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Proof of Lemma 3.6

Notice first that ¢,, the identity on X, can be written as (¢q;, @o2), Where @y,
is the identity on ¥;, for ¢ = 1,2. Fix t; € T} as in the above statement and let
= gi(t;), W' = gi(¢;(t;)); then, by definition, one can find two CPSs u, € AP (%),
p; € APi(3; x T;) such that, for all B = By x By € B, ju(.|B x Tj) = 11;(.|B;) ®
1t;(.|B; x Tj). We construct two marginal CPSs y; € AP (%;), p) € ABi(%; x T7)
such that, for all B = By x By € B, (/(.|B x Tj) = pi(.|B;) ® p;(.|B; x Tj).

To this end, recall that @, : AB(X x T}) — AP(X x T}) is defined by

Po(W)(M|B x T) = u(¢= (M)|B x Tj) VM € A
(where A’ denotes the Borel o—algebra generated by the product topology on
¥ x Tj.)
This suggests the following definitions: for all B; € B; and measurable M; C
Eia let
pi(Mi|Zi(1)) = (! (M3)[E(h));
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also, for all B; € B; and measurable M; C ¥; x T let

wi (M55 (0) % T7) = p1;(( oz, 05) " (M) | 25(R) = T)

These assignments yield CPSs pf € AP (%), pf € AB(3; x T)).
Now fix a rectangular event £ = E; x E; € A’ such that E; C ¥, and
E; C X; xTj. Notice that, since ¢_; maps X; x 3; x T} to 3; X 3 X T} coordinate—
by—coordinate,
@:}(Ei x Ej) = Spt;il(Ez’) X ((Po]" ‘Pj)il(Ej)
which is thus also a rectangular event in A, the Borel o—algebra on ¥ x Tj. Since
by assumption u is independent, for any B = B; X By € B,

W= (B)B x Tj) = p;(g; (E:)| Bi) - (005, 05) " (E)| By x T)

Since p = g;(t;) and @ _; 0 g; = g; o ¢;, the LHS equals p/(E|B x T}). But then,
applying the definitions above,

W (E|B x T7) = wi(Ei|B) x wj(Ey|Bj x Tj).

Hence, p/'(.|B x Tj) and p;(.|B;) ® p)(.|Bj x Tj) agree on the algebra of rectangles
in ¥; x (¥; x T}). By standard arguments, they must agree on A’. Therefore
p e IAP(E;, X5 x T)).

The argument just given shows that, whenever g;(t;) € IAB(X,,S; x Tj),
0 00gi(t;) € IAB(S;, %5 x T7). By the definition of type-morphism, this implies
that g} o p;(t;) € IAP(X;,5; x T)), as needed. B

Proof of Proposition 5.6, part (b)

The preliminary Lemma below shows that, if (rationality and) CCOR given R,
the collection of relevant histories, is possible, then the backward induction profile
survives arbitrarily many iterations of the X% procedure. That is, backward
induction is “consistent with” rationality and CCOR given R.

Lemma 0.1. Fix a game of complete and perfect information with no ties among
different terminal nodes. Let af, j = 1,2, be the (unique) backward induction
strategy for Player j. Then, if RN CCORr # 0, for every n > 1, (o, 08) € 3%.

Proof: Fix a player i € {1,2} and let j # i. For any history h € H, we can
find a strategy o € X, such that o” € 3;(h) and o/ (k') = oP(h') for all b’ € H
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such that either h is a subhistory of A’ (that is, for all &’ weakly following h) or A’
is not a subhistory of A (that is, for all A’ which are not on the unique path to h.)
Observe that, whenever h is a subhistory of A’ and at each history h” such

that h C b C I, o (") = 6P (") (i.c. whenever A can be reached from h by a

sequence of Player j’s backward induction moves!,) O’;-Z, = a? by construction. In

particular, a? = af for all h € ‘H on the backward induction path.

Then it is immediate to see that the collection u? = {uZ(-|Z;(h))}her with
wf ({07}5;(h)) = 1for all h € H is a well-defined CPS. Also, clearly o € r;(u?)
(i.e. of is a sequential best reply against p”.) This immediately implies that
(o8,08) € k. Now assume that (o2,0%) € X%; by part (a) of Proposition 5.6,
h € R implies that h is on the backward induction path, and at any such history
WB (S 55 () = uP({oP}5;() = 1. Thus, i € Aig(E2y) for i — 1,2 and
j # 1, which establishes the induction step. B

Again, consider a game of perfect and complete information with no ties be-
tween payoffs at terminal nodes. Let H™ be the set of histories h such that the
longest continuation of h has length n, that is, let

e H'=2
o W' = {heMH:Vae Ah),(h,a) € Uiy H'},

where A(h) is the set of feasible actions (or action profiles) at h.
The following Lemma implies part (b) of Proposition 5.6, as required.

Lemma 0.2. Consider a game of perfect and complete information with no ties
between payoffs at terminal nodes and let R be the set of its relevant histories.
Suppose RN CCORgx # 0. Then ¥n > 1, Vh € H", Vo € X(h) N X%, if player i is
active at h, o; prescribes the backward induction action at h

Proof: The base step (n = 1) is obvious. Thus, suppose the claim holds for
n > 1 and fix h € H"!, o = (s,0) € X(h) N S%™. Let Player i be active at h.
Since 277";1 C Eé, either at h Player ¢« has a dominant continuation strategy, or
h € R. In the first case, o; chooses the dominant continuation strategy at h, and
of course this coincides with the backward induction prescription. Otherwise, by

'This does not preclude the possibility that the other player may have to deviate from her
backward induction strategy for i’ to be reached starting from h.



part (a) of Proposition 5.6, h is on the backward induction path. Therefore, the
backward induction strategy profile reaches h: (o2 o) € ¥(h).

For any profile (0},0;) € X(h) N X%, the induction hypothesis implies that
the induced continuation path beginning with the history (h,o}(h)) is the path
prescribed in that subgame by the backward induction profile. Thus, if u is
the CPS justifying o;, h € R implies M(EZR N X;(h)|X;(h)) = 1, and one has

B, [Ui(0},-)|h) = Ui(o},0F) (recall that oF € 3;(h).)

By deﬁnltlon, E,U. (Jaz, )|kl > E,U ( )]h} for all o} € 3;(h), and hence
a fortiori Ui(ai,ajB) = E,Ui(0;,-)|h] > E [ (al, )R] = U(al,aj) for all o] €
Yi(h) N ZfR Indeed, since the game is assumed to be generic, Ui(a;, 07 ) >
Usi(0},07) whenever (0;,07) and (0}, 07) reach distinct terminal nodes.

Equivalently, o;(h) is the unique payoff-maximizing action under the assump-
tion of backward induction continuation, when Player ¢’s choices are restricted
to the set of actions specified by strategies in ¥;(h) N X'z at h. But by Lemma
0.1, and since o € ¥;(h), this set includes the backward induction choice a2 (h).
By definition, the latter is (uniquely) optimal, under the assumption of backward
induction continuation, among all actions available at h, hence a fortiori in the
restricted set we consider here. This immediately implies that o;(h) = oZ(h), and

the proof is complete. W

Proof of Proposition 5.7
Lemma 0.3. [h] N R; C 3, (R;).

Proof. Suppose (0,71,72) € [h] N R;. Then (0;,7;) satisfies conditions (1), (2)
and (3) of Definition 5.2 and o; € ¥;(h). The latter fact and condition (1) imply
9in(Ti) {oi} x X; x Tj) = 1.

Since (0,71, 72) € R;,

{0} xX; xT; C {(UI,T;) : (0}, ;) satisfies (1),(2),(3)} = [Ril,.

k3

Therefore
gin(7i) ([Ril7,) =1
and (0,71,72) € B;,(R;). M
Let R}, = R; and R} = R?,NB; ,(R?,). (This definition of R} is equivalent
to the definition given in the proof of Proposition 5.5.) It is easily verified that

R;NCCOR;y, = (| R},

n>1



It is then sufficient to show that for all n > 2
n—2
[MWR%ZﬂMﬂRﬂW%hOWﬁﬂRQ,iILZ (0.1)
k=0

where the iterated operator 8} is defined in the usual way, with §%(E) := E.
Base Step. Using the definition of Rﬁh, Lemma 0.3 and conjunction,

[h] N Rih = [h] NR; N ﬁi,h(Rj) =

(R N R 0 5, (Ri) N 3 5 (Ry) = [B] NV R N 3, (R).
Induction Step. Assume that eq. 0.1 holds. We have to show that

n—1
[h] N R?,Zl =[RNR;N B,y (ﬂ 52(}%)) ,1=1,2.
k=0

Using the definition of Rz,fl, eq. 0.1, positive introspection (i.e. 3;,(F) C
Bin(B;n(E))), conjunction and monotonicity (in this order), we obtain

[h] N RZZI = [h] N R?,h N ﬁi,h(R?,h) =

[Hﬂ&ﬂ@ﬁ(hﬁﬂm>ﬂ@m<&ﬂ@m(hﬁﬂﬂ>)=
[Mnmnmﬁ<ﬁﬁﬂm)mmﬁQn(ﬁﬁﬂm>)mma&w:
mm&m@ﬁoﬁ@mﬁm@ﬁOﬁ@mﬁm@A&w=

[Mﬁ&ﬂ&ﬁ<ﬁﬁﬂm>-



