman, Innovation and Growth in the Global
Economy, MIT Press, Cambridge, 1991
� Helpman, Elhanan, and Paul Krugman, Market Structure and International Trade, MIT
Press, Cambridge, 1985.
� Jovanovic, Boyan, �Asymmetric Cycles,� Review of Economic Studies, 73 (2006),
145-162.
� Jovanovic, Boyan, and Rafael Rob, �Long Waves and Short Waves: Growth Through
Intensive and Extensive Search,� Econometrica 58 (1990), 1391-1409.
� Judd, Kenneth L., �On the Performance of Patents,� Econometrica, 53 (May 1985),
567-586.

MDEF, Urbino, Italy, June 23-26, 2016 Globalization and Fluctuations of Innovation 31 / 33



References

� Kose, M. Ayhan, and Kei-Mu Yi, �Can the Standard International Business Cycle
Model Explain the Relation Between Trade and Comovement,� Journal of International
Economics, 68 (March 2006): 267-295.
� Lasota, A. and J. Yorke, �On the Existence of Invariant Measures for Piecewise
Monotonic Transformatoins,� Transactions of the American Mathematical Society, 186,
(1973), 481-488.
� Matsuyama, Kiminori, "Growing Through Cycles,"Econometrica, 67 (March 1999):
335-347.
� Matsuyama, Kiminori, "Growing Through Cycles in an In�nitely Lived Agent
Economy,� Journal of Economic Theory, 100 (October 2001): 220-234.
� Matsuyama, Kiminori, Nobuhiro Kiyotaki, and Akihiko Matsui, "Toward a Theory of
International Currency,"The Review of Economic Studies 60 (April 1993): 283-307.
� Matsuyama, Kiminori, Iryna Sushko, and Laura Gardini, �Interdependent Innovation
Cycles,� forthcoming.
� Mira, Christian, Laura Gardini, A. Barugola and JC Cathala, Chaotic Dynamics in Two-
Dimensional Nonivertible Maps, World Scienti�c (1996)
� C.Mira, D.Fournier-Prunaret, L.Gardini, H.Kawakami, J.C.Cathala, Basin bifurcations
of two-dimensional noninvertible maps. Fractalization of basins, International Journal of
Bifurcation and Chaos 4(2)(1994) 343�381.

MDEF, Urbino, Italy, June 23-26, 2016 Globalization and Fluctuations of Innovation 32 / 33



References

� C.Mira, J.P.Carcasses, M.Gilles, L.Gardini, Plane foliation of two-dimensional
noninvertible maps, Int. Journal of Bifurcation and Chaos 6(8)(1996) 1439�1462.
� Mira, C., Gardini, L., Barugola, A., and Cathala, J. C. (1996). Chaotic dynamics in
two-dimensional noninverible maps. Singapore: World Scienti�c.
� Rivera-Batiz, L.A., and P. M. Romer, Economic integration and economic growth,
Quarterly Journal of Economics, 106, 1991, 531-555.
� Romer, Paul M., �Endogenous Technological Change,� Journal of Political Economy,
98, 1990, S71-S102
� Shleifer, Andrei, �Implementation Cycles,� Journal of Political Economy, 94, December
1986, 1163-1190.
� Strogatz, Steven H., Sync: How Order Emerges from Chaos in the Universe, Nature,
and Daily Life, (2003)
� Sushko, Iryna, and Laura Gardini, �Degenerate Bifurcations and Border Collisions in
Piecewise Smooth 1D and 2D Maps,� International Journal of Bifurcation and Chaos, 20
(2010), 2046-2070.

MDEF, Urbino, Italy, June 23-26, 2016 Globalization and Fluctuations of Innovation 33 / 33


