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Abstract

The analysis of dynamic games hinges on assumptions about players’ actions and be-
liefs at information sets that are not expected to be reached during game play. Under the
standard assumption that players are sequentially rational, these assumptions cannot be
tested on the basis of observed, on-path behavior. This paper introduces a novel optimal-
ity criterion, structural rationality, which addresses this concern. In any dynamic game,
structural rationality implies weak sequential rationality (Reny, 1992). If players are struc-
turally rational, assumptions about on-path beliefs concerning off-path actions, as well as
off-path beliefs, can be tested via suitable “side bets.” Structural rationality also provides
a theoretical rationale for the use of a novel version of the strategy method (Selten, 1967)

in experiments.
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1 Introduction

Solution concepts for dynamic games, such as subgame-perfect, sequential, or perfect Bayesian
equilibrium, aim to ensure that on-path playis sustained by “credible threats:” players believe
that the (optimal) continuation play following any deviation from the predicted path would
lead to a lower payoff. A credible threat involves two types of assumptions about beliefs. The
first pertains to on-path beliefs about off-path play: what is the threat? The second pertains
to beliefs at off-path information sets about subsequent play: why is the threatened course of
action credible? What s it a best reply to? The assumptions placed on such beliefs are possibly
the most important dimension in which solution concepts differ.

A key conceptual aspect of Savage (1954)’s foundational analysis of expected utility (EU)
is to argue that the psychological notion of “belief” can and should be related to observable
behavior. The objective of this paper is to characterize the behavioral content of assumptions
on the beliefs players hold at any information set, whether on or off the predicted path of play.
The results in this paper strengthen the foundations of dynamic game theory, and broaden the
range of predictions that can be tested experimentally.

In a single-person decision problem, the individual’s beliefs can be elicited by offering her
“side bets” on the relevant uncertain events, with the stipulation that both the choice in the
original problem and the side bets contribute to the overall payoff. Similarly, in a game with si-
multaneous moves, a player’s beliefs can be elicited by offering side bets on her opponents’ ac-
tions (Luce and Raiffa, 1957, §13.6); for game-theoretic experiments implementing side bets,
see, e.g., Nyarko and Schotter (2002), Costa-Gomes and Weizsdcker (2008), Rey-Biel (2009),
and Blanco, Engelmann, Koch, and Normann (2010).!

However, in adynamic game, the fact that certain information sets may be off the predicted
path of play poses additional challenges. For instance, in the game of Figure 1 (cf. Van Damme,

1989), the profile (Out, (S, S)) is a subgame-perfect equilibrium: Ann chooses Out at the initial

!For related approaches, see Aumann and Dreze (2009) and Gilboa and Schmeidler (2003).
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Figure 1: The Battle of the Sexes with an Outside Option

node under the threat that the Nash profile (S, S) would prevail in the subgame following In.
Suppose first that an experimenter wishes to verify that, if Ann played In, Bob would indeed
expect her to continue with S. If the simultaneous-move subgame was reached, the exper-
imenter could offer Bob side bets on Ann’s actions B vs. S. However, Ann plays Out at the
initial node in this equilibrium, so the subgame is never actually reached. Alternatively, the
experimenter could try to elicit the prior probability that Bob assigns to Ann choosing In fol-
lowed by S, and then update it by conditioning on the event that Ann chooses In. However, in
the equilibrium under consideration In has zero prior probability, so updating is not possible.

Now suppose that the experimenter wishes to verify that Ann initially expects Bob to play S
in the subgame. It would appear that it would be enough to offer Ann a side bet on Bob’s move.
However, in the equilibrium under consideration, Ann plays Out at the initial node; provided
the side bet does not change her incentives (as it should not), Ann’s own move prevents the
subgame from being reached. Therefore, Ann understands that no side bet on Bob’s move can
actually be decided, or paid out. Thus, such a bet provides no real incentives to Ann. Again,
elicitation fails—though for a different reason.

To sum up, elicitation must be carried out at the beginning of the game. However, under

the textbook expected-utility assumption, beliefs at off-path information sets cannot be de-



rived by updating prior beliefs. Furthermore, a player’s on-path beliefs cannot be elicited in
an incentive-compatible way if that player’s own moves can cause certain information sets
not to be reached.

To address these issues, I propose the notion of structural rationality, which combines
insights from Selten (1975) and Bewley (2002). Player i’s strategy s; is deemed superior to
another strategy ¢; if it yields a higher (ex-ante) expected payoff against all feasible perturba-
tions, or trembles, of i’s beliefs—that is, all perturbations that assign positive probability to
every information set of i, and approximate i’s conditional beliefs there. Thus, structural ra-
tionality reflects the player’s ex-ante perspective—the relevant one when bets are offered at
the beginning of the game. Moreover, it displays informational caution: the player takes into
account the information she may possibly receive in the course of game play, even if some
such information has zero probability ex-ante. Finally, it incorporates robustness: by con-
sidering all possible feasible perturbations, a player takes into account the possibility of her
beliefs being misspecified, but does not commit to any particular form of misspecification. In
sum, structural rationality takes the possibility of surprises seriously, without committing to
specific ‘theories’ about them.

Theorem 1 shows that structural rationality implies weak sequential rationality (Reny, 1992;
Battigalli, 1997; Battigalli and Siniscalchi, 2002) Theorem 2 provides a partial converse: if a
strategy is weakly sequentially for a player given her beliefs, and there is no “relevant tie” for
that player, (Battigalli, 1997), then that strategy is also structurally rational.

The main result of this paper, Theorem 3, shows that, under structural rationality, side
bets offered at the beginning of the game allow the incentive-compatible elicitation of beliefs
at every information set, whether on or off the expected path of play. This result leverages
a (to the best of my knowledge) novel experimental design in which all players are asked to
indicate their own intended strategies, and are rewarded if their actual play conforms to their
predictions. This can be viewed as a variant of the strategy method of Selten (1967): the latter

requires that players commit to (rather than just announce) extensive-form strategies. Struc-
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tural rationality ensures that players have strict incentives to report the strategy that they are
in fact planning to follow. This enables the elicitation of beliefs at all information sets, whether
on-path or off-path. Assuming structural, rather than sequential rationality is essential to this
result: see Example 4.

The companion paper Siniscalchi (2020a) provides an axiomatic behavioral analysis of
structural rationality. Siniscalchi (2020a) also indicates that structural preferences are the
coarsest (i.e., minimal) relation that still allows the behavioral identification of beliefs and
utilities (see Theorem 2 in Siniscalchi, 2020a). Taken together, the present paper and Sinis-
calchi (2020a) establish foundations for dynamic game theory that are comparable to those
provided by Luce and Raiffa (1957) for games with simultaneous moves.

A second companion paper, Siniscalchi (2021), provides an alternative, computationally
efficient characterization of structural rationality, and demonstrates how to incorporate it into
equilibrium and non-equilibrium solution concepts. Section 6.F in the present paper takes a
first step and defines a version of sequential equilibrium in which structural rationality is the
behavioral hypothesis. It also draws a connection with trembling-hand perfect equilibrium.

Organization. Section 2 introduces the required notation. Section 3 formalizes beliefs and
sequential rationality. Section 4 defines structural rationality. Section 5 contains the main re-

sults. Section 6 provides additional discussion and extensions. All proofs are in the Appendix.

2 Basic Notation

Following Osborne and Rubinstein (1994, Def. 200.1, pp. 200-201), a finite dynamic game
with imperfect information is represented by a tuple (N VA, Z, P (S, u;)ie N), where:

* N is the set of players and A is the set of actions.

* Z C|Jp<r<oo A" isthefinite set of terminal histories. Given Z, H =( J ;1 e, {(@',...,a%):

0 <7 < t}is the set of all histories, including the root (empty history) ¢.

e P:H\Z — N is the player function.



* ¢, is the collection of information sets of player i; it is a partition of P~!({i}), and is
such that, if (a,,...,ax),(by,...,b;) € I for some I € .¢;, and (a,,...,ax,a) € H, then
(by,...,b;,a) € H. That is, the same actions are available at every history in the same
information set.

* u,;:7Z — Ris the payoff function for player i

Section 6 shows how to allow for incomplete information.

The analysis in this paper mostly focuses on the following derived objects:

e Foreveryie Nand I € .%;, A(I)={a € A: 3 a,,...,a,) € I,(a,,...,a;,a) € H} is the
(non-empty) set of actions available to i at .2

e ForeveryieN, S, =]],. +, A(I) is the set of strategies of player i; the action specified by
si€S; atI €. is denoted s;(I), andasusual S=[ [,y Siand S_; =], S;-

J Foreveryh=(a1,...,aK)€H,S(h)={seS:sz 1,...,K,dieN,I .9 st. (a,,...,a;_;) €
I,a* = si(I)} is the set of strategy profiles that induce h. Let S;(h) = projSiS(h) and
S_i(h)=projg S(h).

 Foreveryie€ N and I €.%, S(I) = J,, S(h) is the set of strategy profiles that induce I.
Let S;(I)= projS[S(I) and S_;(I)=proj s,,»S(I)- If s_; €S ;(I), say that s_; allows I.3

* The strategic-form payoff function of player i € N is U; : S; x S_; — R, defined by
Ui(s;,s_;) = u;(z) for all z € Z and (s;,s_;) € S(z). For any probability p € A(S_;) and
s; €S;, i’s expected payoff given p if she plays s; is U;(s;, p) = Zs_,- Ui(s;, s_;)- p({s_i}).

Sets of the form S_;(I), for I € .#;, are called conditioning events.

I assume that the game has perfect recall, analogously to Def. 203.3 in Osborne and Ru-
binstein (1994): see Appendix A. This has two implications that are used in the analysis. First,
foreveryi € N and I € .9;, S(I) = S;(I) x S_;(I). Second, the set S(I) satisfies strategic inde-

pendence (Mailath, Samuelson, and Swinkels, 1993, Definition 2 and Theorem 1): for every

2This is well posed, by the assumption that the same actions are available at every h € I.

3That is: if i’s co-players follow the profile s_;, I can be reached; whether it is reached depends upon i’s play.



s;, t; € S;(I) there is r; € S;(I) such that U;(r;,s_;) = Uj(t;,s_;) for all s_; € S_;(I), and U(r;,s_;) =
Ui(s;,s_;) forall s_; € S_; \ S_;(I). Intuitively, r; is the strategy that coincides with s; everywhere

except at I and all subsequent information sets, where it coincides with ¢;.

3 Beliefs and Weak Sequential Rationality

Throughout the remainder of this paper, unless referring to a specific example, I fix an arbi-
trary dynamic game (N, A Z,P (Y, ul-)l-eN).

I represent player i’s beliefs as a collection of probability distributions over co-players’
strategies, indexed by her information sets I € .#;:* cf. Rényi (1955); Myerson (1986); Ben-
Porath (1997); Kohlberg and Reny (1997); Battigalli and Siniscalchi (2002). It is also convenient
to assume that every player has a prior belief, even if she does not move at the root ¢ of the
game. The probabilities (u(-|I));c 4,014 have a dual interpretation. From an interim perspec-
tive, every u(-|I) can be interpreted as the beliefs that player i would hold upon reaching I.
This is the interpretation that best fits the notion of sequential rationality. Alternatively, the
entire probability array (u(-|1)),e 4,1y} can be viewed as a description of player i’s prior beliefs,
according to which every information set is reached with positive, but possibly “infinitesi-
mal” probability. In this interpretation, u({s_;}|I) describes the likelihood of strategy profile
s_; relative to that of information set I, which may itself be infinitely unlikely a priori. This

interpretation is particularly apt from the perspective of structural rationality.

Definition 1 A consistent conditional probability system (CCPS) for player i is an array u =
(“('”))Ieﬂiu{m € A(S_;)"V9} for which there exists a sequence(p*)>, € A(S_;)V, called a pertur-
bation of u, such that, forall I € .%;U{¢}, p*(S_,(I))> 0 forall k > 1, andlim;_,. p*(-|S_;(I))=
u(:|I). Denote the set of CCPSs for playeri by A(S_;,.%;).

“Definition 1 implies that, equivalently, one can take the corresponding conditioning events S_;(I) as indices.



A CCPS is a “conditional probability system” in the sense of Rényi (1955): this follows from
minor modifications of arguments in Myerson (1986). However, it satisfies additional restric-
tions: see Siniscalchi (2021).

The probabilities p* in Definition 1 need not have full support. In particular, in games with
simultaneous moves, the constant sequence defined by p* = u(-|¢) for all k is a perturbation
of a player’s (trivial) CCPS u = u(-|9).

Finally, I formalize the notion of sequential rationality used in this paper. Following Reny
(1992) and Rubinstein (1991), the definition I adopt does not restrict the actions specified by
a strategy s; of player i at information sets that s; does not allow. As these authors have ar-
gued, such restrictions may be interpreted as (equilibrium) assumptions on the beliefs of i’s
co-players which reflect the logic of backward induction: they do not characterize player i’s
rational decision-making. I follow Reny (1992) and call the resulting notion “weak sequential

rationality,” to distinguish it from the definition in Kreps and Wilson (1982).

Definition 2 Fixa CCPS u < A(S_;,.%;). A strategy s; € S; is weakly sequentially rational given
w if, forevery I € #;U{¢} with s; € S;(I), and all t; € S;(I), U(s;, u(-|1)) = U;(t;, u(-|1)).

4 Structural Rationality

It is now possible to formally define structural rationality. For conciseness, all definitions and
results in this section apply to a player i € N, and a CCPS u € A(S_;,.%;) for player i in the
dynamic game (N,A,Z, P94, ui),-eN).

Definition 3 For all strategies s;, t; € S;, t; is structurally strictly preferred to s; given u, writ-
ten t; >* s;, if Uy(t;, p*) > Ui(s;, p*) eventually’ for all perturbations (p*), of u. A strategy s;

is structurally rational given y if there is no t; € S; with t; " s;.

SThat is, for all sufficiently large k.



Definition 3 is in the spirit of Bewley (2002)’s representation of ambiguity, or Knightian uncer-
tainty (Ellsberg, 1961). Expected payoffs are computed with respect to perturbations, rather
than individual probabilities: intuitively, the structurally rational agent perceives ambiguity

about “infinitesimal” deviations from her CCPS.

Remark 1 Strategy s; is structurally rational given y if and only if, for every t; € S;, there is a

perturbation (p*);s, of u such that Uy(s;, p*) > U;(t;, p*) for all k.

The perturbations in Remark 1 may depend upon the specific strategy ¢; that is being com-
pared to s;: an example can be found in the previous version of this paper, Siniscalchi (2020b).
Structural rationality depends upon (i) the extensive-form structure of the game, and specif-
ically on the collection {S_;(I): I € .4;U{¢@}} of conditioning events; and (ii) on player i’s entire
CCPS. Conditioning events and the associated conditional beliefs characterize the set of per-
turbations. Hence, structural rationality is not invariant with respect to the strategic form.
That said, in simultaneous-move (“strategic-form”) games, one particular perturbation of
u is given by p* = u(-|¢) for all k. This is also the case in general dynamic games, if player i’s
prior u(-|¢) assigns positive probability to every I € .#;. By Remark 1, in these cases, a strategy

is structurally rational given u if and only if maximizes player i’s ex-ante expected payoff.

Example 1 In the game of Figure 1, suppose Bob’s CCPS u reflects his beliefs in the subgame-
perfect equilibrium (Out, (S, S)): that is, u({Out}|¢) =1 and u({InS}|J) = 1. Then any pertur-
bation (p*);-; of u must assign positive probability to S_,(J) = {InS, InB}, and furthermore
p*({InS}|{InS, InB}) — 1. Thus, for k large enough, U, (S, p*) > U, (B, p*): therefore, S =* B. O

Example 2 The game in Figure 2 is parameterized by x € [0,2]; for x < 2, it is a Centipede
game. Ann’s beliefs u satisfy u({d}|¢)=u({a}|I)=1.

Denote by D, either one of the realization-equivalent strategies D, D,, D A,. If x < 2, then
D, is the unique structurally rational strategy given u: any perturbation (p*);s; of u must as-

sign positive probability to {a} = S, (I), but also satisfy p*({d}) = p*({d}|S,(¢)) — 1, so even-

9



Ann Al Bob ad Ann A2
¢ I
Dy d D,

3,6

2,1 x,4 4,3

Figure 2: A centipede-like game.

tually U,(D,, p*) > U,(s,, p*) for any other strategy s, # D, of Ann. Of course, D, is also the
unique weakly sequential best reply to u. In addition, since p*({a}) > 0 for all perturbations
and all k, it is also the case that A, D, >* A, A,. Thus, structural preferences do not just yield a
maximal (i.e., structurally rational) collection of strategies: they can also rank inferior strate-
gies.

For x =2, A, D, is the unique structurally rational strategy given u: now U,(s,,d) =2 for all
s, €S,, but since p*({a}) > 0 and U,(A,D,,a) = 4 > U,(s,,a) for all s, # A,D,, U,(A, D, p*) >
U, (s, p¥) for all k and all other strategies s, # A;D,. By comparison, both D, and A, D, are
weakly sequentially rational given u. Thus, structural rationality sometimes refines weak se-

quential rationality, though only in the presence of ties: see Section 5.1. O

Example 3 The game in Figure 3 is an extension of “Matching Pennies” in which Bob has an
additional choice, o, following which Ann may move again. Denote Ann’s CCPS by u, and
assume that, as in the unique subgame-perfect equilibrium of this game, Ann initially expects
Bob to play k and ¢ with probability 3: u({h}|¢) = u({t}|¢) = 3. Denote by T any one of the
realization-equivalent strategies of Ann that choose T at ¢.

Any perturbation (p¥)-, of u must satisfy p*({o}) > 0, p*({h}) — 3, and p*({r}) — 3. Since
p*({o})>0implies U,(HL, p*)> U,(HR, p*), HR is not structurally rational given u. But how
about HL and T? If 2p*({0}) + p*({h}) > —p*({o}) + p*({t}), then U,(HL,p*) > U,(T, p*);
for example, let p*({o}) = 1 and p*({h}) = p*({r}) = ; — 5. If however 2p*({o})+ p*({h}) <
—p*{o)+p*({r}), then U,(HL, p*) < U,(T, p*); for instance, let p*({o}) = 5, p*{h}) = 3— 5,

10
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Figure 3: Modified Matching Pennies

and pk({t}) = % + % Thus, neither HL >* T nor T >* HL, so both HL and T are structurally
rational given u. Of course, these are also the weakly sequentially rational best replies to u.
This example illustrates the robustness requirement in Definition 3. Different perturba-
tions of Ann’s beliefs u select one or the other strategy. The fact that one must take all such
perturbations into account implies that both strategies are deemed structurally rational. No-

tice also that, in this example, one does not obtain a complete ranking of strategies. O

5 Main Results

5.1 Structural and Weak Sequential Rationality

Theorem 1 Fix a playeri € N and a CCPS u € A(S_;,.%;) fori. If strategy s; € S; is structurally

rational given u, then it is weakly sequentially rational given (.

The converse to Theorem 1 does not hold in general: see Example 2. However, structural
and weak sequential rationality are “generically” equivalent. A dynamic game has a relevant
tie for player i (Battigalli, 1997) if there is an information set I € .¢#;, strategies s;, t; € S;(I),
a profile s_; € S_;(I), and terminal histories z,z’ € Z such that (s;, s_;) € S(z), (¢;,5_;) € S(z),

z # z’, and u;(z) = u;(z’). That is: starting from I, when co-players play according to s_;,
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strategies s; and ¢; lead to different terminal histories, but player i receives the same payoff at
those histories. “Not having relevant ties” is a particularly simple form of genericity, which in

particular does not depend upon any particular CCPS under consideration.

Theorem 2 Fix a playeri € N and a CCPS u < A(S_;,.%;). If s; € S; is weakly sequentially ratio-

nal given u, and there is no relevant tie for i, then s; is structurally rational given u.

For instance, in the game in Figure 3, while Ann’s payoffs are not all distinct, there are no
relevant ties for Ann, so one can conclude that every weakly sequentially rational strategy is

also structurally rational, regardless of Ann’s beliefs.

5.2 Eliciting Conditional Beliefs

This section proposes an elicitation mechanism under which structurally rational players have
strict incentives to bet in accordance with their conditional beliefs. The mechanism is de-
signed so that, in eliciting a player’s beliefs, one does not alter the other players’ strategic in-
centives. This distinguishes belief elicitation in games from elicitation in decision problems.
To illustrate the main ideas with a minimum of notation, throughout this section I only
consider binary bets: each player i can either bet on the realization of an event E; € S_; (e.g.,
“Ann plays InS” in Figure 1) conditional upon reaching a given information set I; € .%; (e.g., J),
or receive a guaranteed payoff of p; € [0,1] “utils” if I, is reached. As will be shown, player i’s
choice of bet (E; or p;) will reveal whether or not she assigns probability at least p; to E; given
I;. It is straightforward to enrich the set of bets offered to players, or to adapt the approach
introduced here to alternative mechanisms (e.g. Becker, DeGroot, and Marschak, 1964).

At a broad level, the elicitation mechanism consists of two phases.

¢ In the first phase, each player i simultaneously chooses a bet w; € {E;, p;}, and an in-
tended strategy s; € S;. Simultaneously, the experimenter—player 0—randomly selects

one of the players, henceforth called “the selected player.”
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* In the second phase, the selected player plays the original game with the experimenter,

who faithfully implements the intended strategies of the other players.®

At each terminal history, players who were not selected receive a fixed payoff (say, 0 utils)
independent of their choices in the first phase and of play in the second phase. The selected
player i instead receives an equal-chance lottery over three prizes: a direct-play prize, equal
to the payoff determined by the realized play in the second phase of the mechanism; a betting
prize, which depends on her bet w; and the intended strategies of the other players, §_;; and a

bonus € > 0 if her direct play is consistent with her intended strategy §;.

a b
,,,,,,,,,,,,,,,,,,,,,,, Amm e TTT=—
I
Out, wy InB, w, InS, wg Out, w, InB, w, InS, wy
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Bob_ e e ___T=
1
I
B, wy, S, wy B, wy, S, wy B, wy, S, wy B, wy, S, wp B, wy S, wp B, wy S, wp
Ann Ann Ann
—————————————————— 0 0 0 0 0 0
Pout,wa PTnB,wa TS, wa
Out, Out, Out, Out, Out, Out, Out, Out,
In In In In In In In In In In
Ann Ann Ann
—————————————————— 0 0 0 0
o t,wq I, wq Im, wq
B S B S B B/ Bob N N
-7 T8,y T~
0 0 0 0 - - _
~ - _Bob -
B B s 5 B/ \s B/ \s By "B/ \s B

Figure 4: A stylized representation of the elicitation game tree for Figure 1

Figure 4 shows the game tree of the elicitation mechanism for the game in Figure 1, with
one graphical simplification: each action in the first stage (e.g., (B, w;,) for Bob at information

set ] ;) actually represents fwo actions, one for each possible bet (e.g., (B,E,)and (B, Dy))-

SAlternatively, players may play separately with the experimenter, either simultaneously or in sequence, pro-
vided they do not observe each other’s moves. A version of Theorem 3 applies to these schemes as well, but

formally describing such mechanisms is considerably more cumbersome.
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I now formally define the elicitation game associated with an arbitrary dynamic game
(N VA, Z, P, (9, u,-)l-eN). I allow for bets to be offered to any subset of players; this way the anal-

ysis will include a version of the strategy method (without elicitation) as a special case.

Definition 4 A questionnaire is a collection Q = (I;, W;);cy Such that, for everyi € N, I; € .4,

and either W; = {x} or W, = {(E, p)} for some E € S_;(I;) and p €[0,1].”

Fixing a questionnaire Q, the sets of players and actions in the elicitation game are
N*=NuU{0} and A"=NU| J(S;x W)UA. 1)
iEN
Player 0 is the experimenter. Actions include the experimenter’s choice of a selected player
i € N, and each subject i’s choices of an intended strategy §; € S; and bet w; € W,.

Next, I define terminal histories z* € Z*. In the first phase of the elicitation game, the
experimenter moves first, then players move according to their index. In the second phase,
the selected player n plays with the experimenter; the resulting sequence of actions must be
a terminal history z in the original game. Along this history, whenever the player on the move
is j # n, the experimenter faithfully carries out j’s intended action. Formally, if the profile of
intended strategies of players other than n is §_,,, then §_,, must allow z. However, history z
need not also be allowed by §,: regardless of her choice of intended strategy s, the selected

player can choose any course of action that is also available in the original game. Thus,
z*={(n,(5, wy),.... 3y, wy), 2) : neN, (5, w)€S;x W,VieN,ze€Z,5,€5,(z)} @

where, consistently with Osborne and Rubinstein (1994), given two lists of actions (ay,...,a;)
and (b,,..., bx) = h, L write (a,, ..., a;, h) to denote the joined list (a,, ..., a;, by, ..., bx).

As in Section 2, given the set Z* of terminal histories, one can define the set H* of all his-

“If W; = {*}, the choice of I; is immaterial.
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tories, terminal or not. With this, the player function is defined as

,
i €N, h*:(n;(§1:wl)’---y(gi—l»wi—l))

P*(h*)=1 P(h) h*=(n,(5, w\),...,Sy, wy), h), h ¢ Z,P(h)=n 3)

LO h*=¢*or h*= (n,(§1, wy),...,(Sy, wy), h), h¢Z,P(h)#n.

Now turn to information. The experimenter has perfect information:

Sr={o*yu{{(n, (5, w1),...,(Sy, wy), h)} C H*\ Z* : P(h)# n}. )

In the first phase of the elicitation game, each player i € N does not observe the choices of
those who moved before him: thus, her sole information set in the first phase is

i—1
' =N x| s, xwy)c H*. (5)

i L
In the second phase, whenever the selected player i moves, she recalls her own intended strat-
egy and bet, and receives the same information as in the original game about other players’
moves—though these are carried out by the experimenter on their behalf. For instance, at
J,w, in Figure 4, Bob observes In (and hence can infer that Ann’s intended strategy is either
InBor InS). Thus, at J 3,w,» Bob has the same information about Ann’s prior move as at J in the

game of Figure 1. To formalize this, for every I € .%; and (§;, w;) € S; x W}, let
Iiow, = {(n,(fl, v),...,(Iy, Un), h) eEH* :n=i,t;=s,0;,=w;,,he I}. (6)
Then, for every player i € N, the collection of information sets in the elicitation game is

7=} ULl 0, ¢ 1€.9,(5, w) €S, x W @)
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Finally, payoffs are specified as follows: for all z* = (n, (S;, W;)ien, z) e Z*,
u(z*)=0 (8)
0 n#i

ui(z*)= 9)
u;(z)+ %B(wi) §)+ % "€ lges2)

W=

where B(E,S;)=1; cp, B(p,5;))=p-1s es 1) and B(w;, ;) =0 otherwise.

For the selected player i, u;(z) is the direct-play payoff, B(w;, 5_;) is the betting payoff, and
€15 cs,(z) is the bonus, paid out only if her direct play is consistent with her intended strategy.®

The complete definition of the elicitation game can now be stated.

Definition 5 The elicitation game for Q = (I;, W,);c, with bonus ¢ is the tuple
(N*,A*,Z*, P*, (£, uf)ienuiop e), where € > 0 and the other elements are as in Equations (1)-

9).

How does the game thus defined allow the elicitation of beliefs—provided players are struc-
turally rational? At a broad level, the mechanism works in three conceptual steps.

First, when playing directly, the selected player, say 7, will choose a course of action that is
structurally rational given the beliefs she holds at her information sets in the second phase of
the mechanism.’ But, fixing n’s choice of an intended strategy §,, and bet w,, there is a one-
to-one correspondence between information sets I; ,, in the second phase of the elicitation
game and information sets I in the original game. Hence, if n’s beliefs at I; ,, in the elicitation

game “agree with” her beliefs at I in the original game, then any structurally rational course

8 In particular, in Figure 4, if 5, = B, Bob is selected, and Ann chooses §, = Out, the experimenter must play
Out, so Bob’s direct move is not observed. However, since intuitively there is “no evidence” that Bob would have
deviated from her intended strategy, he still receives the bonus ¢,

9This is a loose statement because “structural rationality” is a property of the overall strategy of a player, not

of its restriction to a part of the tree. This is made formal below, leveraging the separable structure of payoffs.
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of action in the former is structurally rational in the latter, and conversely. Thus, player n’s
strategic incentives are preserved.

Second, the selected player n’s play in the second phase of the game is not limited by her
choice of intended strategy §,,. However, n does get a bonus if §, is consistent with her direct
play. This implies that, at information set I, player n has an incentive to correctly anticipate
her direct play, and report a strategy §,, that is consistent with it. Structural rationality implies
that n will correctly anticipate not just her own on-path moves, but also moves following other
players’ unexpected actions. Moreover, by the previous argument, under belief agreement,
her intended strategy §,, will also be consistent with her play in the original game.

Finally, suppose the experimenter wants to elicit the beliefs that another player i holds in
the original game about n’s moves. In the elicitation game, i bets on n’s intended strategy.
But, as was just argued, under belief agreement this is equivalent to betting on n’s play in the
original game. And since bets are always observed and paid out in the elicitation game, every

player has (strict) incentives to bet in accordance with her beliefs.

To formalize the above intuitive outline, the first step is to analyze the structure of strate-
gies in the elicitation game. With a slight notational abuse, I identify the set of strategies S;
for the experimenter with N, the set of players, because at all other histories player 0 has a
single available action. A strategy s’ € S} for a player i € N must specify an intended strategy
§; and bet w; at I'. In addition, it must specify an action at every information set of the form
I3, ,, (see Equation (6)), even for pairs (;, v;) # s*(I}') = (5;, w;)."° However, such actions can be
disregarded as they are not payoff-relevant. To do so, define maps s, : S — §;, w; : S = W,
ands; : ¥ — §; as follows: for every s* € S¥, if s*(I') = (5;, w;) then §,(s) = §; and w,(s}) = w;;

furthermore, given that s¥(I') = (§;, w;), the strategy s;(s¥) € S; is defined by
VIed, s =540 (10)

With this notation in place, I can formalize the key assumption of belief agreement:

'°Thus, the strategy set for player i is §7 = (S; x W;) x [ |5 ues,w, [ [1e.q, AT = (Si x W) s
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Definition 6 Fix a player i € N and a CCPS u* € A(S*,,.9}). Say that u* agrees with u €
A(S_;, %) if, foreverys_;€S_;andn €N,

w ({5 =86 = 5, Vi e NV} 97) = mlls 1) an

w({e =08 =5V N\ L) =uls M) VI, €57 (12)

Thus (i) ex-ante, i believes that each player has an equal chance of being selected to play di-
rectly, and that the selection process is independent of co-players’ choices of intended strate-
gies; and (ii) at every information set, i holds the same beliefs about each co-player j’s in-
tended strategy as about j’s strategy in the original game. See §6.C for further discussion.

Given u € A(S_;,.%;), a CCPS u* € A(S*,;,.#7) that agrees with y always exists (this is estab-
lished in Theorem 3). On the other hand, more than one CCPS for player i in the elicitation
game may agree with her CCPS in the original game. This is because i may assign different
probabilities to her co-players’ choices of side bets in the elicitation game. However, these
differences do not affect i’s payoff, and so are irrelevant for her strategic reasoning.

The main result of this section can now be stated: if belief elicitation is implemented as
described above, and players’ beliefs about others’ intended strategies are the same as in the
original game, then (1) players’ structural preferences over second-stage strategies are also
unchanged, and (2) belief bounds can be elicited from initial, observable betting choices.
Furthermore, (3) regardless of a player’s beliefs, structural rationality implies that intended

strategies should be consistent with observed play.

Theorem 3 Fix a questionnaire (I;, W;),cy and let (N*, (85525 U ) iens S*(-)) be the associated
elicitation game. Fix a CCPS u; € A(S_;,.%;) for player i € N. Then there exists a CCPS U’ €
A(S*;, #}) that agrees with ;. For any such CCPS u?, and for all s}, t} € S :

(1) ifs;(s})=s;(s}), 8;(t})=s,(t}), andw;(s}?)=w;(t}),

1

s >Hi T e si(sh)-ts (1))
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(2) IfI/V; — (E, p) and Sl(sl*) = gl(tl*)’ si(si*) = Si(t;k), Wi(slfk) =p andW,(tl*) = E}
p>ui(ElL) = s> and  p<p(EIL) = >t
Furthermore,

(3) if there is z € Z such that s;(s}) € S;(z) but §,(s¥) € S;(z), then any t} € S} such that

s;(t)=s,(t)=s;(s’) andw;(r}) =w,(s}) satisfies t} >V s} for all v € A(S*,, .97).

Hence, if W; = (E, p), s} is structurally rational given u, and w;(s¥) = E (resp. w;(s})=p), then
8;(s7) and s;(s}) are structurally rational given u;, u;(E|I;) > p (resp. u;(E|I;) < p),'! and for all
z €Z,8,(s}) € Si(z) ifand only if s,(s}) € S;(z).

This result also provides a positive theoretical rationale for the use of the strategy method,
provided direct play is implemented as described in Definition 5. Suppose the experimenter
wishes to test whether play conforms to some solution concept that adopts structural rational-
ity as its behavioral hypothesis; for instance the “structural” version of sequential equilibrium
defined in Section 6.F. Then, if indeed players conform to such a solution concept, the version

of the strategy method proposed here will elicit their intended behavior.

Corollary 1 Suppose that W; = {x} for alli € N. Then, for alli € N and all s}, t} such that
S;(s¥) = s;(s¥) and s,(t}) = s,(t}), s} >Hi tf if and only if s;(s}) > s;(t}). In particular, s} is

structurally rational given u’; in the elicitation game if and only ifs,(s}) is structurally rational

given u; in the original game.

Theorem 3 depends crucially on the assumption that players are structurally rational. (Weak)
sequential rationality is not sufficient to deliver this results, even if beliefs satisfy the agree-

ment condition of Definition 6:

1A weak inequality is needed because, if p = u;(E|I), strategies st e€l$;, E,s;]and £} €[§;, p, s;] may be incom-

parable.
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Example 4 Consider the game in Figure 1 and assume that W, = {x} and W, = {{InS},0.5},
with I, = J: that is, Bob is asked to bet on Ann playing S at I, and no bet is offered to Ann. For
0 < € < 1,'? the following strategies are part of a sequential equilibrium. Ann plays (Out,*) at I;
Bob plays (S,0.5) at I ». If selected, Ann plays Out at information set ¢; , and S at information
set I; ,, forall i, € S,; and if selected, Bob plays S at J;, ,,, for all(z,, v,) € S, x W,,. Moreover, at
all ¢;,, and I; ,, as well as at I, Ann assigns probability one to Bob having chosen intended
strategy (S,0.5); at I}, Bob expects Ann to have chosen (Out), and at each Ji, v, he assigns
probability one to Ann having chosen intended strategy InS.

The key point is that Bob is asked to bet at the beginning of the game, and sequential ra-
tionality'® only requires that he maximize his ex-ante expected payoff. Since in equilibrium
Bob expects Ann to choose Out, he expected the bet to be called off. Hence, he is indifferent
between his betting choices. Under structural rationality, instead, Bob takes into account the
possibility that Ann might deviate from Out at I even when choosing his bet at I}); since he

assigns probability 1 to InS given {InS, InB}, he has a strict preference to bet on {InS}. O

To reconcile Theorem 3 and Example 4 with the generic equivalence result described in
Section 5.1, notice that elicitation games feature numerous relevant ties by construction. Specif-
ically, take the perspective of Bob at I, in Figure 4. If Ann reports intended strategy Outat],
then for a fixed intended strategy $;,, both of Bob’s actions (5, {InS}) and (§;,,0.5) yield the same
payoff, namely 2 + €. This is a relevant tie. More generally, by construction, elicitation games
have numerous relevant ties, and are such that structural rationality is strictly stronger than

weak sequential rationality.

12The condition € < 1 is only needed to ensure that the direct-play payoff dominates in Ann’s and Bob’s deci-
sions when they are selected and find themselves at an information set that their own prior moves prevent from
reaching. In other words, it is required for sequential rationality, but not for weak sequential rationality.

13Here, the distinction between weak and full sequential rationality is immaterial. The profile described in the

example is part of a sequential equilibrium.
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6 Discussion

6.A Incomplete-information games The analysis may also be adapted to accommodate
incomplete information. Fix a dynamic game with N players, strategy sets S;, terminal histo-
ries Z, and information sets .#; for each i € N. Consider sets ©; of possible “types” for each
i € N, and a set ©, that captures residual uncertainty not reflected in players’ types. Player i’s

payoff functionisamap u; : Z x© —» R, where @ =0, x [ [ ., © - The conditional beliefs of

jen
player i’s type 6; can then be represented via a CCPS uy, € A(S_; x ©)!?19%i; now a perturbation
is a sequence (p¥)i>; € A(S_; x ©) such that p*(S_;(I) x ©)> 0 and p*(S_;(I) x ©) — p,,(-[I) for
all I € {¢p}uU.g. If the sets © ; are finite, Definitions 1, 2, and 3 can be applied to each type
0; € ©, separately; Theorems 1, 2 and 3 then have straightforward extensions. Otherwise, it is

more convenient to take the characterization in Siniscalchi (2021) as the definition of struc-

tural preferences, in which case, again, the remaining results go through unmodified.

6.B Higher-orderbeliefs The proposedapproach canalsobe adapted to elicit higher-order
beliefs. Consider a two-player game for simplicity. The analyst begins by eliciting Ann’s first-
order beliefs about Bob’s strategies, as in Section 5.2. She then elicits Bob’s second-order be-
liefs by offering him side bets on both Ann’s strategies and on her first-order beliefs. The re-
quired formalism is that of games with incomplete information, taking ©; to be the set of all
CCPSs for each player i. The incomplete-information extension of Theorem 3 ensures that
second-order beliefs can be elicited in an incentive-compatible way. The argument extends

to beliefs of higher orders.

6.C Elicitation: the notion of agreement Per Equation (9), Player i’s payoff depends solely
upon her co-players’ intended strategies, not their direct play; this motivates defining agree-
ment as a condition on player i’s beliefs about the former, and not the latter. That said, by

parts (1) and (3) of Theorem 3, if a co-player j is structurally rational, then—regardless of his
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CCPS—his direct play will in fact be realization-equivalent to his intended strategy, as well
as with his play in the original game. For this reason, one can alternatively formulate belief
agreement as two separate conditions: one relating i’s beliefs about j’s play in the original
game and her beliefs about j’s direct play in the elicitation game, and one stating that, at ev-
ery information set, i is certain that j’s intended strategy is realization-equivalent to his direct

play. However, Definition 6 is notationally simpler.

6.D Elicitation: modified or perturbed games In the equilibrium (Out, (S, S)) of the game
of Figure 1, Ann’s initial move prevents J from being reached. One might consider modify-
ing the game so that J is actually reached, perhaps with small probability, regardless of Ann’s
initial move. However, such modifications may have a significant impact on players’ strategic
reasoning and behavior, and therefore on elicited beliefs. For instance, in the game of Figure 1,
forward-induction reasoning selects the equilibrium (In, (B, B)) (cf., e.g., Van Damme, 1989).
Thus, if Ann follows the logic of forward induction, she should expect Bob to play B. However,
suppose action Out is removed. Then the game reduces to the simultaneous-move Battle of
the Sexes, in which forward induction has no bite. Ann may well expect Bob to play B in the
game of Figure 1, and S in the game with Out removed. Thus, Ann’s beliefs elicited in the latter
game may differ from her actual beliefs in the former. Similar conclusions hold if one causes
Ann to play In with positive probability when she chooses Out. Analogous arguments apply
to backward-induction reasoning: see, e.g., Ben-Porath (1997), Example 3.2 and p. 36.

By way of contrast, the elicitation approach in Section 5.2 only modifies the game in ways

that, as per Statement (1) of Theorem 3, are inessential for each player’s structural preferences.

6.E Caution, elicitation, and triviality Consider the games in Figure 5a.* Ann has a single
move available at I in Figure 5a. From the perspective of weak sequential rationality, such an

information set can be disregarded. However, structural preferences treat the two games in

14 thank a referee for providing this example, which motivated the discussion in this subsection.
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Figures 5a and 5b differently.

Ann Al Bob a Ann A2 1 Ann Al Bob a 1
] 1 ¢
Dl d Dl d
0 0 0 0
(a) I is trivial (b) I removed

Figure 5: A trivial information set; Ann’s payoffs shown.

In Figure 5a, A, A, is the only structurally rational strategy for Ann, if she assigns prior prob-
ability 1 to d. On the other hand, both D, and A, A, are structurally rational, under the same
prior belief, in the game in Figure 5b. The reason is that Ann has different conditioning events
in the two games in Figure 5.

To avoid this, one can replace .#; with the collection .#™ = {I € .%; : |A(I)| > 2} of “non-
trivial” information sets in Definitions 1, 2, 4 and 6: all the results in this paper continue to
hold (except that, naturally, beliefs at trivial information sets can no longer be elicited). In
fact, “trivial” information sets are only used to model the experimenter’s mechanical imple-
mentation of subjects’ intended strategies in Definition 5.1 The previous version of this paper,

Siniscalchi (2020b), discusses other notions of “triviality” of information sets.

6.F Equilibrium and structurallyrational strategies Siniscalchi (2021) incorporates struc-
tural rationality into solution concepts, including sequential equilibrium and extensive-form
rationalizability. To provide a brief illustration, consider the former concept. Govindan and
Wilson (2009) reformulate sequential equilibrium using (consistent) conditional probability

systems; their definition is thus a convenient starting point. A behavioral strategy for player i

15This could be avoided by including moves by chance in the definition of a dynamic game. Doing so would
entail some additional notational complexity, either in the definition of CCPSs (which would need to reflect the

exogenous probability of chance moves) or in the way expected payoffs are calculated.
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isanarray 8 = (/3 (1 )) res € A(A)”" such that B;(I)(A(I))=1forall I €.#;. As usual, each behav-
ioral strategy ; induces a mixed strategy o; € A(S;); ® ;4;0 ; denotes the product measure with
marginals 0 j, for j # i. Then, a sequential equilibriumis a profile (f;, u;);cy where each f8; isa
behavioral strategy for i, u; = (,ul-(- |1 )) ey € A(S_;)!?V and the following two conditions hold:
(i) There is a sequence of strictly positive behavioral strategy profiles (5 l.k )ien k>1 and a se-
quence of strictly positive mixed strategy profiles (a’.C )ien k>1 such that, for every i, each
o¥ is derived from g, pf — ﬁ,-, and ( ®si P )( IS_;(I)) — u;(:|I) for each I € .4,.
(ii) Foreveryi and I €., if B;(I)(a) > 0 then there exists s; € S;(I) such that s;(I) = a and
s; € argmax;, cs, ) Ui(, i (11):
By condition (i), each u; is a CCPS, generated by a specific type of perturbation.
To obtain a corresponding notion of “structural equilibrium”, replace (ii) above with
(ii’) Foreveryi and I €.%;, if B;(I)(a)> 0, then there exists s; € S;(I) such that s;(I) = a and
t; =4 s; for no t; € S;(I) that satisfies ;,(J) = s;(J) for all J € .¢; that do not follow 1.1
Refer to the companion paper Siniscalchi (2021) for an analysis of the resulting notion.

In addition, there is a straightforward relationship with solution concepts based on “trem-
bles:” only structurally rational strategies are played in a trembling-hand perfect equilibrium
(Selten, 1975). In the notation of this paper, a (strategic-form) (trembling-hand) perfect equi-
librium is a profile o € [ [,.; A(S;) such that, for every i € N, there exists a sequence (0°5);,
such that 0(“ — 0 ; and every s; € supp 0; is abest reply to each product measure p*, =® ;;;0
k > 1. Each sequence (p* Ji=1 defines a CCPS u_; € A(S.;,.#;) (possibly considering sub-

sequences), and by Remark 1, every s; € supp o; is structurally rational given u_;.

16 J follows I if, for every history (ay, ..., ay) € J), there is L < M such that (a,, ..., ap)el.
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A Appendix: dynamic games

This section formalizes further properties of dynamic games, including perfect recall. It also

introduces additional useful notation and results.

Fix a dynamic game (N VA, Z, P, (9, ui),-eN) as defined in Section 2. Let H be the set of all

(terminal and non-terminal) histories, as defined therein.!”

Let h = (a,,...,ax) € H. Forall k =0,...,K —1, b/ =(ay,...,a;) is a prefix of h, written
h’ < h. The case k =0 corresponds to h’ = ¢, which is a prefix of every history. I sometimes

write h’ < h to mean that either h’ = h or h’ is a prefix of h.

Perfect recall is formalized per Definition 203.3 in Osborne and Rubinstein (1994). For ev-
ery h € P7Y(i), let X;(h) denote i’s experience along the history h: if h =(a,, ..., a;),letl;,...,lg
be the set of indices ¢ € {1,..., L—1} such that P((a,,...,a,_;)) =i, and I,,..., Ix be such that
(ay,...,ay, )€ fork=1,...,K; then X;(h)=(I,q,,,..., I, a; ). Perfect recall requires that, if
h,h’ eI € .¢;, then X;(h)= X;(h’). One immediate implication (used in the proof of Remark 2)

is that, if & < h/, then h and h’ cannot be elements of the same information set.

The terminal history map { : S — Z associates with each strategy profile s the terminal
history it induces: that is, {(s) =z iff s € S(z).
This remark points out that the sets S(/) (where h can be terminal or not) have a product

structure.

Remark2 Leth=(a,,...,ax)€ H. Then, foreveryi € N, s; € §;(h) = proj 5 S(h) if and only if,
foreveryk=1,...,K, ifP((al, ey dk—1)) =1 and I € .¢; is the unique information set such that

(ay,...,ar_;) €1, then s;,(I)= a,. In particular, S(h) = ]—[ S;(h).

ieN

17Osborne and Rubinstein (1994) start with a set H of histories, explicitly assume that this set is closed under
the “sub-history” (prefix) relation, and define Z as the set of histories that are no proper prefix of any other
history. I start from the set of terminal histories, and define H as the set of all prefixes (proper or not) thereof.

This approach is more convenient in Definition 5, but equivalent.
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Proof: Suppose that s; € S;(h), so by definition there is s_; € S_; such that (s;, s_;) € S(h). Since
4 isaisapartition of P7Y({j}) S H\Z forall je N, foreveryk=1,...,K,ifi = P((al, eee, ak_l)),
then (ay, ..., a;_,) € I €.#; implies that j = i. Hence, (s;, s_;) € S(h) implies s;(I) = ay.
Conversely, suppose that, for some s; € S;, and for all k with P((al, ey dk—1)) =i, s;(I)=ay,
where (a,...,a,1) € I € %;. Define s_; € S_; as follows: for every j # i and all J € .¢;,
if (a,,...,a;_,) € J for some k, then s;(J) = a;; otherwise s;(J) is an arbitrary element of
A(J). By perfect recall, there is at most one k such that (a,...,a;_;) € J, so this definition is
well-posed. Furthermore, by construction the profile (s;, s_;) is such that P((al, ey ak_l)) =j
and (ay,...,a,,) € J € .¢; imply s;(J) = ay, regardless of whether j = i or j # i. Hence,

(s;,s_;) € S(h), so s; € proj 3 S(h) = §;(h). A

For completeness, I establish a (known) decomposition property of the sets S(I), I € .¢;,

which also depends upon perfect recall. (I have been unable to find a published proof.)

Remark 3 Forallie N andI €.%;, S(I)=S,(I)x S_;(I).

Proof: s; € S;(I) implies that there is t_; € S_;(I) with (s;, z_;) € S(I). Similarly, s_; € S_;(I)
implies that there is t; € S; with (t;,s_;) € S(I). Let h’,h” € I be such that (s;, t_;) € S(h’) and
(t;,s_;) € S(h"). By perfect recall, X;(h") = X;(h")= (I, ay, ..., Ix, ax). Let h” < h” be such that
P(h”) = i. By the definition of X;(-), there is k such that h” € I;.. Then there must be 7’ < h’
such that &’ € I, as well, and s;(I) = a, = t;(I): otherwise, X;(h’) # X;(h”). By Remark 2, this

implies that (s;, s_;) € S(h”), and so (s;, s_;) € S(I), as claimed. B
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B Appendix: Proofs of the main results

B.1 Proofof Theorem 1

Suppose that s; € §; is structurally rational given u. Consider an information set I € .¢; with
s; € §;(I) and another strategy r; € S;(I). By strategic independence (cf. Sec. 2), there is t; € S;
such that U(t;, s_;) = Ui(r;,s_;) for s_; € S_;(I), and U;(¢;, s_;) = U;(s;, s_;) for s_; ¢ S_;(I).

By Remark 1, there is a perturbation (p*) of u such that Uj(s;, p*) > U(t;, p¥). For this

perturbation,

Uils, pECISL ()= D U,-(Si,S_i)pk({s_l-}|8_i(1)):k;. ST Ul s Dp s )=
A=) prSL(D) (&4
I N I T
0 S;iUl(sws_l)P ({s_: ) Si;mU,(s,,s_l)p Us Dl >
S gt ST Ul st
Zpk(S,i(I)) s;iUl(tns_z)P ({s=:}) s_i;(nUl(Sl,s_l)p {s_; D] =

, |

e E U. k k
p i\Tir S—i)] —i _bi irP -8 i .
k(s_l(-[)) s_;€8_;(I) l(rl ) ) ({S }) (r ( | (I)))

The second equality follows from the definition of conditional probability and the fact that, by
Definition 1, p¥(S_;(I)) > 0. The inequality follows from the choice of the perturbation (p*);;.
The fourth equality follows from the definition of f;. Since p*(-|S_;(I)) — u(-|I) by Definition 1,
it follows that U;(s;, u(:|1)) = U;(r;, u(-|1)). ®

B.2 Proofof Theorem 2

Assume that s; € §; is weakly sequentially rational given u, and that the game has no relevant

ties for i. Fix an arbitrary ¢; € §;.
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For every s_; € S_;, let h(s_;) € H be the longest history h such that h < {(s;,s_;) and
h <(t;,s_;). If h(s_;) = Z(s;, s_;), then also h(s,) = {(¢;, s_;) and conversely, because terminal
histories are not ranked by the prefix relation. Furthermore, if h(s_;) € H \ Z, then P(h) =
by contradiction, if P(h(s_;)) = j # i, then h(s_;) € J for some J € .#; and (h(s_;),s;(J)) <
Z(s;,s_;),2(t;, s_;), which contradicts the definition of h(s_;). Hence, either h(s_;) € Z, in which
case h(s_;) = {(s;,s_;) = {(t;,s_;), or else h(s_;) € I for some I € .#;; in the latter case, de-
note the unique element of .#; containing h(s_;) by I(s_;): then, by the definition of A(s_;),
si(I(s_;)) # t;(I(s_;)), for otherwise a = s;(I(s_;)) = t;(I(s_;)) would satisfy (h(s_;,a) < {(s;, s_;)
and (h(s_;),a) < {(t;,s_;), contradiction.

Consider s_;, t_; € S_;. I claim that S_;(I(s_;)) and S_;(I(z_;)) are either disjoint, or the same
conditioning event. Suppose that there is r_; € S_;(I(s_;) N S_;(I(z_;)). Since s; € S;(1(s_;))N
S;(I(t_;)), by perfect recall, there are h € I(s_;) with h < {(s;,r_;) and h’ € I(t_;) with b’ <
{(s;,r_;). Since h and h’ are prefixes of the same terminal history, either they coincide, or
they are ordered by precedence. If h < h’, then I(s_;) is in i’s experience at h’, and hence,
by perfect recall, at h(z_;). Hence, there must be h” < h(t_;) such that h” € I(s_;). Again by
perfect recall, it must then be the case that s;(I(s_;)) = ¢;(I(s_;)); however, as was shown above,
s;(I(s_;)) # t;(I(s_;)): contradiction. Similarly, it cannot be that h’ < h. Thus, h = h’, and so
h =h"e€ I(s;)NI(t_;). Since .%; partitions P~'({i}), I(s_;) = I(z_;). Therefore, writing S°;, =
{s_; : h(s_;) € Z}} and arbitrarily enumerating the collection {I(s_;) : s_; € S_;} as I ,..., I,
{SO.} U{S_(L):¢=1,...,L} is a partition of S_;.

For all s_; € §°, by definition U;(s;, s_;) = Ui(¢;, s_;). By weak sequential rationality, for all
(=1,...,L, Ul-(sl-,,u(-llg) > Ul-(s,-,,u(-llg). Furthermore, fix one such ¢. Since the game has no
relevant ties and s;(I;) # t;(I;), , for all t_; € S_;(I,), either U(s;, t_;) > U(t;, t_;) or U;(s;, t_;) <
Ui(t;, t_;). Write S*,(I;) and, respectively, S_(1;), for the collection of 7_; that satisfy the first or,
respectively, the second inequality. Then

> NI s )= Uity t12 D> uUHIDIU(E, )= Uils;, 0120, (13)

t_;eSt i(I) t;€85(1)
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and at least one inequality is strict. Thus, >, s ({t—zHIe)[U(Sl,f_,) Ui(t;,t_;)] > 0.
Now fix a perturbation (p*);», of u. Forevery/, eventuallyzt_iesji(m PR S (I Ui(s;, i)~

U;(t;, t_;)]> 0, so for k large, the quantity

Y es o PRUEISLUDNU(, ) = Ui(si, 1)

T Y s PRUHSL DU i, ) = Uity 7))

is well-defined. By Equation (13), lim;_,, ak < 1. Let /515 = max(a*(s_;), 1), so ﬁk > 1 and

Bl — Lilet ¢ = (pH(S°) + XE [BE pX(S (L) + pH(S7(L,)]) . Finally, define (5*)c, by

Ic

. C- /3 k() r;€S* () forsomel=1,...,L;
pr({t_i})=

c-p*({r_}) otherwise

forevery k>1and t_; € S_;. By construction, for every ¢/ =1,..., L and every k > 1,

D P UL IUilsi, )= Uil £7)] =

t_;€SH(I)
1 ~k
=—< pr{e_i DU (s;, 1) = Ui(t;, 1)1 =
1 k k
==c o Y iUy, ) = Ui(t;, t)] =
ey S P t;m PHULNIUs:, 1)~ Ut 1]

DS
TPk . —i S-ill, U [Jl i b—i
e t;gj;m P Uisr £-0)— Uit )]

o

pH(S.i(1)
> S D P NS Uiy 1) = Uilty, 1] =

t;€8*,(1)
p (S_i(1)) f
TPRSL) —i S U Uit 1) = Ui(sy, )] =
pHS (1) t_i;_m’” S U8, )= Uilsiy £2)]
! k
e . —i l]l i b—i _l]l Hl_i)l=

- STt ) U )] =
PRS- t;@) AUt )= Uil 1] =

= > PULHSLUDUi L, )= Uiy, 1))

t ;€S (Ig)
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that is, Uj(s;, p*(1S_;(L)) > U(t;, p*(1S_;(1,)). Since this holds for all ¢, {S°}U{S_ (L) : £ =

1,...,L}is a partition of S_;, and Uj(s;, s_;)) = Uy(¢;,s_;) forall s_; € S°, U;(s;, pX) > Uy(t;, p*).
Itremains to be shown that p* is a perturbation of u. Since each p* has the same support as

p*, p*(S_;(I))>0forall I €.%; and k > 1. Now fixone such I and s_; € S_;(I) with u({s_;}|/I) > 0.

Then eventually p*({s_;}) > 0, and for any other t_; € S_;(I),

pr{ed) ) -p )  rFes)-pUeSL(D)  p({e )
p

- )

F{smi)  rR(s=)-pr({ss)  rR(ss)- pr({ssHSo(D)  pl{si HI)
where y*(r_;) = B} if r_; € §*,(1,) for some ¢, and y*(r_;) = 1 otherwise, so that y*(r_;) - 1in
either case. This implies that p*(-|S_;(I)) — u(:|I). Thus, by Remark 1, s; is structurally rational

given (.

B.3 Elicitation

Throughout this section, fixa dynamic game (N VA Z, P (5, U;)e N), aquestionnaire Q = (I;, W,);cn,
and an elicitation game (N u{0}, A%, Z*, P*, (S5, U3)ienuiop e) for Q.
For s* € §*, let s* . = (s]’!‘) jen\iy: thatis, in addition to player i’s strategy, we also disregard

the experimenter’s (player 0’s) strategy. Similarly, let S* . =] | jenviy S

The following Lemma shows how to represent the set S*(I*), for I* € U;cy.#7, in terms of

the functions s;(-), w;(-), and s;(-).
Lemmal S*(I})=S* foreveryi€ N. Furthermore, for all I;, ,, € .%;

S*(Is, ) = {i} x {S;* :8,(s7) =35, wi(s]) = w;, s,(s7) € Si(l)} X {sjm : (éj(s]’.*)) € S_,-(I)}. (14)

JeN\{i}
Proof: S*(¢*) = S*(I') = S* follows immediately from Definition 5. Now consider I;, ,, € .7}
By definition, S*(I;, ,,,) = Unserg, .. S*(h*).

Claim: Let h* = (n,(fl, )., (5, v),..., (5, v;), h) eN X[ [,cn(Si x W) x (H\ Z). Then h* e

Iy, iffn=1i, t;,=5;, v;=w;, h €1, and thereis t; € S; such that (;, 7_;) € S(h).
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Proof: 1t h* € I, ., then by definition n = i, t; =5, v, = w;, and h € I; moreover, since
h* € I, ,,, implies h* € H*, the definition of H* implies that (n, (t, n),..., (&, v;),..., (&, v;), z) €
Z* for some z € Z such that h < z. By the definition of Z*, 7_; € S_;(z), so there is ; € S; is
such that (¢;,7_;) € S(z). Since h < z, (t;,1_;) € S(h) as well, as claimed. Conversely, suppose
thatn =i, t; =5, v, =w;, h eI, and (¢;,t_;) € S(h). Let z = {(¢;,t_;): then h < z and by
construction 7_; € S_;(z): hence z* = (i,(fl, n),..., (5, v;),..., (5, wi),z) € Z*, so h* € H*; and
sincen=1i,t;,=3§, v;=w;,and hel, h*€I; ,, as claimed. Q.E.D.

Now fix s* € §*(I;, ,,,), so s* € S*(h*) for some h* € I;, .. By the claim,
h* = (i,(fl, vl)""’(gi’ w,-),...,(fN, UN), h)

for some h € I, and there is t; € S; such that (¢;,7_;) € S(h), so t_; € S_;(h). By definition,
s* € $*(h*) then implies that s;(¢*) = i and (8;(s7),w;(s?)) = s3(I}) = (#;, v;) for j € N \{i}, so
(éj(s]’!‘)].eN\{i} =t_;€8_;(h)CS (). Also, (éi(s;‘),wi(sj)) = s (1) = (5, w).

In addition, let h = (a,,...,ax), and consider k € {1,..., K} such that P((al,...,ak_l)) =1.
Let J € 4;besuchthat(a,...,a,_,) € J,and define h}_| = (i,(fl, v),...,(5,wy),...,(ty, vn), ay,..
As noted above, there is t; such that (¢;,7_;) € S(h) C S((al, e ak_l)). Therefore, by the Claim,
R, € J5, w,- Then, the definition of s;(-) and the fact that s* € S*(h*) imply that s;(s})(J) =
s¥(Js, w;) = ai. By Remark 2, s;(s¥) € S;(h) € S;(I). Therefore s* belongs to the right-hand side
of Eq. (14).

Conversely, suppose s* belongs to the right-hand side of Eq. (14). By assumption (5 j(s]’.k))
S_;(I) and s;(s*) € S;(1), so by perfect recall (s,-(sl.*), (s -(s}‘))) € S(I). Hence there is h € I such that

J
(s:(s7), (8;(s2) jemviay) € S(h). Let
h* = (5309, Gi (), Wa(s7) ., (i), Wil ., By (1) win (53), ).

By assumption s;(¢*) = i, §;(s}) = §;, and w;(s?) = w;. Furthermore, (s,-(s;k),(éj(s;‘))je,\,\{i}) €
S(h)—thatis, one can take t; = s;(s*) in the statement of the Claim. Hence h* € [, ,,,. It remains

to be shown that s* € S*(h*).
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Write h* = (a},...,a}), with K > N + 1. Thus, h = 18 According to the defini-

(a;m, co @)
tion, it mustbe shown that, forallk =1,..., K, action a; is specified by s* athistory (a7, ..., a}_,).
There are two cases to consider. If 1 < k < N + 1, then either k =1, in which case a} = s;(¢*)
by the definition of h*, or (ay,..., a; ( S5 (@%), (81(87), Wi (7)), - .., (Sk—al(Sf ), Wio(SE L)) €I
and, by the definition of h*, §;(-), and wl( ), sp (L) =8k (87, Wi (7)) = af.

Ifinstead k > N+1, then(a?,...,a* ) =(s(¢*), 5:(57), Wi (s})), ..., Bn (55 ), Wi (s5)), @l sy r i),
where h' =(a*

If P(h')=i, then also P*((a;‘, . a,t_l)) =i, and there exists J €.¢; such that h’ € J. Further-

more, s¥(¢@*) =1, §;(sF)=35;, w;(s*) = w;, and (s;(s7), (8 :(sF)); 2] € S(h) C S(h’). Therefore, b
0¢ i\9; i i\9; i i\ VASY JeN\{i} y

o ai_)<(ay

Ny @F) S h.'® There are two sub-cases.

N+2’

the Claim, (a;,...,a;_,) € J;, u,- Also, by Remark 2, s,(s*) € S;(h) implies s;(s})(J) = a;. Con-
clude that s'(J;, ,,,) =s;(s*)(J) = a;.

Ifinstead P(h’)= j # i, thenas above thereis J € .#; with h’ € J. In this case (s,-(s;*), (§j(s]’.*))jeN\{l-}) €
S(h) € S(h’) implies that §j(s]*f)(]) = a;. Moreover, now P*((a{, . “Z—l)) =0, and (a;,...,a;_,)
is contained in the singleton information set J* = {(a7, ..., a;_,)} € #;. Now suppose thata € A

is such that

va; ,a)=(s5(9"), 510, Wi, ..., (8i(s) Wils))), .., B (85 ), W (S5)), Ay g r )y @) € HY.

Then (af,...,a;_,,a)< z* for some z* € Z*, and there must exist z € Z such that

2% = (s5(9%), Bi(s) ), wi(s7)), -, (Bi (), W57, -, (Biv(53y) Wiv(53), 2)-

This requires that (h/,a) = (a ay_

(ay e @) < z. In addition, the definition of Z* requires that

(§j(s]’f‘))jeN\{i} € S i(z) (recall that s;(¢*) = i), so by Remark 2, in particular éj(sj’f‘)(]) = a. But

then a = a;. Conclude that A(J*) = {a}, so necessarily s;(J*) = a}, as needed. ®

8K =N +1 corresponds to h = ¢.

Yk = N +2is also allowed, in which case (a},,,, ..., a;_)=¢.
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Foreverys_; €S ;, let[s ;]={t*, €S, :Vj#1i,5; t *)=s;}. The collection {[s_;]:s_; €S ;}

partitions S*,.. Furthermore, from Eq. (14),
S Usw)=1itx | [s4] (15)
s_;€S4(I)

I now show that, for every CCPS in the original game, there is a CCPS in the elicitation game
that agrees with it.

ForeveryieN,s; €S;,and w; € W, let s¥(5;, w;, s;) be the element of S* such that s*(5;, w;, s;)(I') =
(§;, w;) and, for all I € .%; and (§/, w)) € S; x W;, s}(5;, w;, $i)(Ls ) = si(I). Thatis, sf(5;, w;, s;) re-
ports the intended strategy §; and bet w; in the first stage, and then, if called upon to play
directly in the second stage, plays according to s; at all information sets, including those that

follow stage-1 choices different from (s;, w;).
Observation 1 §,(s*(S;, w;, s;) = §;, w;(s7(5;, w;, 8;) = w;, and s;(s7(5;, w;, 8;) = s;.
Lemma 2 Forall u; € A(S_;,.%;) there is u* € A(S*,,.97) that agrees with ;.

Proof: Foranys ;€S_;and n€ N, let s*,(n,s_;, w_;) the element of S*; such that s; = n and,
forall j ¢ {i,0}, s;!‘(n, S, W_;)= sj’.*(sj, wj,s;). Let % ={s*, €8*, :3(n,s_;,w_;) €N xS_; x W_;
s*,=s*(n,s_;, w_;)}.

Define u} € A(Sji)'“i* by letting, foreveryne N, w_;e W ;,and s_; €S_;,

M?({Sji(n!s—zr —z)}|¢ {S—z}|¢) and vIs'i,wi ({S_l( S_i —l)}l Si, w,)

- s i)
and then defining ui(E*|I¥) = EsfieSj*;ﬁE wil{s_;}/1¥) for all E C S*,. The fact that this does in
fact define probabilities on S*, is immediate; furthermore, u(S*[1) =1 for all I € .#*.

Let (p*)i»1 be a perturbation of ;. Define (¢*);»; € A(S*)) by letting g*({s*,(n, s_;, w_;)}) =
e ‘W NP k({s_;hforallk>1,neN,s ;€S_;and w_; € W ;, and thenletting g*(E*) = Zs esene d k{s_h
forall E € S*.. Again, this does in fact define probabilities on §*;, and g (Sj’;) =1.
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Thenqk({sji(n)s—i! w—i}): W |p ({S—l}) N|W IAu {S—z}|¢ {S_,(n S_jy W—; }|¢ ) Fur-
thermore, for all I € .4; and (5;,, w;) € S; x W, forall s_; € S_;(I) and w_; € W_;, by Eq. (14) and
the fact that g*(§*) =1,

({S_l(i S—nw—i)}) qk({sji(i»s—i)w—i)})
Zt wes o aFAi} x[1]) Zt,ies,i(l),uliew,[qk(s (1, 1y w_y))

1 k
N.|W7.|P ({S—i}) 1 k 1
= d = — ] S—i —i I _ S_iy W—; Is wr/*
Dt s Do aew N'|%/V—i|pk({t—i}) |W—i|p (s-ad1S(1) = .| | s D=5 0 s M)

Thus, u? is a CCPS. Finally, I show that u? agrees with u;. Fix s_; € S_;; for I* = ¢*,

q (s, s, w i NS* (5 ) =

wie g =n, 5N =s¥je N\{ilg")= D wills’(n, s w )Hp*)=
w_;eW_;
1 1
= 2 o rils o) = Guils o)
w_eW_; —i

where the first equality follows from u¥(S*[¢*)=1. For I* = I;, ,,, € .7,

1

pie g =1,5(t7)=s;Vj e N\ il s, 0,) = Z pi (s, (0 s w M, ) =

w_;eW_;

| pi({s— ) = ps({si }1),

which completes the proof. B

The following key lemma shows that one can obtain a perturbation of a CCPS u; in the
original game from a perturbation of a CCPS u? in the elicitation game that agrees with it, and

conversely. This is essential to relate structural preferences in the two games.

Lemma 3 Consider a CCPS u} € A(S*;, #7) that agrees with ;. Then
1. For every perturbation (q*)s, of u;, there exists a finite index k > 1 such that q'({i} x

§*,;)>0 forall{ > k, and the sequence (P¥)is1 € A(S_;)N defined by
P s =g """ (i x [sul[{i} x $%,)  s.i€S,k>1 (16)
is a perturbation of u;.
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2. Forevery perturbation(p*);», ofu;, there is a perturbation (q*);», ofy* that satisfies Eq.
(16) withk =1.

Proof: For (1), by Eq. (11) and the fact that (¢*);, is a perturbation of u*, u({i} x S*.|¢*) =
i = lim, g*({i} x S*,;); this implies that there is k > 1 such that g*({i} x §*,;)> 0 forall k >
k. Henceforth, to reduce notational clutter, I assume that in fact k = 1; the argument goes
through unmodified if x > 1, simply replacing g* with g**~~1.

Fix I €.4;. Then, for every k > 1, fixing an arbitrary (5;,, w;) € A(I}) = S; x W,

PRSI = D g i< [l % 8%,) = 4¥(S* (g, I} % %) 2 4¥(S* (I, )) > 0;

s €SI

the last equality follows from Eq. (15), and the strict inequality from the assumption that
(g*)is1 is a perturbation of u;. Furthermore, for every s_; € S_;(I), since by Eq. (15) {i} x[s_;] S
8% Ly ur)

Lo pMs ) o at U xS ) Ss) L gt i <))
k—oo pk(S_y(I))  k—oo qK(S*(I5, 1 ){i} x S*y,)  k=eo qk(S*(I5,u,))

p X1, ) = (s} -

the third equality follows from the assumption that (¢*);, is a perturbation of u%, and the last
from agreement, i.e., Eq. (12) in Definition 6.

As for prior beliefs, for every s_; € S_,;,

g (i} x [s.]) _ limg oo g* (i} x[s]) _
g ({i} x §%;)  limy_eo q*({i} x S%,)

pi({s-i}1):

lim p ‘(s })=lim g Sy < [ iy x S%y) = Jlim

wi{i} < [s_;]lg*) {S_z}|¢)
w{iyxShle) &

the third equality holds because lim;._,o, g*({i} x S*0) = wi{i} x S*;|9*) > 0; the fourth follows

from the definition of perturbation, and the fifth from Eq. (11).

For (2), for every I* € .#* U {¢*}, let

Wi HI)
(5" %)= s Stop € 18] wi{sg} x [s]11%)> 0
_i’ -

0 otherwise.
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Fix s*, € §* andlet s_; = (§j(s;.‘))j€N\{,-}; thus, s* . € [s_;]. Suppose ui({s;} x [s_;]|*) > 0 and
wil{sg}x[s_;]17*) > 0 for distinct I'*, J* € £, Since pi(S*,(I*)|1*) = wi(S* (J)IT*) =1, {s;} x[s_;]N
S*(I*)#Pand {s;} x[s_;]JNS*,(J*) #0, so by Eq. (14), s*, € {s;} x[s_;] € §*,(I*)NS*,(J*).?° Finally,
fix a perturbation (%), of ui. Then r*(S*,(I*)) > 0 for all k, and r*({s;} x [s_;]1S*,(I*)) —
wil{sg} < [s;]II*)>0, so

p(s* ;1" = limy o0 r’“({sji}lSji(I*)) — lim rk({sji}|5ji(l*))
ST iMoo rR({sg} X [ 1IST (%) koo rR({s} X [s]IS%,(1%)

= lim 745 s x5
By a similar argument, p(s* ; J*) = lim;._.oq rk({sji}“sg}x[s_i]), Therefore, p(s*;; I*) = p(s*,; J*).

Now define (g*);s; € A(Sji)N as follows: for every s*, € S* , againlet s_; = (éj(s;‘))jeN\{i} and

P w - p(s*5 1) wi({sy} x [s;]11%) > 0 for some I* €.9;

g ({s*H=
otherwise.

By the preceding argument, this definition is well-posed. Furthermore,fix j € N and s_; €
S_;. Suppose first that pi({j} x [s_;]|[*) > 0 for some I* € .. Then

k * _ k i * , THRY k i ,u*;({sjl}ll*) _
a'Uss= D s gopisl= DL P g e e

s eljixlsy] elixlsa] steljixls]
k
p ({S—i}) 1 * * * 1 k
=— v E wi{s* HIT) = =p ({s_:}).

If instead pi([s_;]|*) =0 for all I*, then

L oHsa).

k * = k JR— —
= D, P gy

s el jx[s] s eljIxlsil
Therefore, for all j € N and s_;, g*({j} x[s_;]) = % p*({s_;}). This implies that g*($*) =1,

so g~ € A(S*,), and furthermore

k(g 1k
TP 1 1) I 7 (19)) RN
R YT (T T R SRR T R

*'This implies that, if e.g. I* = I, ,, for some (s;, w;) € S; x W;, then necessarily s; = i; if instead I* € {¢*, I},

this need not hold. Similarly for J*. However, this difference is immaterial to the argument in this paragraph.
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i.e., Eq. (16) holds.
It remains to be shown that (¢%);, is a perturbation of u*. For every I* € .97, either I* €
{¢*,1'}, in which case trivially g*(S*,(I*)) = ¢*(S*;)=1, or I* = I, ,,, for some (5;, w;) € §; x W;
and I €.%,. Since (p*);; is a perturbation of u;, p*(S_;(I)) > 0 for all k. For each k > 1, there
mustbe s_; € S_;(I), possibly depending on k, with p*({s_;}) > 0. Since g*({i} x[s_;]{i} xS*,;) =

p*({s_;})>0, also g*({i} x [s_;])> 0. Thus, by Eq. (15), g*(8*,(I;,,,)) = g*({i} x [s_;])> 0.

Now consider I* € {¢* I'}. Fix s*, € S*, and let s_; = (sj(s]’.*))jeN\{,-}. If pi({ sy} < [s_:]11%) >0,
1 AsEHIF 1 oSt HI*

TP =p i) - u?(l;éai{} S N’ u?(l{lsla("{} S
s M) o

vMiS-

the second equality follows from the fact that u} agrees with u;. If instead u7({s;} x[s_;]|I*) =0,

— ui({s_;}o)-

pi({s” HIY);

then a fortiori u({s*;}|I*) = 0, and by agreement with u; also u;({s_;}|¢)=0, so
s D= s ~ (s-aH9) ~ - ¢ =0=w({s" I
g U =p (si)- e~ willsg ¢ €= 0= HT);

here, ¢ = p(s*;; J*) if there exists J* € .97 with u¥({s;} x[s_;]|J*)>0,and ¢ = m otherwise, but
since c is independent of k, its value is immaterial to the argument.

Finally, suppose I* = [, ,, for some I € .9; and (§;, w;) € §; x W;. Fix s*, t*, € §*,(I*), with
wi({z* . }[1*) > 0. By the definition of the elicitation game, s; = t; = i. Let s_; = (§j(s]’!‘))j€N\{,~}
and t_; = (§j(t]’.‘))]-€N\{,-}. Thus wi({i} x [£_;]|*) > 0, and since u* agrees with u;, u({z_;}/I) > 0.

A Ly 5 > 0, and so, for k large,

Then, for all k large, p*({t_;}) > 0. Moreover, p(t*;I*) = F

g* {t* D =p*({_})- 5 - p(z*;; I*)> 0 as well.
First, suppose ui({i} x [s_;][I*) > 0, so, since u* agrees with u;, u;({s_;}/1)> 0. Then

—~

- k(fe 17, HUSSH)
p(s*;I%) P {s-i})-

F([s=i111%)

—~

q*({s*}) _p* s}

1

N
N 1 o Te) IR
gAY PR w5 1) pr({r))- SEa )

W)
PSS-S WSt )

= N 7 e YT
pr{S-(D) - Tmam M)

X =
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the last equality follows because u} agrees with u;, and the limit statement from the assump-
tion that (p¥),, is a perturbation of u;.

If instead ui({i} x [s_;]|I*) = 0, then by agreement u;({s_;}|1) = 0 as well, so
g*({s*.}) <qk({i} x [s_;]) - g ({1} = [s;I{i} x S*;) p*({s_:})
gk({ez ) - g ) gc({tx;}) pr({t_ 1)~ - p(*;I#)

N pf(s}IS.(D) Lo N s D wi{s* HI7)

p(t;I+) pr{e S (1) p(e2; 1) p({e ) wi{e HI)

The first equality is from Eq. (16); the limit statement follows because (p~), is a perturbation

of u;, and the last equality follows from w({s*, }|1*) < ui({i} x [s_;]|I*) = 0.

g (st )) | st

1 * * *
To sum up, in each case IR (T for every s*; € S*.(I*). Therefore,

k *
o a*{s*, )
v g ({s*;}) RN
q ({sfl.}ISfl.(I*)):Z lk({r* ) - iy
rrest () 47U eries*i(l*) ar ()
wi{s* 1)
T GRIIE) wil{s* 1Y)

= =ui({s* }I7)
) e~ AsZ A,
S sese ooy sy MATHE)
where the second equality follows from dividing numerator and denominator by g*({¢*,})> 0,

and the third by multiplying both by u¥({z*,}/1*)>0. =

Now rewrite the strategic-form payoff function in the elicitation game as follows. Fix s* €
§*,andlet z* € Z* be such that s* € §*(z*). By the definition of the maps §;(-) and w;(-) forall j €
N, letting n = s;(¢*), z* = (n, (Sj(s]’.k),wj(s;‘))jeN, Z) € Z*, where Sj(s]’.‘) €S;(z)forall j€ N\ {n}.
In addition, write z = (a,,...,a;), fix K € {1,...,L—1}, and let h = (a,,...,ax). Suppose that

P(h)=n,s0 h€€.9, Then h*=(n,(8;(s5),w;(s)jen, h) € H, P(h*)=n,and h* € I, ;

j
then, since s* € §*(z*), s¥(I;, w,) = ax+1. But by Equation (10), s,,(s¥)(I) = s*(I;, 1,) = Gx41-
Thus, for all K such that P((a,,...,ax)) = n, if (a,,...,ax) € I € .4, then s, (s)(I) = ax,,. By

Remark 2, s,,(s}) € S,(2), and 50 (s,(5}), (8,(51) jenn)) € S(2), e, 2 =2 (s,(52), 8 j(s;))jeN\{n}).
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With this, forevery i € N, if n # i then U(s*)=0;if n = i, since u;(z) = U; (si(sl.*), (§]~(S;.‘))jeN\{l.}),

* * 1 = 1 _ 1
Ui (s*) = ui(z*) = g U; (Si(Si*)r (sj(S;f))jeN\{i})+§Bi (Wi(si*)r (sj(s}())jeN\{i})—i_g6.151‘(Sf)esi(g(si(sﬁr(sj(S;))jeN\{l})).

This emphasizes that i’s payoff, if selected, depends on s* ; only through (5 j(s]*.‘))jeN\{l.}, the
profile of co-players’ intended strategies. Now §;(s) € S; ({ (si(slf*), (5 j(s]’.*))je - {i})) if and only if

C(é,-(si*), (éj(s]*))jeN\{l}) Zj(s (s7), (éj(s]’.‘))jeN\{i}). Therefore, for all s* € S and g € A(S*)),

Urs)=5 S Ui X LDV + 5 S ail xS ) Bwils) s e (7

S_ i€ES_; S_;€S_;

1 .
e > g({i} x [s_:]). (18)
S_;€S
{(si(s7),s-1)=¢(8:(s7)5-4)

Proof of Theorem 3: throughout, adopt the notation and definitions in the statement. The
existence of a CCPS that agrees with u; is established in Lemma 2. Now turn to (1) — (3).

(1) Since by assumption §;(s*) =s;(s}) = s;, §;(¢) = s;(¢7) = t;, and w,(s}) = w;(¢}), for every
q € A(S*,) the second and third terms in Eq. (17) for U*(s?,q) and U*(t}, q) have the same

value, so

Uy (s}, )= Uy (], 4) = Zq{z}x[s DIUi(s1, 51— Uity s-)]. (19)

Suppose that s* >#i t*, and let (p*);», be a perturbation of y;. Since u* agrees with y;, by
Lemma 3 part (2), there is a perturbation (¢*);», of u* that satisfies Eq. (16) with k = 1. By
definition of structural preference, U(s}, q*)— Ux(t},q*) > 0 eventually. By Eq. (16), since

q*({i} x S*,;)> 0 eventually as (¢*)>, is a perturbation of u*, for all r; € S;, eventually

Ui(ri, p*({s=i) = D QX [so i< 87, ) Uil s2) = Zq {idxIs-i)-Ui(rs, 5-).

k({l}x5 0i) 4

Hence, by (19), U(s;, p*)— U,(¢;, p*) > 0 eventually. Since (p*),-, was arbitrary, s; =" t;.
Conversely, suppose that s; > f; and let (¢*).>, be a perturbation of u;. Since u; agrees

with u;, by Lemma 3 part (1), there is a perturbation (p*);-; of u; that satisfies Eq. (16). For
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this perturbation, U;(s;, p*)— U(¢;, p*) > 0 eventually. By Eq. (16), for every r; € S;, eventually

DG i < (D) Uil s2) =g ({1} x 8%, D g i} x [ i} x §%,)- Ui 5. =

S—i
=" ({i} x $*) ) Ui(r, p"),
so by (19), U(sf, q¥)— Ux(t}, q*) > 0 eventually. Since (¢%);», was arbitrary, s* >#i 17,
(2) Since by assumption §;(s;) = 8;(¢}), s;(s}) = s;(¢}), w;(s}) = p and w;(¢}) = E, for every

q € A(S*,) the first and third terms in Eq. (17) for U*(s¥, q) and U}(t}, q) are equal, and

1
Ui (s;, )= U (1], q) =3 Z q({i} x[s-D[Bi(p,s-)—Bi(E,s_)] =

S SN

= [ > i< Dp-D+ > qUitx[sDp| =

S,iEE S,iES,i(Il‘)\E

=—|p D alitxls)= D alitx[sq)| =

s_;€84(L) s€E

= [+ a(8" (I )~ (1} < Ulls ]: s € BV, 20)

where the last equality follows from Eq. (14).
I prove the result for p > u;(E|I); the case u;(E|I) > p is analogous. Since u? agrees with
wi, p>wi{i} xU{[s;]: s € EYI, ) = pi({i} x U{[s_;]: s_; € E}|I;, ) as well. Therefore, for any

perturbation {g*};, of u¥, and all w; € W;,

ki il S E
p> lim g ((i} x Ulls. ) 5_s € EVIS" (I, )= lim ({’};kf;_,[f( Ii.,,:)) Eb,

the last equality uses the fact that, by Eq. (15), E C S_;(I) implies {i} x U{[s_;] : s_; € E} C

§* (I, u,)- Hence, for large k, p-q*(S*, (I, ., ))—q*({i} xU{ls]: 5, € E}) > 0; hence, by Eq. (20),

Ux(st,q*)> Ux(t}, q%). Since (¢*) was an arbitrary perturbation of u*, s* >#i t7, as claimed.
(3) Let z € Z be such that §; = §,(s7) € S;(z) and s; = s,(s;) = s,(¢) = §,(¢}) € S;(z). Since

also w;(s}) = w;(¢)), for all g € A(S*,) the first and second terms in Eq. (17) for U*(s}, q) and
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Ux(t},q) are the same, and so

Ur (st a)= U717, q) =5 > aidxlsad— D> qUidxIs) |=
S_j S
L(s;(s7)s-1)=L(84(s7),5-4) Llsi(e)s-)=L(84(2]),5-4)

—el Y aunxisd- Y qUixis)|=

S_j: S
L(sivs_i)=¢(5i,5-4) L(sivs_i)=¢(si,5-4)

—2e PINRTURIEIR
L(sirs—)=L(8i,5-4)
Fix an arbitrary ¢_; € S_; such that (s;, _;) € S(z). It must be the case that (§;, r_;) & S(z), for
otherwise §; € S;(z), contradiction. Let i be the last common prefix of z and {(§;, t_;), i.e., the
longest non-terminal history such that h < zand h < {(§,t_;). Lethe I €.%;. Then s, §; € S;(1)

and s;(I) # 5;(I). Hence, for all s_; € S_;(I), {(s;, s_;) # £(S;, s_;). It follows that

Ur(s;, )= Ui (e}, q)= %e Z g{i} x[s)—1|< _%es_,,ezs_;mq({i} x[s;]).
8(sirs—i)=L(8i,5-:)

Finally, for any v* € A(S*,.#}) and any perturbation (), of v*, by Eq. (14),

0< g (8" (L) = 4" (Ui} xUg es ls-iD = D g ({i} x[sq)).
si€S,(0)
Therefore, for all k, U(t},g*)> U(s?, g*). It follows that ¢ > s7, as claimed.

For the final claim, suppose that s is structurally rational given u}. Let §; = §,(s}), w; =
w;(s¥), and s; =s;(s7).

I first prove the last part of the final claim: for every z € Z, s; € S;(z) iff §; € S;(z)—that
is, s; and §; are realization-equivalent. By (3), if 5; € S;(z) but s; € S;(z), then (3) immediately
implies that there is ¢ such that, in particular ¢} i s}; thus, s* cannot be structurally rational,
contradiction. Suppose instead §; € S;(z) but s; ¢ S;(z). Let s_; € S_;(z), so (§;,s_;) € S(z). It

cannot be that (s;, s_;) € S;(z), for otherwise s; € S;(z). Thus, z’ = {(s;,s_;) # z. Then s; € 5;(z’)
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and s_; € S_;(z’). Suppose also §; € S;(z’). Then, by Remark 2, since s_; € S_;(z’), (5;, s_;) € S(z'),
i.e., 2/ ={(5;,s_;) = z, contradiction. Hence, 5; ¢ S;(z’), and again we conclude that s} cannot
be structurally rational, contradiction. Thus, s; and §; are realization-equivalent.

Consequently, for every s_; € S_;(z), by Remark 2, (s;,s_;) € S(z) iff (§;, s_;) € S(z), so that
Ui(s;, s_;) = Ui(S;, s_;), and U;(s;, p) = U(S;, p) for every p € A(S_;). Hence, by the definition of
structural preference, for all ¢; € §;, t; > s; iff ¢; >*i §;. In particular, s; is structurally rational
given u;, if and only if §; is.

In addition, by Eq. (17), this implies that, letting §* = s’(s;, w;, s;), for every g € A(S*,),
U*(8},q)= Ux(s}, q). Hence, by the definition of structural preferences, for all ¢* € S, * >Hi s*
iff ¢ >Hi §}. In particular, since s is structurally rational given u%, so is §;.

Now suppose s; is not structurally rational given u;, so there is ¢; € S; with ¢; >* s;. Let
= st;, w;, t;). Thens,(1¥)=t; =" s; =s,(5¥), so by (1), £ >-Hi §F. But this contradicts the fact
that, as was just shown, §'is (also) structurally rational given jI58 Therefore, s; is structurally
rational given u;, and hence so is §;.

Finally, suppose that w; = p, so that §* = sX(s;, E, s;). Suppose that u;(E|I;) > p, and let
t¥=si(s;, E,s;). Then, by (2), ¢* >Hi §¥, which contradicts the fact that §} is (also) structurally

rational. The case w; = E is analogous, hence omitted. B
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