Submatted to the Annals of Statistics

MAXIMUM LIKELIHOOD ESTIMATION FOR o-STABLE
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We consider maximum likelihood estimation for both causal and
noncausal autoregressive time series processes with non-Gaussian a-
stable noise. A nondegenerate limiting distribution is given for max-
imum likelihood estimators of the parameters of the autoregressive
model equation and the parameters of the stable noise distribution.
The estimators for the autoregressive parameters are n'/®-consistent
and converge in distribution to the maximizer of a random function.
The form of this limiting distribution is intractable, but the shape
of the distribution for these estimators can be examined using the
bootstrap procedure. The bootstrap is asymptotically valid under
general conditions. The estimators for the parameters of the stable
noise distribution have the traditional n'/? rate of convergence and
are asymptotically normal. The behavior of the estimators for finite
samples is studied via simulation, and we use maximum likelihood
estimation to fit a noncausal autoregressive model to the natural log-
arithms of volumes of Wal-Mart stock traded daily on the New York
Stock Exchange.

1. Introduction. Many observed time series processes appear “spiky”
due to the occasional appearance of observations particularly large in abso-
lute value. Non-Gaussian a-stable distributions, which have regularly vary-
ing or “heavy” tail probabilities (P(|X| > z) ~ (constant)z=%, = > 0, 0 <
a < 2), are often used to model these series. Processes exhibiting non-
Gaussian stable behavior have appeared, for example, in economics and fi-
nance (Embrechts, Kliippelberg, and Mikosch [1&]; McCulloch [24]; Mittnik
and Rachev [2§]), signal processing (Nikias and Shao [29]), and teletraffic
engineering (Resnick [32]).

The focus of this paper is maximum likelihood (ML) estimation for the
parameters of autoregressive (AR) time series processes with non-Gaussian
stable noise. Specific applications for heavy-tailed AR models include fitting
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network interarrival times (Resnick [32]), sea surface temperatures (Gal-
lagher [2(]), and stock market log-returns (Ling [24]). Causality (all roots of
the AR polynomial are outside the unit circle in the complex plane) is a com-
mon assumption in the time series literature since causal and noncausal mod-
els are indistinguishable in the case of Gaussian noise. However, noncausal
AR models are identifiable in the case of non-Gaussian noise, and these
models are frequently used in deconvolution problems (Blass and Halsey [3];
Chien, Yang, and Chi [10]; Donoho [16]; Scargle [36]) and have also ap-
peared for modeling stock market trading volume data (Breidt, Davis, and
Trindade [4]). We, therefore, consider parameter estimation for both causal
and noncausal AR models. We assume the parameters of the AR model equa-
tion and the parameters of the stable noise distribution are unknown, and
we maximize the likelihood function with respect to all parameters. Since
most stable density functions do not have a closed-form expression, the like-
lihood function is evaluated by inversion of the stable characteristic function.
We show that ML estimators of the AR parameters are n'/®-consistent (n
represents sample size) and converge in distribution to the maximizer of a
random function. The form of this limiting distribution is intractable, but
the shape of the distribution for these estimators can be examined using
the bootstrap procedure. We show the bootstrap procedure is asymptoti-
cally valid provided the bootstrap sample size m,, — oo with m,/n — 0 as
n — oo. ML estimators of the parameters of the stable noise distribution
are n'/2-consistent, asymptotically independent of the AR estimators, and
have a multivariate normal limiting distribution.

Parameter estimation for causal, heavy-tailed AR processes has already
been considered in the literature (Davis and Resnick [14], least squares esti-
mators; Davis [11] and Davis, Knight, and Liu [12], least absolute deviations
and other M-estimators; Mikosch, Gadrich, Klippelberg, and Adler [21],
Whittle estimators; Ling [24], weighted least absolute deviations estima-
tors). The weighted least absolute deviations estimators for causal AR pa-
rameters are n'/2-consistent, and the least squares and Whittle estimators
are (n/Inn)Y/“consistent, while the unweighted least absolute deviations
estimators have the same faster rate of convergence as ML estimators, n'/®.
Least absolute deviations and ML estimators have different limiting distri-
butions, however, and simulation results in Calder and Davis [&] show that
ML estimates (obtained using the stable likelihood) tend to be more effi-
cient than least absolute deviations estimates, even when the AR process
has regularly varying tail probabilities but is not stable. Theory has not yet
been developed for the distribution of AR parameter estimators when the
process is noncausal and heavy-tailed.
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In Section B, we discuss properties of AR processes with non-Gaussian
stable noise and give an approximate log-likelihood for the model param-
eters. In Section Bl we give a nondegenerate limiting distribution for ML
estimators, show that the bootstrap procedure can be used to approximate
the distribution for AR parameter estimators, and discuss confidence interval
calculation for the model parameters. Proofs of the lemmas used to establish
the results of Section Bl can be found in the Appendix. We study the behav-
ior of the estimators for finite samples via simulation in Section BTl and, in
Section BEZ use ML estimation to fit a noncausal AR model to the natu-
ral logarithms of volumes of Wal-Mart stock traded daily on the New York
Stock Exchange. A causal AR model is inadequate for these log-volumes
since causal AR residuals appear dependent. The noncausal residuals ap-
pear iid (independent and identically distributed) stable, and so the fitted
noncausal AR model appears much more suitable for the series.

2. Preliminaries. Let {X;} be the AR process which satisfies the dif-
ference equations

(2.1) ¢o(B) X = Zy,

where the AR polynomial ¢o(2) := 1 — ¢g12 — -+ — ¢opz? # 0 for |z| =1,
B is the backshift operator (B*X; = X;_;, k = 0,4£1,%2,...), and {Z;}
is an iid sequence of random variables. Because ¢o(z) # 0 for |z| = 1,
the Laurent series expansion of 1/¢o(2), 1/do(z) = D32 ¥;27, exists on

some annulus {z : a=! < |z| < a}, @ > 1, and the unique strictly station-
ary solution to ([I) is given by X; = >322 ;7 ; (see Brockwell and
Davis [], Chapter 3). Note that if ¢g(z) # 0 for |z| < 1, then ¢; = 0 for
J <0, and so {X;} is said to be causal since X; = >322(%;Z;;, a func-
tion of only the past and present {Z;}. On the other hand, if ¢o(z) # 0
for |z| > 1, then Xy = 37724 ;Z;1; and {X;} is said to be a purely non-
causal process. In the purely noncausal case, the coefficients {1;} satisfy

(1= o1z — -+ — ¢op2P) (Yo + Y1271 + --+) = 1, which, if @g, # 0, implies
that Yo =¢_1 =--- =91, =0and ¢Y_, = —qﬁo_pl. To express ¢p(z) as the
product of causal and purely noncausal polynomials, suppose

(22)  do(z) = (1 = b1z — -+ = borg2"°) (1 — Oo o172 — -+ — Oorg4s02™),
where 79 + so = p, Gg(z) =1—0p12 — -+ — 02" # 0 for |z] < 1, and
05(2) ' =1—00r0412 — -+ — Ooro1502°° # 0 for |z| > 1. Hence, H(T)(z) is a

causal polynomial and 6(z) is a purely noncausal polynomial. So that ¢(z)
has a unique representation as the product of causal and purely noncausal
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4 B. ANDREWS, M. CALDER AND R.A. DAVIS

polynomials H(T)(z) and 6§(z), if the true order of the polynomial ¢g(z) is
less than p (if ¢gp = 0), we further suppose that g 15, 7 0 when sg > 0.
Therefore, if the true order of the AR polynomial ¢g(z) is less than p =
ro + So, then the true order of 08(2) is less than 7o, but the order of 6(z) is
S0-

We assume throughout that the iid noise {Z;} have a univariate sta-
ble distribution with exponent «g € (0,2), parameter of symmetry |G| <
1, scale parameter 0 < o0p < oo, and location parameter pg € IR. Let
70 = (ap,Bo,00,10). By definition, nondegenerate, iid random variables
{S¢} have a stable distribution if there exist positive constants {a,} and

constants {b,} such that a, (S1+ -+ Sp) + by £ S1 for all n. In general,
stable distributions are indexed by an exponent a € (0,2], a parameter of
symmetry |3] < 1, a scale parameter 0 < o < 0o, and a location parameter
u € IR. Hence, T¢ is in the interior of the stable parameter space. If § = 0,
the stable distribution is symmetric about u, and, if = 1 and § = 0, the
symmetric distribution is Cauchy. When o = 2, the stable distribution is
Gaussian with mean p and standard deviation v/20. Other properties of sta-
ble distributions can be found in Feller [19], Gnedenko and Kolmogorov [21]],
Samorodnitsky and Taqqu [35], and Zolotarev [3§].
Since the stable noise distribution has exponent ag < 2,

00 -1
(2.3) lim 2°0P(1Z| > &) = é(a0)o, with () i= < / 1 sin(t) dt)
r—00 0

(Samorodnitsky and Taqqu [31], Property 1.2.15). Following Properties 1.2.1
and 1.2.3 in Samorodnitsky and Taqqu [35], X; = >°72_ 4;Z;—; also has
a stable distribution with exponent o and, hence, the tail probabilities for
the AR process {X;} are also regularly varying with exponent «y. It follows
that E|X;|? < oo for all § € [0, ap) and E|X;|® = oo for all § > ag.

The characteristic function for Z; is

wo(s) = E{exp(isZ;)}
exp {—0(°|s|* [1 + ifp(sign s) tan (Z52) (|logs|' =@ — 1)] + ipos} ,
= ap # 1,
exp {—0’0|8| [1 + o2 (sign s) 1n(00|8|)} + Z'MOS}, ap =1,
(2.4)
and so the density function for the noise can be expressed as f(z;79) =
(2m) ! [%_exp (—izs) ¢o(s) ds. No general, closed-form expression is known

for f, however; although computational formulas exist that can be used to
evaluate f (see, for example, McCulloch [26] and Nolan [3(]). It can be
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shown that f(z;70) = oy ' flog (2 — po); (ao, Bo, 1,0)"), £(-; (o, o, 1,0)") is
unimodal on IR (Yamazato [31]), and f(z;(a, 3,1,0)") is infinitely differen-
tiable with respect to (z,«, 3) on IR x (0,2) x (—1,1). There are alternative
parameterizations for the stable characteristic function g (see, for exam-
ple, Zolotarev [38]), but we are using (4] so that the noise density function
is differentiable with respect to not only z on IR but also («,3,0,u) on
(0,2) x (=1,1) x (0,00) x (—00,00). From asymptotic expansions in Du-
Mouchel [11], if Qs := {7 = (o, 5,0,u)" : |7 — 70|l < 0}, then for § > 0
sufficiently small we have the following bounds for the partial and mixed
partial derivatives of In f(z;7T) as |z] — oo:

In f(z;T Pn f(zr Pnf(zr _
e sup 8f(2 ) 8];( ) af(z ) — O(|Z| 2),
Q; o Q; zop Qs K
(2.5)
. su Oln f(z;71) Oln f(z;7) 0*In f(z;1)
a| 0z ar | ou 02083
2 ) 2 ) 2 )
4 sup 0%In f(z; 1) 0°In f(z;71) 0%In f(z; 1)
Q 0z00 060 Q, 0o
(26) = O(2™),
2 . 2 .
o« sup 0°In f(z; 1) 0°In f(z; 1) — 0(2[" In|2]).
Q, 0z0c Q, oadp
(2.7)
o sup Oln f(z;7) Sup‘@ln flzT) 0?In f(z; 1)
Q, op Q, oo Q, 032
0?In f(z;7) 0?In f(z;7) B
(2.8) + Ss.l]lé W Qé T — 0(1)7
. 2 . 2 .
o sup 9ln f(z7) I f(z7) 97In f(z7) = O(In|2]),
Q, Oa Q, dadf Q, Oado
(2.9)
0?In f(z;7)
i S&P T oaz |~ O([ln |2]?).
s
(2.10)
From (m) and m, Zt == (1 - 001B — GOTOBTO)(l — 90,7«0+1B —

00.r0-+s0 B°°) X¢. Therefore, for arbitrary autoregressive polynomials 07(z) =
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6 B. ANDREWS, M. CALDER AND R.A. DAVIS

1—601z—---—6.2" and 6*(2) =1 — 0,412 — -+ — 0,452°, with r + s = p,
0T(z) # 0 for |z| <1, 0%(2) # 0 for |2| > 1, and 6,5 # 0 when s > 0, we
define

(2.11) Z(8,8)=(1— 0B — - —0,B")(1 — 0,418 — - — 0, B°) Xy,

where 0 := (01,...,0,)". Let 8g = (0p1,...,00p) denote the true parameter
vector and note that {Z;(6o,s0)} = {Z¢}. Now let n = (m1,...,0p4a) =
(01,...,0p,a,8,0,u) = (0',7") and let nyg = (o1, ..., Mopt+a) = (04, 75)-
From Breidt, Davis, Lii, and Rosenblatt [], given a realization {X;}};
from (1), the log-likelihood of m can be approximated by the conditional
log-likelihood

n

(2.12) L(n,s)= Y [nf(Z(8,5);7)+n|f,|I{s > 0}],
t=p+1

where {Z(0,s)};_, 1 is computed using ZTI]) and I{-} represents the in-
dicator function (see M| for the derivation of £). Given {X;}~; and fixed p,
we can estimate sg, the order of noncausality for the AR model 1), and 7
by maximizing £ with respect to both s and n. If the function g is defined
so that

9(8,s) = [gj(07 3)]?:1 )

(213) 9(0 S) o {ej - Zi:l ej—kep—s-i-ka J=1...,p—s,
i\9,8) = i .
o i:j_p‘l's ej—k‘ep—s'i‘k" J=p—s+ 17 Y 2

with g = —1 and 0, = 0 whenever k ¢ {0,...,p}, then an estimate of
@ = (¢o1,---,¢0p) can be obtained using the MLEs of sy and 6, and the
fact that ¢y = g(6o,sp). A similar ML approach is considered in [4] for
lighter-tailed AR processes.

3. Asymptotic Results. In this section, we obtain limiting results for
maximizers of the log-likelihood L. But first, we need to introduce some no-
tation and define a random function W (-). The ML estimators of 8 converge
in distribution to the maximizer of W(-).

Suppose the Laurent series expansions for 1/ Gg(z) =1/(1—-0p12— - —
00ro2™) and 1/605(z) = 1/(1 — Oprg412 — -+ — Boro+502°°) are given by
1/6(2) = S5Zg m#) and 1/65(2) = 552, x;#~7. From (@I,

0Z:(0,s) {—9*(B)Xt_j, j=1,...,r

3.1 _— =
( ) 80] _HT(B)XH-T—jv j:’r—i_l)"'vpv
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and so, for u = (uy,...,uy) € IRP,

070y, s . "
ulit( 0 0) = —uleo(B)Xt_l — = UrOHQ(B)Xt—T’o - UT’0+19$(B)Xt—1

00
— s = b (B) X
= —ur(1/0§(B) Zi1 = -+ = uny(1/0(B)) Zi-ry
—try11(1/06(B)) Ze-1 — -+ = up(1/65(B)) Zi—s0
= —w Yy W= — Uy Y Wil g
§=0 5=0
~Upo41 Y, Xj D145 = = Up D XjDi—sots-
Jj=s0 J=s0
Therefore, if
> 0Z(0g, s
(3.2) Z ci(u)Z;—; = u’$7
j=—00
then co(u) = —upxs,I{so > 0} = upeo_pll{so > 0}, c1(u) = —uymel{re >

0} = —wI{ro > 0}, c—1(u) = —upx2I{so = 1} — (up—1Xso + UpXso+1) {50 >
1}, etc. Since {m;}32 and {x;}32,, decay at geometric rates (Brockwell and
Davis [l], Chapter 3), for any u € IRP, there exist constants C'(u) > 0 and
0 < D(u) < 1 such that

(3.3) lej(w)] < C(u)[DW)P Vje{..,-1,0,1,...}.
We now define the function
W(u)

= S {7 (2 + o)V 00 ()T ™5 7o) —In f (Zy o)}
k=1 j0

(3.4)

where

o {Z} j}r,; is an iid sequence with Zj, ; £ Z1,

e ¢(-) was defined in ([Z3),

o {0p}isiid with P(0p = 1) = (1+5)/2 and P(0 = —1) = 1—(1+0)/2,

o I'y = Ey + -+ E), where {E}} is an iid series of exponential random
variables with mean one, and

o {Z;;}, {0k}, and {E}} are mutually independent.
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8 B. ANDREWS, M. CALDER AND R.A. DAVIS

Note that (1 4+ (6y)/2 = lim,_[P(Z1 > 2)/P(|Z1] > x)] (Samorodnitsky
and Taqqu [31], Property 1.2.15). Some properties of W (-) are given in the
following theorem.

THEOREM 3.1.  With probability one, the function W (u) defined in (34))
is finite for all u € IRP and has a unique maximum.

PROOF. Let u € IR? and observe that

W(u)
S = @ —1/ap 01 T - :
=2 Z[C(ao)]l/ Oopc;(u)opl'y, 1/ao 010 f( (’;J(u) 7o)
k=1j#0 z
— Z Z[6(a0)]1/a00.00j(u)ékrlzl/ao [Zﬂn f(Zgj(u);TO) _ Oln f(azk,j;TO)
k=1 j#£0 - .
+3 D [Ea0)] a0 (w)dy (F;l/o‘o _ k;—l/oco) W
k=170 "
+ 3 D (@)oo (w)pk wy
k=1 j#0 0z

where Zj j(u) lies between Z;; and Z; + [E(ao)]Uaoaocj(u)ékflzl/ao.

Since 0 < [é(ap)]*og < 0o, by LemmasATIHAin the Appendix, |[W (u)| <
oo almost surely. It can be shown similarly that sup, <z |[W(u)| < oo al-
most surely for any 7" € (0,00) and, therefore, P(NF_; {supy <7 [W(u)| <
oo}) = 1.

Since f(+;70) is unimodal and differentiable on IR, with positive proba-
bility, In f(Z1 + -; T0) is strictly concave in a neighborhood of zero, and so,
by Remark 2 in Davis, Knight, and Liu [12], W(-) has a unique maximum
almost surely. O

We now give nondegenerate limiting distributions for ML estimators of
1o = (06, 75) = (6o1, - - -, Bop, a0, Bo, 00, o) and estimators of the AR pa-

rameters ¢y = (¢o1, - .., op)" in TI).

THEOREM 3.2. There exists a sequence of maximizers Ty, =
N
Onrns i) of L(-,s0) in (ZIA) such that, as n — oo,

(35) nl/o‘o(@ML—Oo) £> E and n1/2(+ML—TO) £> Y ~ N(O,I_l(TQ)),
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ML ESTIMATION FOR a-STABLE AR PROCESSES 9

where € is the unique mazimizer of W(-), & and Y are z'ndependQnt, and
I(r) = — [E{0* In f(Z1;7)/(07:0T)}]; jeqy. . ay- In addition, if ¢y =
9(Oar1, s0), with g as defined in (ZI3), then

o0/ c
(3.6) nt (G — dy) = B(o) &,
where
991(0,50) . 991(0,50)
90, 90,
(3.7) @ =| .
agp(evso) ... agp(evso)
90, 90,

and g1, ...,gp were also defined in (ZI3).

Since T¢ is in the interior of the stable parameter space, given iid observa-
tions {Z;}}=;, ML estimators of T are asymptotically Gaussian with mean
7o and covariance matrix I71(7¢)/n (see DuMouchel [17]). The estimators
TrmL, therefore, have the same limiting distribution as ML estimators in
the case of observed iid noise. Nolan [31] lists values of I7!(-) for different
parameter values.

For u € R? and v € R?, let W,,(u,v) = L(no+ (n~ /0w’ n=1/2v"Y s9) —
L(ng, s0), and note that maximizing £(n, sg) with respect to n is equivalent
to maximizing W,,(u,v) with respect to u and v if u = n'/0(@ — ) and
v = nY2(1 — 74). We give a functional convergence result for W, in the
following theorem, and then use it to prove Theorem

THEOREM 3.3. Asn — oo, Wy(u,v) £ W(u) + v'N — 27 I(1¢)v
on C(IRPT™), where N ~ N(0,I(7¢)) is independent of W(-), and C(IRPT%)
represents the space of continuous functions on IRPT* where convergence is
equivalent to uniform convergence on every compact subset.

PROOF. For u € IR? and v € IR?, let

Wr(u,v) = Z {lnf (Zt 4+ Yeo Z cj(u)Zi—j; To) —1In f(Zy; To)}
t=p+1 J#0
! n

v 31nf(Zt;7'0)
- e
\/ﬁt:;rl oT
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10 B. ANDREWS, M. CALDER AND R.A. DAVIS

Since

Wy(u,v) — W) (u,v)
L u v
= Z lnf(Zt(O()—l-m,So);To"i‘%)

t=p+1

— Z lnf Zt—l—n_l/o“)ch(u)Zt_j;To
t=p+1 J#0
v & 9Olnf(Z;T0) Oop + n_l/o“)up

- — _ —p)ln|——F|T >0
\/ﬁtz;-l or tn-p)n Oop ts0 > 0},

Wo(u,v) — Wi(u,v) + 27V I(19)v = 0,(1) on C(IRP™) by Lemmas A2
[A7 So, the proof is complete if W (u,v) £ W(u) + v'N on C(IRP™).
For u € IR?, let

(3.8)  Wi(u) = an llnf(Zt—l-n_l/aozcj(u)zt—j;’ro) —In f(Z;70)

t=p+1 7#0

and, for v € IR*, let

3.9 T v/ 6lnf(2t;70)
: n\V) = — E —_—.
( ) ( ) \/ﬁt 1 ()7

By Lemma [E8 for fixed u and v, (W, (u), T} (v)) £ (W (u),v'N)" on
IR?, with W (u) and v'N independent. Consequently, W,*(u,v) = W, (u) +
T, (v) £ W(u) + v'N on RR. It can be shown similarly that the finite di-
mensional distributions of W (u, v) converge to those of W (u) + v'IN, with
W (-) and N independent. For any compact set K1 C IR?, {W,(-)} is tight
on C(K;) by Lemma and, for any compact set Ky C RY, {T},(-)} is
tight on C'(K3) since T,,(v) is linear in v. Therefore, by Theorem 7.1 in

Billingsley [2], W*(u,v) = Wi(u) + T,(v) = W(u) +v'N on C(RFT). O

PROOF OF THEOREM Since Wy, (u, v) £ W(u) +Vv'N—2"I(1¢)v
on C(IRP*%), ¢ uniquely maximizes W (-) almost surely, and Y = I (7¢)N
uniquely maximizes v'N — 271v/I(1¢)v, from Remark 1 in Davis, Knight,
and Liu [12], there exists a sequence of maximizers of W,(-,-) which con-
verges in distribution to (¢’,Y’)’. The result (BH) follows because £(n, so) —
L(ng, 50) = Wy (n'/* (0 — 0y),n"?(T — 1¢)). By Theorem B3, € and Y are
independent.
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ML ESTIMATION FOR a-STABLE AR PROCESSES 11

Using the mean value theorem,

n'/° (g — o) = 0 (g(Orrr,s0) — (60, 50))

891(0T7SO) ... 891(0T7SO)
01 90,
(3.10) = : : nt/ (@)1 — 89),
8gp(9;,so) o 8gp(9;,so)
001 00,
where 0’{,...,0; lie between 0,;; and 0y. Since 01 £ 0y and X(-) is
continuous at 6y, 1) equals 3(8p)n'/* (0, — 0o) + 0p(1). Therefore,
the result (B8] follows from (B3). O

Since the forms of the limiting distributions for @57, and ¢,,; in (B3)
and (Bl are intractable, we recommend using the bootstrap procedure to
examine the distributions for these estimators. Davis and Wu [1] give a
bootstrap procedure for examining the distribution of M-estimates for the
parameters of causal, heavy-tailed AR processes; we consider a similar proce-
dure here. Given observations {X;}", from @), 8,/ from [B3), and cor-
responding residuals {Z; (01, 50) }#—p+1 obtained via (2TTI), the procedure
is implemented by first generating an iid sequence {Z; };"" from the empiri-
cal distribution for {Z,(0a;r, 50)}iep+1- A bootstrap replicate X7,..., X7,
is then obtained from the fitted AR(p) model

(3.11) 0hr1(B)O3L(B)X] = 71,
where éJTV[L(z) = 1—@1,ML2—- ,,_évaLZm and HA?ML(Z) = 1—9Ar0+17MLz—
= Ororsomr?® (let ZF =0 for t ¢ {1,...,my}). Finally, with Z}(8, s) :=
1-6,B—---—0,B")(1—0,41B—---—0,.sB°) X/ for @ = (64,...,0,) € RP
and r+s = p, a bootstrap replicate é;n of ML can be found by maximizing
Ly, (0,50) == > [Inf(Z(6,s0);7nmr)+ n|0,|1{s0 > 0}]
t=p+1

with respect to 8. The limiting behavior of 9:%, along with that of q};n =

g(é;n,so) (a bootstrap replicate of ¢y,7), is considered in Theorem BZ
To give a precise statement of the results, we let M,(IRP) represent the
space of probability measures on IR and we use the metric d, from Davis
and Wu [13] (page 1139) to metrize the topology of weak convergence on

M, (IRP). For random elements @, @ of M,(IR?), @, LR Q if and only
if dp(Qn,Q) £ 0 on IR, which is equivalent to [gr h; dQy, Lt JR? 1y dQ
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12 B. ANDREWS, M. CALDER AND R.A. DAVIS

on R for all j € {1,2,...}, where {h;}72, is a dense sequence of bounded,
( 1/OCML (0

uniformly continuous functions on IR?. By Theorem B4 P o,
Or1) € -|X1,...,X,) converges in probability to P(¢ € -) on M,(IRP)
(& represents the unique maximizer of W (-)), and a similar result holds for

1/0‘ML (¢mn (%ML)

THEOREM 3.4. If, as n — oo, m,, — oo with m,/n — 0, then there
exists a sequence of maximizers Ojnn of Ly, (-,s0) such that

P (myf (85, — Onr) € [ X1, X)) D P(€€)
on M,(IRP) and, if &ﬁjnn = g(éjnn,so), then
(312)  P(mi/*ve (G, — barr) € | X1, Xa) B P(S(0p)€ € )

on Mp(IRP) (3(-) was defined in (37)).

ProOOF. Since Z;(0,s) = 1 —-6,B —--- — 6,B")(1 — 0,11 B — -+ —
0,+sB%) X}, following ([B1), for u = (u1,...,u,)" € R?,

G

5 =~ (B)X;y — - — 03 (B) X,
10, (B) X}y — - — upBlh (B) X[,
= —u (10, (B)Zf -y — - — ur (10}, (B) Zf
o1 (1/05 (BN Ziy — -+ — up(1/ 0351 (B) Zi_,.

We define the sequence {¢;(u)}72_, so that

© R ¥ 82*(éML,SO)
(3.13) ‘Z cj(u)Zt_j:u/tT.

Also for u € IR?,

Wﬂ;n(u) = % [lnf(Zt +m_1/a°ZcJ u)Z; ;T )—lnf(Zf;To)

t=p+1 J#0
(3.14)
and
(3.15) Win,, (0) := L5, Oz +my, /200, s0) — L, (Oarz, s0)-

imsart-aos ver. 2007/09/18 file: mle_ar.tex date: July 28, 2008



ML ESTIMATION FOR a-STABLE AR PROCESSES 13

Now let M,,(C(IR?)) represent the space of probability measures on C(IR?),
and let dy metrize the topology of weak convergence on M, (C(IR?)). That is,

for random elements L,,, L of M,(C(IR?)), LnNE L if and only if dy(Ly,, L) Ll
0 on IR, and there exists a dense sequence {h;}72, of bounded, continuous

functiorls on C(IRP) such that dy(Ly, L) L 0is equivalent to fC(]Rp) hjdLy, £
fC(IR”) hjdL on IR for all j € {1,2,...}. We now show that, if L,(-) :=

P(Wy, € -|X1,...,X,) and L{() :== P(W}, € -|Xi,...,X,), then L, —

L £ 0on M, (C(IRP)). Following the proof of Theorem 2.1 in [157], it
suffices to show that for any subsequence {n;} there exists a further sub-

sequence {ny } for which L, , — LIW %2 0 relative to the metric dy, which

holds if, for almost all realizations of {X,}, Wmnk, () — W);nk, () £ 0on
C(IR?). By Lemma [AT3 for any subsequence, any T € {1,2,...}, and any
k€ {1,1/2,1/3,...}, there exists a further subsequence {ng,“} for which
P(supju|<r |Wmn:r,m (u) — W;,EbnT’K (w)| > k| X1, ... ’an/”) %2 0. Using a di-
agonal sequence ;rgument, it f](c)lllows that there exists a subsequence {ny }
of {ng} for which P(supj<p |Wmnk, (u)—W,Lnk/ (w)| > K[X1,..., Xy,) =0

for almost all {X;} and any T,k > 0 and, thus, Wmnk, () — Wi E

() =0
on C(IRP) for almost all {X;}.
Following the proof of Theorem 3.1 in [15], L} (") =

P(Wi, € -X1,....,X,) & P(W € -) on M,(C(RP)), and so Ly(-) =
P(W,, € |X1...X,) il P(W € ) on M,(C(IRP)) also. Therefore, be-

cause L), (0,s0) — Einn(éML, s0) = W, (m%/ao(é? —0y1)) and € uniquely
maximizes W(-) almost surely, it can be shown that there exists a se-

quence of maximizers éjnn of L (-,50) such that P(m,l/ ao(é*

s

o éML) S
1X1 ., X)) L P(§ € -) on M,(IRP) (the proof is similar to that of Theo-
rem 2.2 in [17]). Since

Ak

m/ ML, — Byp) —ml*(8], —Our)

1/a
myl & ln(mn)> R 1 - .
= —|— (aML—ao)mn/o‘o gmn—GML s
< m%/QO(a:)Q ( )
where o lies between djr; and «p, and n1/2(<54ML —ap) = Oy(1),
P(H(m}L/aML - m%/ao)(é;n — O > KIX1,. ., Xn) L0 for any K > 0.
Hence, P(m,lq/dm(éjnn—éML) € 1X1,...,Xn) Lis P(§ € -) on M,(IRP). The
mean value theorem can be used to show that ([BI2]) holds. O
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14 B. ANDREWS, M. CALDER AND R.A. DAVIS

Thus, mi/&ML(éjnn — 0yr1) and my/ oML (&S;n — ¢yy1), conditioned on
{X;}",, have the same limiting distributions as n/®° (@5, — 6) and

nY/a0 (¢ — bg) respectively. If n is large, these limiting distributigns
can, therefore, be approximated by simulating bootstrap values of 6,

and (Aﬁ;n, and looking at the distributions for ms/ = @,

n —-ék“) and
m/amL (q}:nn —ay1)- In principle, one could also examine the limiting distri-
butions for n'/®0 (8, —0o) and n'/*(¢,,; — ) by simulating realizations
of W(-), with the true parameter values 8y and T replaced by estimates,
and by finding the corresponding values of the maximizer &, but this pro-
cedure is much more laborious than the bootstrap. Confidence intervals for
the elements of 8y and ¢, can be obtained using the limiting results for 0L
and (Aﬁ v in B3) and (B8l), bootstrap estimates of quantiles for the limiting
distributions, and the estimate &7, of ayg.

For the elements of 7, confidence intervals can be directly obtained from
the limiting result for 7,7, in (B3). Because I71(+) is continuous at T¢ and

Fun S To, I71(#a1) is a consistent estimator for I7!(7() which can be
used to compute standard errors for the estimates.

4. Numerical Results.

4.1. Simulation Study. In this section, we describe a simulation exper-
iment to study the behavior of the ML estimators for finite samples. We
did these simulations in MATLAB, using John Nolan’s STABLE library
(http://academic2.american.edu/~jpnolan/stable/stable.html) to generate
stable noise and evaluate stable densities. The STABLE library uses the al-
gorithm in Chambers, Mallows, and Stuck [9] to generate stable noise and
the algorithm in Nolan [3(] to evaluate stable densities.

For each of 300 replicates, we simulated an AR series of length n = 500
with stable noise and then found 7,,;, = (é/M L, Th) by maximizing the
log-likelihood £ in (ZIZ) with respect to both s € {0,...,p} and n. To
reduce the possibility of the optimizer getting trapped at local maxima, for
each s € {0,...,p}, we used 1200 randomly chosen starting values for 7.
We evaluated the log-likelihood at each of the candidate values and, for
each s € {0,...,p}, reduced the collection of initial values to the eight
with the highest likelihoods. Optimized values were found using the Nelder-
Mead algorithm (see, for example, Lagarias, Reeds, Wright, and Wright [23])
and the 8(p + 1) initial values as starting points. The optimized value for
which the likelihood was highest was chosen to be 7,7, and then & ML Was
computed using [ZIJ). In all cases, £ was maximized at s = s, so the true
order of noncausality for the AR model was always correctly identified.

imsart-aos ver. 2007/09/18 file: mle_ar.tex date: July 28, 2008



ML ESTIMATION FOR a-STABLE AR PROCESSES

15

Asymp. Empirical Asymp. Empirical
std.dev. mean std.dev. std.dev. mean std.dev.
¢o1 = 0.5 0.500 0.001 ¢o1 = 0.5 0.500 0.001
ap = 0.8 0.051 0.795 0.040 ap = 0.8 0.049 0.799 0.035
Bo = 0.0 0.067 0.000 0.064 Bo = 0.5 0.058 0.504 0.060
g9 =1.0 0.077 0.996 0.068 oo =1.0 0.074 0.995 0.075
wo = 0.0 0.054 0.003 0.057 wo = 0.0 0.062 -0.002 0.066
¢o1 = 0.5 0.498 0.019 ¢o1 = 0.5 0.500 0.018
apg =15 0.071 1.499 0.069 ap=1.5 0.070 1.500 0.066
Bo = 0.0 0.137 0.012 0.142 Bo = 0.5 0.121 0.491 0.121
oo =1.0 0.048 0.997 0.050 oo =1.0 0.047 0.996 0.047
wo = 0.0 0.078 -0.002 0.074 wo = 0.0 0.078 0.005 0.082
¢o1 = 2.0 2.000 0.004 ¢o1 = 2.0 2.000 0.004
apg = 0.8 0.051 0.797 0.041 ap = 0.8 0.049 0.795 0.037
Bo = 0.0 0.067 0.000 0.066 Bo=0.5 0.058 0.499 0.060
oo =1.0 0.077 1.004 0.072 oo =1.0 0.074 0.996 0.072
wo = 0.0 0.054 0.004 0.055 wo = 0.0 0.062 0.000 0.063
¢o1 = 2.0 2.003 0.074 ¢o1 = 2.0 2.013 0.073
apg=1.5 0.071 1.505 0.074 ap=1.5 0.070 1.497 0.069
Bo = 0.0 0.137 0.008 0.138 Bo = 0.5 0.121 0.504 0.119
g9 =1.0 0.048 1.000 0.056 oo =1.0 0.047 0.996 0.061
wo = 0.0 0.078 -0.006 0.077 wo = 0.0 0.078 0.004 0.079
¢o1 = —1.2 -1.200 0.004 ¢o1 = —1.2 -1.200 0.004
P02 = 1.6 1.600 0.004 ¢o2 = 1.6 1.600 0.004
apg = 0.8 0.051 0.798 0.041 ap = 0.8 0.049 0.800 0.039
Bo = 0.0 0.067 -0.001 0.068 Bo = 0.5 0.058 0.502 0.056
oo =1.0 0.077 0.997 0.073 oo =1.0 0.074 0.997 0.071
po = 0.0 0.054 -0.002 0.057 po = 0.0 0.062 -0.004 0.064
¢o1 = —1.2 -1.212 0.083 ¢o1 = —1.2 -1.204 0.078
P02 = 1.6 1.605 0.065 P02 = 1.6 1.598 0.062
apg =15 0.071 1.502 0.069 ap=1.5 0.070 1.499 0.071
Bo = 0.0 0.137 0.010 0.128 Bo = 0.5 0.121 0.509 0.128
oo =1.0 0.048 0.999 0.066 oo =1.0 0.047 0.997 0.056
wo = 0.0 0.078 -0.006 0.078 wo = 0.0 0.078 0.000 0.083
TABLE 1

Empirical means and standard deviations for ML estimates of AR model parameters.
The asymptotic standard deviations were computed using Theorem [EA and Nolan [31].
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16 B. ANDREWS, M. CALDER AND R.A. DAVIS

We obtained simulation results for the causal AR(1) model with param-
eter ¢, = 0.5, the noncausal AR(1) model with parameter ¢, = 2.0, and
the AR(2) model with parameter ¢y = (—1.2,1.6)". The AR(2) polynomial
1 4 1.2z — 1.622 equals (1 — 0.82)(1 + 2z), and so it has one root inside
and the other outside the unit circle. Results of the simulations appear in
Table [l where we give the empirical means and standard deviations for the
parameter estimates. The asymptotic standard deviations were obtained us-
ing Theorem 2 and values for I=!(7¢) in Nolan [31]. (Values for I7(-) not
given in Nolan [31] can be computed using the STABLE library.) Results
for symmetric stable noise are given on the left-hand side of the table, and
results for asymmetric stable noise with Gy = 0.5 are given on the right-
hand side. In Table [l we see that the MLEs are all approximately unbiased
and that the asymptotic standard deviations fairly accurately reflect the
true variability of the estimates &y, BML, omL, and jiprr. Note that the
values of (Aﬁ ML, OML, [%ML, and fiprr, are less disperse when the noise dis-
tribution is heavier-tailed (ie., when oy = 0.8), while the values of &)/, are
more disperse when the noise distribution has heavier tails. Note also that
the finite sample results for 7,7, do not appear particularly affected by the
value of ¢, which is not surprising since @ v and T/ are asymptotically
independent.

Normal qg-plots show that, in all cases, ap;p, BML, oML, and iy, have
approximately Gaussian distributions. To examine the distribution for
nl/ao (q} ML — ®o), in Figure [l we give kernel estimates for the density of
nl/ao (él,ML — (2501) when (¢01, ap, ﬂo, g0, /Lo) is (0.5, 0.8, 0, 1, 0), (0.5, 0.8, 0.5,
1,0), (0.5,1.5,0,1,0), and (0.5,1.5,0.5,1,0). For comparison, we also in-
cluded normal density functions in Figure [} the means and variances for
the normal densities are the corresponding means and variances for the val-
ues of nl/oo ((;317ML — ¢01). The distribution of nl/ao(qgl,ML — ¢o1) appears
more peaked and heavier-tailed than Gaussian, but closer to Gaussian as ag
approaches two. Similar behavior is exhibited by other estimators qgj, ML-

4.2. Autoregressive Modeling. Figure [ shows the natural logarithms of
the volumes of Wal-Mart stock traded daily on the New York Stock Ex-
change from December 1, 2003 to December 31, 2004. Sample autocorre-
lation and partial autocorrelation functions for the series are given in Fig-
ure Bl Note that, even if a process has infinite second-order moments, the
sample correlations and partial correlations can still be useful for identify-
ing a suitable model for the data (see, for example, Adler, Feldman, and
Gallagher [1l]). Because the sample partial autocorrelation function is ap-
proximately zero after lag two and the data appear “spiky,” it is reasonable
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FiG 1. Kernel estimates of the density for nt/@o (le,ML — ¢o1) when (po1, ao, Bo, 0o, to) s
(a) (0.5,0.8,0,1,0), (b) (0.5,0.8,0.5,1,0), (¢) (0.5,1.5,0,1,0), and (d) (0.5,1.5,0.5,1,0),
and normal density functions with the same means and variances as the corresponding
values for nt/@o (QBl,ML — ¢o1)-
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F1G 2. The natural logarithms of the volumes of Wal-Mart stock traded daily on the New
York Stock Exchange from December 1, 2003 to December 31, 2004.
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(a) ACF of X, (b) PACF of X
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T
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Lag Lag

F1G 3. (a) The sample autocorrelation function for {X.} and (b) the sample partial auto-
correlation function for {X:}.

to try modeling this series {X;}?74 as an AR(2) process with non-Gaussian

stable noise. Additionally, Akaike’s information criterion (AIC) is smallest at
lag two. This supports the suitability of an AR(2) model for {X;}. Note that
AIC is a consistent order selection criterion for heavy-tailed, infinite vari-
ance AR processes (Knight [29]), even though it is not in the finite variance
case.

We fit an AR(2) model to {X;} by maximizing £ in (ZIZ) with re-
spect to both n and s. The ML estimates are 7,,;; = (él,ég,d,ﬁ,c},,&)’ =
(0.7380, —2.8146, 1.8335, 0.5650, 0.4559, 16.0030)’, with s = 1. Hence, the fit-
ted AR(2) polynomial has one root inside and one root outside the unit
circle. The residuals from the fitted noncausal AR(2) model

(4.1) (1—0.7380B)(1 4+ 2.8146B)X; = (14 2.0766B — 2.0772B%)X, = Z,

and sample autocorrelation functions for the absolute values and squares
of the mean-corrected residuals, are shown in Figure Hl(a)—(c). The bounds
in (b) and (c) are approximate 95% confidence bounds which we obtained
by simulating 100,000 independent sample correlations for the absolute val-
ues and squares of 272 mean-corrected iid stable random variables with
7 = (1.8335,0.5650,0.4559,16.0030)". Based on these graphs, the residu-
als appear approximately iid, and so we conclude that ([EI) is a satis-
factory fitted model for the series {X;}. A qq-plot, with empirical quan-
tiles for the residuals plotted against theoretical quantiles of the stable
T = (1.8335,0.5650,0.4559, 16.0030)" distribution, is given in Figure BI(d).
Because the qg-plot is remarkably linear, it appears reasonable to model the
iid noise {Z;} in (1)) as stable with parameter 7 = (1.8335, 0.5650, 0.4559,
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(@) Z; (b) ACF of Absolute Values
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Fi1Gc 4. (a) The residuals {Z:}, (b) the sample autocorrelation function for the absolute
values of mean-corrected {Z:}, (c) the sample autocorrelation function for the squares of
mean-corrected {Z:}, and (d) the stable qg-plot for {Z:}.

16.0030)’. Following the discussion at the end of Section B approximate 95%
bootstrap confidence intervals for ¢g; and ¢g2 are (—2.2487,—1.8116) and
(1.8120,2.2439) (these were obtained from 100 iterations of the bootstrap
procedure with m,, = 135), and approximate 95% confidence intervals for
a0, Bo, 00, and i, with standard errors computed using I=!(71), are
(1.6847,1.9823), (—0.1403,1), (0.4093,0.5025), and (15.9102,16.0958).

In contrast, when we fit a causal AR(2) model to {X;} by maximizing £
with s = 0 fixed, we obtain 9) = (61, 62, &, 3,6, i) = (0.4326,0.2122,1.7214,
0.5849,0.1559,5.6768)'. The sample autocorrelation functions for the ab-
solute values and squares of the mean-corrected residuals from this fitted
causal model are given in Figure Bl Because both the absolute values and
squares have large lag one correlations, the residuals do not appear indepen-
dent, and so the causal AR model is not suitable for {X;}.

APPENDIX

In this final section, we give proofs of the lemmas used to establish the
results of Section Bl
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ACF of Absolute Values ACF of Squares
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Fic 5. The sample autocorrelation functions for the absolute values and squares of the
mean-corrected residuals from the fitted causal AR(2) model.

LEMMA A.1. For any fived u € IRP and for Zj j(u) between Z ; and
T j + [E(a0)]Y 0 0pc; (w)5, T, 0,

(A.1) Z 3 Jej(u)|ry

k=1j#0

Oln f(Zy,;(u);T0)  9ln f(Zky570)
0z 0z

is finite a.s.

PROOF. Since equation (Al equals > 72, Z]#O |cj(u )|F;1/a°|Zk,j(u) -
Zy 3110 In f(Z; ;(n);70)/02%|, where Z} ;(u) is between Z; and Zj, ;(u),
(AT is bounded above by

0%In f(z;10)

(A.2) [E()]"/* g sup — 0z

zelR

Zr‘”%z (u).

Jj#0
By (&3 and the continuity of 8%Inf(;70)/02> on R,
supze]R|82 In f(z;70)/02%| < co. Now suppose kf € {2,3,...} such that

k' > 2/ag. Tt follows that E{20 T, 2%} = ¥ T(k — 2/a0)/T(k) <
(constant) 3232 .+ k=2/%° < oo. Consequently, since 0 < [&(ag)]/*0g < oo,

320 ¢ (u) < oo by B3), and Z? T, 220 < o0 as., (BD) is finite a.s. O

LEMMA A.2.  For any fixred u € IRP,

(A.3) Z >

k=1j#0

/e In f(Zy ;;
cj(u ( Y O—k'_l/ao) Ol f(Zygi70) <00 a.s.

0z
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PrROOF. The left-hand side of ([A3) is bounded above by
o0 —1/a -1/«
suszIR\8lnf(z;7-0)/(9z]zk:1\Fk feo k=Y 0’2]‘7&0’6]'(11)‘- By (Z34),
sup, 1R [01n f(2;70) /02| < oo, by B3), >°;.0|cj(u)| < oo, and, from the
proof of Proposition A.3 in Davis, Knight, and Liu [12], > 72, |F]:1/a° -
k=1/20| < o0 a.s. Thus, ([(A3) holds. O

LEMMA A.3. For any fited u € IRP, |>.72, Z#O(:j(u)ékk—l/aox
[On f(Zy j;70)/0%]| < o0 a.s.

ProOF. The sequence {3°; cj(W)opk ™20 [01n f(Zy j;T0)/02]}32, is a
series of independent random variables which, by dominated convergence,

all have mean zero, since }_; . [¢j(u)| < oo, sup_ g [01n f(2;70)/02] < oo,
and E{01n f(Zj j;70)/0z} = [ (0f(2;T0)/0z) dz = 0. Therefore, because

J#0

< (sup
zelR

< o0,

- “1/ap O f(Zk 53 T0)
kz::lVar{ch(u)&kk 1/ OTJ}

dln f(z;70)
0z

2 2 o
) (zm«un) S e
k=1

J#0

the result holds by the Kolmogorov convergence theorem (see, for example,
Resnick [33], page 212). O

LEMMA A4. Forue R and v € R*,

- u v
Z In f (Zt (00+ W,So) ;To+%)

t=p+1

(A.4) . -
— Z Inf (Zt + p~ /a0 Z ci(u)Zi—j; 1o + L) )

t=p+1 j=—00 \/ﬁ

with Zy(-,-) as defined in (ZI1), converges in probability to zero on C'(IRPTH)
as n — 0o.

PROOF. Let T' > 0. We begin by showing that (AZl) is op(1)
on C([-T,T|P™). Since {Z;(60,50)} = {Z}, and following (B2),
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equation ([A4) equals
& {alnf(ZZn(u); 7o+ v/V/F)

b1 0z

(A.5) { (90 + / ) — Zi(69, s0) — nllj;o aZt(gg’SO)} } ;

where  Zf,(u) lies between Z;(6o + n-l/%u,s0) and  Zi+
n~You'dZ,(8y, s0)/06. Equation ([AH) can be expressed as

1o O f(Zw)iTo+ /) 822,67, (w), s0)

2n2/a0 t_z 0z YT o000
=p+1

with 65 ,,(u) between 6y and 6o+n—1/*u. Following 1I), the mixed partial
derivatives of Z;(0, s) are given by

07 ',]{7:1,...,7‘,

827,(0, s) J

o005, = Kk G=Lom k=rilop
07 j,kzr—i—l,...,p,

and so we have

S Ol f (Zn()iTo+v/V) 022,(6},,(w). 50)
(' vy zl[lpT T)p+4 In2/a0 Nl 0z u 0000’
c e |mIGTrvm
zelR, ve[-T,T)* 9z
1 " | 072465, (), s0)
- ue[s—uII“?T]P 2n2/e0 t:%:rl 0006’
olnf(z;1o+v T?p? &
- sup f( 80 /Vn) 2/1;() 3 Z|Xt il
2R, ve[-T,7]4 & n t=p+1j=2
Oln f (z;70 4+ v/y/n)| T?p* &
< sup — ) Z Z Yk Zi—j—i|
2R, ve[-T,T]4 0z n?/e0 t=p+1 =2 k=—oo T
(A.6)

(recall that Xy = 3772 ¢;Z;—;). By @), sup_ R, ve[-T,T]4 |0In f(z; 70+
v/y/n)/0z] = O(1) as n — oo. Now let € > 0 and k1 = (3/4)apl{ay <
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1} 4+ I{ap > 1}, and observe that E|Z;|" < oo and 0 < k1 < 1. Using the
Markov inequality,

&Mzi;mmﬂlﬂ

t=p+1 j=2k=—

1 K1 n 00 1
S TN
(En2/ozo) {tzzlz Z kot—j—k }

J=2k=—00

1 K1 n p [ele] .
(—g/ao) ES > > [k Ze—ji™
en t=p+1j

=2 k=—00
o0
< emplTI/cop Bz 3T [yl
k=—o00

Consequently, ([A8) is 0,(1) on IR, and so (&) is 0,(1) on C([-T, T|P™).
Since T > 0 was arbitrarily chosen, for any compact set K C IRP™, (A3 is
0,(1) on C(K), and it therefore follows that (&) is 0,(1) on C(IRFT). O

LEMMA A.5. Forue€ IR and v € IR*,

n e 0o v
Z lnf(Zt—i-n 1/ Z Cj(u)Zt_j;T()—F%)

t=p+1 j=—o00

(A.7) -~ Y Inf Zy +nYeo > ¢i(u)Zi—jiTo
t=p+1 Jj=—00

Vo omiZiTy) |1

v'I(To)v
vn Nl or 2

converges in probability to zero on C(IRP*) as n — oo.

PRrROOF. Using a Taylor series expansion about 7¢, equation (A7) equals

v z": Oln f(Zy +n 02 ej(WZijiTo)  9lnf(Zi;To)
\/_ or or
(A.8)
vV PInf(Zi+nTVooy e o) ZiyiTh(v) 1,
— v+ =v'I(Tg)v,
2n 4 oroT’ 2
_p—l—l
(A.9)
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where 7}, (v) is between 79 and 79 + v/y/n. Let T' > 0. We will show that
SUPye|—7,7]r of

’L Z": Ol f(Z+n 052 cj(W)ZijiTo)  0lnf(Z;To)
\/ﬁt:p—l—l 80[ 60&
(A.10)

is 0p(1). It can be shown similarly that sup(y vye—prjp+4 of (AF) is 0p(1),

and, using the ergodic theorem, sup(y v/ye(_rpp+a of (AJ) is 0,(1). Since

T > 0 was arbitrarily chosen, it follows that (A7) is 0,(1) on C(IRP*4).
Observe that supye_r 7 of (AI0) equals

1 n 0% f(Z55 ()i o) &
(All) sup m Z 8;’60[ Z Cj(u)Zt_j,

ue[-T,T)p |1 t=pt1 j=—o0

where Z;7 (u) is between Z; and Z; + n~l/e0 5% ci(u)Z;_j. Follow-

j=—00

ing (B2), there must exist constants C; > 0 and 0 < D; < 1 such that

(A.12) sup |e;(w)| < iDL wie{...,—1,0,1,...},
ue[-T,T)P

and so (A1) is bounded above by

9%In f(z;70)
020«

Ch il
12+ 1o > > DYNZil
t=p+1j=—0c0

(A.13) sup
zelR

By (1), sup, g |0%In f(2;70)/(020a)| < oco. Now let € > 0 and kg =
ag(1+ap/3)/(1+ap/2)I{ag < 1} + I{ap > 1}, so that ko(1/24+1/ap) > 1,
E|Z1]"* < 00, and 0 < kg < 1. Since
K2
> e"”)

< 6—52n1—52(1/2+1/a0)E|Z1|li2 Z (D"fQ)U‘

1 ~ N il
P([n1/2+1/a0 Z Z Dy 24

t=p+1j=—00

j=—00

and n!~r2(1/2+1/e0) _, o ([ATF) is 0,(1) and therefore supye[—7,7pe of (AI0)
must also be op(1). O
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LEMMA A.6. Foru e IRP,

Z In f (Zt+n_1/°‘0 Z Cj(u)Zt_j;To)

t=p+1 j=—o00
(A.14) - > Inf(Z+ p~t/eo > ¢i(u)Zi—jiTo
t=p+1 J#0
- Z In f (Zt + _col(/u) Zy; T0> —In f(Zy; To)}
n+/eo
t=p+1

converges in probability to zero on C(IRP) as n — oo.
PRrOOF. Equation (A1) equals

co(u) Z": Z lalnf(ziin(U);To) 3 alnf(Z:;(u);TO)] 7
1

(A-15) nl/ao 0z 0z

where an(u) is between Z; + n~/a0 Yoo Ci(W)Z—j and  Z+
n~1/o >0 ¢ (W)Zy—j, and Zt*;kl(u) is between Z; and (1 4+ n~"%cy(u))Z;.
For T' > 0, supye(_r,j» of the absolute value of ([A.TH) is bounded above by

CO(U-) n 8% 1n f(Z;Z*(u);T())
A.16 sup 7 (W) 2o ’
( ) ue[-T,T)P n2/o tzgi-l tj;) (W) Z;—j 5.3
02(11) n 8% 1n f(ijk**(u)7 7'0)
AT + sSup 0 2 A )
( ) ue[-T,T|? n2/0l() t:;q t 922

where Z;7"(u) = Z; + n~1/e0 )\Im(u)co (W) Z; +n~ Yo M) 30520 ¢j(0) 2
for some )\I’n(u), Afn(u) € [0,1]. To complete the proof, we show that ([(A.T6)

and (A7) are op(1).
Following ([AIX), equation ([AIJG) is bounded above by

sup_ g (07 In f (2 70) /922 n 20 CF Ty 1 | 24] S0 DY | 2. T8 s =
(3/4)apI{ag < 1} + I{ag > 1}, then, for any ¢ > 0,
K3
> e"“”)

1 ;
P([W > |Zt|ZD|1J‘|Zt—j|
< 6—n3n1—2n3/a0 (E‘len3)2 Z(DTS)M’

t=p+1 J#0
J#0

which is o(1), and thus ([ATG) is 0,(1).
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Equation (A7) is bounded above by

|82 F([1+ AL, (w)eo(u) /nt/*0] Z;; )
022

5|07 In f(ZF 3 (); 7o)
072

921n f([1+ AL, (w)co(u) /n!/*0) Z; 7o)
B 022

(A.19)

)

and (AIR) is bounded above by sup, [y [2*[0%In f(z;70)/02%]|%
SWPue—1, 770 10 (W) i1 (140 /20N (w)eo(w)) ~2. Since n!=2/20 —

0. Ubc 117 o w)] < o, and, from (B, sup_ g -210% n f(2 70)/0:7]| <
oo, [AR) is op(l). An upper bound for ([(AT9) is

P f(Zyn(0); 7o) ZCj(u)Zt_j

P pn3/ao Z Zt

uel-T.7] el 0z° 70
Plnf(ziro)| [ C1 \* <~ .o 1]
< sup d ( ) Z Zt ZDlj |Zt—j|,
zeR 0z° nt/e t=p+1  j#0

where Z; ,(u) is between Zgy(u) and [1 4+ )\Ln(u)co(u)/nl/aO]Zt. If kg :=
3ap/8, then, for any € > 0,
K4
> 6“4)

1L & 1l
P ([W > 22y D' Zi
t=ptl 70
< 6—n4n1—3n4/aoE{Z12ff4}E’ZI‘164 Z(szx)lj\
j#0

n—oo
= 0.

Since sup, g |8°In f(2;70)/82°] < oo (see DuMouchel [17]), it follows

that [ATJ) is also op(1). O
LEMMA A.7. Foru= (uy,...,up) € RP,
> |Inf (Zt 1(/ )Zt,7-0> - lnf(Zt;To)]
(A.20) e ) y
“1/ao
+(n—p)ln op i " Tty I{so > 0}
Oop
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converges in probability to zero on C(IRP) as n — oo.

PrOOF. If s = 0, the result is trivial since, from BZ), co(u) =
upﬁo_pll {sp > 0}, and so, when sy = 0, equation (A20) equals zero for
all u € IRP. Now consider the case sg > 0. Choose arbitrary 7' > 0 and note
that supye(_r7p» of the absolute value of (A20) equals

co(u) , Oln f(Zy;T0) . c3(u) Qazlnf(ZtT,n(u);TO)
Sup oo 2t ) T e 022
ue[-TTP [ =ppq [T z " &
—1/a0
(A.21) +(n—p)ln W—% ,
op

where Zin(u) is between Z; and [1 + n~Y/%¢y(u)]Z;. Equation [AZ) is
bounded above by

(A.22) sup co(u) z": 1+th}
ue[-T,1]p |11/ t=p+1 92

co(u) Bop + n_l/aoup
A.23 + su n— —In
( ) ue[—:II“?T}p ( P) [nl/ao Bop

) &0 f(Zf,(w);To)

A24 . Zt o ;
(A.24) + ue[S_ujlﬂ?ﬂp on2/a0 t;ﬂ i 9.2 ;

we complete the proof by showing that each of these three terms is op(1).
Since {14 Z;[0In f(Z;;T0)/0z]} is an iid sequence with mean zero (which
can be shown using integration by parts) and finite variance,

2
L4 Zt(‘)lnf(Zt;To)}}

0z
n . 2
_ 1 Z E{1+Zt81nf(Zt,To)} ’
£ 0z

which is o(1). Therefore, because supye_r7p [co(u)| < oo, (A22) is op(1).
Next, [(A23)) equals supye_77p [(n—p) [n_l/o‘oupeo_pl—ln |1—|—n_1/a0up90_p1|]|,
which is o(1). And finally, [(A224]) is bounded above by

2 0?1n f(z;70) ct(u) i [ 7y r

sup |z
=R 92° uel-T.1]p 2n%/%0 t=p+1 ZtT,n(u)
—2
821 ; 2 U 9—1
< sup z2w ni=2e0  qup CO(2U.) [1_ ‘ pl/(;;; 7
R z ue[~T,T]P n
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28 B. ANDREWS, M. CALDER AND R.A. DAVIS

which, since sup, _[g [22[0% In f(z;70)/927]] < o0, is also o(1). O

LEMMA A.8. For any fived u € IRP and v € IR, (Wi(u),T,(v)) £
(W (), v'IN) on IR* as n — oo, with W (u) and v'N independent. (W,(-),
T,(-), and W(-) were defined in equations (38), (Z3), and ([37), respec-
tively, and, from Theorem[Z3, N ~ N(0,I(7y)).)

Before proving this result, we introduce some notation and three addi-
tional lemmas which will be used in the proof. First, define a set function
e (+) as follows: e,(A) = I{x € A}, and, for m > 1, let

e1=(0,...,0,1, 0,...,0 ),...,ep=( 0,...,0, 1)

—— —— ——

m times m—1 times 2m—1 times
and

e.1=(0,...,0, 1,0,...,0),...,e_, = (1, 0,...,0 ).

—— ——— ——

m—1 times m times 2m—1 times
Now define

n

Sm’”(') = Z €(Zt7[5((10)]71/(100'071”71/010(Zter,---,ZtJrl7Zt717---7Zt7m))(.)
t=p+1

and
Snlt) = kzl z:l <€(Zk,jvej5kfkl/ao)(') * g(Zk,jveﬂkal/ao)(')) '
= J:

By the following lemma, Sy, ,,(-) can converge in distribution to Sp,(-).

LEMMA A.9.  For any fized relatively compact subset A of IRX (Ezm\{O})
(a subset A for which the closure A is compact; note that a compact subset of

E" \ {0} = [~00,00]2™\ {0} is closed and bounded away from the origin)
of the form

A= (ao,bo] X (a_m,b_m] X X (a_l,b_l] X (al,bl] X oo X (am,bm],
(A.25) ajby £0 Wil € {1,....m},
and for any fived v € IR, (Spn(A), Tn(v)) A (S (A),v'N) on IR? as
n — 00, with Sy (A) and v'N independent.
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PROOF. Let A1, A2 € IR. Following Theorem 3 on page 37 of Rosen-
blatt [34], this lemma holds if cumg(AiSmn(4) + ATh(V)) —
cumy (A1 S (A) + Aov/N) for all k& > 1, where cumy(X) is the k** order
joint cumulant of the random variable X. So,

cumy(X) = cum(X, ..., X).
————
k times

Note that since S, (A) and v'N are independent, cumg (A1.Sy,(A)+A2v'N) =
Meumy,(Sm(A)) + Ascumy (v/IN).
Fix £ > 1 and denote the k" order joint cumulant of i Xs and j Ys
(t+j = k) as cum,; ;(X,Y). So,
cum; j(X,Y) = cum(X,..., X,Y,...,Y).
———— ——
i times  j times

Then, by linearity,

cumg (A1 Smn(A4) + ATy (V)
= Meumg (S, (A)) + Ascumy (T, (v))

k—1
k . s
+> ( ; )A{A’s Teum ki (Sm,n(A), T(v)).
Jj=1

Also by linearity, for j € {1,...,k — 1},

cumy r— Sm,n(A)7 Tn (V))

n

i
n
(A.26) =3 cum (th,n, e Ve Wi .,Wtk,n) ,
t1=p+1 ty=p+1

where Viy = g(Zm[5((10)]71/0400'071”71/(10(Zt+m7---7Zt+17Zt717---7Zt7m))(A) and
Wip := n~Y2v'01n f(Zy;70)/07. Due to the limited dependence between
the variables {V; o}, i1, {Win}ieps1, equation (A26) equals

n
ti=ptljta—t1[<2im  |t;—t1]|<2jm[tj11—t1]|<(25+1)m
(A.27) Z cum (th,n,...,ij,Wtth,...,Wtk’n) :
|tk —t1]|<(2j+1)m

this sum is made up of (n—p)(4jm-+1)7~([454+2]m+1)¥77 terms. Therefore,
since |V;,| < 1, and E|W;,,| < oo for all £ > 1 and all n, (AZ1) is o(1) if
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k—j > 3 (as a result of the scaling by n~(*=7)/2), Equation ([A-27) is also o(1)
for k—j € {172} if nE’VthWtQ,n‘ = 0(1) and nE‘VthWtz,nth,n‘ = 0(1)
for any t1,%9,t3. We will show the limit is zero in one case; convergence to
zero can be established similarly in all other cases.

Since A is a relatively compact subset of IR X (Ezm \ {0}), at least
one of the intervals (a_m,,b_nm], ..., (a—1,b-1], (a1,b1], ..., (am,bm] does
not contain zero. We assume (a_1,b_1] does not contain zero and show
that nE|Vi ,W2,| = o(1). First, from (ZH)-I0), there exist constants
Cy,D, < oo such that [v/0ln f(z;70)/01| < C, + Dy|z|*/* Vz € R.
Hence, because Vi, = E(Zl’[5(%)},1/%051”,1/&0(Zl+m7___7227207___72177”))(A) and
Worn = n~Y2v'91n f(Za;19) /0T,

nE"/l,nWZn’

< nl?E

I{[E(ao)]_l/aoao_ln_l/a‘)& € (a_1,b_1]} (v,—ﬁlnf(Zg;To)) ’

or

IN

Cun'l?P (125 = nt/*0¢) + Dyn! B {| 2|0/ 1{| 2] > n'/0¢}}

where ¢ = [é(ag)]Y/*oomin{|a_i|,|b_1]}. By @&3), since ¢ > 0,
n'/?P(|Zy| > n'/*¢) — 0, and, using Karamata’s theorem (see, for exam-
ple, Feller [19], page 283), n'/?E{|Z;|*/4I{| Zs| > n'/®0(}} < (constant)x
n/2(nt/e0)0/4P(| Zy| > nl/*0(), which is o(1) by E3).

It has therefore been established that cumpy(A;Smn(A) + AT, (V)) =
Meumy, (Spm.n(A)) + Mscumy,(T,(v)) +o(1) for arbitrary k > 1. Following the
proof of Lemma 16 in Calder [1], it can be shown that cumy(Sp,n(A)) —
cumg(Sy,(A)). Note that, from Davis and Resnick [13], Sy, n(A) £ Sm(A)
on R and S,,(A4) is a Poisson random variable, so all cumulants are finite.
It is relatively straightforward to show that cumg(7,(v)) — cumg(v'N)
(see the proof of Lemma 16 in [7] for details), which is not surprising

since T),(v) £ VN on R by the central limit theorem. Consequently,
cumg (A1 Smn(A) + AT, (v)) — Meumy (S (A4)) + Mscumy (v/N), and the

proof is complete. O
LEmMMA A10. Let Up,(u) = n~1/@0 S5 e j(0)Zyyy, Ui (u) =
nVo S oWy, and DpM = {|z] < MM{(|U,(w)]| >

A U ([UH )| > X} For any fized u € IR’ and any x > 0,
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limy g+ limp/—o0 limsup,, ., of

d

(A.28) x [1—1 M}

n

> {[lnf (Zt + Ul (u) + U, (w); To) —In f(Z; TO)}
t=p+1

)

PrOOF. Note that, for any t € {p + 1,...,n} and any n, In f(Z; +
Utjn(u) + Ut—j_n(u); TO) —In f(Zt; TO) = [Ut,_n(u) + Ut—j_n(u)] [8 In f(Zt; TO)/az] +
(Ui (w) + U (0)]?[0 In f(Zf,;70)/02%] /2, where Z{,, lies between Z; and
Zy + Uy, (u) + U, (u). Note also that

1S zero.

| _ WM
t,n
= HUp,(w)| < MH{|US ()] <A} + I{|Z] > MYH{|U, (w)] > A}
+H{|Z:| > MYI{|U, ()| > A}
—I{|Z| > MYI{|U,,,(w)| > MH{|Uf, (w)] > A}
Consequently, [A28)) is bounded above by

{

n

>

(U )+ 07 () PTG g ) < 3y

t=p+1
x I{|Uf ()] < A} | > g)
0?In f(z; T - _ 2 -
b (g | ZERIETON S e )4 v, ) 1007, )] < 3)
zelR & t=p+1
< U )] <)) > £)

+ P ( CJ {(|Zt| > M) N (|Ut,_n(u)| s A)})

t=p+1
+ zp( Lnj {(|Zt| > M) N (|Utfn(u)| >A)}) :
t=p+1

The proof of Proposition A.2(a)—(c) in Davis, Knight, and Liu [12] can be
used to show that limy_,g+ limps—,o limsup,,_,,, of each of the four sum-
mands is zero. O
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LEMMA A.11.  Let I,?”]M =I{|Z ;| < M}I{I[E(ao)]1/O‘ancj(u)5k1“;1/°‘°| >
A}. For any fizred u € IRP,

sz[{ln £ (Zrj + [E(00)]V* ooc; ()5 T m0) = In f (Zjim0) }

k=10

M
(A.29) x (1= 12"
converges in probability to zero as A — 07 and M — oo.

PROOF. The absolute value of ([A29) is bounded above by
[E(a)] 0 0gsup, g |01In f(2570) /02 o 1F_1/aO >0 lej()]. If ap < 1,
pIyay I Veo o oo a.s., since E{F;l/ao} = O(k=Y/2) for k > 1/ag. Thus,
the result holds if ag < 1.

For oy > 1, the proof of this lemma is similar to the proof of Lemma [A. 10}
We omit the details. O

We now use Lemmas [AZ9HA_TT] to prove Lemma

PROOF OF LEMMA By Lemma [AZ0 for any relatively compact

subset A of R x (]Rzm \ {O}) of the form [AZH) and for any v € IR?,

(Smn(A), Tn(v)) £ (S (A),v'N)" on IR?, with S,,(A) and v'N indepen-

dent. It can be shown similarly that, for any £ > 1 and any relatively compact

subsets Ay,..., Ay of R x (R°™\ {0}) of the form (A2,

(A30)  (Smn(A1), ..oy Smn(Ae), Tn(v)) £ (Sm (A1), ..., Sm(Ay), v'N)’

on R, with (Sm(A1),...,Sm(Ae)) and v'N independent. Now, for
fixed u € Rp, let Sn() Zt =p+1 E(Zt, tn( )7UI7L(U))(')7 with Ut,_n(u) =

B9 S () Zesy and Uity (w) = n= /%0 S o (w)Ze_, and let
kzljzl < (Zk,—j, [E(c0)]Y @0 0gc_j ()8, T, 1/eo 0)()

+ E(Zk,j707 [E(ao)}1/a0006j(u)5k1—‘;1/a0) ()) .

Following the proof of Theorem 2.4 in Davis and Resnick [13], using (AZ30),
the mapping

(Zt,Zt+m,... Zt41s Rt—1y -+ Zt—m)
— (ztﬁ[(ao /QOJOZC—j u)z14, [¢(ag)] /OUOZCJ u)z ;),
7j=1
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and by letting m — oo, it can be shown that

~ ~ ~ ~ / L ~ o~ ~ o~ /
(A.31) (Su(Ar), -, 8u(A), Tu(v)) 5 (S(A1), ..., S(4),v'N)
on R with (S(A;),...,S(A))" and v'N independent, for any relatively
compact subsets Aj,..., Ay of R x (F{2 \ {0}).
Since (Sp(A1),...,5,(Ar)) £ (S(Ay),...,S(Ay)) on IR for arbitrary
¢ > 1 and arbitrary relatively compact subsets A1, ..., A; of R x (ﬁ2 \ {0}),

ES
Il

A
<
Il

—

+§(Zk,j, 0, [E(ao)]l/aoaocj (u)ékrlzl/aOD

on IR for any continuous function g on IR x (]P_{2 \ {0}) with
compact support (see Davis and Resnick [13]). Because it is almost

everywhere continuous on IR x (Ez \ {0}) with compact support, we
will use g(x,y,2) = [Inf(x +y+2z;70) — In f(x;70)] I{|z] < M}{(]y| >
A) U (|]z] > N}, where M,\ > 0. By Lemma [AJ0 for any x > 0,
liln)\—>0+ limps— 00 lim Supn—n)oP(‘W;{(u) - Z?:p—i—l g(ZhUt,_n(u)?Ut—j_n(u))‘ >
k) = 0 and, by Lemma [ATT]

Z Z( Zk ], 0)] /aoaoc_j(u)ékl“,zl/ao,o)

k=1j=1
+9(Zy, 5,0, [é(ao)]1/a0006j(u)5kflzl/a°))

LN W (u)

as A — 0t and M — oo (W;(-) and W(-) were defined in equations ()
and (B4), respectively). Therefore, by Theorem 3.2 in Billingsley [2], it fol-

lows from (A32) that W, (u) £ W(u) on IR for fixed u € IR?, and conse-
quently the result of this lemma follows from ([AZ3T]). O

LEMMA A.12. For any T > 0 and any k > 0,

(A.33) lim lim supP( sup (Wi (u) — Wi(v)| > H) = 0.

€207 n—oo [ullIVIIST, lu=—vl|<e
(W) was defined in equation ([33).)
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PrOOF. For u,v € IR?,

(Wi (u) = Wi(v)|

nl—}ao > (Z cju—v)Z,_;

t=p+1 \j#0

: n oln f(Zy;
i 2 (ch(U—v)Zt_j) W

t=p+1 \j#0

Oln f(Zf,(u,v); To)
0z

2 .
—+ <Sup M )
zelR 0z
1 n
Xn2/a0 Z ZCj(u—V)Zt_j ch(u)Zt—j + ch(V)Zt—j R
t=p+1 | j20 J#0 J#0

where  Zf,(u,v) lies between Z; + n~1/@0 >iz0¢i(W)Zi—;  and
Z; 4 n~1/eo > j#0¢j(V)Zi—j. Following the proof of Theorem 2.1 in
Davis, Knight, and Liu [12] (see page 154), if {7}z is
a  geometrically decaying sequence, then it can be shown

that  n= 0S8 (X0 T2 )0 f(Zi570)/02) = Op(1) and
n=2/@0 b1 (X0 |7 Z—;1)* = Op(1). Therefore, by [AI2) and because
¢;j(u) is linear in u for all j, (AZ33) holds. O

LEMMA A.13. If, as n — oo, m, — oo with m,/n — 0, then for any
T >0 and any k > 0,

(A.34) P( sup W, (u) — W, (u)] > H}Xl . ,Xn> Zo.
[[ull<T

(Wi, () and Wy, () were defined in equations (3:14) and (EI3).)

PRrOOF. Choose arbitrary 7',k > 0, and let the sequence {1% G2 oo COD-

tain the coefficients in the Laurent series expansion of 1/ [éL L (2)0%,(2)].
From BII), for t € {1,...,m,}, é}LwL(B)é}"ML(B)X;" = Z7, and so X =

e oo l/AJth*_j. From Brockwell and Davis [6] (see Chapter 3), there exist
Cy > 0,0 < Dy < 1, and a sufficiently small 6 > 0 such that, whenever
1031 — 6ol < 0, |1/A)J| < C’2D‘2]| and also supjy<r [¢(u)] < C’2D‘2]| for all
je{...,—1,0,1,...} (the ¢j(u)s were defined in (BI3)). Now observe that
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the left-hand side of ([A34) is bounded above by

P (llshlpT (Wi, (w) = W, (w)] > 5| X1 ... ,Xn> 1{]10az — 00]| < 6
u||<

(A35) + {660l >},

and that 1{||0 . —6o| > 6} is 0,(1) since 01, L 6y. Foru = (ur,...,up) €
IR?,

Wmn (U_) - er,n (u)
mn « [ 5 u R . o~
= Z llnf (Zt <9ML + mﬁo) ;TML> - lnf(ZtQTML)]
t=p+1 My
=3 |f |z +mpV N e(u)Zi o | —Inf (Z)5T0)
t=p+1 J#0

A —1/ap
6p7ML + mMn / UP

+ (my —p)In I{sy > 0},

p,ML

and so, using arguments similar to those given in the proofs of Lemmas [AZ4
[A77 it can be shown that the first summand of ([A3H) is also o,(1) if, for
any € > 0,

02 mMn o0 . .
(A.36) P (W S S iz >e‘X1,...,Xn),
mn t=p+1 j=—o0
. O mMn o i .
P [ sup ’Ti,ML_TOi’]ﬁ Z Z D‘2]|‘Zt—j‘>6’X17---aXn ,
ie{l,...,.4} Mmn t=p+1 j=—o0
(A.37)
Cy & i1
(A.38) P(m > |Zt|ZD|2J|Zt_j|>6‘X1,...,Xn),
Mn t=p+1 j#0

C - * j *
(A.39) P ( 3/2a0 > (4 )2ZD'2"|Zt_j| > e‘Xl,...,Xn) ,

Mn t=p+1 j#0

and

2
In f(Z7;
1+Z;%;’T°)]} >6‘X1,...,Xn

(A40) P {% 3

0
mn t=p+1
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are all o,(1). To complete the proof, we show that (A30) and ([A0) are
both o0,(1). Since n'/?(#rr1, — 7o) = Op(1) and m,,/n — 0, using the proof
of Lemma [AT7] it can be shown similarly that ([A37) is 0,(1). The proof of
Lemma can be used to show that (A38) and ([(A3J) are op(1).

Recall, from the proof of Lemma [A4] that k1 = (3/4)agl{ag < 1} +
I{ap > 1}. By the Markov inequality, equation ([AZ3) is bounded above by

Co\™ 1—-2k1 /a0 - K17 *|K1
~ ) ™Mn > (D3Y) E{\Zt! Xla"'aXn};
j=—o0
this is o, (1) since mi 20 () and, using 0577 = 6o and E|Z]" < o0, it

can be shown that E{|Z/ "' |X1,..., Xp} = (n—p) "' 3044 | Z,(Oa11, 50) |
is Op(1).
We now consider (A40), which is bounded above by

*. 2
(A.41) e—lm;*/%E{(HZfW) ’Xl,...,Xn}
z

2 2
(A.42) +e_1%[E{l+Zt%}Xl,...,X H .
Mp

Since mn */* — 0 and, by (@), sup, g |2[01n f(2:70)/0]] < oo, (AT

is 0p(1). Now consider

(A.43) E{1+Z*%¢}X1,...,Xn}
Ady) = L% (1+Zt—m“f(2“0))
n—p, 0z
1 " p Oln f(Zy (01, 50);
> Zi(Ori,s0) n t(aML )i 7o)
=P i =pt1 o
Oln f( Zt,To)
(A.45) - Z Zy—
t=p+1

By the central limit theorem, (AZ) is O,(n~'/?). In addition, since Z; =
Zy(60, 50), [(A4T) equals

Oln f(Z,(0;,,50); 7o)
0z

(Orrr, — 60)' i

n—=r Sh

(A.46) +Z4(67, so)

0?In f(Z4(0%,50);T0) | 0Z:(07%, s0)
072 00 ’
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with @ between @y and 6, and, because sup, 1r |[01n f(z;T0)/0z2] +
2[0%In f(z;70)/022]| < oo, the absolute value of ([AZf) is bounded above
by

(A.47) (constant) sup [0i11 — Boil 3 924(07,, s0)
ie{lv"'vp} n-— p t:p—l—l 802

Recall, from the proof of Lemmal[AZD that ko = ag(14+ap/3)/(1+ag/2)I{ay <
1} + I{apg > 1}. For i € {1,...,p} and € > 0,

K2
1 i 8Zt(0*,80) -
Pll— 20T S0\ 110 0ss — 0ol < 6}| >
(Tl _ p)1/2+1/a0 t:;—l 00;

* K2
< er2(n — p)lora(l/2+1/a0)g |M I{||6xr1 — 60]| <6} ¢,

06;

which can be shown to be o(1) for sufficiently small § > 0 since r2(1/2 +
1/ag) > 1 and E|Z;|"2 < oco. Therefore, since n'/®0 (0, — 89) = O,(1),

it follows that (A4T), and hence (AZH) and (AZG), are o,(n~'/?), and
so (BZ3) is Op(n~1/?). Since m,/n — 0, (AZJ) must be o0,(1), and so the

proof is complete. O
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