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Abstract

Recent decision theories represent ambiguity via multiple priors, interpreted as al-
ternative probabilistic models of the relevant uncertainty. This paper provides a robust
behavioral foundation for this interpretation. A prior P is “plausible” if preferences
over some subset of acts admit an expected utility representation with prior P, but not
with any other prior ) # P. Under suitable axioms, plausible priors can be elicited
from preferences, and fully characterize them; also, probabilistic sophistication implies
that there exists only one plausible prior; finally, “plausible posteriors” can be de-
rived via Bayesian updating. Several familiar decision models are consistent with the
proposed axioms.
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1 Introduction

Multiple priors, or sets of probabilities over relevant states of nature, are a distinguishing
feature of several decision models that depart from subjective expected utility maximization
(SEU) in order to account for perceived ambiguity; examples include the maxmin expected-
utility (MEU) model (Ellsberg [8]; Gilboa and Schmeidler [14]), and Hurwicz’ a-maxmin
expected utility criterion (a-MEU; see e.g. Luce and Raiffa [22], and Ghirardato, Maccheroni
and Marinacci [11]). Also, the Choquet Expected Utility model (CEU; Schmeidler [32]) does
not employ sets of priors, but admits a multiple-priors interpretation (see Section 2.4 below).

The literature suggests that sets of priors may reflect the decision-maker’s subjective
assessment of available information: if the latter is perceived as being sufficiently precise,
the decision-maker’s beliefs can be represented by a single probability distribution; but, if
information is subjectively ambiguous, the decision-maker may wish to consider multiple
possible probabilistic descriptions of the underlying uncertainty.!

This “intuitive” interpretation of sets of priors has played a central role in motivating both
the early literature and more recent seminal contributions on choice under ambiguity (cf.
footnote 1). It is also typically invoked in applications that adopt multiple-prior preferences.
In fact, the economic intuition underlying modeling assumptions and formal results often
builds directly upon this interpretation: see e.g. Mukerji [28, p. 1209], Hansen, Sargent
and Tallarini [16, p. 878], or Billot, Chateauneuf, Gilboa and Tallon [4, p. 686]. Finally,
the literature often also suggests that the decision criteria (functional forms) employed in
specific multiple-priors models may be viewed as reflecting the decision-maker’s attitudes
towards ambiguity. For instance, one can associate the use of the “min” operator in the
MEU model with “extreme” ambiguity aversion. The cited interpretation of priors is fully
consistent with this view: sets of probabilities are assumed to describe the individual’s
perception of ambiguity, independently of how they are used in order to rank alternative
prospects;? consequently, specific functional representations reflect behavioral traits other
than “beliefs”—in particular, attitudes towards ambiguity.

However, existing axiomatic characterizations of specific decision models (e.g. [14], [32],
etc.) do not provide full support for the “intuitive” interpretation of sets of probabilities and
decision rules described above. Even in simple, canonical examples, preference relations ad-
mit multiple different representations, involving different sets of priors and decision criteria.

L See e.g. Ellsberg [8, pp. 657 and 661]), Gilboa and Schmeidler [14, p. 142] and Schmeidler [32, p. 584];
also cf. Luce and Raiffa [22, pp. 304-305], and Bewley [3].

2In particular, Ellsberg [8, especially pp. 661-665] and (to a lesser extent) Gilboa and Schmeidler [14, p.
142] suggest this interpretation.



For instance, a preference that satisfies the Gilboa-Schmeidler [14] axioms admits a MEU
representation; however, as will be demonstrated below, the same preference typically also
admits an a-MEU representation, and the sets of priors appearing in the two representations
are different. Thus, additional considerations must be invoked in order to determine which
of these sets, if any, comprises all possible probabilistic descriptions of the uncertainty, and
hence which decision criterion reflects the decision-maker’s attitudes towards ambiguity.

This paper proposes a definition of “plausible prior” that identifies probabilities directly
from preferences, without relying on a specific functional representation. The proposed defi-
nition is thus fully “behavioral”; furthermore, it is independent of the individual’s attitudes
towards ambiguity.

The main result of this paper shows that, under suitable axioms on preferences, a unique
collection of plausible priors can be identified. Moreover, under the same axioms:

e Plausible priors fully characterize preferences: there exists a unique decision criterion
that determines the ordering of any two acts as a function of their expected utilities
computed with respect to each plausible prior. Thus, the proposed definition yields a
more robust foundation for the intuitive interpretation of multiple-prior models. Pref-
erences that satisfy the proposed axioms will be deemed “plausible-priors preferences”.

e The class of plausible-priors preferences is closed under Bayesian updating. Consider
an “unconditional” plausible-priors preference, and a “conditional” preference that
is related to the latter by means of suitable consistency conditions. Then conditional
preferences also satisfy the axioms I propose; furthermore, the corresponding “plausible
posteriors” are derived from plausible priors by Bayesian updating.

e Finally, under appropriate regularity conditions, a plausible-prior preference is proba-
bilistically sophisticated in the sense of Machina and Schmeidler [24] if and only if it is
consistent with SEU—and hence admits a single plausible prior. Thus, a multiplicity
of plausible priors necessarily reflects the decision-maker’s perception of ambiguity.

The axioms I consider are compatible with a variety of known decision models, reflecting
a broad range of attitudes towards ambiguity: cf. Section 2.4 for examples.
A Motivating Example

In order to make the preceding discussion more concrete, consider Daniel Ellsberg’s cele-
brated three-color-urn experiment ([8]). An urn contains 30 red balls, and 60 green and blue
balls, in unspecified proportions; subjects are asked to rank bets on the realizations of a
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draw from the urn. Denote by r, g and b the possible realizations of the draw, in obvious
notation. The following, typical pattern of preferences suggests that subjects dislike ambi-
guity about the relative likelihood of g vs. b: ($10 if r, $0 otherwise) is strictly preferred
to ($10 if g, $0 otherwise), and ($10 if g or b, $0 otherwise) is strictly preferred to ($10 if r
or b, $0 otherwise). These rankings violate SEU, but are consistent with the MEU decision
model. According to the latter, for all “acts” f, g mapping realizations to prizes, f is weakly
preferred to g if and only if

i ds) > mi d 1
iy [ u((5))p(ds) = min [ ul(s)) plds), (1)
where u is a utility index and P a set of priors. The preferences described above for the three-
color urn example are consistent with the MEU decision model in Eq. (1) if «($10) > u($0)
and, for instance, P is the set of all probability distributions p on {r, g, b} such that p(r) = %
and % <plg) < % (other choices of priors are possible).

Now consider Hurwicz’ a-maxmin expected utility (a-MEU) model, which prescribes

that f be weakly preferred to ¢ if and only if

Oémin/U(f(S))Q(dS) +(1—a) maX/u(f(S))Q(dS) 2 (2)

qeQ qeEQ
amiy / alg(s)) a(ds) + (1 ~ @) mas / ulg(s)) a(ds),

where Q is a set of priors and « € [0, 1]. It is easy to see that, if a = % and Q comprises all
probabilities ¢ over {r, g, b} such that ¢(r) = %, one obtains an alternative representation the
MEU preferences characterized by the set of priors P specified above. In other words, the
same preference ordering admits two representations: MEU with priors P, or %—MEU with
priors Q.% Additional considerations are required to decide which of the two sets P and Q, if
any, consists of priors the decision-maker considers possible—hence, which decision criterion
reflects this individual’s attitudes towards ambiguity.

The proposed definition of “plausible priors”.

A probability P is deemed a plausible prior if there exists a subset C of acts with the
following properties: (i) when restricted to C, the decision-maker’s preferences are consistent
with SEU, i.e. conform to the Savage [31] or Anscombe-Aumann [2] axioms; and (ii) P is the

3A similar construction shows that these preferences admit a-MEU representations for any a € [%, 1].
Moreover, a-MEU-type representations featuring arbitrarily small subsets of P can also be constructed.
Section 6.2 in the Online Appendix shows that similar constructions are feasible for all MEU preferences.



only probability that, jointly with a suitable utility function, provides a SEU representation
of preferences restricted to the set C.

Consider the three-color urn example. Let C be the set of acts f such that f(b) is weakly
preferred to f(g), and let Cy be the set of acts f for which f(g) is weakly preferred to f(b);
as above, consider MEU preferences with priors P. Then preferences restricted to C; are
consistent with SEU, and uniquely identify the subjective probability P; characterized by
Py(r) = 3 and Pi(b) = § = 2 — Py(g); this is because P; minimizes the expected utility of
any act in C; over the set P, so the MEU evaluation of any such act is precisely [wuo fdP;.
Similarly, preferences restricted to Cs are consistent with SEU, with unique prior P, where
Py(r) = 3 and Py(g) = & = 2— P3(b). Thus, P, and P, are plausible priors for this preference
(and they are the only ones). Finally, recall that the same preferences also admit a %—MEU
representation, with priors Q; but since the two representations are numerically identical, it
is still the case that the evaluation of an act f in C is given by [wo fdP, and similarly
the evaluation of acts f € Cy is [wo fdP,. Thus, the same plausible priors are obtained,

regardless of the overall representation of preferences one decides to work with.

To motivate the proposed definition, observe first that a decision-maker whose preferences
admit some form of multiple-prior representation, such as MEU or a-MEU, can be described
as (a) specifying a relevant collection of probabilities, and (b) evaluating any act according
to its expected utility, computed with respect to a suitably selected probability drawn from
this collection. Different acts may be evaluated using different probabilities; also, distinct
multiple-prior models differ in the way evaluation probabilities are selected for each acts.

In the three-color urn example, the pre-specified sets of priors are P for the MEU repre-
sentation of preferences, and Q for the a-MEU representation. In the MEU representation,
the prior ps used to evaluate an act f is selected so as to minimize the expected utility of
f over P. In the %—MEU representation, the act f is evaluated using the prior %qf + %LQ £
where ¢; minimizes the expected utility of f over the set Q, and @; maximizes it.*

This interpretation applies to a broad class of decision models that includes CEU.5 More-
over, it is fully consistent with the intuitive interpretation of priors discussed at the begin-
ning of this Introduction: it portrays an individual who is willing to entertain more than one
possible probabilistic description of the underlying uncertainty, and responds to perceived

4Note that %q 4 iQf € Q, so it is appropriate to say that the a-MEU representation “selects” an element
of Q to evaluate each act.

SIn particular, it applies to the “generalized a~-MEU” class of preferences axiomatized by Ghirardato,
Maccheroni and Marinacci [11]; in their representation, the coefficient a is a function of the act being
evaluated. This class is characterized by the Gilboa-Schmeidler [14] axioms other than Uncertainty Aversion,
and includes all CEU preferences.



ambiguity by evaluating different acts by means of different possible priors.

Now suppose that a multiple-prior representation of preferences is sought, but no set of
probabilities or decision criterion is specified a priori: the objective is to derive both from
preferences. In this respect, a plausible prior P is a strong candidate for inclusion in the set
of probabilities that characterize the decision-maker’s choices: by definition, the decision-
maker behaves as if P was the prior “selected” to evaluate acts in a set C'. In other words,
although a set of probabilities is not specified a priori, the decision-maker behaves as if this
set contained P, and her decision criterion specified that P be used for acts in C'.

This interpretation would be less compelling if there were another probability @) # P
that also yielded the correct evaluation of acts in the set C": in this case, the decision-maker
could also be said to behave as if (), not P, was the prior “selected” for acts in the set C'. The
uniqueness requirement in the definition of plausible priors guarantees that this possibility
does not arise; for this reason, this requirement is essential to the intended interpretation.

Finally, the above discussion suggests that, by repeatedly applying the proposed def-
inition, it may be possible to derive a multiple-prior representation of a given preference
relation, wherein the characterizing set of probabilities consists solely of plausible priors.
As noted above, under the proposed axioms, this is indeed the case. In the three-color urn
experiment, preferences admit a MEU representation, with plausible priors {P;, P,}.

I now briefly discuss additional important aspects of the definition of plausible prior.
First, the proposed definition is fully behavioral, as intended: it does not rely upon any
pre-specified functional representation of preferences. One consequence was noted above in
the analysis of the three-color urn example: regardless of which representation of preferences
one chooses to work with, the same plausible priors are obtained.

Second, the definition identifies plausible priors independently of the decision-maker’s
attitudes towards ambiguity (cf. Sec. 2.4). For instance, in the three-color-urn example, the
plausible priors for a decision-maker with maxmaz-expected utility preferences and priors P
are also P; and P,, even though this decision-maker is ambiguity-loving.

Third, a possible alternative to Condition (i) in the definition of plausible priors might
require that preferences on a subset C of acts be probabilistically sophisticated, but not
necessarily consistent with SEU. This leads to the arguably interesting alternative notion of
“plausible non-SEU prior”. However, expected utility is the key building block of decision
criteria such as MEU, a-MEU, and even CEU, as well as a central component of their
intuitive interpretation. Since this paper is motivated by the interpretation of such decision
models, it seems natural to adopt expected utility as basic building block, and defer non-SEU
extensions to future research; see Sec. 6.3 in the Online Appendix for further discussion.

Finally, as demonstrated in Section 2.4, the axiomatic framework adopted in this paper



is consistent with a variety of decision models, and accommodates a broad range of attitudes
towards ambiguity. However, it does rule out certain interesting preferences, such as those
consistent with the second-order-probability model axiomatized by Klibanoff, Marinacci and
Mukerji [21]; see the discussion of Axiom 5 in Sec. 2.2.1. On the other hand, the definition of
plausible prior proposed here, as well as the key behavioral assumption of this paper (Axiom
6 in Sec. 2.2.4), are not a priori inconsistent with such preferences; extending the axiomatic
framework to accommodate them is another interesting direction for future research.

This paper is organized as follows. Section 2 introduces the decision framework, formu-
lates and motivates the axioms, presents the main characterization result, and applies it
to known decision models. Section 3 establishes the equivalence of probabilistic sophistica-
tion and SEU for plausible-priors preferences, and presents the characterization of Bayesian
updating. Section 4 discusses the related literature. All proofs are in the Appendix.

2 Model and Characterization

2.1 Decision-Theoretic Setup

I adopt a slight variant of the Anscombe-Aumann [2]| decision framework. Consider a set of
states of nature S, endowed with a sigma-algebra >, a set X of consequences (prizes), the
set Y of (finite-support) lotteries on X. For future reference, a charge is a finitely, but not
necessarily countably additive measure on (S5, X).

Acts are Y-measurable maps from S into Y that are bounded in preference: cf. Gilboa and
Schmeidler [14], Sec. 4. I assume that preferences are defined over all such acts. Formally,
let = be a binary relation on Y’; say that a function f : S — Y is ¥-measurable if, for all
y €Y, thesets {s: f(s) =y} and {s: f(s) =o y} belong to ¥; then, let L be the collection
of all ¥-measurable maps f : S — Y for which there exist y,y" € Y such that y =¢ f(s)
and f(s) =¢ ¢ for every s € S. With the usual abuse of notation, denote by y the constant
act assigning the lottery y € Y to each s € S. Finally, denote by > a preference relation
on L that extends >=q: that is, for all y,3’ € Y, y > ¢/ if and only if y =q yy’. Denote the
asymmetric and symmetric parts of > by > and ~ respectively.

Mixtures of acts are taken pointwise: if f,g € L and o € [0, 1], af + (1 — «v)g is the act
assigning the compound lottery af(s) + (1 — a)g(s) to each state s € S.

Finally, a notion of uniform convergence for sequences of acts will be introduced. Let
{fr} C L be a sequence of acts. Say that this sequence converges uniformly in preference
to the act f € L, written “f;, — f7, iff, for every a € (0,1) and y,y’ € Y such that y > v/,



there exists K > 1 such that, for all £ > K, and for all s € S,
afi(s)+(1—a)y <af(s)+(1—a)y and af(s)+ (1 —a)y 2 afi(s)+ (1 —a)y. (3)

To interpret this definition, fix «;, y and y" as above: this corresponds to fixing a neighborhood
of a point in a metric space. Suppose that k is large enough so that the above relations hold.
Consider the case fi(s) > f(s): then, loosely speaking, the first relation in Eq. 3 requires
that the preference for fi(s) over f(s) be weaker than the preference for y over 3. If instead
fr(s) < f(s), then the second relation in Eq. 3 requires that the preference for f(s) over
fr(s) be weaker than the preference for y over 3. Thus, in either case, fx(s) and f(s) are
required to be “closer in preference” than y and 3/, and this must hold uniformly in 5.

A sequence of constant acts, or lotteries, {yx} C Y such that y, — y € Y according to

the preceding definition will be said simply to “converge in preference”.

The Anscombe-Aumann setup is adopted here merely for expository convenience. The
analysis can be equivalently carried out in a “fully subjective” framework, following e.g.
[5] or [12]. Specifically, let X be a “rich” (e.g. connected, separable topological) space of
prizes; define acts as bounded, measurable maps from S to X. Then, under appropriate
assumptions, preferences over prizes are represented by a utility function u such that u(X)
is a convex set; moreover, it is possible to define a “subjective” mixture operation & over
prizes such that, for all z,2" € X, and a € [0, 1], u(azx & (1 — a)2’) = au(z) + (1 — a)u(z’).
All mixture axioms stated below can then be reformulated by replacing “objective” lottery
mixtures with subjective mixtures. Moreover, these axioms can be interpreted in a manner
that is consistent with both their “objective” and “subjective” formulation.

2.2 Axioms and Interpretation

I begin by introducing a set of basic structural axioms (Axioms 1-5 in §2.2.1). Next, the
notion of mixture neutrality is employed to provide a formal definition of plausible priors
(§2.2.2). Then, I discuss the notion of hedging against ambiguity and define robust mixture
neutrality (§2.2.3); the latter is finally employed to formulate the key axiom for preferences
that admit plausible priors: “No Local Hedging” (Axiom 6 in §2.2.4).

2.2.1 Basic Structural Axioms

Axioms 1-5 will be applied both to the set L of all acts, and to certain subsets of L. For this
reason, they are stated using intentionally vague expressions such as “for all acts f,g...”.

6Lemma 5.2 Part 1 shows that, under the basic structural axioms considered below, Eq. 3 is equivalent
to the condition [u(f(s)) — u(f(s))] < :=2[u(y) — u(y’)], where u: Y — R represents = on Y.
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Axioms 1-4 appear in “textbook” treatments of the Anscombe-Aumann characterization
result, as well as in [14] and [32]; Axiom 5 was introduced by Gilboa and Schmeidler [14].

Axiom 1 (Weak Order) > is transitive and complete.
Axiom 2 (Non-degeneracy) Not for all acts f, g, f = g.

Axiom 3 (Continuity) For all acts f,g,h such that f > g = h, there exist o, 3 € (0,1)
such that f = af + (1 —a)h =g and g = Bf + (1 — B)h = h.

Axiom 4 (Monotonicity) For all acts f,g, if f(s) = g(s) for all s € S, then f = g.

Axiom 5 (Constant-act Independence) For all acts f,g, ally € Y, and all « € (0,1):
f=gifandonly ifaf + (1 —a)y = ag+ (1 —a)y.

While Axiom 5 is standard, it warrants some discussion. Recall that the usual Indepen-
dence axiom requires that the ranking of any two acts f and g be preserved under mixtures
with any third act h; Constant-act Independence restricts this requirement to mixtures with
lotteries, but allows for preference reversals when mixing with non-constant acts. This is
motivated by the observation that mixing f and g with non-constant acts may allow for
hedging against ambiguity, as was first suggested by Schmeidler [32]: also see §2.2.3 below.
On the other hand, mixtures with constant acts corresponds to changing the “scale and
location” of outcomes (in utility, or preference, terms), uniformly in each state and for both
acts f and g; Constant-act Independence thus reflects a form of invariance of preferences in
situations where no hedging can occur. However, it should be also noted that Constant-act
Independence also incorporates a notion of “constant ambiguity aversion”, as is discussed in
Klibanoff, Marinacci and Mukerji [21].

Observe that the interpretation provided here does not involve objective randomizations
in an essential way; the discussion is entirely stated in terms of changes in the outcome
profiles of acts. Hence, this interpretation applies equally well to the current Anscombe-
Aumann setup and to fully subjective settings, given a suitable mixture operation.

2.2.2 Mixture Neutrality and Plausible Priors

Recall that a prior P is deemed plausible if preferences are consistent with SEU on a subset
C C L of acts, and P is the only probability that yields a SEU representation of preferences
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on C. Under Axioms 1-5, consistency with SEU is characterized by one additional property,
Migzture Neutrality.” This simplifies the formal definition of plausible priors.

Definition 2.1 (Mixture-neutral acts) Two acts f,g € L are mizture-neutral (denoted
~ g) iff,® for every pair of lotteries y,5y’ € Y such that f ~ y and g ~ 3/, and every
Qac [07 1]7 O[f + (1 - oz)g ~ay + (1 - a)y/'

The connection between mixture neutrality and ambiguity is discussed in §2.2.3. The
following proposition confirms that mixture neutrality is the key property characterizing
SEU preferences in the class of preferences that satisfy Axioms 1-5. This is the case whether
axioms are applied to the entire set L of acts, or to an appropriate subset thereof.”

Proposition 2.2 Consider a preference relation = on L and a convex subset C' of L that
contains all constant acts. Then the following statements are equivalent:

1. > satisfies Axioms 1-5 on C'; furthermore, for all f,g € C, f ~ g.

2. there exists a probability charge P on (S,3), and a non-constant, affine function u : Y —
R, unique up to positive affine transformations, such that, for all acts f,g € C, f = g if and

only if [u(f(-))dP > [ u(g(-)) dP.

Relative to the usual characterizations of SEU, an essential feature of Proposition 2.2
is the fact that uniqueness of the probability charge P is not guaranteed for arbitrary sets
C, even if preferences are non-degenerate (i.e. Axiom 2 holds). Instead, this is explicitly
required in the formal definition of plausible prior, which can finally be stated.

Definition 2.3 (Plausible Prior) Consider a preference relation > that satisfies Axioms
1-5 on L. A probability charge P on (S, Y) is a plausible prior for = iff there exists a convex
subset C' of L containing all constant acts and such that

(i) for all acts f,g € C, f ~g;

(ii) P is the unique charge that provides a SEU representation of > on C.

"The Anscombe-Aumann characterization of SEU employs Axioms 1-4 plus the standard Independence
axiom; however, under Axioms 1-4, a preference satisfies the latter if and only if it satisfies Axiom 5 and
the Mixture Neutrality axiom, to be introduced momentarily.

8 As usual, “iff” stands for “if and only if” in definitions.

9This result is standard if the set C in the statement equals L (or the collection of simple acts); for the
general case, see the comments following the proof of Lemma 5.11 in the Appendix.
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2.2.3 Hedging and Mixture Neutrality

Gilboa and Schmeidler [14] and Schmeidler [32] suggest that two acts f,g may fail to be
mixture-neutral if their mixtures provide a hedge against perceived ambiguity;'® conversely,
a decision-maker for whom all acts are mixture-neutral either does not perceive ambiguity,
or chooses not to respond to it.!* Consistently with this intuition, invoking Proposition 2.2
with C' = L confirms that such an individual exhibits SEU preferences.

Decision models that depart from SEU to account for ambiguity differ widely in the
violations of mixture neutrality they allow; as a result, they capture a variety of different
attitudes towards ambiguity. Yet, as will be shown in §2.4, plausible priors exist for a rich
class of such models. The key behavioral assumption of this paper, “No Local Hedging”
(Axiom 6 in §2.2.4), is designed to identify preferences that admit plausible priors without
imposing a priori restrictions on ambiguity attitudes.

The basic intuition underlying the No Local Hedging axiom is close in spirit to the logic
behind Comonotonic Independence (Schmeidler [32]). As a first approximation, for a mixture
of two acts f and g to provide an effective hedge against perceived ambiguity, f should yield
“good” outcomes in states where g yields “bad” outcomes, and vice versa. If f and g yield
nearly equivalent outcomes in each state, i.e. if they are uniformly close to one another, their
mixtures arguably cannot provide an effective hedge. For this reason, Axiom 6 requires that,
loosely speaking, “nearby” act be mizxture-neutral. Since it imposes only “local” restrictions
on preferences, Axiom 6 is compatible with a wide variety of “global” ambiguity attitudes,
as the results in §2.4 indicate.

This subsection motivates the formulation of Axiom 6 by fleshing out these considera-
tions. As noted above, the key observation is that the basic hedging intuition can lead to
many different patterns of departure from mixture neutrality, even for MEU preferences;
accommodating such diverse preference patters is a main desideratum of this paper.

In all examples, the set of prizes is X = {30,$10}, and the state space S is finite. A
lottery y € Y can thus be identified with the probability of receiving $10, and an act f is
represented by a tuple (f(s1),..., f(sis))) € [0,1]%: f(s,) is the probability of receiving $10
in state s,. By Axioms 1-5, the individual has EU preferences over Y, so such tuples can

10 A1l considerations concerning MEU preferences in this subsection and the next apply to “maxmax EU”,
or 0-MEU, preferences as well (with the appropriate modifications).

"Tn the language of [14] and [32], mixture neutrality implies both “uncertainty aversion”and “uncertainty
appeal”, so this property may also be termed “uncertainty neutrality”. But some authors (e.g. [9]) note
that a preference for mixtures of acts vs. their certainty equivalents may not always be a good definition of
“uncertainty aversion”. For this reason, I adopt the less controversial terminology “mixture neutrality”.
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also be interpreted as utility profiles. Finally, A(S) is the probability simplex.

Example 1 (Ann) This is Ellsberg’s three-color-urn experiment described in the Intro-
duction, restated here for notational uniformity. Ann has MEU preferences, with priors
Qa={q€A(S) : p(r) =3, § <plg) <3} (denoted P in the Introduction).

Consider the acts f, = (0,1,0) and f, = (0,0,1) and the intuitively ambiguous events
{9} and {b}. Note that f,(g) > f,(b) and fy(g) < fp(b): that is, f, and f, respond in
complementary ways to realizations of the underlying uncertainty. By mixing f and g, Ann

12

can reduce variations in outcomes'“ across the ambiguous states g and b; indeed, % fg+ % I

is constant on {g,b}. Consistently with the hedging intuition, f, % f;.

Example 2 (Bob) (cf. Klibanoff [20], Ex. 1). A ball is drawn from an urn containing an
equal, non-zero, but unspecified number of red and blue balls, and a non-zero, but unspecified
number of green balls; thus, S = {r, g,b}. Bob has MEU preferences, with priors Qp = {q €
A(S) e < p(r) = p(b) < 5=}, for some € > 0.

Let f=(.2,.3,.5) and f' = (.1, .4,.6). Note that there are no s,s’ € S with f(s) > f(s)
and f'(s) < f'(s'): that is, f and f" are comonotonic (cf. [32]). Yet, f % f. This
may be intuitively explained as follows. Since the urn contains an equal (albeit unknown)
number of red and blue balls, it may be said that both f and f’ yield the “expected”
outcome .35 conditional upon the event {r,b}; thus, abusing notation, f(g) > f({r,b}) and
f'(9) < f'({r,b}). By analogy with Example 1, this suggests that mixtures of f and f’
provide hedging opportunities relative to the intuitively ambiguous events {r,b} and {g}.

Informally, while Ann only cares about hedging outcomes across ambiguous states, Bob
also cares about hedging “conditional expected outcomes” across disjoint, ambiguous events.
Thus, to avoid restricting ambiguity attitudes, the proposed behavioral axiom should allow
eventwise as well as statewise hedging.

Moreover, formally defining “eventwise hedging” necessarily involves the notion of “con-
ditionally expected outcome”. If the individual’s conditional preferences are available, or
can be derived from her unconditional preferences via some updating rule, then it seems
sensible to stipulate that a lottery y(f, F) is a conditional expected outcome, or conditional
evaluation, of an act f given an event E if y(f, F) and f are indifferent conditional upon
E. Unfortunately, the literature considers several different updating rules, including prior-
by-prior Bayesian updating for MEU preferences (see Section 3.1 below for references) and

12More precisely, mixtures of f and g reduce variations in utilities—equivalently, they reduce “preference
variation” in outcomes.
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“h-Bayesian updating” for ambiguity-averse CEU preferences (Gilboa and Schmeidler [15]).
Each of these updating rules yields a potentially different notion of conditional evaluation.'?

A characterization of plausible priors should arguably be robust to different choices of
updating and conditional evaluation rules. This can be achieved by restricting attention to
“nearby acts”. The basic intuition is easiest to explain if the state space is finite. Assume
that conditional preferences also satisfy Axioms 1-5, so that, in particular, if two acts f
and g are uniformly close in preference, then so are y(f, E) and y(g, F) for every event
E.1 Tt is then clear that, if two acts f,g are sufficiently (uniformly) close in preference,
there cannot be two events F, F' such that y(f, E) = y(f,F) and y(g9,F) < y(g,F). In
other words, regardless of the notion of conditional evaluation one adopts, if two acts are
sufficiently close, they do mot offer any opportunity for hedging across any pair of events.

This suggests the following assumption:

for any sequence { fi.} of acts that converges to an act f uniformly in preference,
there is a subsequence { fy¢)} such that fiu) ~ fi) for all £,

Except for a modification that will be discussed in the next subsection, this is the content of
Axiom 6. Asintended, this formulation accommodates both statewise and eventwise hedging,
and does not require committing to a specific conditional evaluation rule. It requires that
mixture neutrality hold only for pairs of acts that arguably offer no hedging opportunities.

If the state space S, and hence the sigma-algebra X, are infinite, it is no longer possible
to ensure that, in general, if two acts f and g are “close enough” they do not offer eventwise
hedging opportunities. However, if conditional preferences satisfy Axioms 1-5, it turns out
that the corresponding conditional evaluations converge uniformly in the conditioning event
E.' As a consequence, if f and g are sufficiently close, but there exist disjoint events E, F
such that y(f, E) = y(f, F) and y(g, E) < y(g, F'), it must nevertheless be the case that
y(f, E) and y(f, ) and, respectively, y(g, ) and y(g, F') are nearly indifferent (i.e. “close
in preference”: cf. Footnote 12). Thus, Axiom 6 can be interpreted as requiring that mixture
neutrality hold when hedging opportunities are “small” (if they exist at all).

13In Example 2, the choice of Qp ensures that 0.35 is the conditional evaluation of both f and f’ given
{r,b} according to both prior-by-prior Bayesian updating, and to any h-Bayesian update rule.

14 This is true for most updating rules, under Axioms 1-5; see Sec. 6.4 of the Online Appendix for details.

15The last assertion of Lemma 5.1 in the Appendix implies that, if preferences conditional upon E satisfy
Axioms 1-5 (and agree with unconditional preferences on YY), |u(y(fx, E)) —u(y(f, E))| < sup,eg [u(fe(s)) —
u(f(s))|; this implies the claim.
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2.2.4 Robust Mixture Neutrality and the No Local Hedging Axiom

A final issue must be addressed before Axiom 6 can be formally stated. While mixture
neutrality is always associated with absence of hedging opportunities for MEU preferences,
this is not the case for more general preferences that satisfy Axioms 1-5.

Example 3 (Chloe) Consider draws from a four-color urn of unknown composition; let
S ={r,g,b,w}, where w is for “white”. Chloe has a-MEU preferences (cf. the Introduction),
with o = 2 and set of priors Q¢ = A(S). These preferences satisfy Axioms 1-5.

Now let f = (1, %, %, %) and [/ = (%, %, 1, %) Under a mild “consequentialism” condition
(cf. Axiom 7 in Sec. 3.1) that is satisfied by all the updating rules described after Ex. 2,
y(f, {r,g9}) = y(f,{b,w}) and y(f', {r, g}) < y(f’, {b,w}); furthermore, the events {r, g} and
{b, w} are intuitively ambiguous.'® Hence, it seems plausible to expect violations of mixture
neutrality; yet, as may be verified, f ~ f’.

On the other hand, the mixture neutrality of f and f’ is not “robust”. Consider for
instance a small perturbation of f, such as the act f. = (1 — €, %, %, %) for a suitable small
€ > 0. As above, y(fe,{r,g}) = y(fe,{b,w}) and y(f’,{r,g}) < y(f’,{b,w}); but now,
consistently with the hedging intuition, it may be verified that f. 22 f’.

Example 3 indicates that non-MEU preferences allow for knife-edge instances of mixture-
neutrality for acts that do provide hedging opportunities according to the preceding discus-
sion. To rule out such instances, mixture neutrality must be robustified.

First of all, for two acts f and g to be “robustly” mixture-neutral, small perturbations
of f should not affect mixture neutrality with ¢: if hy — f, then h, ~ g for k large.

Furthermore, note that f ~ ¢ implies that f ~ vf 4+ (1 — v)g for all v € (0,1). This
is consistent with the hedging interpretation: if mixtures of f and g provide no hedging
opportunities, then neither do mixtures of f and vf + (1 — v)g. But if {hs} converges
uniformly to f in preference, for k large, hy and vf + (1 — v)g should also offer no hedging
opportunities; thus, it seems plausible to also require that hy ~ v f + (1 — v)g for k large.

Definition 2.4 (Robustly mixture-neutral acts) Two acts f, g € L are robustly mizture-
neutral (written f = g) iff, for every sequence {hy} C L such that hy — f or hy — g, and
for every ~ € [0, 1], there exists K such that hy ~~vf + (1 —v)g for all k£ > K.

Notice that f ~ g implies f ~ g (consider the sequence {h;} given by hy, = f for all k):
that is, robust mixture neutrality is a strengthening of mixture neutrality, as intended.

16 These events are ambiguous according to the definition provided by Ghirardato and Marinacci [13]. The
example can be modified to ensure that they are also ambiguous in the sense of Epstein and Zhang [10].
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The key behavioral axiom in this paper can finally be stated.

Axiom 6 (No Local Hedging) For all sequences {fx} C L and acts f € L such that
fr — f, there exists a subsequence { f¢)} such that fy) ~ fi@y for all ¢, 0.

Axiom 5 (Constant-act Independence), the notion of mixture neutrality, and hence Axiom
6 all involve forms of invariance of certain preference patterns to mixtures. However, Axiom
5 entails a global restriction on preferences, whereas, for the reasons discussed above, Axiom
6 has a distinctly local character.

2.3 The Main Result

One last definition is required before stating the main result. The utility profile of an act
f € L is an element of the space B(S,3) of bounded, Y-measurable real functions on S.
Theorem 2.6 states that, under Axioms 1-5 and 6, B(.S, X)) can be covered by finitely many
sets C1,...,Cy that satisfy certain algebraic and topological properties; to each such set
C,, is associated a unique probability charge P, on (S,X); a representation of preferences
is obtained by associating to every act f whose utility profile u o f lies in C,, the integral
Jwo f dP,. For ease of reference, the properties of the sets C4,. .., C,, are listed in Def. 2.5.

Definition 2.5 A finite collection C, ..., Cx of subsets of B(S,X) is a proper covering iff
1. U, C, = B(S,%);

2. foreveryn=1,..., N, (), is non-empty and equal to the closure of its interior; further-
more, for n,m € {1,..., N} such that n # m, C,, N C,, has empty interior;

3. foreveryn=1,...,N,ifa e C,, a,3 € R, and a > 0, then aa + 3 € C;

4. for every n = 1,...,N: every infinite subset C' C (), contains a countably infinite
collection {ay} such that, for all k£ and ¢, and all v € [0, 1], there exists ¢ > 0 such
that, for all b € B(S,Y),

min (||b — ag|l, [|b — ad|) <e,0€ C, = VYA€ (0,1), \o+(1=N)[yar+(1—7)as] € C,.
(4)

Consider Property 4 first. The sets C,, are not required to be convex; indeed, in general,
for common multiple-priors decision models such as a-MEU with « € (0, 1), they are not.
Property 4 instead requires a “local” version of convexity: every infinite subset of C), contains
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a countable collection {a} with the property that, for any & and ¢, the segment joining points
close to aj or a, with any point between a; and ay lies in C,,.

Two observations are in order. First, a simple sufficient condition for Property 4 to hold
can be provided: see Section 5.1.2 in the Appendix for the proof.

Remark 1 If a set C,, is a union of finitely many closed convex subsets of B(S,), then it
satisfies Property 4.

As will be demonstrated in the next subsection, many known decision models consistent with
the axioms proposed here satisfy the simpler (stronger) sufficient condition in Remark 1.

Second, Property 4 is not particularly restrictive by itself. For instance, the set B(S,X)
can always be covered by uncountably many sets of the form {aa + 5 :a € B(S,%),a, 3 €
R, > 0}: that is, cones of affinely related functions. Since these sets are convex, Remark
1 implies that each such set satisfies Property 4 in Definition 2.5.

Property 2 implies that each C), has non-empty interior, which ensures that unique prob-
abilities can be identified. Also note that the interior of a convex set A in a linear topological
space is dense in A, if it is non-empty (Holmes [17], Theorem 11.A); this again suggests that
Def. 2.5 ensures that the sets C,, enjoy some of the properties of convex sets, even though
they may not actually be convex.

Property 3 states that every C, is closed under non-negative affine transformations; in
particular, it contains all constant functions, and all non-negative multiples of its elements.
This corresponds to constant-linearity of the representation, and hence to Axiom 5.

The main result of this paper can finally be stated.

Theorem 2.6 Let > be a preference relation on L. The following statements are equivalent:
1. > satisfies Axioms 1-5 and 6;
2. There exist an affine function v : Y — R, a proper covering C1,...,Cy, and a
collection of probability charges Py, ..., Py such that, for alln,m € {1,...,N}:
(i) n # m implies P, # P,,; however, for all a € C,, N Cy,, [adP, = [adP,;
(ii) for all f,g € L, ifuo f € C,, and uo g € Cy,, then

frg /uofdpnz/uogde. (5)

Furthermore, in Statement 2:

(a) u is unique up to positive affine transformations;

(b) for every n € {1,..., N}, if a probability charge Q is such that, for all f,g € L with
wo fuog € Cp, f =g iff [uo fdQ > [uogdQ, then Q = P,; and
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(c) if a proper convering Dy, ..., Dy satisfies (i) and (ii) jointly with a collection of
probability charges Q1,...,Qy, then M = N and there is a permutation {m(1),...,7(N)}
of {1,..., N} such that D, = Cr(,), hence Q, = Pr(,), for alln=1,...,N.

2.4 Corollaries and Interpretation

In light of Theorem 2.6, a proper covering may be viewed as a collection of “menus”; the
decision-maker has standard SEU preferences when comparing items on the same menu (i.e.
“locally”), but different considerations may guide her choices from different menus.!” By
claim (c¢) in Theorem 2.6, the proper covering C1,...,Cy is uniquely determined (up to
relabeling) by properties (i) and (ii) in Statement 2, and hence ultimately by preferences.

Each probability charge P, appearing in Statement 2 is a plausible prior. Claim (b) in
the Theorem asserts that every P, is uniquely determined by preferences over acts whose
utility profile lies in C),; moreover, the set C,, need not be convex, but it does contain convex
subsets that include all constant functions, as required by Def. 2.3. Furthermore, it can be
shown that no other charge on (S, %) can be a plausible prior for »:

Corollary 2.7 Under the equivalent conditions of Theorem 2.6, the plausible priors for >
are the charges P, ..., Py in Statement 2.

Henceforth, I will employ the expression plausible-priors preference to indicate a binary
relation > on L for which the equivalent statements of Theorem 2.6 are true.

As noted in the Introduction, a rich set of MEU, a-MEU and CEU preferences permit the
elicitation of plausible priors. Conceptually, this suggests that, within the class of preferences
that satisfy Axioms 1-5, Aziom 6 does not restrict attitudes towards ambiguity, and hence is
compatible with a variety of decision models. The following corollaries provide the details.

Corollary 2.8 Let = be an a-MEU preference, and let Q be the corresponding set of
priors. If Q is the weak*-closed, convex hull of finitely many distinct probability charges
{Q1,...,Qn}, then = satisfies Axioms 1-5 and 6; the converse is also true if o # % Let
M C{1,...,M}? be defined by

M = {(n,m) :Qn Gargmkin/ako, Qm Gargmgx/ako for some a € B(S,Z)} :

the set of plausible priors for = is {aQ, + (1 — @)@, : (n,m) € M}.

17T owe this interpretation to Mark Machina.
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In particular, a MEU preference satisfy Axioms 1-6 if and only if its set of priors is the
convex hull of finitely many charges @)1, ..., Qn; the latter are its plausible priors.

CEU preferences (Schmeidler [32]) always satisfy the plausible-priors axioms, provided
the state space S is finite (this assumption is not necessary for a-MEU preferences). Let
v : 2% — [0,1] be a capacity on S: that is, A C B C S imply v(A) < v(B), and v()) =
0 =1-—wv(S). Assume that S = {si1,...,sny}, and let II); be the set of all permutations
(71, ...,m) of {1,..., M}. Recall that every permutation 7 identifies a maximal cone of
comonotonic functions: C = {a € B(S,X) : a(sz,) > ... > a(Sx,,)}-

Corollary 2.9 Assume that S is finite and let ¥ = 2°. Let = be a CEU preference over L,
and, for all permutations w € I, let P, be the probability distribution defined by

Pr(sx,) = 0({smy, -5 8m}) = 0({8m o 8m 1}

Then = satisfies Axioms 1-5 and 6, and {P, : w € I} is its collection of plausible priors.

As noted after Def. 2.5, each set C), has non-empty interior. This is not a necessary conse-
quence of the definition of a plausible prior. On the other hand, it ensures that the plausible
priors in Theorem 2.6 can be interpreted as the outcome of an elicitation “procedure”.

Fix n € {1,...,N}, let g € L be such that u o g is an interior point of C,,, and choose
prizes x, ' € X such that x = 2/. For every E € X, let bg be the binary act that yields prize
x at states s € E, and prize x’ elsewhere. Since u o g is in the interior of C,,, for a € (0, 1)
sufficiently close to 1, uo [ag + (1 — a)bg] € C,; moreover, there exists g € [0, 1] such that
ag+ (1 —a)bg ~ag+ (1 —a)[rgx + (1 — mg)2’]. It is then easy to see that 7y = P,(E).

The “procedure” just described should be viewed merely as a thought experiment: in
practice, identifying points in the interior of each set C), seems non-trivial. This “procedure”
does suggest, however, a sense in which plausible priors obtained in Theorem 2.6 exhibit
familiar properties of standard SEU priors, even beyond the requirements of Definition 2.3.

The following Corollary confirms that, under the axioms proposed here, robust mixture
neutrality reflects a strong notion of absence of hedging opportunities: loosely speaking, if
f = g, then f and g belong to a set of acts over which preferences are consistent with SEU.

Corollary 2.10 Under the equivalent conditions of Theorem 2.6, for all f,g € L, f = g
implies uo f, uo g € C,, for somen > 1.

Notice that the converse of this Corollary may be false: if some set (), is not convex,
then it is possible to find f,g € L such that uo f,uo g € C,,, but the segment joining them
does not lie in C),. This, in turn, implies that f % g.
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Finally, Theorem 2.6 also implies that preferences are fully determined by plausible priors.
To clarify this point, it is useful to construct a functional representation of overall preferences
on the basis of results in Theorem 2.6. Begin by noting the following Corollary:

Corollary 2.11 Under the equivalent conditions of Theorem 2.6, for all acts f,g € L, if
Juo fdP,> [uogdP, foralln=1,...,N, then f = g.

Now let R = {([ adP,)n=1.n : a € B(S,X)} be the collection of N-vectors of integrals
of functions with respect to each plausible prior obtained in Theorem 2.6. Notice that R is
a vector subspace of RY that includes the diagonal {(v,...,7): v € R}.

Corollary 2.11 makes it possible to construct a representation of preferences that employs
the plausible priors Py, ..., Py. Specifically, define a functional V' : R — R by

Yac B(S,S), V <( / adPn)n:L“N) _ / wdp,.. (6)

where n* is such that a € C,+. Corollary 2.11 ensures that this definition is well-posed;
furthermore, by Property (i) in Statement 2 of Theorem 2.6, V is uniquely determined.®
Clearly, for all acts f,g € L, f = g iff ((fu o fdP”)n:l...N) >V ((fu o gdPn) : that
is, the functional V' and the plausible priors Py, ..., P, represent preferences.

nzl...N)

In accordance with the discussion of multiple-prior decision rules in the Introduction,
the map V' can be thought of as “selecting” which of the priors Py, ..., Py can be used to
evaluate a given act f.! Thus, consistently with the intuitive interpretation of multiple-
prior models, the selection criterion formalized by the map V' can be viewed as reflecting the
individual’s attitudes towards ambiguity.

3 “SEU-like” properties of plausible-prior preferences

3.1 Prior-by-prior Bayesian updating

Plausible-priors preferences inherit a key property of SEU preferences: they are “closed under
Bayesian updating”. More precisely, consider an event £ € 33; interpret it as information the
decision-maker may receive in the dynamic context under consideration.?® Correspondingly,

18Furthermore, V' is normalized, i.e. V(1...1) = 1; monotonic: ¢, > 1, for all n implies V(¢) > V(¢);
c-linear: for all o, 3 € R with « > 0, and ¢ € R, V(ap + 8) = aV(p) + 5.

Tn Examples 1 and 2, N = {1,2} and V(¢) = min, ¢,. In Example 3, N = {1,...,12}, and the
functional V' can be explicitly described by enumerating the possible orderings of the components of the
vector ¢, and associating with each such ordering the appropriate prior.

20For instance, F may correspond to the information that a given node in a decision tree has been reached.
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consider a conditional preference relation =g on the set L of acts; the ranking f >g ¢ is
to be interpreted as stating that the decision-maker would prefer f to g, were she to learn
that E has occurred. This section provides an axiomatic connection between conditional and
unconditional preferences:?! if unconditional preferences satisfy the equivalent conditions of
Theorem 2.6, and if unconditional and conditional preferences satisfy two joint consistency
requirements, then: (1) conditional preferences are uniquely determined, and also satisfy the
equivalent conditions of Theorem 2.6; and (2) the set of “plausible posteriors” representing
conditional preferences is related to the set of plausible priors via Bayesian updating.
Additional notation will be needed. Given any pair of acts f,g € L, let

f(s) if seE,
g(s) if s¢FE.

As is the case for SEU preferences, updating is defined only for events that are “relevant” to

rEgte) = { 7)

the decision-maker’s preferences. The following definition indicates the relevant restriction.

Definition 3.1 An event E € X is non-null iff, for all acts f € L, all outcomes y,y' € Y
such that y = ¢/, and all v € (0,1), vf+ (L =)y EY] = ~vf+ (1 =)y

Recall that an event E is Savage-null if, for all acts f, g, f(s) ~ g(s) for all s ¢ E implies
f ~ g. If E satisfies Def. 3.1, it is also not Savage-null; but the converse is false in general.??

Turn now to the key behavioral restrictions, stated as assumptions regarding an arbitrary
conditional preference > g and the unconditional preference >. First, preferences conditional
upon the event E are not affected by outcomes at states outside E:

Axiom 7 (Consequentialism) For every pair of acts f,h € L: f ~g fEh.

Second, a weakening of the standard dynamic consistency axiom is imposed. Its inter-
pretation (and the relationship with other consistency axioms) is discussed at length in [33].
Loosely speaking, Axiom 8 imposes consistency in situations where hedging considerations
are arguably less likely to lead to preference reversals.

Axiom 8 (Dynamic c-Consistency) For every act f € L and outcome y € Y':

f=ry, f(s)=yVseE® = [ruy;
f2ey, f(s)2yVseE® = f=uy.

21The axioms and results are based on Siniscalchi [33].

2Let S = {51,582} and X = {0,1}, and consider MEU preferences with priors A(S). Then {s;} is not
Savage-null, because, in the notation of the preceding Section, (0,1) < (1,1); however, £(1,0) + 3(1,0) =
(1,0) ~ (3,0) = 2(1,0) + 2(0,0), so {s1} does not satisfy Def. 3.1 for f = (1,0), y =1 and 3’ = 0.
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Moreover, if the preference conditional on E is strict, then so is the unconditional preference.

The dominance conditions f(s) > y and f(s) = y are stated in terms of the unconditional
preference; equivalently, one could assume that conditional and unconditional preferences
agree on Y, and state the dominance conditions in terms of >pgc. Also note that strict
preference conditional on the event E is required to imply strict unconditional preference.

Theorem 3.2 Consider an event E € Y. Suppose the preference = satisfies Axioms 1-5 and
6, and assume that E is non-null. Let > be represented by u, Cy,...,C,, and Py, ..., Py asin
Theorem 2.6. Finally, assume that =g satisfies Axiom 1. Then the following are equivalent:
1. > satisfies Axiom 7, and >, > g jointly satisfy Axiom §;
2. =g satisfies the equivalent conditions of Theorem 2.6; in particular, there exists a
proper covering CF ... CE and a subset {ny,...,ng} C {1,..., N} of indices such that,
for all k,¢ € {1,...,K} and f,g € L withuo f € CF anduog e CF,

frrg /uofdPnk(~|E)2/uogdPW(~]E).
Moreover, for every k € {1,..., K} and a € CE,

y= /adPnk(-|E) = Vms.t. lga+ lgey € Oy, /[1Ea+1Ecﬂ AP, =~. (8)

A few remarks are in order. First, observe that no restriction is imposed on the uncon-
ditional plausible-priors preference =; furthermore, the unconditional preference =g is only
assumed to be a weak order. Thus, the Theorem ensures that every plausible-priors prefer-
ence relation can be uniquely updated in a manner consistent with Axioms 7 and 8; moreover,
the resulting conditional preference necessarily has an analogous “plausible-posteriors” rep-
resentation. Conceptually, this is perhaps the most important part of Theorem 3.2, because
it indicates that the class of plausible-priors preferences is closed under updating.

Second, every posterior is obtained by updating one of the priors Pi,..., Py. However,
not every plausible prior generates a plausible posterior. Intuitively, certain ex-ante plausible
probabilistic models of the underlying uncertainty might have to be discarded.

Third, the condition in Eq. (8) characterizes the posterior evaluation of a function in
terms of the prior evaluation of a related function. To clarify, consider the set R and the
functional V' : R — R defined after Corollary 2.11; let Rg and Vg : Rg — R be the cor-
responding set and functional for the conditional preference > . Thus, V(([ adP,)n=1,.~)
is the unconditional evaluation of the function a, and Vg(([ adP,, (:|E))k=1, k) Is its eval-
uation conditional upon E. Then, Eq. (8) states that, for any function a € B(S,X),
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v =Ve(([ adP,,(:|E))k=1.. ) solves the equation

v (( / 1pa + 1] dPn)n:Lm’N> . (9)

(and, as shown in the Appendix, the solution is unique).

A similar “fixed point” condition has been used as a definition of posterior preferences in
order to derive Bayesian updating for sets of priors (cf. Jaffray [18], Pires [30] and references
therein). On the other hand, Theorem 3.2 shows that Eq. (8) is a result of consequentialism
and consistency axioms on prior and posterior preferences.

3.2 Probabilistic Sophistication implies SEU

According to the intuitive interpretation discussed in the Introduction, a multiplicity of
priors arises out of the decision-maker’s perception of ambiguity. However, as is well-known,
preferences that admit a non-degenerate multiple-prior representation may nevertheless be
probabilistically sophisticated in the sense of Machina and Schmeidler [24].23 This possibility
suggests that, for some preferences, a multiplicity of priors may reflect something other than
a concern for ambiguity—mnamely, a form of “probabilistic risk aversion”.

This section shows that, under suitable regularity conditions, this possibility does not
arise if the axioms proposed here hold: a probabilistically sophisticated plausible-prior pref-
erence 1s consistent with SEU. In other words, under the proposed axioms, a multiplicity of
priors can be safely interpreted as reflecting perceived ambiguity.

The main result of this section is true regardless of whether the decision setting under
consideration features (a) roulette lotteries a la Anscombe-Aumann and objective mixtures,
defined as convex combinations of such lotteries, or (b) a rich outcome space and subjective
mixtures, as discussed at the end of Sec. 2.1. However, the result is mainly of interest
in a fully subjective setting, as in (b): within the objective/subjective Anscombe-Aumann
decision framework, Axioms 1-5 imply that preferences over lotteries are consistent with EU
maximization, so a multiplicity of priors necessarily reflects ambiguity.?* Thus, throughout

23 For example, let S = [0,1] and consider a CEU preference = represented by the capacity v given by
v(E) = [A(E)]? for all Borel sets E, where A\ denotes Lebesgue measure; since v is convex, = also admits
a MEU representation. Incidentally, A might perhaps be viewed as a “plausible non-SEU prior” for = (i.e.
a plausible prior for a decision-maker with non-SEU risk attitudes). Thus, this example confirms that, for
reasons discussed in the Introduction, Def. 2.3 aims at capturing plausible SEU priors.

24Loosely speaking, a probabilistically-sophisticated decision-maker ranks acts by “reducing” them to
lotteries, and then ordering the latter by means of some preference functional V' (see [25] for details). In the
Anscombe-Aumann setup, Axioms 1-5 imply that V is the EU functional.
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this section, we focus on a fully subjective environment where objective lotteries are not
available, and hence cannot be employed to pin down the decision-maker’s risk preferences
independently of her perception of and attitudes towards ambiguity. Formally:

Assumption 1 (i) Acts are maps from S to the set X of prizes; (ii) there exists a convez-
ranged function v : X — R, unique up to positive affine transformations, such that, for
all z,2" € X, x = 2/ if and only if u(x) > w(2'); (iii) there exists a mixture operator
@ : X x[0,1] x X — X such that, for all a € [0,1] and z,2" € X, u(ax & (1 — a)2’) =
au(z) + (1 — a)u(a’).

As discussed in Sec. 2.1, under these assumptions, a characterization of plausible-priors
preferences is obtained simply by replacing objective mixtures with the subjective mixture
operator @ in Axioms 1-5 and 6. Also, it is possible to interpret these axioms in a manner
consistent with both objective and subjective mixtures; in particular, this was explicitly done
in Section 2 for Axioms 5 and 6. For basic assumptions on preferences leading to properties
(ii) and (iii) in Assumption 1, see the references mentioned at the end of Sec. 2.1.

An act f € L is deemed simple if {x : Is € S, f(s) = x} is finite.

Definition 3.3 A preference relation > is probabilistically sophisticated (with respect to )
iff there exists a probability charge p on (.5, Y) such that, for all simple acts f,g € L,

Yo e X, u({s: f(s) <a}) <pl{s:g(s) <2h)] = fxg
with strict preference if strict inequality holds for at least one z* € X.

A probabilistically sophisticated decision-maker thus ranks acts in accordance with first-
order stochastic dominance with respect to a charge p. In particular, she is indifferent among
acts that induce the same distribution over prizes given p. Furthermore, the probability u
represents her “qualitative beliefs”, as revealed by preferences over binary acts.

Finally, three regularity conditions are required. First, although Def. 3.3 does not require
this, the axiomatization of probabilistic sophistication provided by Machina and Schmeidler
[24] delivers a convez-ranged probability charge p: that is, for every E € ¥ and «a € [0, 1],
there exists F' € ¥ such that ' C F and p(F) = au(E). Proposition 3.4 below requires
that 1 be convex-ranged.?> Note that this implies that S is infinite.

251 emphasize that the assumption that y is convex-ranged is essential for Proposition 3.4 to hold. However,
to the best of my knowledge, the only characterization of probabilistically sophisticated preferences that does
not deliver a convex-ranged charge is [25], which utilizes objective lotteries. As noted above, the claim is
trivially true under Axioms 1-5 in that setup.
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Second, it is necessary to ensure that both p and the plausible priors P, ..., Py be
countably additive. To this end, a version of the standard monotone continuity axiom (cf.
e.g. Epstein and Zhang [10]) is assumed to hold. Say that a sequence of acts {fx}r>1 C L
converges monotonely in preference to an act f € L, denoted “fy | f7, if and only if (i) for
all k, fr = fry1, and (ii) for all y € Y such that y > f, there is k such that y > f.

Axiom 9 (Monotone Continuity) Consider a sequence of acts { fy}x>1 C L and an act

fe L. If fr(s) | f(s) for all s, then fy | f.

Third, a structural assumption on the measurable space (S5,) is required. Specifically,
(S,Y) is assumed to be a standard Borel space (cf. e.g. Kechris [19], Def. 12.5): there exists a
separable and completely metrizable topology 7 on S such that ¥ is the Borel sigma-algebra
generated by 7. All Borel subsets of Euclidean space R" are standard Borel spaces, as are
many spaces of functions that arise in the theory of continuous-time stochastic processes.

The main result of this section can now be stated.

Proposition 3.4 Suppose that (S,X) is a standard Borel space and Assumption 1 holds;
let = be a plausible-priors preference that satisfies Axiom 9. If > is probabilistically sophis-
ticated with respect to a convex-ranged probability charge j, then v is the only plausible
prior for =. Consequently, = is a SEU preference.

Marinacci [26] provides a related result for a-MEU preferences that satisfy a version of
Monotone Continuity. Specifically, he shows that, if all priors in the a-MEU representation
assign the same probability p € (0, 1) to some event A, then preferences are probabilistically
sophisticated if and only if they are SEU. Thus, “collapses to SEU” can obtain for other
preferences that satisfy Axioms 1-5.

4 Discussion

4.1 Preferences without Plausible Priors

This subsection discusses an example of MEU preferences for which plausible priors cannot
be elicited, because the uniqueness requirement in Def. 2.3 cannot be satisfied. Notation
and assumptions about outcomes are as in the examples of Section 2.

Example 4 (Daphne) Let S = {s1, $2, s3}; Daphne is a MEU decision-maker with priors
Q={q€A(S): > i_193la(si)— 5)? <e?tfore € (0, \/Lg] Graphically, Q is a circle of radius
¢ in the simplex in R?, centered at the uniform distribution on S. Corollary 2.8 implies that
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>~ is not a plausible-priors preference, but a stronger statement is true: no plausible prior
can be elicited. Note that, for this preference, f ~ ¢ if and only if f and ¢ are affinely
related, i.e. iff f(s) = ag(s)+ f for some a, 3 € R with a > 0.26 Now let C' be any maximal
collection of affinely related acts. Note that there is a unique prior go € Q that minimizes
[ fdgover Q for all f € C. It is clear that C satisfies Part (i) in Def. 2.3; however, it does
not satisfy Part (ii): any probability ¢ on S that satisfies | f dg = [ f dgc for a non-constant
act f € C also satisfies [ gdg = [ gdqc for any other act g € C, because f and g are affinely
related. Thus, there exists a continuum of probabilities that represent preferences on C.

In this example f ~ ¢ (if and) only if f and g are affinely related, so it is easy to see that
only constant acts are robustly mixture neutral. Hence, Axiom 6 is violated in a relatively
trivial sense. However, the preferences in Example 4 also violate much weaker assumptions.
For instance, Axiom 6 implies that, whenever f;, — f, there is K such that f, >~ f for k > K
(cf. Lemma 5.8 in the Appendix). Yet, Daphne’s preferences do not satisfy this property.

Since the state space is finite, the discussion preceding Axiom 6 suggests that consid-
erations other than hedging against ambiguity determine Daphne’s violations of mixture
neutrality. In any case, Daphne behaves very differently from a SEU decision-maker, even
“locally”: mixture neutrality is violated for any pair of acts that are not affinely related, no
matter how close in preference. By way of contrast, a plausible prior can only be elicited if
the individual behaves “as if” he had unique “local” SEU preferences.

I emphasize that, even if a preference does not admit plausible priors, it may allow
for alternative, behaviorally-based interpretations of sets of probabilities appearing in its
representation. For instance, Wang [34] axiomatizes an entropy-based multiple-priors model.
Other decision models (e.g. CEU) may have natural interpretations that are unrelated to
probabilistic priors, and as such are not affected by the considerations in the Introduction.

4.2 Related Literature
4.2.1 Probabilistic Representations of Ambiguity

Sets of probabilities provide an intuitively appealing representation of ambiguity in the a-
MEU decision model. Ghirardato, Maccheroni and Marinacci [11, GMM henceforth] and
Nehring [29] formalize this key insight, and show that it applies to a broader class of prefer-
ences. GMM take as primitive a preference relation over acts that satisfies Axioms 1-5, and

26Tn general, f and g are affinely related if uo f = auo g + 3, with o, 8 as above. But recall that, for all
examples, X = {$0,$10}, so Y can be identified with [0, 1] and it is w.l.0.g. to assume that u(y) = y.
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derive from it an auxiliary, incomplete relation >* that is intended to capture “unambigu-
ous” comparisons of acts; they then show that =* admits a representation a la Bewley [3]:
there exists a set Q of probability charges such that, for all acts f,g € L,

frig o vczeg,/uofdczz/uogd@. (10)

Loosely speaking, Nehring takes as primitive both a preference relation > on acts, and an
incomplete unambiguous likelihood relation > on events; he then axiomatically relates the
two, and provides a Bewley-style representation of > analogous to Eq. (10). Both papers
suggest that a non-singleton set Q is associated with ambiguity; GMM and Nehring then
develop these ideas in several, complementary directions.

Thus, both GMM and Nehring identify a set of probabilities that, as a whole, provides a
specific representation of “unambiguous” preferences and beliefs. This is appropriate for their
purposes, but does not achieve the objectives of the present paper: it is not intended to deliver
priors that can be deemed “plausible” according to the stringent behavioral criteria set forth
in Def. 2.3. Specifically, the identification issues highlighted in the Introduction for MEU
priors apply verbatim to sets of probabilities in the representation of Bewley preferences such
as =* (and, by analogy, ). Such sets are identified by the “functional-form” assumption that
they represent =* (or I>) according to Eq. (10); but, just like a MEU preference, a Bewley
preference admits alternative representations, characterized by different sets of priors.?”

These considerations do not invalidate the insight that ambiguity can be represented
via sets of probabilities, or the related developments that are the main focus of GMM and
Nehring. Moreover, it can be shown that, under the additional axioms provided in the
present paper, the sets identified by GMM and Nehring can be obtained as the weak* closed,
convex hull of the set of plausible priors delivered by Theorem 2.6. However, as in the case
of MEU preferences, if Axiom 6 does not hold, the intuitive interpretation of the elements
of Q as possible probabilistic models of the underlying uncertainty may be problematic.

Also, note that a probabilistically sophisticated preference may give rise to a non-singleton
set @ in the GMM setup. By Proposition 3.4, this is never the case if Axiom 6 and the
regularity conditions in Sec. 3.2 hold.

4.2.2 Other Related Literature

Castagnoli and Maccheroni [6] (see also [7]) explicitly assume that preferences satisfy the
Independence axiom when restricted to exzogenously specified convex sets of acts, and derive a

27Section 6.2 in the Online Appendix discusses Bewley preferences and provides examples.
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representation analogous to Eq. (5); the corresponding probabilities are not unique. By way
of contrast, the approach adopted here entails deriving a proper covering from preferences,
and ensuring that the corresponding probabilities are unique.

Machina [23] investigates the robustness of “the analytics of the classical [i.e. SEU]
model... to behavior that departs from the probability-theoretic nature of the classical
paradigm.” [23, p. 1; italics added for emphasis|. Among other results, Machina shows
(Theorem 4, p. 34) that it is sometimes possible to associate with a specific act fy a local
probability measure fi5, that represents the decision-maker’s “local revealed likelihood rank-
ings” and, jointly with a local utility function Uy,, her response to event-differential changes
in the act being evaluated. However, he is careful to point out that “the existence of a local
probability measure py, at each fy should not be taken to imply the individual has conscious
probabilistic beliefs that somehow depend upon the act(s) being evaluated.” (p. 35; italics in
the original). This is fully consistent with the point of view advocated in the present paper:
a probability 1 can be a useful analytical tool to model certain properties (e.g. responses to
differential changes) of the mathematical representation of preferences; however, for u to be
deemed a “plausible prior”, additional behavioral conditions must be met.

5 Appendix

5.1 Proof of Theorem 2.6.

5.1.1 Numerical Representation of preferences and restatement of the axioms

Most proofs for this subsection are in the Online Appendix.

Lemma 5.1 The preference relation > satisfies Axioms 1, 2, 3, 4 and 5 if and only if there
exists a non-constant affine function u : Y — R, unique up to positive linear transformations,
and a unique, normalized, monotonic and c-linear functional I : B(S,%) — R, such that, for
all fge L, f =g iff I(uo f) > I(uog). Furthermore, u can be chosen so u(Y) D [—1,1].
Finally, for all a,b € B(S,%), [I(a) — I(b)| < |la —b]|.

Throughout the remainder of the appendix, u and I denote a utility function and, re-
spectively, a functional, with the properties indicated in Lemma 5.1.

Abusing notation, for functions a,b € B(S,%), a ~ b iff I(ca + (1 — a)b) = al(a)+ (1 —
a)I(b) for all & € [0,1]. Similarly, a = b iff, for every sequence ¢, C B(S, ) that supnorm-
converges to either f or g, and all v € [0, 1], there exists K such that ¢, ~~vf + (1 —7)g.

Lemma 5.2 Suppose = satisfies Axioms 1, 2, 3, 4 and 5, and let I, u be its representation.
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Forall {fy} C Land f €L, fr — fiffuo fr »uo f in B(S, ).

Forall f,ge L, f~giffuof~uog.

For all a,b € B(S,Y), and «, 5 € R with o > 0: a ~ b implies a ~ ab + (.
For all a,b € B(S,%) and «, f € R with o, 5 > 0: a ~ b implies a ~ aa + [3b.

For all sequences {ay}, {bx} C B(S,X) such that ax — a and ax — b for a,b € B(S,X):
ay ~ by for all k implies a ~ b.

Forall f,ge L, f~giffuof~uog.

For all a,b € B(S,X): a ~ b implies a ~ b.

For all a,b € B(S,Y), and o, f € R with a > 0: a = b implies a =~ ab+ 3.

For all a,b € B(S,%), and A € (0,1): a ~ b implies Aa + (1 — \)b ~ b.

10. For all a,b € B(S,X): a ~ b iff, for every v € [0,1], there exists ¢ > 0 such that
llc —a|| < € or|c—0| <eimply c~~vya+ (1—7)b.
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Corollary 5.3 Under the conditions of Lemma 5.2, the relation = satisfies Axiom 6 if and
only if, for all {a} C B(S,X) and a € B(S, %) such that a;, — a, there exists a subsequence
{akw} such that aye ~ agey for all ¢, 0.

Proof. Suppose fr — f in L; then, by Part 1 in Lemma 5.2, uo fy — uo f in B(S,Y);
if the property in the Corollary holds, there is a subsequence such that u o fi) ~ wo fiye)
for all ¢, ¢'; by Part 6 in the Lemma, this implies fr) = fi@e)-

In the opposite direction, consider ay — a in B(S,X). Since {ax} converges and a is
bounded, there exist 7,7 € R such that v > ax(s) > 4 for all k£ and s, and similarly
v > a(s) > 7 for all s. There exists @ > 0 such that ay,ay’ € [—1,1]; for this «, there
exists {fx} € L and f € L such that uo f; = aa; for all k, and uo f = aa. Clearly,
aa, — aa; by Part 1 in the Lemma, this implies that f, — f. Now Axiom 6 implies that
there is a subsequence such that fi) ~ fi@) , hence aaye =~ aayey by Part 6, for all £, /.
Now Part 8 yields the required conclusion. =

In light of the above Lemma and Corollary, the analysis will henceforth focus on the
properties and representation of the functional I on B(S,3). To streamline the exposition,
expressions such as “by Axiom 6 and the Corollary to Lemma 5.2, there exists a subsequence
{ak(} such that ...” will be shortened to “by Axiom 6, there exists a subsequence ...”.
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5.1.2 Proof of Remark 1. Necessity of the Axioms: preliminaries

Definition 5.4 (cf. Property 4 of Def. 2.5) A set C' C B(S,Y) is minimally convex iff
every infinite subset C' C C contains a countable collection {ay }x>1 C C’ with the property
that, for all k£, > 1 and ~ € [0, 1], there exists € > 0 such that, for all b € B(S,X),

min(||b — axll, [Ib— acll) < e, be C = YA€ (0,1), Ab+ (1 — Nyax + (1 —~)ad € C.

Proof of Remark 1. Let C,, = C,1U...UC, ys, where each C, ,, is closed and convex.
Fix an infinite C" C C,,. The collection

() Comn [ B, D)\ Com : MC{L,... M}
meM me{l,...,.M}IM

is a finite partition of B(S,X), so there is M C {1,..., N} such that the set {a € C" : a €
Chm < m € M} is infinite. In turn, this set contains a countably infinite collection {ay}.

Now fix k, k" and consider ag, ag. There exists € > 0 such that ||c — ai|| < e and ¢ € C,
implies ¢ € C,,, for some m € M. To see this, suppose that, for all ¢, there is ¢, such
that |lc, — axl| < § and ¢; € Cy (e for some m(¢) ¢ M. Then there is a subsequence of
{c/} that lies in some C,, ,, with m ¢ M, and this subsequence converges to ay & C,, ,; this
contradicts the fact that C,, ,, is closed.

Fix such € > 0 and ¢ such that ||c —a|| < e and ¢ € C,,, so ¢ € C,,,, for some m € M. By
construction, ay, ay € Cym, so for all v € [0,1], va + (1 — y)ap € Cp . as C,,y, is convex;
hence, for the same reason, Ac + (1 — X)[yax + (1 — y)ar] € Cypy C Oy for all A € [0,1]. =

Lemma 5.5 Suppose that Cy,...,Cy is a proper covering of B(S,%). Let a,b € B(S,X).
Then, for some K > 1, there exists a finite collection 0 = oy < a3 < ... < ax = 1 such
that, for each k =0, ..., K — 1, there exists ny € {1,..., N} such that ca + (1 — a)b) € C,,,
for all o« € [ou,, Q1]

Proof. Let ay = 0. Proceeding by induction, assume that ag,...,ar_1 as above have
been defined, for some k > 0, and that a,_; < 1. For every n=1,..., N, let

Aln,k—1) ={d € [-1,1] : Va € [ag_1,d/],a + (1 — a)b € Cy}.

For every n, if A(n,k — 1) is non-empty, it is of the form [ay_1, a, ;] for some ay, > ap_1.%

281t is clear that, if o/ € A(n,k — 1), then [ap_1,a'] C A(n,k — 1). Furthermore, since C,, is closed,
supA(n, k—1) € A(n,k —1).
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There exists ng € {1,..., N} such that A(n, k— 1) is non-empty, and indeed ay, . > 1.
To see this, consider the sequence {3} defined by 8, = ; + (1 — %)Oék_r, so By — ay_1. Then,
for some subsequence {3y} and some n, € {1,... 7N}, Byrma + (1 = Byry)b € Cy, for all
r. Minimal convexity implies that there is a further subsequence {8 (,)} such that, in
particular, for all A € [0, 1], and all p, o', A[Ber(p))@ + (1 — Ber(o)) )] + (1 — )[ﬁg +(1—
Ber(r)b] € Cy,.2 For any A € [0,1], ﬁXing p = 1 and letting p’ — oo, since an is closed
and By(p)) — k-1, one obtains A[By;))a+ (1= Bora))b] + (1= A)[ag—1a+ (1 —ap_1b] € C,,.

Hence, A(ng, k — 1) D [o—1, Ber(ry ], so there exists anp > Byr1)) > -1 such that
A(ng, k — 1) = [oy—1, ). Finally, deﬁne Q= MaXp A(nk—1)20 A(n, k — 1); the argument
just given shows that ap > ap_;. Now suppose that ap < 1 for all k; then ap T a €
0,1], so aga + (1 — )b — @a + (1 — a)b. As above, there is a subsequence {ou)}
and an index n € {1,..., N} such that aypa + (1 — age)b € C, for all £, and minimal
convexity yields a further subsequence {aj(y)} such that, for all A € [0,1] and all 7,7/,
)\[Oék( (r)a + (1 — Qe (T)))b] + (1 — )\)[Oék(g(r ma + (1 — Q(e(r)) )b] € (,; again, letting r =1 and
" — o0, since C, is closed, one gets Alakaya+ (1 — apeay)b] + (1 = A)]aa+ (1 —a)b] € C,
for all A; but this contradicts the fact that aye1))+1 < @. This proves the claim. m

5.1.3 Necessity of the Axioms: Completing the argument

Let u, C4,...,Cy and Py, ..., Py be as in Statement 2 of Theorem 2.6. Then uo f € C,,NC,,
implies that [wo fdP, = [wo fdP,. Since every C, is closed under non-negative affine
transformations (“affine” henceforth) this holds for all @ € B(S,X). Hence, one can define
I:B(S,X) — Rby letting I(a) = [adP, for a € C,. Then (I, u) represent =. It is possible,
of course, to assume that u(Y) [—1, 1]. Furthermore, since each P, is unique, so is I.

I is c-linear. Let a € B(S,%), 8 € R, and v € R. Since each C,, is affine, fa + v € C,
implies a = % — 3 € Cy; hence, I(Ba+7) = [(Ba+~)dP, =3 [adP, +~ = pI(a)+".

I is monotonic. Let a,b € B(S,X) be such that a(s) > b(s) for all s; then [adP, >
JbdP, foralln € {1,...,N}. Let K, oy, and ny be as in Lemma 5.5; then for k = 0,..., K —
L, [laga+(1—ay)b]dP,, < [lagria+ (1—a)gs1b] dPy, = [lagria+ (1—a)gs1b] dPnkJrl : the
inequality follows from [adP,, > [bdP,, and o) < agy1, and the equality holds because
app10+ (1 —apq1)b € Cp, NGy, . Thus, I(oga + (1 — ag)b) < I(ag1a + (1 — agyq)b) for
all k=0,..., K —1; since ag = 0 and ax = 1, I(b) < I(a). Clearly, I is also normalized, so
Lemma 5.1 implies that [ satisfies Axioms 1, 2, 3, 4, and 5.

29To clarify: in Def. 5.4, take “a;” and “a,” to be the mixtures corresponding to p and p’, let “b” be the
mixture corresponding to p, and let v = 0. Then minimal convexity implies the claim for all A € (0,1), and
since Cy, is closed, the claim is also true for A =0, 1.

31



To see that Axiom 6 holds, suppose ar — a in B(S,%). As in the proof of Remark 1,
since there are only finitely many intersections of distinct elements of the collection C =
{C1,...,Cn}, there exists a subsequence {ay, )} such that, for all n = 1,..., N and ¢, ¢,
aroe) € Cpn iff agyry € C,,. Without loss of generality, suppose that ag,q) € Cy N ... N Cyy,
for some M < N. Define further subsequences by induction, as follows. For n =1,... N,
observe that {ay, ,} is an infinite subset of C,; since C, is minimally convex, there is
a subsequence {ay, )} C {ak,_ )} that satisfies the condition in Definition 5.4. After M
steps, this procedure defines a sequence {ag,, () }—a subsequence of {a}. Now fix ¢, ¢'; let
b= ay,, 0 and V' = ay,, ). To complete the proof, it must be shown that b~ b'.

Fix v € [0,1] arbitrarily: by Lemma 5.2 Part 10, it is sufficient to show that there
exists € > 0 such that |c — b|| < € implies ¢ ~ b + (1 — )b’ [the argument for ¢ such
that ||c — || < e is identical]. Notice first that there exists ¢y > 0 such that |c — b|| < €
implies ¢ € C,, for some n € {1,..., M}; otherwise, as in the proof of Remark 1, one could
find m > M and a sequence {c¢x} C C,, such that ¢, — b; since ¢ ¢ C,,, this would
contradict the fact that C,, is closed. Furthermore, due to the above construction, for every
n=1,..., M, there exists ¢, > 0 for which the property in Definition 5.4 holds for C' = C,.
Let € = min(eg, ..., ep) > 0.

Finally, consider any ¢ € B(S, 3) such that |[c—b|| < €. Since |[c—b|| < €, ¢ € C,, for some
n € {1,..., M}; and since ||[c—b|| < €, it is the case that A\c+ (1 —\)[yb+ (1 —7)V] € C,, for
all A € (0,1), and therefore also for A = 0, 1 because C,, is closed; that is, yb+ (1 =)0’ € C,,.
But this implies that

Qe+ (1= Nb+ (1= )b]) = PaAe+ (1= Nb + (1= 7)) =
= AP, (c)+ (1 = NP, (vb+ (L —y)V') = A(c) + (1 = NI(vb+ (1 — y)b),

ie. c~~b+ (1 —~)b. Thus, Axiom 6 holds.

5.1.4 Sufficiency: first covering of B(S,Y) and other implications of Axiom 6

Lemma 5.6 Assume that Axioms 1-5 and 6 hold. There exists a finite collection {cy, ..., cn, } C
B(S, %) such that 1. for all n,m € {1,..., N1} such that n # m, ¢, % ¢n; and 2. for all
a € B(S,Y), there exists n € {1,..., Ny} such that a = c,.

Proof. Consider the following procedure. At step 1, let ¢; be an arbitrary point of
B(S,%). Now consider step n > 1 and assume that ¢y, ..., c,_; such that Property 1 above
holds have been defined. If, for all a € B(S, X)), thereis m € {1,...,n—1} such that a = ¢,
then stop; otherwise, let ¢, € B(S,X) be such that ¢, % ¢, for all m € {1,...,n—1}. This
procedure must stop in finitely many steps. Suppose not: then the procedure yields a
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sequence {c,}; letting ¢, = m}ln if ¢, # 0, and ¢, = 0 otherwise, yields a sequence
/

converging to 0. Axiom 6 implies in particular that there are n,m such that ¢, ~ ;
by Lemma 5.2 Part 8, this implies ¢, ~ ¢,,. But this contradicts the construction of the
sequence {¢, }, so the above procedure must terminate in finitely many steps, thereby yielding

a collection with the required properties. m
Corollary 5.7 Let C! = {a € B(S,%):a~c,},n=1,...,Ny: then UM, C! = B(S,%).

Lemma 5.8 Assume that Axioms 1-5 and 6 hold. Then, if {a;} — a in B(S,X), there
exists K > 1 such that k > K implies ay ~ a. Consequently, for all a,b, there is a € (0, 1]
such that ca + (1 — )b ~ b; furthermore, for all a € B(S,Y), a = a.

Proof. Arguing by contradiction, suppose that, for every ¢ > 1, there is k(¢) > ¢ such
that ay) % a. This yields a subsequence ay) — a. Axiom 6 implies that there is a further
subsequence {ay ()} such that, for all r, ', are)) = aree))- In particular, ageay) = arer)
for all r > 1. By Part 7 in Lemma 5.2, this implies ay1)) ~ axy) for all r > 1. Since
ar(e(ry) — a, by Part 5 in the same Lemma, this implies ay(, 1)) ~ a. This is a contradiction,
because {ax( () } is a subsequence of {ax()}, which was chosen so that ay) % a for all £.

The second claim follows by considering a; = %a + %b — b. The third claim is clear
from the definition of ~. m

Remark 2 Assume that Axioms 1-5 and 6 hold. Then every set C} defined in Corollary
5.7 satisfies the following properties.

1. IfaeC! o, €R, and a > 0, then aa + 3 € C..
2. ¢, € CL; furthermore, for every a € C} and a € [0,1], aa + (1 — )¢, € C1.

Proof. Part 1 follows from Lemma 5.2 Part 8. In Part 2, ¢, € C} follows from Lemma
5.8, and the other claim follows from a =~ ¢, and Lemma 5.2 Part 9. =
5.1.5 Sufficiency: Representation of [ on C!

The next step is to show that the restriction of I to each set C! coincides with the restriction
to the same set of some linear functional P,. The following Lemma provides the key step.

Lemma 5.9 Assume = satisfies Axioms 1-—5 and 6. For every n, if by,...,by € C} and
a =M A\uby for weights A, > 0 such that YM_ X,, = 1, then there exists o € (0, 1]
such that aa + (1 — a)c, ~ ¢, and I(aa + (1 — a)e,) = S0 AT (b + (1 — a)cy).
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Corollary 5.10 If o € (0,«), then o/a + (1 — /)¢, ~ ¢, and I(d/a + (1 — &')¢,) =
SM NI (@b, + (1= a')ey).
Proof. Begin with the Corollary; let v = %/ € (0,1). Then d/a+ (1 — &')¢,, = y[awa +

(1 — a)ey] + (1 —v)en, and /by, + (1 — ')e, = y[aby, + (1 — @)ey] + (1 — v)e,; hence,
d'a+ (1 —a)e, ~ ¢, by Lemma 5.2 Part 4. Furthermore,

I(da+ (1 —ad)e,) =~vI(aa+ (1 —a)e,) + (1 —7)(c,) =
—VZ)\ I(aby, + (1 —a)e,) + (1 —7v)I(cn) =

m=1

Z Am[YI(aby, + (1 — a)en) + (1 — ) ()] =

M=

Al (b, + (1 —a)ey),

m=1

where the last equality follows from b,, ~ ¢,, hence b,, ~ ¢, by Lemma 5.2 Part 7, hence
aby, + (1 — a)e, ~ ¢, by Part 4 in the same Lemma.

Now turn to the proof of Lemma 5.9. The claim is true for M = 1: in this case, it
must be the case that \; = 1, so a € C!, and hence a ~ ¢, by definition; Lemma 5.2 Part
7 then implies that a ~ ¢,, and the second claim in the Lemma is trivially true. Arguing
by induction, consider M > 1 and assume that the claim is true for M — 1. Consider
bi,...,bar € Clanda = an‘il Ambym as above; also, let b_; = ZM Am_p - by the induction

m=2 1-)\;
hypothesis there exists a € (0, 1] such that ab_1 + (1 —a)e, ~ ¢, and I(ab_; + (1 —a)c,) =
M 2 73-1(aby +(1—a)c,). By Corollary 5.10, for every o € (0, al, a'b_1+(1—a')c, ~ ¢,
and I(a’b_y + (1 — d/)¢,) = Zn]\f 5 ﬁI( &by, + (1 — )ey,); furthermore, since by = ¢, for

any such o/, by Lemma 5.2 Part 9, o/b; + (1 — )¢, = ¢,,. Finally, note that, for every o/,

Ma'by 4+ (1 —a)e] + (1= M) [e'by + (1= ey =
=a'[Mbi+ (1= A)by]+ (1 =)o, =d'a+ (1 —)ey;

therefore, by Lemma 5.8, for some sufficiently small such o/, A\i[a/by + (1 — /)¢, ] + (1 —
AM)[@b_1 4 (1—a')e,] =~ ¢,. Thus, fix one such small a* € (0, «v). It is convenient to make the
following definitions to simplify the notation: B; = a*by+(1—a*)c,, By = a*b_1+(1—a*)c,,
and A = A\ B+ (1—X\)By = a*a+ (1 —a*)c,. Thus, we have By ~ ¢,,, A ~ ¢,, and B; = ¢,.
Hence, for this a*, the first claim of the Lemma holds, i.e. a*a + (1 — a*)c, = A ~ ¢,.
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Similarly,

MI(By)+ (1 =XM)I(By) = MI(a"by + (1 —a’c,) + (1= \)I(a"by + (1 — a¥)ey,) =

M
Am
=\ I (aby 4 (1 —a'c,) + (1= \) Z =
- Al

](Oé*bm + (1 — a*)cn) =

M:

(@b + (1 — a®)cy)

m=1

where the third equality follows from the induction hypothesis, as above; thus, to complete
the proof, it suffices to show that I(A) = M1 (B1) + (1 — X\2)I(By).
Since B; & ¢,, there is § € (0,1) such that 3By + (1 — ()¢, =~ By; that is,

I(yBi+ (1 =9)[BB2 + (1 = B)en]) = ~I(B1) + (L =) I(BB2 + (1 = B)en) =
= I(B1) + (1 =)BI(B2) + (1 = 7)(1 = B)I(cn)

for all v € [0, 1], where the second equality uses the fact that a* above was chosen so that

Jr(l— =\, le. vy = % € (0,1); then, letting

'=~v+(1—-7)8€(0,1), we can rewrite the above equation as

By ~ ¢,. Now consider v such that

but, since A\; By + (1 — A1) By = A ~ ¢,,, we also have

thus, I(A) = I(M By + (1 — A\)Bs) = MI(By) + (1 — \)I(Bs), as required. =

Remark 3 Assume that > satisfies Axioms 1-6. Consider a,b € B(S,Y) such that a =

ZZ lOégCLg and b = Zi‘n/fbl n0m, Where all ay, b, ay, B, are as in Lemma 5.9, and a > b.

Then S0 gl (ae) = S0, Gl (bu).

Proof. By Lemma 5.9, there exist a, 3 € (0, 1] such that I(aa+(1—a)e,) = S0 apl (aa+
(1 —a)e,) = ad )k lOégI(CLg) (1 — a)I(¢,), because as usual a;, ~ c¢,, and similarly
I1(Bb+ (1 = B)en) = 527711 i d () + (1 = B)1(cn).

Suppose « > (3. Then, by Corollary 5.10, it is also the case that I(fa + (1 — §)c,) =
B30 apl(ar) + (1 — B)I(c,). Since a > b, fa + (1 — B, > ﬁb + (1 — B)cp; since [ is
monotonic, I(Ba+(1—8)c,) > I(8b+(1—F)c,), and therefore 3 S0 ap I (ag)+(1—B)1(cn) >
Sy Bl (b) + (1= B)I(cy): and since 8 € (0,1), 304 ael (ag) > 3202 B (bn)-
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The case o < 3 is handled symmetrically; if o = 3, Corollary 5.10 is not needed. m

For any set C' C B(S,X), let convC and clC denote the convex hull and sup-norm
closure of C' respectively. It is now possible to state the main result of this subsection.

Lemma 5.11 Assume that = satisfies Axioms 1-5 and 6. For every n = 1,..., Ny, there
exists a probability charge P, on (S,X) such that, for alla € C}, I(a) = [ a dP,.

In the following, it will be convenient to denote the integral f a dP, simply by P,(a).

Proof. Forn = 1,...,Ny, let C? = {y : v € R} UconvC}, where, with the usual
abuse of notation, constant functions are identified with scalars. Note that C? is convex:
in particular, suppose that a € convC}, so a = Y A\,by, for suitable points b, € C, and
positive weights A,,, with )~ A, = 1; then, for all @ € (0,1) and vy € R, aa + (1 — o)y =
a (32, Aby) + (1 —a)y =3, Anlabn, + (1 — a)y] € conv C}, because ab,, + (1 — a)y € Cp
by Remark 2 Part 1. The latter result, together with the fact that 0 € C?, also implies
that C? is closed under multiplication by a non-negative scalar, i.e. it is a wedge; therefore,
C?—C?={a—"b:a,be C?}is a linear subspace of B(S,Y) (cf. Holmes [17], §5.A).

Now define a functional I,, : C> — R by I,,(v) = ~ for all ¥ € R and

by, b €C% A A € (0,186 A =1, LD Ambm) = > Anl(by). (11)

The functional I,, is well-defined. First, Remark 3 ensures that Y°0° apl(ar) = S0 | Bl (byn)
whenever Zé\i“l Qpay = Z%b: 1 Bmbp, and all ay, by, o, B, are as in Lemma 5.9. Second, sup-
pose Y Ambn, = v (a constant function) for A,,, b, as in Eq. 11; by Lemma 5.9, there is o €
(0,1] such that I(ay+(1—a)c,) =D, Amd (@b +(1—a)c,) = ) Al (b)) +(1—a)I(cy),
where the last equality follows from b,, ~ ¢,, which is implied by b,, ~ ¢,; but by c-linearity
of I, this is readily seen to imply that > A, I(by) = 7.

The functional I, is positively homogeneous: for v € Rand o > 0, I,,(avy) = ary = ad,(7);
for a =73 Aubm (Am, by as above) and a > 0, wa = Y, \,aby, and ab,, € C} by Remark
2 Part 1, so I,(aa) = >, Apl(aby) = ad AyI(bn) = al,(a), because I is positively
homogeneous. Finally, for a as above and o = 0, aa = 0, so I,,(aa) = 1,(0) = 0 = al,(a).

The functional I, is also additive. By definition, for v,0 € R, I,(y+8) = v+ 06 = L,(y)+
L,(5). Fora =73 Anbm (Am, by, as above) and v € R, a+v = > A\pn(by+7) and b, +7 €
C} by Remark 2 Part 1, so I,(a +7) = Y., Al (b +7) = >, Al (bn) + v = Ln(a) + 7,
because [ is c-linear. Finally, if a = ), apa, and b = ) B3,,b,, for suitable ay, as, B, by,
then %a—i—%b =>, %Oég(lg—{—zm %5mbm (where some a, may be equal to some b,,) and therefore
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L(a+15) = 5, Yol (a0) + 3, 2nd (b) = 13, el (@) + 3 32, 1(bm) = L) + 11, (0).
Since I, is positively homogeneous, I,,(a + b) = I,,(a) + I,,(b).

Finally, the functional I,, is monotonic. Remark 3 implies that I,,(a) > I,(b) for a,b €
conv C} and by definition this is also true if both @ and b are constant acts. So, suppose
a=>, Ambm, for A, b,, as in Eq. 11, and a > ~ for some v € R. Then a > %a + %’y; since
sa+ 31y =3 An(3bm + 37) € conv C}, invoking monotonicity on conv C}, and additivity
and positive homogeneity, one obtains I,,(a) > I,(3a+37) = I.(3a) + 1,(37 ) =1I.(a)+37;
this implies I,,(a) > 7, as required. The case a < 7 is analogous.

To summarize, I, is well-defined, positively homogeneous, additive and monotonic on
the convex wedge C2. Therefore, it has a unique extension to a positive (hence monotonic
and sup-norm continuous) linear functional J,, on the linear subspace C? — C?, given by
Ju(a—b) = J,(a)—J,(b) for a,b € C2. Tt follows that J, can be extended to a (not necessarily
unique) positive linear functional P, on B(S,X) (cf. e.g. Holmes [17], §6.B; observe that
the constant function 1 belongs to the subspace C? — C? and is a core point of the cone
of non-negative functions). Furthermore, since P,(1) = J,(1) = [,,(1) = 1, || P,|| = 1; that
is, P, can be represented by a probability charge on (.5, %) (cf e.g. [1], Theorem 11.32),
henceforth also denoted P,. Clearly, for all a € C}, P,(a) = J,(a) = I,(a) = I(a). =

Observation. The last paragraph provides the key step in the proof of Proposition 2.2.
If f~gforall f,gec C CL,thena~bforallabe D={auof:a>0,fecC} Thus
I is positively homogeneous, additive and monotonic on the convex wedge D; as above, the
restriction of I to D has a unique positive linear extension J to the linear space D — D,
which in turn has a positive linear extension to all of B(S,3). Thus, there exists a probability
charge P such that I(a) = [adP for all a € D. The converse is obvious.

5.1.6 Sufficiency: Uniqueness of the charges P,
Henceforth, int C' denotes the interior of the generic set C' C B(S,%). Forn =1,..., Ny, let
C2 = clintcl C}; (12)

note that,C? has non-empty interior if cl1C! does, and is empty otherwise; moreover, since
intclC} € C2, intcl C} C int C2, so C2 is the closure of its interior.

Lemma 5.12 Assume that = satisfies Axioms 1-5 and 6. Then at least one of the sets
clC},...,clCy, has non-empty interior. Furthermore, assume w.lo.g. that intclC) # 0,
hence int C? # () and C? = clint C?, forn = 1,..., Ny < Ny; then:

1. B(S, %) =M, ¢
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2. For everyn = 1,...,Ny and o, 3 € R with a > 0: a € C? implies aa + 3 € C?; in
particular, if « > 0 and a € int C?, then aa + 3 € int C2.
3. For everyn=1,..., Ny, P,(a) = I(a) for all a € C.

Proof. Since B(S,%) = U, C}, a fortiori B(S,%) = ), c1CL. That is, B(S, ) is
the union of finitely many closed sets; therefore,® [ JM  int clC! is dense in B(S,¥). Hence,
some cl C!’s have empty interior; assume w.l.o.g. that these are the first Ny < Ny.

For Part 1, consider a € B(S,Y) and {ax} C Uivil intclC} such that a; — a. Since
there are finitely many sets clC'! with non-empty interior, there is n € {1,..., No} and a
subsequence {ay)} such that ae € intcl Cl for all ¢; thus, a € clintclC! = C?. Thus,
B(S5,%) = Uﬁfil CEL

For Part 2, consider first the following subclaim: if C' C B(S,Y) is such that a € C,
a,0 €R, and a > 0 imply aa + 3 € C, then in particular a € int C' implies aa + € int C.
To see this, fix a, f and C as stated, and choose a € int C. Then there exists ¢ > 0 such
that ||b — a|| < e implies b € C. Consider ¢ € B(S,X) such that |c — [aa + (]| < ae: then
H% —a|| =1lc— B —aal| < 2ae=¢, so C;ﬂ € C, and therefore c € C.

Now consider a, 8 € R with @ > 0 and recall that, by Remark 2 Part 1, a € C} implies
aa+ 3 € C!; hence, the same is true for a € cl C!. The above subclaim applied to C' = ¢l C}

implies that a € intclC! implies ca + 3 € intclC}; consequently, a € C? = clintclC}
implies ca + 8 € C2. The subclaim, applied to C' = C?, implies the last statement in Part
2. Finally, pick any a € C?; for any 3 € R, %a%—ﬁ € C? for all k > 1 and %a—l—ﬁ — (3. Since
C? is closed, it follows that 8 € C2. Hence aa + 3 € C? for a = 0 as well.

For Part 3, recall that P,(a) = I(a) for all @ € C!. Consider a € B(S,X) and {a;} C C}
such that ar, — a: then P,(a) = limy P,(ay) = limy I(ax) = I(a), because both P, and I are
sup-norm continuous functionals. Thus, P, and I also agree on on clC}, hence a fortiori on

C?=cl[intclCl] Ccl[clCl] =clC}. m

Lemma 5.13 Assume that = satisfies Axioms 1-5 and 6. Then, for every n = 1,..., Na,
P? is the only continuous linear functional that agrees with I on C?. In particular, every
charge P,, n =1,..., Ns, is a plausible prior.

Proof. Fix n as above. Lemma 5.12 Part 3 states that P, agrees with I on C?; further-

more, the latter set has non-empty interior. Thus, fix ¢ € int C?; by the second claim in Part

2, it is w.l.o.g. to assume that ||c[| < % (if this is not the case, replace ¢ by mc € int C?).

30In any topological space T', the intersection of finitely many open dense sets is dense; this (cf. e.g. [1],
Theorem 3.34) implies that, if T' = UiI:1 F; and each Fj is closed, then Ufil int F; is dense in 7.
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Also, there exists ¢ > 0 such that [|a — ¢|| < € implies a € C2. Finally, let € = min(e, 3):
then ||a — ¢|| < € implies a € C? and ||a|| < 1, so that there exists f € L with uo f = a.
Now consider the set of acts C' = {af+ (1 —a)y : [[uof—c|| <e a€0,1],y € Y}. By
construction, C' contains all lotteries; moreover, it is closed under mixtures. Consequently,
the set uoC' = {uo f: f € C} is convex; furthermore, it contains the open e-ball around c,
and by Lemma 5.12 Part 2, v o C' C C?. Therefore P, agrees with [ on uo C, so f = g iff
P,(uo f)> P,(uog) for all f,g € C;in particular, > satisfies Mixture Neutrality on C.
To complete the proof, it will be shown that P, is the unique linear functional that agrees
with 7 on u o C' (hence on C?); this implies that P, is a plausible prior. Consider another
linear functional @) such that Q(a) = I(a) for all @ € uwo C. Fix an arbitrary a € B(S,X);
then there exists a € (0,1) such that ||aa + (1 — a)c — ¢|| = alla — ¢|| < ¢, and therefore
aa+ (1 —a)c € woC. This implies that aQ(a) + (1 —a)Q(c) = Q(aa+ (1 — a)c) = I(aa +
(1—-a)c) = P(aa+ (1 —a)c) =aP,(a) + (1 —a)P,(c). Furthermore, Q(c) = I(c) = P,(c):
therefore, Q(a) = P,(a). Since a was arbitrary, @) = P,, so P, is a plausible prior. m

Lemma 5.14 Assume that = satisfies Axioms 1-5 and 6. Let D C B(S,X) be such that,
for some continuous linear functional Q on B(S,X), I(a) = Q(a) for all a € D. Then there
exists n € {1,..., No} such that Q(a) = P,(a) for all a € D. Hence, the charges P, ..., P,
are the only plausible priors for >.

Proof. Since I and @ are both norm-continuous, I(a) = Q(a) for all a € cl D, so it
is w.l.o.g. to assume that D is itself closed. Note that D = Ugil(D N C?), and every set
D N C? is closed in the relative topology on D inherited from B(S,Y). Furthermore, D is
a complete subspace of B(S,Y). Therefore, arguing as in the proof of Lemma 5.12, not all
sets D N C? have empty relative interior.

Thus, consider n such that D N C? has non-empty relative interior; that is, there exists
c € DNC? and € > 0 such that ||a — ¢|| < e and a € D imply a € D N C2.

Consider an arbitrary a € D; then there exists a € (0,1) such that ||aa + (1 — a)c —
c| = alla —¢|| < ¢ and hence aa + (1 — a)c € D N C?: this implies that, for this «,
Qlaa+ (1 —a)c) = I(aa+ (1 —a)c) = P,(aa+ (1 — a)c). Since in particular Q(c) = P,(c),
it follows by linearity of @ and P, that Q(a) = P,(a). m

5.1.7 Sufficiency: Construction of the proper covering

In general, a set C? may fail to be minimally convex; however, consider the following construc-
tion. First, assume w.l.o.g. that, for some N < Ny, (i) P, # P, for all n,m € {1,...,N}
with n # m, and that (ii) for every m € {N+1,..., Ny} (if any), there exists n € {1,..., N}
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such that P,, = P,. Then, forn =1,..., N, define
C.=|J{Cr: P=P.}. (13)
Thus, C,, is the union of C? and any other set C? for which P,, = P,.

Lemma 5.15 Assume that > satisfies Axioms 1-5 and 6. Then, for all a,b € B(X) such
that a = b, and for every v € [0, 1], there is € > 0 such that ||c —a|| < € and ¢ € C,, for some
n=1,...,N implies Ac + (1 — X)[ya + (1 — v)b] € C, for all A € (0,1).

Since each set (), is closed, the conclusion of the Lemma also holds for A = 0 (it is true
by assumption for A = 1). By symmetry of &, an analogous statement is true for points
c € B(S,Y) such that ||c — b|| < e. This result also implies that a ~ b and a € C,, implies
that Aa + (1 — \)b € C, for all X € [0, 1].

Proof. Consider a &~ b and suppose that the assertion fails for some v € [0,1]. Let
b = va + (1 — )b for notational simplicity. Then, in particular, for all integer £ > 1,
there is ¢ € B(S,Y) such that ||cx — al| < %, cr € Cuy, and A + (1 = M)V & Cry
for some A, € (0,1). Now ¢; € CF for some ¢ € {1,..., Ny} such that P, = Py, so ¢
is the limit of points in intclC} C int C7 C int Cyy. Note that, if ¢ € B(S,3) satisfies
lc—cxl| < +—|lck —al|, then ||c—al| < 1; furthermore, since the complement of Ci, ) is open
and Apc+ (1= Ap)b" — Apep 4 (1 = Ap)b' & Ciy as ¢ — ¢y, it is possible to find ¢, € int C )
such that [|¢, — al| < + and Apc), 4+ (1 = M)V € Crry, with m(k) # n(k).

Now Ac), + (1 — Ag)b' is itself the limit of points in int c1C} C int CF C int Cyy g for some
(different) ¢ € {1,..., No} with Py = P,,). Also, for any ¢ € B(S,), the act ¢ = %}C’\k)bl
satisfies A\g¢” + (1 — A\p)V' = ¢, and as ¢ approaches Aic), + (1 — A\p)b', ¢ approaches c.
Therefore, there exists ¢ € int Cy,x) close enough to Aycj, + (1 — Ag)b' so that the act ¢
defined by ¢ = Apcf + (1 — )V satisfies ¢ € int Cpry and ||} — al| < 1.

To summarize, there exists ¢ € int Cyy such that |[¢f — a|| < ¢ and A\ + (1 —
M)V € int Cpyry, where m(k) # n(k). Next, observe that there exist eppy > 0 such that
e —[Acy + (1 = A)V]|| < €m@y implies ¢ € int Cpyry, and ey > 0 such that |lc — ¢f|| < e
implies ¢ € int Cpyy). Thus, let €, = min(3 — ||¢}, — al|, €nk)» €mw)); then [lc—c}|| < €, implies
both ¢ € int C) and ||c — al| < 1, and furthermore

||)\kC -+ (1 — /\k)b/ — /\kCg — (1 — /\k)b,H = )\kHC — C/k,H < /\kem(k:) < Em(k);

hence Agc+ (1 — Ap)b' € int Cpyry-
Now consider the following preliminary subclaim: Suppose that a ~ b and, for distinct
AMAN €[0,1], da+ (1 —=N)b,Na+ (1 —=XN)be C,. Then P,(a) = I(a) and P,(b) = I1(b).
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To prove the subclaim, note that AP, (a) + (1 — A\)P,(b) = P,(Aa+ (1 — A\)b) = I(Aa +
(1 —X)b) = M(a) + (1 — N)I(b) and similarly N P,(a) + (1 — N)P,(b) = NI(a) + (1 —
N)I(b). Subtracting the second equation from the first yields (A — X)[P,(a) — P,(b)] =
(A = XN)[I(a) — I(b)], hence P,(a) = P,(b) + I(a) — I(b); substituting in the first equation
now yields AP, (b) + M (a) — M(b) + (1 — N)Po(b) = M(a) + (1 — NI(b), i.e. Py(b) = I(b),
and therefore also P,(a) = P,(b). [Note that the proof is trivial if one of A\, X’ is zero or one].

Continuing with the proof of the main claim, observe that, since a ~ b, there exists
K such that, for k& > K, it is the case that ||c — al| < ¢ implies ¢ ~ V. Thus, choose
k > K and consider any ¢ € B(S, X) such that ||[c—¢]|| < €x; then, by the choice of k and ¢,
lc—all < 4,50 c >V, and ¢ € int Cyp), so there exists A < 1 such that Ac+ (1 —=A)b € Crpy.
Hence, invoking the subclaim with the values 1 and A, P,)(c) = I(c) and P, (V') = I(V).
Similarly, for such ¢, there exists A # A such that Ac 4 (1 — A\)b" € Cp), and the subclaim
implies that P, )(c) = I(c) and P, (V') = I(V').

Finally, consider an arbitrary ¢ € B(S,3) and the mixture ac+(1—a)cj. Since ||ac+(1—
a)cp — ]l = alle—¢||, by choosing & > 0 small one can ensure that this quantity is smaller
than e;; thus, Py (ac+ (1 —a)c)) = I{ac+ (1 —a)c)) = Pug)(ac+ (1 —a)cf); since clearly
also Py (c}) = Punwy(cr), it follows that P,gy(c) = Punw(c). Therefore, Py = P,
which contradicts the construction of the sets C,, ) and Cy,yiy. ®

Lemma 5.16 Assume that > satisfies Axioms 1-5 and 6. Then the sets C4,...,Cy are
minimally convex, and constitute a proper covering.

Proof. It is clear that every set C,, is closed and has non-empty interior; that B(S,X) =
UnN:1 Ch, that a € C,, implies aa+ 0 € C, for o, f € R with a > 0, and that P, (a) = I(a) for
all a € C,, because the corresponding C?’s satisfy these properties. Suppose a € C,,, so a €
C? for some ¢ € {1,..., Ny} with P, = P,; then a € clint C? C clint C,,, i.e. C,, = clint C,,.
Furthermore, suppose C,, N C,, has non-empty interior, and consider a € int C,, N C,,. For
any b € B(S,Y), there is a € (0,1) such that ab+ (1 — aa) € intC,, N C,,; therefore,
P.(ab+ (1 —a)a) = I(ab+ (1 — a)a) = Py(ab+ (1 — a)a); since P,(a) = B, (a) as well,
P,(b) = P,,(b). Thus, P, = P, so n = m; hence, if n # m, C, N C,, has empty interior.

It remains to be shown that each set (), is minimally convex. Consider an infinite subset
C" C C,. This subset contains a countably infinite subset {a;}. Consider the sequence {by}
defined by by = 0 if a = 0 and b, = m% otherwise. Then b, — 0, so Axiom 6 implies
that there is a subsequence {by) } for which by = by for all £,¢'. Since, for every k, by, is
either equal to aj, or to a positive multiple of a;, Lemma 5.2 Part 8 implies that aj) =~ axe)
for every ¢. Lemma 5.15 shows that, for this subsequence, and for every v € [0, 1], there is
€ > 0 such that |c — a)|| < € and ¢ € Cy, implies Ac + (1 = X)[yaw(e) + (1 — ¥)axe)) for all

41



A € (0,1); in particular, this is the case for m =n. m

To summarize: By Lemma 5.16, C, ..., Cy is a proper covering; the associated proba-
bilities are all distinct, by construction, so property (i) in Statement 2 of Theorem 2.6 holds;
moreover, I(a) = P,(a) for all a € C,,, which (jointly with Lemma 5.1) implies that property
(ii) also holds. Uniqueness of u guaranteed by Lemma 5.1; uniqueness of each P, is estab-
lished in Lemma 5.13. Finally, consider another proper covering Dy, ..., Dy, with associated
priors Q1, ..., Qx, that satisfy properties (i) and (ii) in Statement 2 of Theorem 2.6: then
Lemma 5.14 implies that every @, corresponds to some P,, and vice versa, so N = N’ and
it is wlog to assume that each D, is associated with P,. Moreover, if int D, N C,, # 0 for
n # m, the argument in the proof of Lemma 5.16 implies that P, = P,,, a contradiction;
thus, int D,, C C,,, and similarly int C,, C D,,. Thus, int C},, = int D,,. Since C),, = clint C),
and similarly for D,,, C,, = D,,. This completes the proof of Theorem 2.6.

Turn now to the Corollaries in the text. Consider first Corollary 2.7: Lemma 5.13 shows
that every P, is a plausible prior, and Lemma 5.14 ensures that there are no other plausible
priors. Also, Lemma 5.15 implies that f =~ g only if uo f,uo g € C, for some n.

To prove Corollary 2.8, it is sufficient to construct the proper covering corresponding to
the charges {a@, + (1 — @)@, : (n,m) € M}. Consider the sets of the form C(n,m) =
{a € B(S,Y) : Q, € argminy, [ adQy, Qn € argmaxy, [ adQy}. Define a relation R on
the collection of such sets by stipulating that C'(n,m) R C(n/,m’) iff @, + (1 — a)Q,, =
a@Qn + (1 — @)Quy. Then every element of the proper covering for a-MEU preferences is
the (finite) union of sets C'(n,m) in the same equivalence class for R. In particular, since
every set C'(n,m) is closed and convex, Remark 1 ensures that Property 4 in Def. 2.5 holds.
Necessity is proved in the Online Appendix, §6.6.3 (which also discusses the case o = %)

The construction of the proper covering in Corollary 2.9 is analogous to that of Corol-
lary 2.8: each element is a union of maximal comonotonic cones associated with the same
probability distribution. As above, since each such cone is convex, Remark 1 applies.

Finally, the fact that [wo fdP, > [wo gdP, for all n implies f = g is established in the

proof of necessity (see the argument for monotonicity of I). A related fact is used below.

Lemma 5.17 Under the equivalent conditions of Theorem 2.6, for all a,b € B(S,X%): if
[adP,= [bdP, foralln € {1,...,N} and b € Cy, for some m € {1,..., N}, then a € C,,.
Furthermore, if b € int C,,,, then a € int C,,.

Proof. If P,(a) = P,(b) for all n, then for all A € [0, 1], P, (a) = P,(Aa+(1—\)b) = P,(b)
for all n; hence I(a) = I(Aa + (1 — \)b) = (D).
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Furthermore, for any v € [0,1], A € [0,1], and ¢ € B(S,Y), and for any n € {1,..., N},

Pn(fya + (1 - 7>c> - ’VPn(a> + (1 - V)Pn(c) = 7Pn()‘a + (1 - /\)b) + (1 - ’V)Pn<c) =
= P.(v[Aa+ (1 = M) + (1 =)o),

and similarly P, (vb+ (1 —v)c) = P,(y[Aa + (1 — X\)b] + (1 — ~y)c), which, as above, implies
that I(ya+ (1 —~)e) = I(y[Aa+ (1 = A\)b] + (1 —v)c) = I(vb+ (1 — 7v)c). Therefore, a ~ ¢
or b~ cimply Aa+ (1 — X\)b ~ ¢ for all A € [0, 1].

Now suppose ¢, — a; then, by Lemma 5.8, ¢, ~ a for large k; for such k, the argument
just given implies that also ¢x >~ Aa + (1 — A)b for all A € [0,1]. The same argument applies
if ¢, — b, so a = b. Since b € C,,, as noted above, Lemma 5.15 implies that a € C,, as well.

Finally, if b € int C,,, but a ¢ int C,,, there is n # m such that a € C,,.3! Since a ~ b,
Lemma 5.15 implies b € C,,; but then C,, N C,, has non-empty interior,*? a contradiction. m

5.2 Proof of Theorem 3.2
5.2.1 Notation and Preliminary results

Let u, Cy,...,Cy and Py, ..., Py represent =; as in §5.1.2, let I(a) = [adP, for alla € C,.
Recall that I is monotonic, normalized, and c-linear. Finally, assume that u(Y) D [-1,1],
and define aFEb = lga + 1gcb for a,b € B(S,X). Note that £ € ¥ is non-null iff, for all
a,b € B(S,%), a(s) = b(s) for s € S\ E and a(s) > b(s) for all s € E imply I(a) > I(b).

Lemma 5.18 An event E € ¥ is non-null for = if and only if, for alln > 1, P,(E) > 0.

Proof. Clearly, by c-linearity of I, E is non-null iff, for all a € B(S, %), z,2’ € R with
x>a' and A >0, I(a+ Az E2']) > I(a+ \2'), ie. iff I(a+ Mgz —2")) > I(a), ie. iff
I(a+ Ag) > I(a) for all A > 0.

Suppose E is non-null; pick n € {1,..., N} and a € int C,,. Then there is € > 0 such that
a+elg € C,. Thus, P,(a+€lg) > P,(a), so P,(E) > 0. Conversely, assume P,(E) > 0 for
alln € {1,..., N}, and consider a € B(S,X) and € > 0. Let p = min,, P,(E): then, for each
n, P,(a+€lg) > P,(a) +ep = P,(a+¢ep),so [(a+€elg) > I(a+ep) =1(a) +ep > I(a). m

31Every neighborhood of a contains a point not in C,,; form a sequence, and note that there is n such
that a subsequence lies entirely in C),. Hence, so does its limit a.

32Suppose that b € C’f = clintcl Czl for some ¢ such that P, = P, so that Cg C C,,. Then there is a
subsequence {b;} C intcl C’el C int C’g C int C), such that by — b. Since b € int C,,, there is K such that
bi € int Cy, for all k > K; thus, there is €, such that ||c — bk|| < €,, implies ¢ € C,,. Furthermore, since
bx € int C,,, there is €, > 0 such that ||c — bk | < €, implies ¢ € C,,. Hence, the open ball {c: ||c — bk | <
min(e,, €,)} is a subset of C,, N Cp,.
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Lemma 5.19 Assume that > satisfies Axioms 1-5, and suppose that E € ¥ is non-null.
Then, for every a € B(S,Y), there exists a unique solution x € R to the equation

x = I(aFEx). (14)

The map J : B(S,X) — R associating to each a € B(S,%) the unique solution to Eq. (14)
is monotonic, c-linear and normalized.

Now define the relations ~p and ~g on B(S,X) by a ~g b iff J(ya + (1 — v)b) =
vJ(a)+ (1 —~)J(b) and a = b iff, for any sequence {c;} such that ¢, — a or ¢, — b, and for
any v € [0, 1], there is K such that k¥ > K implies ¢, ~g va + (1 — 7).

Corollary 5.20 If = additionally satisfies Axiom 6, then for all {ax} C B(S,X) and a €
B(S,%) such that a, — a, there exist {k({)} such that ae) ~g age for all £,¢'.

Proof. (Lemma 5.19): Let x; = sup,cpa(s), vo = infsepa(s); by monotonicity,
I(aExy) — x; < 0 and I(aExy) — x9 > 0. By norm-continuity, there exists z € [z¢, 2]
such that z = I(aEx). Furthermore, suppose there are two such solutions z, z’, with = > 2.
Then [(aEx) —x = I(aEx") —2',i.e. [(1g(a—x)) = I(1g(a—2")) = 0. But this contradicts
the fact that F is non-null, because 1g(s)[a(s) — x] = 1g(s)[a(s) —2'] =0 for s € S\ E and
1g(s)la(s) —z] = a(s) —x < a(s) — 2’ = 1g(s)[a(s) — 2'] for s € E.

The other properties are easy to prove, so the arguments are omitted.

(Corollary:) Now suppose that ay — a; then J(ax) — J(a), which implies that a, E J(ax) —
a E J(a) as well. If > satisfies Axiom 6, then there exists a subset of indices {k(¢)} such that
awey E J(akw)) = agey E J(arey) for all £,¢'. Thus, to complete the proof of the last claim,
it is sufficient to show that, for any a,b € B(S,Y), if a E J(a) =~ b E J(b), then a =g b.

First, it will be shown that, for all a,b € B(S,3, a E J(a) ~ b E J(b) implies a ~g b. To
see this, note that, for all v € [0, 1],

I(lva+ (1 =)b ElyJ(a) + (1 =7)J0)]) = I(y[a E J(a)] + (1 =)D E J(b)]) =
=7l(aEJ(a)) + (1 =NIOEJ(b)) =~J(a) + (1 =2)J(b);

since © = J(ya+(1—7)b) is the only solution to the fixpoint equation I([ya+(1—~)b] E z) =
x, this implies that J(va + (1 —v)b) = vJ(a) + (1 —~)J(b), i.e. a ~p .

Now assume a E' J(a) ~ b E J(b). Recall that this implies a ' J(a) ~ b E J(b), and hence
J(ya+ (1 —=7)b) = ~vJ(a)+ (1 —7)J(b) for all v € [0, 1], as was just shown. Consider ¢; — a;
as above, this implies J(c¢x) — J(a), and hence ¢, E J(¢,) — a E J(a). Then, for every
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v € [0, 1], there exists K such that k > K implies

o B J(cr) =la EJ(a)] + (1 =) EJb)] = [ya+ (1= ElyJ(a) + (1 =7)J(0)] =
= [a+ (1= E J(va+ (1 -7)b)),

and therefore ¢ ~p va + (1 — v)b. Thus, a ~g b, as claimed. =

5.2.2 Necessity of the Axioms

Now turn to the proof of Theorem 3.2. To show that Statement 2 implies Statement 1,
consider a non-null £ € ¥ and assume that > g is represented by v and the Bayesian updates
P, (-|E), for k =1,...,K and each n; € {1,..., N} such that Eq. (8) holds; conditional
probabilities are well-defined by Lemma 5.18. Since P,, (S\ E|E) =0forall k € {1,..., K},
>~ g satisfies Axiom 7. It remains to be shown that =, > g jointly satisfy Axiom 8.

Fix an act f € L such that uo f € CF; then a lottery y € Y satisfies f ~p y, i.e. u(y) =
Juo fdP, (-|E), if and only if fEy ~ y. “Only if”: assume f ~g y and uo [fEy] € C,,
for some m € {1,...,N}; then, by Eq. (8), [uo [fEy|dP, = [uo fEu(y)dP, = u(y),
ie. fEy ~y. “If’: suppose fEy ~ y and uo [fEy|] € Cy,, so u(y) solves the equation
I([uo flEx) = x; if f gy, then f ~g ¢ for some ¥ o y. By the “only if” part, assuming
wo [fEY] € Coy, [uo[fEY]dPy = u(y), ie. I(luo flEu(y')) = u(y'); since u = u®,
u(y') # u(y), so there are two distinct solutions to I(u o fEx) = z, which contradicts
Lemma 5.19. Thus, fEy ~ y implies f ~g y. It follows that f >g g iff y = 3/, where
fEy ~yand gEy ~ .

Dynamic c-Consistency can now be verified. Suppose f =g 3/ and f(s) = ¢ for s € E;
by Monotonicity of =, f = fEy’. Also,ify ~ fEy, theny > ¢/; thus, by monotonicity again,
since I(1gluo f—u(y)]) =0, I(1g[uo f —u(y')]) > 0, or equivalently I(uo fEu(y')) > u(y'),
ie. fEy = 3. Thus, f = 4/, as needed. If instead f =g o/, then y = ¢'; as above,
I(1gluo f —u(y')]) > 0, but since, by Lemma 5.19, the solution to Eq. (14) is unique, it
must be the case that actually I(1g[uo f —u(y/)]) > 0, or fEY = ¢'. Thus, f > ¢/, as
needed. The cases f <g ¢ and f <g ¢ are treated similarly.

5.2.3 Sufficiency of the Axioms

Claim 1: For all acts f and outcomes y, f gy < fEy =y and f fpy< fEy =2 y.

Proof: suppose f =g y. By Axiom 7, fEy ~p f =g y. Clearly, fEy(s) ~ y for all
s € E°. Thus, by Axiom 8, fEy > y. If instead f <g y, the same argument shows that
fEy <y, which proves the first part of the claim. The second is proved similarly.
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Claim 2: For all outcomes 4,9, y =g ¢y <y = y.

Proof: The preceding claim implies that y =g v iff yEy’ > ¢/; that is, for some n > 1,
u(y) P (E)+u(y)P.(E°) > u(y'). Since E is non-null, P,,(E) > 0, so the preceding expression
reduces to u(y) > u(y’). This implies the claim.

Now, by Claim 2, u represents =g on Y. Also, by Claims 1 and 2, f =g g iff y = ¢/ for
all y,y" such that fEy ~ y and gEy’ ~ 3. To see this, note that, by Claim 1, f ~g y and
g ~g Yy hence, f =g g iff y =g 3/; by Claim 2, this is equivalent to y = ¥/, as required.

Thus, the unique, monotonic, c-linear, and normalized fixpoint map J defined in Lemma
5.19 represents =Z: forall f,g € L, f =g giff J(uof) > J(uog). Furthermore, Corollary 5.20
implies that = also satisfies Axiom 6; therefore, there exists a proper covering C¥ ... CE
of B(S,Y), and probability charges P, ..., P{ such that, for all k=1,..., K and a € CF,
J(a) = [adPF = PE(a).

Clearly, PF(FE) = 1 for all k. To see this, consider a € int CF; then, for ¢ > 0 small,
a+ lg\pe € int CF, so J(a + lg\ge) = PE(a+ 1g\pe) = PF(a) + ePE(S \ E); since J(a) =
J(a+ 1g\ ge), it follows that PE(S\ E) = 0.

It must now be verified that, for every k € {1,..., K}, Eq. (8) holds, and PF = P, (-|F)
for some ny, € {1,..., N}. Fix k and consider the set Dy = {1gla — J(a)] : a € CF}. Then,
for all a € CF, I(1gla — J(a)]) = 0 = PE(1g[a — J(a)]), so by Lemma 5.14, there exists
ng € {1,...,N} such that 0 = I(1gla — J(a)]) = [1gla — J(a)]dP,, for every a € CF.
Therefore, for each such a, adding J(a) to each term yields

J(a) = I(aBJ(a)) = / WE J(a)dP,, = Py, (E) / adP,, (|E) + [1 - Poy(E)J(a);
since P, (E) >0, J(a) = [adP,,(|E). Also, for all a € CF| if aEJ(a) € C,, then
/aEJ(a) dP,, = I(aEJ(a)) = J(a),

i.e Eq. (8) holds; finally, since P is the unique measure representing =g on CF, PF =
P, (-|F), and the proof of Theorem 3.2 is complete.

5.3 Proof of Proposition 3.4

Throughout this section, assume that > satisfies Axioms 1-5 and 6; to remind the reader of
this fact, the expression “Under the maintained assumptions” will be used in the statement
of intermediate results. Let I, u, Ci,...,Cy and Pi,..., Py be as in Section 5.1. As in
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§5.1.2, let I(a) = [adP, for all a € C,, and n € {1,..., N}; also write P,(a) for [adP,.
By Assumption 1, u(X) is convex; assume w.l.o.g. that u(X) D [—1,1], as in §5.1.2.

By assumption, (5, X)) is a standard Borel space, and p is convex-valued. Hence, singleton
sets are measurable, S is uncountable, and p is continuous, i.e. pu({s}) = 0 for all s € S.
With reference to Axiom 9, it is clear that f | f monotonely iff I(uo f;) | I(uo f).

5.3.1 Countable Additivity of ;; Borel Isomorphisms

Lemma 5.21 Under the maintained assumptions, if > is probabilistically sophisticated with
respect to p and satisfies Axiom 9, p is continuous at (), hence countably additive.

Proof. Consider a sequence of events {Ag}x>1 such that Ay O Ay and (o, Ax = 0.
Let 21,29 € X be such that u(z;) = 1, u(zg) = 0. Then, by Axioms 4 and 9, for every
r € X such that x > x, there exists K > 1 such that k¥ > K implies x = 1 Ay xo; moreover,
clearly z7 Ay o = x9. Now suppose p(Ag) | € > 0. Since p is convex-ranged, there exists
an event F such that u(E) = €; by Def. 3.3, since u({s : z1Axzo(s) < z}) =1 — p(Ax) <
1 —p(E) = p({s : ©1Ez0(s) = x}) for x; = x = xy, 21Akz0 = x1Ex0. Similarly, for
x1 = = x, p({s:x1Exo(s) R x}) =1—pw(E) <1=pu{s:zo(s) 2 z}), so z1Exy = xp.
Since u(X) is convex and z; = x1 Exy > x¢, there exists x. such that z. ~ 27 E xg, and
hence x1 Agzg = x. > x¢ for all k > 1: contradiction. Thus, u(Ax) | 0. =

Since p is countably additive and continuous, the Borel isomorphism theorem for mea-
sures [19, Theorem 17.41] yields a bijection ¢ : S — [0,1] such that ¢ and ¢! are both
Borel measurable, and the Borel measure m on [0, 1] defined by m(E) = u(p~(F)) for all
Borel sets £/ C [0, 1] is Lebesgue measure on [0, 1]. This implies that it is sufficient to prove
Proposition 3.4 for the case S = [0, 1], with ¥ its Borel sigma-algebra.33

5.3.2 Countable additivity of P, ..., Py; Continuous functions in int (1, ... ,int Cy

Lemma 5.22 Under the maintained assumptions, >~ satisfies Axiom 9 if and only if, for
everyn € {1,...,N}, P, is countably additive, and I(a) = P, (a) for every a € B(S,3) that

33Suppose (S,Y) is any (uncountable) standard Borel space; given ¢ as above, consider the map T, :
B(S,%) — B([0,1],X0,1]), where Yo 1) is the Borel sigma-algebra on [0, 1], given by T,a = a o =1, Then
T, is an isometric isomorphism between B(S,Y¥) and B([0,1], X[ )). Hence, if Cy,...,Cy is a proper
covering of B(S,¥), then T,C1,...,T,Cy is a proper covering of B([0,1], %y 1)). Also, for any probability
charge P on (S,X), consider the probability charge @ = P o ¢~! on (][0, 1],%0,17); then, for any b €
B([0,1], 2[071]),f[0’1] bdQ = [4bopd(Qoyp) = [yaopdP. Finally, let L’ be the set of acts from [0, 1] to X,
and define =" over L' by f' = ¢ iff f oo = ¢’ o p. Then =’ admits a representation as in Theorem 2.6; its
plausible priors Q1,...,Qn are defined by Q,, = P, o ¢~ !. Finally, if Q,, = o ¢!, then P, = p.
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is the pointwise limit of a monotonically decreasing sequence of elements of C,,.

Proof. (Only if): Fix n and a € int C), such that ||a|| < 1; thus, there exists € > 0 such
that ||b — a]| < e implies b € C), and ||b|| < 1, so there exists g € L such that b=wuo g.

Now consider a sequence of events {A;} such that Ay D Ay, for all k, and (), Ay = 0.
For each k, let ay, = a+514,; then |lay—al| = § <€, so a € C,, and furthermore there exists
a sequence { fi} C L such that ay = uo f; for all k. Clearly, ax(s) > ar+1(s) for all k& and
s, 80 I(ag) > I(agy1); also, fr(s) = fre1(s) for all s. Furthermore, for every s € S, there is
K(s) such that k > K(s) implies ax(s) = a(s); thus, ax(s) | a(s) for all s, hence fi(s) | f(s)
for all s, and Axiom 9 implies that f, | f, or equivalently I(ay) | I(a). Therefore,

Pu(As) = Pa(1a,) = > Pl — ) = 2[Palag) — Pala)] = ~[1{ax) ~ 1(@)] 1 0

i.e. P, is continuous; thus, P, is countably additive.

Now consider a sequence {ay} C C, such that ax(s) | a(s) for all s. Then I(a) =
limy, I(ax) = limy P(ay) = P(a), where the first equality follows from Axiom 9, and the last
from Monotone Convergence.

(If): omitted (not required for the proof of Proposition 3.4). =

Lemma 5.23 Under the maintained assumptions, if > satisfies Axiom 9, then, for every
n € {1,..., N}, the interior of C,, contains a continuous function.

Proof. Since every C,, is affine, wlog restrict attention to C,, N B!, where B; denotes the
closed unit ball of B(S, X)), viewed as the set of all Borel-measurable functions a : S — [—1,1].
Also let C' C B! denote the continuous functions in B!. Begin with two preliminaries.

1. Let B; be the set of pointwise limits of functions in C'. Then, by Kechris [19, Theorem
24.10 and Exercise 24.13], B, is the set of functions of Baire class 1. Next, for any ordinal
¢ such that 1 < £ < wy (where w; denotes the first uncountable ordinal), let B, be the set
of functions of Baire class &, i.e. pointwise limits of sequences {a;} C B, where for each k,
a € By, for some & < &. Then, by Kechris [19, Theorem 24.3], B! = Uecw, Be- 1t is easy
to show by induction that every Baire class is closed under multiplication by a scalar.

2. Consider the linear operator T : B(S,Y) — R¥ defined by T'(a) = (Pi(a), ..., Py(a))
for all a € B(S,Y). Clearly, T(B(S,X)) = R is a normed linear subspace of RY. Then
(e.g. Megginson [27, Exercise 1.46]) T is an open mapping, so for every n = 1,... N,
T (int (C,, N B')) is open in R.

Now consider n € {1,..., N}. For notational simplicity, let V,, = int (C,, N B'); observe
that that V,, # ), and that T(V;,) is open in R. Now suppose V,, does not contain any
continuous function. It will be shown that then V,, = (), a contradiction.
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Suppose first that there exists a € B; N'V,,; then there is a sequence {az} C C* such that
ai(s) — a(s) for all s € S. Since ||ax|| < 1, by Dominated Convergence P, (ax) — Pn(a)
for all m € {1,...,N}; that is, T(ax) — T'(a). Since T(V},) is open in R and {T'(ax)} C R,
there is K such that T'(ax) € T'(V,) for all k£ > K. In other words, for every such k, there is
br € V,, (not necessarily also in B;) such that T'(ax) = T'(bg), i.e. Pp(ax) = Pn(by) for all m.
Lemma 5.17 then implies that also a; € int C,; hence, either ay or, if ||ag]| > 1, e.g. m
lie in int (C,, N B') = V,, (cf. Lemma 5.12 Part 2) which contradicts the assumption that V,,
does not contain any continuous function. Thus, V,, N B; = 0.

By induction, consider an ordinal £ such that 1 < £ < w; and suppose that V,, N By =0
for all 1 < & < & Suppose that a € V,, N B, so there is a sequence a; — a such that
a € Be, and 1 < §k < ¢ for each k. As above, T'(ay) € T(V,,) for large k, so by Lemma 5.17
either ay, or e.g. gty lie in V.. But ay, € Bg,, and similarly, if |lax]| > 1 € Be,, which
contradicts the assumption that V;, N Be, = (0. Thus also V,, N Be = 0.

It follows that V, N U, Be = Uecy, (Vo N Be) = 0; since U, Be = B, it follows that
V,, = 0, as claimed: contradiction. m

’ 2Ha [

5.3.3 Main Result

Fix n € {1,...,N}. By Lemma 5.23, the interior of C,, contains a continuous function,
denoted ¢; by Lemma 5.12 Part 2, it is w.l.o.g. to assume that inf, ¢(s) = 0 and sup, c/(s) =
1 [e.g. consider any continuous ¢ € int C,; if ¢ is constant, let ¢ = ¢; otherwise, let

¢ —infs ¢/
sup, ¢/ —inf c”

Note also that, since S = [0, 1], minima and maxima are attained.

c = the Lemma guarantees that this point will also lie in the interior of C,].
If ¢ is constant, then > is easily seen to be a SEU preference.®® In particular, it admits
a unique plausible prior, and it is straightforward to show that this prior must coincide
with pu. Thus, assume ¢ is nonconstant. Since ¢ € int C,,, there exists ¢ > 0 such that
supsep |a(s) — c(s)| = |la — ¢|| < 2e imply a € C,; fix such an € > 0 throughout.
Also, since 0 < ¢(s) < 1 for all s € S, ¢ is the uniform limit of the sequence of step
functions {ays}p>1 defined by

aM(S):{M(m—l) s€E,={s:c(s)e[mL ™) form=1,...,M—1

LM —1) SEEME{S:C(S)E[% 1]}.

For M > 1 |lay —c|| = 57 < € (hence, ay € C,) and furthermore min{a(s) —an(t) : s,t €
T, an(s) > an(t)} = 57 < €. Fix such a value of M throughout, and let f € L be a simple

act such that wo f = ay; write f = (z1, Ev; ... 2n, Ea; —3, S\T), where u(z,,) = 57 (m—1).

34Suppose ¢ = 157 for some v € R; fix a € B(S,X): since v € int C,,, for some a € (0, 1], aa+(1—a)y € Cy,
soal(a)+ (1 —a)y=I(aa+ (1 —a)y) = Py(aa+ (1 — a)y) = aPy(a) + (1 — a)y, ie. I =P,.
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Since S = [0,1] is connected and ¢ is continuous, ¢([0,1]) is connected; and since
max; ¢ ( ) = 0 and mingc(s) = 1, ¢([0,1]) = [0,1]. Thus, for every m, the open set
7))

The remainder of the proof consists of two claims.

Claim 1. For any m € {1,..., M}, Py(Ep) > 0 and Py(F) = 2P, (B,,) for all F € %
such that F' C E,,.

Proof: Fix m, and let z € X be such that u(z) = u(z,,) + 5;. Define the act f' by
f'(s) = f(s) for s & E,,,, and f'(s) = x for s € E,,. Note that ||uo f' —¢| < |Jluo f' —uo
fll+lluo f—c| <26 souo feC,.

Then Def. 3.3 implies that f’ >~ f, because, for 2’ such that z,, <2’ <z, u({s: f'(s) =<
o} = w(Urs B < p(Ups, Be) = n({s = f(s) < 2'}), and equality holds for all other .
Hence, P,(uo f') = I(uo f') > I(uo f) = P,(uo f), so P,(E,,) > 0 as needed.

Next, by range convexity of j, for every K > 1 there exists a partition {E} ..., EX} of
E,, such that u(E¥) = Lu(E,,) for all k: = 1,..., K. For each such k, construct acts f*
such that f*(s) = f(s) for all s € S\ E¥, and f*(s) = x for s € E¥. Arguing as above,
uo f* € C,; furthermore, Def. 3.3 implies that f* ~ f" hence P,(uo f*) = I(uo f*) =
I(uo f"y = P,(uo f), for all k,h € {1,...,K}. Since f* and f" only differ on E* and
E!, a simple calculation shows that P,(EE) = P,(E!), so P,(E¥) = +P,(E,,). Hence, the

703
M(Em)

1]. By range convexity of p,

C E,, is non-empty; since p has full support, pu(E,,) > 0.

is rational.

second part of the claim is true for all events F' C E,, such that
W(E) (F)
1(Em) 1(Em)?

there exists F, € ¥ such that F,. C E,, \ I’ and L‘:SF’”) =r%so P,(FUF,) =rP,(E,).

Thus, P,(F) < rP,(E,,) forallr € @F‘I(MEWE), 1], which implies that P, (F) < %Pn(Em)

Similarly, P,(F) > 45P,(E,,), so Claim 1 holds for all Borel F' C E.

Now assume is irrational, and consider r € QN (4%

Claim 2. For any m € {1,..., M}, Pa(F) = ;55 Pa(ULy Ee) for all F € 3 such that
F C Uy, E¢. Thus, in particular, P, = p1

Proof: arguing by induction, the assertion follows from Claim 1 for m = 1; thus, assume
that it holds for m — 1 > 1. Recall that pu(FE,,—1) > 0 and p(FE,,) > 0; since p is convex-
ranged, there exist events G,,_1 C E,,—; and G,, C E,, such that u(Gp_1) = u(Gy) >0
le.g. if uW(Ep—1) < p(En), let Gy = Ep,—1 and choose G, so u(G,,) = p(FEy—1), which is
possible by range convexity; similarly for u(E,,_1) > u(Ep,).]

Now define an act f’ by f'(s) = f(s) for s € S\ (Gp—1 UGr,), f(s) =z, for s € Gy,
and f'(s) = xp_1 for s € G,,. Note that, by construction, u(x,,) — w(Ty—_1) = ﬁ < €,

35Equivalently, F,. must satisfy u(F,) = ru(En) — u(F) < u(Ey) — p(F) = p(E,, \ F); so range convexity
implies that such F;. can be found.
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so luof —c| < Jluof —wuo fl|+ |luof—c| < 2, hence f' € C,. Furthermore,
u({s: f'(s) =ar}) = p({s: f(s) = x¢}) for all £ = 1,..., M. This is obvious for £ < m — 1

or ¢ > m; moreover, for £ = m — 1, by the choice of G,,,_1 and G,,,

N({S : f,(s) = xm—l}) = M([Em—l \ Gm—l] U Gm) = M(Em—l) - M(Gm—l) +N(Gm) = M(Em—l)a

and similarly for £ = m. Therefore, f ~ f’, which implies P,(uo f) = P,(uo f'); since f, f’
only differ on G,, 1 UG,,, a simple calculation shows that P,(G,,) = P,,(G,,_1). By Claim 1,

Gm . . . G m—
P,(G,) = ZEEmgpn(E ); by the induction hypothesis, P,(G,,—1) = WPH( 7 E)).

Conclude that ( E) = WUt Ey = O thuls, 1
p(Em)  Pu(Bwm) (U5 Bo) Pa(UpL Er) Po(Em) | Po(Uiy Be) _ Pa(Up, Ee)

Uiy Be) w(Em) Ui Bo) w(Up B wUiL B Uil Be)  wlUGL, Eo)
Finally, consider an arbitrary F' C |J,-, E,. Then

P.(F) = P,(Fn H E))+ P.(FNE,) = % U E;) + F(gf) )Pn(Em) =
= W(Fn L_J )t p(F O Ep) 0= u(F)-a= l&%ﬂ(g&)
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