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Abstract

This paper proposes and axiomatizes a recursive version of the vector expected utility
(VEU) decision model (Siniscalchi, 2009). Recursive VEU preferences are dynamically con-
sistent and “consequentialist.” Dynamic consistency implies standard Bayesian updating of
the baseline (reference) prior in the VEU representation, but imposes no constraint on the
adjustment functions and one-step-ahead adjustment factors. This delivers both tractabil-
ity and flexibility.

Recursive VEU preferences are also consistent with a dynamic, i.e. intertemporal ex-
tension of atemporal VEU preferences. Dynamic consistency is characterized by a time-
separability property of adjustments—the VEU counterpart of Epstein and Schneider (2003)’s
rectangularity for multiple priors.

A simple exchangeability axiom ensures that the baseline prior admits a representation
ala de Finetti, as an integral of i.i.d. product measures with respect to a unique probability
u. Jointly with dynamic consistency, the same axiom also implies that u is updated via
Bayes’ Rule to provide an analogous representation of baseline posteriors.

Finally, an application to a dynamic economy a la Lucas (1978) is sketched.
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1 Introduction

Siniscalchi (2009) (henceforth S09) proposes and axiomatizes the “vector expected utility” deci-
sion model—VEU for short. According to this model, the individual evaluates uncertain prospects,
or acts, by a process suggestive of anchoring and adjustment (Tversky and Kahneman, 1974).
The “anchor” is the expected utility of the prospect under consideration, computed with re-
spect to a baseline probability; the “adjustment” depends upon its exposure to distinct sources
of ambiguity, as well as its variation away from the anchor at states that the individual deems
ambiguous. Formally, an act f, mapping each state w €2 to a consequence x € X, is evaluated
via the functional

V() =Eyluo fl+A((BplLi-uofl),..,)- )
In Eq. (1), u : X — R is a von Neumann-Morgenstern utility function; p is a baseline probability
on (), and E, is the corresponding expectation operator; n < oo and, for 0 < i < n, {; is aran-
dom variable, or adjustment factor, that satisfies E,, [{;] = 0; and the function A : R” — R satisfies
A(0)=0and A(—¢) = A(¢) for every vector ¢p € R". As is demonstrated in S09, VEU specifica-
tions of preferences can be analytically tractable, yet retain sufficient flexibility to accommo-
date a wide variety of preference patterns and ambiguity attitudes. For instance, a simple VEU
specification can rationalize the well-known “reflection example” proposed by Machina (2009);
by way of contrast, popular models of choice, including Choquet expected utility and all deci-
sion models satisfying the “Uncertainty Aversion” axiom of Schmeidler (1989) are inconsistent
with the preferences in Machina’s example (Baillon et al., forthcoming).

The objective of the present paper is to develop and axiomatize recursive VEU preferences.
Following Epstein and Schneider (2003) (henceforth ES), the basic objects of choice are contin-
gent consumption plans, or simply “plans,” adapted to a given sequence of progressively finer
partitions—that is, an event tree. The individual is endowed with preferences conditional upon
every time and state (subject to the natural measurability restrictions). In the proposed recur-
sive formulation, preferences conditional upon (¢, w) are represented by a functional U,(f, w)

that satisfies the recursive relation

Ui(f, @)= u(fi(@) + BE Ui (f, N F (@) + Aro, (BE, [ - Unia (f, ) Fi(@)]) . (@)

In Eq. (2), f denotes a plan, which is a collection of suitably measurable acts f; representing
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state-contingent consumption at time ¢, and Z;(w) denotes the cell of the time-¢ partition
containing w. The adjustment factors {*** and adjustment functions A; ,, are permitted to vary
with time and state; the details are discussed in Sec. 2.3.

Two key features of the recursive VEU representation are worth emphasizing. First, at each
time ¢ and state w, the baseline probability employed in Eq. (2) is simply the Bayesian update
of the time-0 baseline prior p. This reinforces the central role of the baseline prior in the VEU
model. Furthermore, it suggests that its “anchoring and adjustment” interpretation extends
to dynamic settings: the DM acts as if she first specified the law of motion for the underlying
uncertainty, and then adjusted it in view of ambiguity. Finally, as in the static setting, the fact
that all expectations are taken with respect to a single probability measure can enable tractable
specifications, again even in dynamic settings.

The second noteworthy feature is the fact that the adjustment factors { are 7, -measurable.
The interpretation is that, in each time period, ambiguity concerns one-step-ahead probabili-
ties, rather than the entire continuation process. This is in line with the intuition that the DM
distorts the law of motion to account for ambiguity, but does so in a manner consistent with
recursion.

Recursive VEU preferences also admit a direct, “dynamic VEU” representation that explicitly

involves contingent consumption plans:

F(w)

+ A0 (Ep [Z L2 B uof: %(w)] ) 3)
T>t+1

The adjustment functions and factors in Eq. (3) are required to satisfy a time-separability con-

U,(f,w)=E, lZﬁf-tuofT

T>t

dition, reminiscent of ES’s notion of rectangularity (their Def. 3.1), and even more closely Mac-
cheroni et al. (2006b)’s Eq. (11). This dynamic representation suggests that recursive VEU pref-
erences are a bona fide intertemporal version of atemporal VEU preferences.

While, as noted above, the adjustment function is permitted to vary with time and state, this
is of course not required; indeed, S09 (see in particular Prop. 3 and 4) suggests ways to ensure
axiomatically that the same adjustment function is used in every period. On the other hand, itis
interesting to note that the recursive VEU specification can model an individual who may react
to information by becoming more or less ambiguity-averse, but do so in a fully time-consistent

way.



Finally, a notion of exchangeability is introduced in a setting in which uncertainty is cap-
tured by the realizations of a sequence of random variables X, Xj, ... taking value in some finite
set 2. The proposed notion delivers a representation of the baseline prior p a la De Finetti: for

every event E,

p(E):f t>(E)d p(0),
A@)

where A(Z) is the set of probabilites on 2, with typical element ¢, and {> represents the i.i.d.
product measure corresonding to £ € A(%Z'). For recursive VEU preferences, the baseline pos-
teriors p(-|Z,(w)) admit a similar representation, but the integrating measure is obtained from
u via Bayes’ Rule. This provides a behavioral foundation for parametric learning in the VEU

model.

As in ES, the key axiom adopted in this paper is dynamic consistency. This requires that,
if the DM deems a plan f at least as good as another plan f” at time ¢ + 1, regardless of the
realization of the time- ¢ uncertainty, then she should also rank f above f” at time ¢. ES axioma-
tize recursive maxmin expected-utility (MEU) preferences (Gilboa and Schmeidler, 1989); they
show that dynamic consistency ensures that the DM’s set of initial beliefs will be updated prior-
by-prior via Bayes’ rule. An analogous property holds here: as noted above, the DM’s baseline
prior is updated via Bayes’ Rule. Similar properties do not hold uniformly for all recursive mod-
els of choice under ambiguity; for instance, in the recursive smooth model of Klibanoff et al.
(2009), Bayesian updating of the second-order prior is not a consequence of dynamic consis-
tency alone.

It is also worth noting that the proposed notion of exchangeability is compatible with full
dynamic consistency. Epstein and Seo (2010) axiomatize an exchangeable version of the atem-
poral multiple-priors model; however, they employ a weak (i.e. partial) dynamic consistency
condition. By way of contrast, their exchangeability requirement is stronger than the notion

adopted here.

As an example, this paper considers a version of the Lucas (1978) economy wherein agents
have recursive VEU preferences. A characterization of equilibrium asset prices is provided,

along with preliminary observations on the features of the stochastic discount factor.



2 Notation and Definitions

2.1 Basics

The following notation is standard. Consider a set (2 (the state space) and a sigma-algebra X~ of
subsets of (2 (events). It will be useful to assume that the sigma-algebra X is countably generated:
that is, there is a countable collection . = (S;);>o such that ¥ is the smallest sigma-algebra
containing .. All finite and countably infinite sets, as well as all Borel subsets of Euclidean
n-space, and more generally all standard Borel spaces (Kechris, 1995) satisfy this assumption.

Information is described via an event tree. Formally, fix a sequence (Z,);>¢ of sigma-algebra
generated by progressively finer, finite partitions of Q; %, is assumed to be trivial. For every
w € Qand ¢t > 0, denote by Z,(w) the cell of the partition generating .%, that contains w. It
is convenient to refer to a pair (£, w) as a node, which evokes the underlying event tree. Also
assume that

V(Ek)kzocugﬂ st. Vk, Ex D Epiy ﬂEk;é@. @)

>0 k>0

That is, any decreasing sequence of conditioning events has a non-empty intersection. This
assumption holds if, for instance, 2 is the set of realizations of a sequence (X;);>o of random
variables, such that each X; takes values in some finite set Z;, and %, = o(X,, ..., X;_1) (in par-
ticular, Z, = {Q2} by convention). In this case, every E, € Z, is of the form E, = {(xy,...,x;-1)} X
]_[TZt%T; a sequence (Ex) as in Eq. (4) must then be of the form {(xo,...,x;,-1)} X Hrm X
for some non-decreasing sequence (#;)r>o, and if £y — oo, then ﬂkzo Ey consists of the point
(x¢)r=0 €9

Denote by By(X) the set of X-measurable real functions with finite range, and by B(X) its
sup-norm closure. The set of countably additive probability measures on X is denoted by ca; (X).
For any probability measure 7 € ca;(X) and function a € B(X), let E;[a] = fQ a dr, the standard
Lebesgue integral of a with respect to 7. Finally, ao b : ' — % denotes the composition of the
functions b: ¥ - % anda: % — %.

Additional notation is useful to streamline the definition and analysis of the VEU represen-
tation. Given m € Z; U{oo} and a finite or countably infinite collection z =(z;)y<;<, of elements

of B(X), let Ex[z - a] = (Ex[z;i- a])y<i<;n if m >0, and E;[z - a] = 0 if m = 0. For any collection



Fc B(X), let &(F;m,z)={E;[z-a] € R™: a € F}. Finally, let 0,, denote the zero vector in R™.

Turn now to the decision setting. Consider a convex set X of consequences (outcomes,
prizes). As in Anscombe and Aumann (1963), X could be the set of finite-support lotteries over
some underlying collection of deterministic prizes (e.g. consumption), endowed with the usual
mixture operation. Alternatively, the set X might be endowed with a subjective mixture op-
eration, as in Casadesus-Masanell et al. (2000) or Ghirardato et al. (2003). It is convenient to
assume that a preference =* on X is given at the outset; the orderings considered below will be
assumed to extend =% in a suitable sense.

The objects of choice in an atemporal setting are acts, i.e. >-measurable functions from Q2 to
X; the set of all simple (i.e. finite-range) acts is denoted F*. As e.g. in Schmeidler (1989), denote
by FP? the set of acts f for which there exist x, x’ € X such that x =X f(w) =X x’ for all w €.

Turn now to the objects of choice in a dynamic setting. For a given filtration Z# = (%;);>0, a
time-t actis an Z,-measurable act; the set of time-¢ acts is denoted by F,. A plan is a sequence
f=(ft)i=0, where, for every t > 0, f; is a time-t act. Note that, since each .7, is finite, F; C F* for
all £ > 0. We restrict attentions to bounded plans, i.e. plans for which there exist x,x’ € X such
that x =X f;(w) =X x’. The set of all bounded plans is denoted FP.

Given a sequence (x,),>o of consequences that is bounded for =X (that s, forall t >0, x, € X
and there exist x, x’ € X such that x =X x, =X x’ for all r > 0), abuse notation and denote the plan
that delivers x; in each state w by (x;);>0. The set of plans corresponding to non-contingent,
bounded consequence streams is denoted F¢. In particular, if x, = x for some x € X and all
t > 0, denote the corresponding act simply by x. The set of such constant plans is denoted F°.
It is sometimes convenient to denote (x;);>o by (x1,...,X;,...) or similar notation.

Finally, given a function u : X - R and a set F of acts,letuoF={uo fe B(X): f € F}.

2.2 VEU representation: atemporal setting

Begin by reviewing the definition of VEU preferences in an atemporal setting. It is convenient
to state it for an arbitrary collection of atemporal acts. It will be assumed throughout that the

preference relation of interest extends =% (i.e. agrees with =X on constant acts).

Definition 1 Let F be a non-empty subset of F?. A tuple (u, p,n,{,A) is a VEU representation



of a preference relation = on F if

1. u : X — R is non-constant and affine, p € ca,(2), n € Z, U{oo} and { = (L )o<i<n;

2. forevery0<i<n,{; € B(X)andE,[{;] =0.

3.A:8(uoF;p,l)— R satisfies A(0,,) =0 and A(p) = A(—y) for all p € &(u o F; p,{);

4. foralla,b € uoF, a(w) > b(w) forall w € Q) impliesE, [a]+A(E,[{-a]) > E,[b]+A(E,[{-D]);

5. for every pair of acts f,g € F,

frg © EByluofl+A(E,[¢ - uof])>Ey[uogl+A (B[l -uogl). (5)

In keeping with standard terminological conventions, a VEU preference is a binary relation that
admits a VEU representation. The statement that (u, p, n,{,A) is “a VEU representation on F”
will be employed when the focus is on the properties of the tuple (u, p, n, , A) itself, rather than
the preference that it defines or represents via Eq. (5).

Conditions 1 - 5 are discussed in S09. The monotonicity requirement in Condition 4 also

has a differential characterization: see Ghirardato and Siniscalchi (2009) for details.

Example 1 (The three-color-urn Ellsberg paradox) A ball will be drawn from an urn contain-
ing 30 amber balls and 60 blue and green balls; the relative proportion of blue vs. green balls
is unspecified. Let the state space be 2 = {a, 8,7} in obvious notation, and let the prize space
be X = {0,1}. The DM is asked to rank the acts f, =(1,0,0) vs. fg =(0,1,0), i.e. (representing
acts as vectors) a bet on amber vs. a bet on blue; then, she is asked to rank f,, =(1,0,1) vs.
fy=(0,1,1),i.e. abet on amber or green vs. a bet on blue or green.

The modal preferences are f, = fz and f,, < fg,, which contradict the existence of prob-
abilistic beliefs. To accommodate these preferences within the VEU framework, choose a uni-
form baseline prior p, define a single (n = 1) adjustment factor ¢, = (0,1,—1), and let the ad-
justment function be A(p) = —|¢|. Notice how the specification of {, captures the fact that
ambiguity about  and y “cancels out.”

Detailed calculations are provided in S09. For a smooth VEU specification that is also con-

sistent with these preferences, let e.g. A(¢)=—¢ -tanh . O

S09 also provides the following notion of “parsimonious” VEU representation. Adapting a

definition due to Ghirardato et al. (2004), say that an act f € F is crisp if, for every x € X that
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satisfies f ~ x, and for every g € F* and A €(0, 1],
Ag+(1-A)x~Ag+(1-A)f. 6)

Definition 2 Let F denote either F* or F’. A VEU representation (u, p,n,{,A) of a preference

relation = on F is sharp if({;)o<i<, is orthonormal and, for any crisp act f € F, E,[{-uo f]=0,.

Theorem 1 in S09 shows that, if a preference admits a VEU representation, then it also ad-
mits a sharp VEU representation. The latter conveys more information about the underlying
preferences: see §4.2 in S09. However, non-sharp specifications may sometimes be more con-

venient for analytical purposes. The same is true in the current setting.

2.3 Recursive VEU preferences

Turn now to the dynamic decision environment. The main object of interest is now an “adapted”

collection of preference relations:

Definition 3 A preference system is a collection (’=;,,);>0,0co such that, for every t > 0:
1. for every w €9, =, is a binary relation on FP;
2. X 71, X iffx =X x' for all x, x’ € X; and
3. w' e 7 (w)implies’=;,="=; ..
To simplify notation, I will write (=, ,,) in lieu of (=;,,);>0,0en, and similarly (f;) in lieu of (f;);>o-

A representation of the preference system (=, ,,) can be provided in two ways. The first, and

most convenient for applications, is recursive:
Definition 4 A tuple (u,,p, (1w, (", As0)i ) is a recursive VEU representation of a prefer-
ence system (=, ) if:

1. for every node (t, w), ' € Z,(w) implies (n; ., {"“,A; ) =(n; o, {09, A, o); furthermore,

(% u,p(-|Z(w), nyw (A w) is a VEU representation on F,1,, and {" is F,,, -measurable.

2. for every f € FP, the adapted process (U;(f,-)) -, recursively defined by

Ui(f, @)= u(fi()+ BE Ui (f, N F (@) +Are (BE I - U (f, N Fi(@)]), ™



is bounded: sup, , |U;(f, w)| < oo;

3. for every node (t,w) and plans f, g € FP, f =, g iff U,(f, w) > U,(g, w).

A recursive VEU representation is sharp if every VEU representation in 1 is sharp as per Def. 2.

Example 2 Consider a coin of ambiguous bias—the individual ignores which of the two sides is

more likely to come up. The coin will be tossed twice; represent the state space in obvious nota-

tionas Q= {HH, HT, TH, TT}. The event tree is defined by %, = {Q}; 7, = {{HH, HT},{TH, TT}}.

In other words, at date 0 the individual has no information; at date 1 she learns the outcome of

the first coin toss; and at date 2 all uncertainty is resolved. We consider a plan f corresponding

to a bet on H on the first toss and T on the second.

To characterize VEU preferences, assume that the baseline prior p is uniform, that utility is

linear, and that, at every ¢ and w, the adjustment function is A, ,(¢) = —0|p|, for some suit-

able 8 > 0. The adjustment factors are defined in Table 1, which also explicitly describes the

components (acts) fo, f1, f> of the plan f.

w HH HT TH TT
gl,HH,C’l,HT 1 -1 0 0
é’l,TH’é’l,TT 0 0 1 -1

J0w 1 1 -1 -1

fo 0o 1 0 1

f 1 1 0 0

fo 0 0 0 0

Table 1: Adjustment factors in the coin-toss example.

I now calculate the utility indices assigned to f at various times ¢ and states w. First, at the

terminal date t =2, U,(f, w) = f»(w), due to the assumption of linear utility. Moving back one

period, we have

UL(f, HH) = Uy(f, HT) =1+ [30%1] 6 ‘/5 [%(0)(1)%(1)(—1)] | =1+ 5601~ 0)

similarly Uy(f, TH) = Uy(f, TT) =0+ (1 - 0).



Finally, at time 0,

Uo(fw)_0+/5{ [1+ /5(1—0)] 1[0+;ﬁ(1—9)]}

—-pBo —(1—9)(/3 +pB°).

E[H_ ﬁ(l—@)](l)+ [0+;/3(1—0)}( 1)|=

|

As noted in the Introduction, recursive VEU preferences are fully specified by “one-step-
ahead” VEU representations, as per part 1 of Def. 4. The utility process (U;(f,-)) is defined
recursively via Eq. (7). Proposition 2 in the Appendix employs standard contraction-mapping
techniques to show that Eq. (7) always admits a unique bounded solution, so the boundedness

requirement in part 2 of Def. 4 is not restrictive.!

B
1-p

this is necessary, observe that, from Eq. (7), U,(f, w) is the sum of the utility delivered at time

The one-step ahead representations employ a rescaled utility function = u. To see why

t in state w, u(f;(w)), and the VEU evaluation of U,.,(f,), discounted by . If f delivers

prizes bounded below by x and above by x’, for suitable x, x” € X, then it stands to reason that

Un(f,w') € [1”(73, ';(xﬁ)] for all w’ € Q; indeed, Proposition 2 shows that this is the case. Thus,
to ensure that U;(f, w) is well-defined for all f € FP?, the one—step—ahead VEU representation
employed in Eq. (7) must be defined for functions taking values in ;= u(X) as required in part
1 of Def. 4.

It is worth emphasizing that the monotonicity requirement in Condition 4 is only imposed
on the (induced) preferences over acts in F;;;—not over plans. Verifying this condition is no
harder than checking for monotonicity in the atemporal setting; in particular, the sufficient
conditions in Appendix A of S09 apply, or one can employ the characterization provided by
Ghirardato and Siniscalchi (2009, Prop. 23). As shown in the proof of necessity in Theorem

1, Condition 4 is enough (given the overall structure of recursive VEU preferences) to deliver

monotonicity with respect to arbitrary plans.

Tn principle, there could be unbounded solutions to Eq. (7); such solutions would define preferences that do

not necessarily satisfy the axioms in the following section.
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2.4 Martingale representation of adjustments

Return for a moment to the atemporal VEU representation in Eq. (1) As observed in S09, be-
cause each adjustment factor {; satisfies E,, [{;] = 0, the arguments to the adjustment function
A(-), namely the expectations E,[{; - u o h], can be interpreted as the covariance between the

utility profile u o f and {;:

COVp[giruof] :Ep[(gi_Epgi)(uof_Epuof)] :Ep[gi(uof_Epuof)] :Ep[giuof]-

This suggests that the ambiguity adjustment depends upon a measure of the statistical similar-
ity of the utility profile u o f with “models” of purely ambiguous acts, viz. the adjustment factors
43

It turns out that this alternative formulation of the VEU representation is especially useful
in the current recursive setting.? Note first that, if one stipulates that the arguments to the ad-
justment function A(+) in the atemporal representation should be written as covariances, rather
than expectations of products, then the requirement that E,[{;] = 0 for all i becomes redun-
dant. One can thus amend part 1 of Def. 1 so as to drop this requirement, and replace expec-
tations of cross-products with covariances in parts 4 and 5 of that Definition. Throughout this
subsection, the resulting formal definition will be referred to as VEU representation in covari-
ance form for clarity. The terminology emphasizes that these changes merely reformulate the
VEU representation: they do not identify a different (in particular, broader) class of preferences.

One can analogously modify Def. 4: replace Eq. (7) with

Ui(f, @)= u(fi())+ BE Ui (f, N F (@) +Arw (BCOVL [, Unn(f, )| Fi(@)]) (8

and simply drop the requirement that E,[{“|Z,(w)] = 0, which is implicit in part 1 of that
Definition: that is, one requires that (u, p(-|Z(®w)), B+,0, { ", At ) provide a VEU representation
in covariance form over F,;;. Again, this does not lead to a broader class of preferences: it is
merely a different way to express the same representation.
Next, rewrite the collection of adjustment factors ({*“);>1,wen as follows: let Z, = 0 and, for
everyi>0,t>0and w e, let
Zigan(@) =7 () 9)

2Sec. 4.4 in S09 points out that this reformulation is also useful to interpret other updating rules for VEU pref-

erences.
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where by convention {}“(w)=0if i > n, ,; also observe the change of indices. For every i >0,
this defines an adapted family of integrable (indeed, bounded) random variables (Z;;);>¢, i.e. a
stochastic process; this follows because, by part 1 of Def. 4, if w’ € Z,(w), then {»® =", and
each {1 is #,,,-measurable.

We can then apply the Doob (semimartingale) decomposition [TODO: cite] to get
Zit =M+ N, (10)

where (M;,) is a martingale and (N;,) is a previsible process: that is, each N;, is #,—measurable.
The advantage of doing so is that now, for every i, ¢, w, for any Z,,-measurable function

ac BO(Z)>
COVp [Cﬁ"", alZ(w)] = COVp [Zi(t+l)’ alF(w)] = COVp [Mi(t+l)+Ni(t+l)» alF(w)] = COVp [Mi(t+l)» a|lF7(w)]

because N1 is constant on Z,(w). One thus obtains a representation that depends solely

upon the martingales (M;;);>o. Formally:

Definition 5 A tuple (u,f,p,n,(Mi)i,(Arw)i.) IS a recursive VEU representation in martin-
gale form of a preference system (=, ,,) if:

0.0<n<ooand, foreach0<i<n,(M;);>o is a martingale adapted to 7, with M ;, = 0;

1. foreverynode(t, w), o’ € #,(w) impliesA; ., = A;,.y, and (% u, p(1Z (), n,(Mig+1))o<i<n, Atw)
is a VEU representation in covariance form on F, .

2. for every f € FP, the adapted process (U;(f,-)) s, recursively defined by

Ui(f, @)= u(fi@)+ B, Ui (f, NF (@) + Ars (B (Covy [Migein, Urna( £, F ()] .., )
(11)

is bounded: sup, , |U;(f, w)| < oo;

3. for every node (t,w) and plans f, g € FP, f =, g iff U,(f, w) > U,(g, w).

Notice that the number n of martingales in Def. 5 is allowed to be infinity because the numbers
n. . in the original recursive VEU representation may not admit an upper bound. Correspond-
ingly, the adjustment functions A, are defined so as to each take n arguments, although in
practice only the first n, ,, of them will be non-zero at each node (¢, »). In any case, in applica-

tions one can of course choose 7 to be finite.
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Also, in part 1, there is no counterpart to the restriction that {*® = {4’ for w’ € Z,(w), as it

is implicit in the definition of Z;;4,) and hence M 1.

2.5 Infinite-horizon representation and time-separable adjustments

A preference system can alternatively be represented by functionals defined over entire (contin-
uation) utility processes. This representation will in general not be especially useful in applica-
tions; however, it is a direct extension of the atemporal VEU representation in Def. 1. Theorem 1
shows that the recursive and dynamic VEU representations (with time-separable adjustments)
describe the same behavior; hence, the following definition effectively serves as a bridge be-

tween the atemporal theory in S09 and the recursive theory that is the focus of this paper.

Definition 6 A tuple (u, B, v, (el "‘“,A[,w)t,a,) is a dynamic VEU representation of a prefer-
ence system (i=;,,,) if:

1. u : X — R is non-constant affine, € (0,1), p € ca;(X), 7is, € Z4+ U {oo} and Zre =
(85 Vosicit, o oot With {5 F.-measurable for all i and 7; if o’ € F,(w), then (n, ., " A, ,) =
(N1, C5, As o) and p(F,(w)) > 0 for all (t, w);

2. forall(t,w) and 0 < i < iy, SUP.+, oen () < o00; forall v > t, E, [{ 11T (w)] = 0;

3. forall(t,w), A, : {Ep [ZTEIH BTtlbe u offlgl}(w)] : fe FP} — R satisfies A, ,(05, ) =
0,A;(p)=A, ,(—¢), and A; ., = A, , forall ' € F,(w);

4. for every (t, w), the functional U, ., : F? — R defined by

+A},w(E,, D BT uof, %(w)D. (12)
T>t+1

is monotonic: if f, g € FP are such that u(f.(v’)) > u(g.(w’)) for all o’ € 7,(w) and T > t, then
(L,w(f) 2 ﬁt,w(g)-

5. for every node (t, w), the preference =, , is represented by U,(f, w)

T i(w)

0,(f,0)=E, lZﬁT_tuOfT

Tt

A dynamic VEU representation has time-separable adjustments if

Apir (Ep l Z ﬁf—t—léfi+l,- ‘uof;

T>1+2

D BT wo fo| Fi(w)

T>t+1

) =Aro (BB [£16 - U (f,)|Zu(@)] )+ (13)

+BE,

%H(-)] ) \%(w)
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As in Def. 4, the adjustment functions A, ., and factors ' are state-dependent and con-

stant on every cell #,(w); the time-7 > ¢t components { E’T“’ are Z.—measurable.

Conditions 1-5 mirror their counterparts in Def. 1. Time-separability of adjustments corre-
sponds to ES’s notion of rectangularity: cf. their Def. 3.1, and also Maccheroni et al. (2006b, Eq.
(11)). The intuition is as follows. Fixing a plan f =(f;) € F?, and anode (¢, ), the DM can com-
pute adjustments to the entire utility stream (u o f;).>,: this is what the Lh.s. of Eq. (25) does.
Alternatively, the DM can compute an adjustment to the continuation values U, (f,-), which
reflects ambiguity about the resolution of time-(# +1) uncertainty; but this still does not capture
ambiguity about the resolution of subsequent uncertainty. To remedy this, the DM considers
the possible ways in which time-(# 4+ 1) uncertainty can resolve, i.e. imagine her situation at a
node of the form (¢ +1, w’) for some ' € #,(w), and compute the adjustment to the subsequent
utility stream (u o f;).>;11; then, to evaluate such future adjustments from the perspective of the
current node (¢, w), the individual takes the appropriate conditional expectation. Eq. (25) states
that these two procedures are equivalent.

Thus, time-separability of adjustments, like rectangularity, captures the assumption that
ambiguity about the immediate future can somehow be isolated from ambiguity about the dis-
tant future. This is essential (that is, necessary and sufficient) for dynamic VEU preferences to

admit a recursive VEU representation as well—that is, for dynamic consistency to hold.

3 Axiomatic Characterization of VEU preferences

The axiomatics are similar in spirit to Epstein and Schneider (2003) (ES henceforth), but some
modifications are necessary due to the nature of VEU preferences. Specifically, at each node
(t,w), preferences are assumed to satisfy a slight strengthening of the VEU axioms that, es-
sentially, ensures that baseline preferences over consequence streams admit a time-separable
representation. Then, one adds axioms that deliver geometric discounting for consequence
stream, consequentialism, and dynamic consistency.

Begin by adapting the VEU axioms in S09. Mixtures of plans are interpreted state-wise and
time-wise: that is, if f =(f;);>0 and g =(g:)i>0, thenaf+(1—a)g = (af; +(1— a)gt)tzo, where
laf,+(1-a)g)(w)=af(w)+(1—a)g:(w)forall £, w.
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Axiom 1 (Weak Order) For each (t,w), =, IS transitive and complete.

Axiom 2 (Monotonicity) For each (t,w) and all plans f =(f1)i>0, 8 =(8¢)i>0 € FP, if (') =0

g:(w) forallt>0andw’' €Q, then f = ., g.

Axiom 3 (Continuity) For each (t,w) and all plans f,g,h € FP, the sets {a € [0,1] : af +(1 —
a)g =10 h} and{a€(0,1]: h =, , af +(1 —a)g} are closed.

Axiom 4 (Non-Degeneracy) Foreach(t,w), notforallf,g<€FP, =, &.

Axiom 5 (Weak Certainty Independence) For all plans f,g € FP, x,y € X, anda €(0,1): af +
(1-a)x=,oag+(1—a)y impliesaf+(1—-—a)x =;,ag+(1—a)y.

The following axiom is a version of monotone continuity, adapted to the present dynamic
setting. It is required because, while each partition .Z; is finite, the time horizon is infinite,
and so there is a countable infinity of events that are relevant to the individual’s decisions. The

following notation streamlines the statement of the axiom: for f € FP and x € X, let [f = x] =

{(t,0): filw)=x}.

Axiom 6 (Monotone Continuity) Fix a node (t, w) and consequences x,y,z € X such that x >
y = z. Consider sequences (f*)i>o,(g*)k=0 C FP such that, for every k > 0 and (t’,w’), either
H@)=z and gi(w)=x or fl(w)=x and g () =z. If[f* = 2] D [ft* = z] and (., [f* =

z] =0, then there is k > 0 such that f* -, , y =, ., g*.

I now strengthen the axiomatics relative to the atemporal setting. First, note that, unlike
ES, the Monotonicity and Weak Certainty Independence are exactly as in the atemporal setting:
they are merely adapted to the present environment. However, in keeping with the spirit of the
VEU decision model, baseline preferences are required to satisfy an additional time-separability
assumption. To formalize it and the central axiom for VEU preferences, Complementary Inde-

pendence, the following definitions are required.

Definition 7 Two plans f = (f;)i0, f = (f:)i>0 € FP are complementary if and only if, for any

two states w, w’ €1, and all times t >0,
1 1. 1 1 -
—fil@)+ = filw)~* = fi()+ = fi(e).
S @)+ 5 @)~ S file)+ S i)
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Iftwo plans f, f € FP are complementary, then (f, f) is referred to as a complementary pair.

Def. 7 adapts the corresponding notion in S09, but is weaker in the present setting. In particular,
the % : % mixtures of time-¢ acts in two complementary plans must be constant within each
time period, but may vary across time periods. The intuition is that there is no need to “smooth
discounted utilities across time”: ambiguity only concerns states and events.

Next, adopt the notion of crisp acts in S09, who in turn borrows/adapts it from Ghirardato

et al. (2004). A crisp act “behaves like a constant” in mixtures:

Definition 8 A plan f € FP is crisp if and only if, for any node (t, w), prize x € X, plan g € FP
andA€(0,1),
f~wx = Af+(Q-A)g~wAx+(1-A)g.

The two main time-separability assumptions can now be stated. First, adopt the Mono-

tonicity axiom of ES, but restrict it to comparisons of complementary plans:

Axiom 7 (Complementary Stream Monotonicity) Foreach(t,w) and all complementary plans

f= (ft)rsz = (ft)tZO EFP, (ft(w)) >0 Fro (f_t(w))tzo for all w € Q) implies f =, ., f
Second, ensure that there is no hedging of discounted utilities across time:
Axiom 8 (Crisp Streams) Every consequence stream (x;) € F® is crisp.

Finally, the key axiom for recursive VEU preferences, Complementary Independence, is

stronger than in S09, because the notion of complementarity is weaker.

Axiom 9 (Complementary Independence) For each(t,w), any two complementary pairs(f, f)
and(g,g)inFP,andalla€[0,1]: f=1 f and g =.., & implyaf+(1—a)g =, af +(1—a)g.

A final assumption is needed (unmodified from S09):

Axiom 10 (Complementary Translation Invariance) For each (t, w), all complementary pairs

(f,f)inF?, andall x,x € X with f ~; o x and f ~o %: 3 [+ 1%~ 2 [+ 3X.

Next, turn to the axioms pertaining to dynamic choice. I maintain the terminology in ES.
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Axiom 11 (Conditional Preference—CP) For all nodes (t,w) and f, " € FP: if f:(o') = f/(w’)

forallt >t and ' € Z,(w), then f ~, , f.

Axiom 12 (Risk Preference—RP) Forevery(x;)€ F%, andx,x’,y,y’ € X: if(Xo,...,Xr—2,X, X', X41, X742 . -

(X0,---» X2, ¥, ¥’y Xr41,X742...) for some (t,w) and © > ¢, then this is true for every (t,w) and

T>t.

Axiom 13 (Impatience—IMP) Forallnodes(t,w), x € X, and f, f*, f*€ FP:if f*<; o [ <t [*
and f"=(fo,..., fn,X,x,...), then f* <, f" <, f* forall large n.

As usual, for 7 > ¢, say that A € Z, is = ,—null if (fi/(w'))i=0 = (f]())i>o for all ’ & A
implies that f ~; ,, f’.

The key axiom is the standard consistency requirement, applied to decision trees based

upon the filtration Z.

Axiom 14 (Dynamic Consistency—DC) For every node (t,w) and f, f’ € FP: if f. = f! for all
T<t,and f =1 [ forall o, then f =, and the latter ranking is strict if the former is strict

at every '’ in a =; ,—-non-null event.

Finally, ensure that all conditioning events “matter”:

Axiom 15 (Full Support-FS) Every A< U F; is =9—non-null.

>0

Note that, since there is a single time-0 preference, we can write =, in lieu of =g .
The main characterization result can now be stated.

Theorem 1 Fix a preference system (3=,,,) on FP. The following statements are equivalent:
(1) Axioms 1-15 hold
(2) (#:,») admits a (sharp) recursive VEU representation (u, B, p, (N0, {5, Ar,w)i>0,0e0) -

(3) (7t,») admits a dynamic VEU representation (u,/a’, p,(7is e, Z“”,A},Q)eolweg) with time-

separable adjustments.

In (2), p and B are unique, and if(it,[a’, p, (7,0 ft’w,fit'w)tzoyweg) is another recursive VEU

representation of (=, .,), thenp’ = p, it = au+y forsome a,y € R witha > 0, and for every(t, w)

17
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there is a linear surjection T, , : 8(%& 0 Fi i p(1F (), L1) — &(%u o Z141; P(|F:(w)), Q)

such that

uoF 41, T[,w(Ep[if’“’-d])—lEp[zf’“’-d] and A, (Ep1{"-al)=aAi, (Tiw (Ep[27-al)).

T«
(14)

Vae
1

Finally, if the representation in (2) is sharp, then n; ., <|Z;11| —1.

For elaboration on the uniqueness statement, please refer to S09.

4 Exchangeability

In order to analyze exchangeability for recursive VEU preferences, assume that the underlying
uncertainty concerns the realization of a stochastic process (X;),;>o, where each random vari-
able X, takes values in the finite set 2. This is a special case of the environment considered in
Sec. 2, with Z;, = 0(Xy, ..., X;—1) for all £ > 0; it is also, essentially, the environment considered

by Epstein and Seo (2010). Recall that, for every E; € Z;,
Et:{(xO:-'-)xt—l)}X%w' (15)

We also let X =o (| J 1>07+), the product sigma-algebra on 2.

Now fix t > 0 and (xo,...,x;-1) € Z't. For y,z € X, the notation (y, (xo,...,X,-1); z) indicates
the plan f € F? such that f; =z for 7 # ¢, f;(w) =y for w € {(x¢,...,x,-1)} X X*, and f;(w)=y
for w & {(xo,...,x;-1)}x . For y > z, every such plan is a “bet” on the event “X, = xo,..., X;—1 =
x,” that “pays” y at time ¢ if it is successful, and z otherwise; the bet also pays z at all other
times. Finally, for £ > 0, let #* denote the class of permutations of {0,..., —1}.

The main axiom can now be stated. First, although this paper focuses on recursive VEU
preferences, the characterization of exchangeability applies as long as =, is a dynamic VEU
preference, i.e. the time-0 component of a dynamic VEU representation as per Def. 6. Thus,
the focus will be on a dynamic VEU preference =, and the axiom will concern =, alone, rather
than an entire preference system.

For a (time-0) EU preference =}, the intuition behind exchangeability is simple: a bet on

some time-¢ realization (x, ..., x;—;) should be just as good as a bet on any permutation (X, - - ., Xx(:—1)),
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for m € 22!. This basic intuition underlies the exchangeabiity axiom(s) considered, for instance,
in Epstein and Seo (2010). The proof of Theorem 2 shows that, indeed, such condition is equiv-
alent to the assumption that the probability measure p* representing the EU preference = is
indeed exchangeable, and hence admits a de Finetti-style representation as an average of prod-
uct probability measures.

While = is not an EU preference in general, the objective of this section is to indentify a
condition that ensures that the baseline prior p in the VEU representation of =, is exchangeable.
The restriction just described would be much too strong; however, a suitable assumption can
be formulated leveraging the notion of complementarity, which is central to VEU preferences.

The basic intuition is as follows. Recall that complementary plans (or, in S09, acts) are
ranked solely via their baseline EU evaluation, as adjustment terms cancel out. Now suppose
thatabet f “on” a sequence (xo, ..., X, 1) is (weakly) preferred to a complementary plan f, which
must then be, essentially, a bet “against” the same sequence, possibly involving different prizes.
Then, if g, § are complementary, g represents a bet “on” a permutation (X ), ..., X-1)) of the
original sequence, and g represents a bet “against” that permutation, the exchangeability intu-
ition suggests that g =y §g—provided, of course, the prizes involved in the bets f, g and, respec-

tively, f, & are the same. This is precisely what the following axiom requires.

Axiom 16 (Complementary Exchangeability) For all t > 0, (xo,...,x;—1) € X!, 1 € 2!, and
y,z € X withy = z: if(f, f) and (g, §) are complementary pairs with f = (y,(Xo,...,X;_1);2),

8= (Xz(0)--» Xrn(t-1)); 2), and 5 fr + 3 fr = 3 g +3 & forall T > 0, then f = f implies g =0 §.

The main result of this section can now be stated. Denote ba;(2%) simply by A(Z'); for
L e A(X), let £ be the correspondingi.i.d. product measure on ' *, endowed with the product

sigma-algebra.

Theorem 2 Let =, be a dynamic VEU preference, with baseline prior p. Then Axiom 16 holds if

and only if there exists a (unique) u € A(Z') such thatp = fA( > du(l).

)
The result holds a fortiori for recursive VEU preferences. Thus, Complementary Exchange-
ability is compatible with full dynamic consistency; by comparison, as noted in the Introduc-

tion, Epstein and Seo (2010) are careful to point out that their notion of exchangeability can
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only be accommodated in a setting where a weak form of dynamic consistency holds.
Recall that Bayesian updating of the baseline prior is a key feature of recursive VEU prefer-
ences, and one that is ensured by Axiom DC. Theorem 2 then has an immediate,® but important

Corollary:

Corollary 1 Let(=,,,) be a recursive VEU preference system, with p € ca,(X) as baseline prior;
also let u be as in Theorem 2. Then, for every t > 0, (xo,...,X;—1) € X!, and rectangle A =

Ag XAy X...€2,
P(AIXo=Xo,..., X121 = X,-1) =J | [eandpe,... o),
AZ) t>t

where .
Iy t(x)du()

fA(%-) Hi;i)z(xr)d,u@) .

In other words, once Dynamic Consistency and Complementary Exchangeability are com-

d,u(xo,...,xr_l)(g) -

bined, one concludes that (1) all conditional preferences are exchangeable, and (2) the beliefs
WU(xo,...x;_,) are obtained from u via Bayes’ Rule. This provides a straightforward behavioral foun-
dations for specifications of recursive VEU preferences that feature “learning about parame-

ters.”

5 Applications: Lucas (1978)

I now sketch an application of recursive VEU preferences to the celebrated dynamic stochas-
tic general-equilibrium model developed by Lucas (1978). The objective of the discussion is to
highlight the similarities with the usual EU analysis of this well-known model, and the tractabil-
ity and flexibility of recursive VEU preferences.

The economy features a single, stand-in consumer, characterized by recursive VEU pref-
erences. The stochastic environment is Markovian, with infinite horizon; states of nature can
be represented as w = (xg, x1,...), where x, € ' = RJ]F, for some J > 1 (the interpretation will

be provided momentarily). The filtration %, 71, ... reveals the information that, at time ¢ and

S TEZ )T s, AN ()

3Just note that p(A| Xy = xg,..., X;—1 = X;—1) = —— _
J p(A|Xo =Xo -1 =X¢-1) T T G
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state w = (x;):>0, only the initial realizations (x¢, x1,...,x,-1) is known; this filtration is defined
in the usual way.

To interpret, imagine that there are J firms, denoted j = 1,..., J, producing a single con-
sumption good. Firm j’s ouput at time ¢ is a random variable )E{ , with realization x{. The vector
of random output and realized output for all firms are denoted X, and x, respectively. Thus,
each state encodes the sequence of output realizations for each firm in the economy.

To simplify notation, it is convenient to write expectations in the form E,[a] = f a(x)dn(x|x),
where [ denote the representative agent’s prior by = and reserve the lowercase letter p for prices.
Similarly, let I(a(X)) = E.[a] + A(E,[a - {*]): this indicates that we assume stationary adjust-
ment functions; on the other hand, it is natural to let the one-period-ahead adjustment factors
{* = (& )o<i<n depend upon the current output realization, which serves as Markov state. Also
assume for simplicity that A is concave and suitably differentiable, with i-th partial derivative
0A/0 ;.

Note that, in this Markovian formulation, adjustment factors are necessarily “about” the
current-period realization of output X (omitting time indices for simplicity), which will become

known only in the next period. In other words, one can write {* = {*(X).

In each period, the agent is endowed with a fraction of shares in each firm, and is entitled
to a corresponding share of their output (dividend). This constitutes the agent’s sole source of
income. The agent then decides how much dividend to consume, and how much to adjust his
ownership shares.

Thus, in this economy, an equilibrium is a price function p : Z — R and a value function
v : R/ - R such that:

v(z,x)= max u(c)+L(Bv(z, X))
z’€[0,1])/,c¢>0

s.to c+px)z <[x+px)] -z

and furthermore, for each x € &', v(1, x) is attained by

C=ij and z'=1,
J

The latter is the market-clearing condition for both consumption and asset markets. This no-

tion follows closely Lucas’s definition, except that the VEU functional I, is employed in lieu of
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the standard expectation operator.

The following preliminary results can be established:
Proposition 1 (1) Ifu or X are bounded, then for every price function p(-) there exists a unique
value function v(-,-), increasing and concave in z.

(2) If p(-) and v(-, ) constitute an equilibrium, then forall j =1,..., ] andx € &,
pi(x) = Ex [Mo(3)-[%; + p; 2],

where M, is the stochastic discount factor:

Mx(x)zﬁ%{u Z

This result follows by adapting Propositions 1 and 2 in Lucas (1978); the proof is omitted.

(16)

OAE[Br(1,, %)) ﬁ} |
0p; !

A general proof of existence of equilibrium is in progress; for specific parameterizations of the

adjustment factors and function, existence can be established directly, and of course it is not an

issue if the horizon is assumed to be finite.

It is important to emphasize that, in (3), the usual pricing formula via a pricing kernel or
stochastic discount factor (SDF) is obtained: informally, “price = E[SDF - payoff].” It must be
emphasized that the SDF emerges easily from calculations, just as in the EU case; analogous
pricing exercises employing ambiguity-sensitive preferences often require more complex ma-
nipulations (e.g. Ju and Miao, 2009).

Furthermore, the SDF for VEU preferences has an interesting multiplicative form: it equals

the standard, EU SDF times an “ambiguity adjustment.”

I now sketch the analysis of the solution. Observe that, in an equilibrium the value function

must satisfy, for every x € &,
v(1l,x)=u(l;-x)+ L(Bv(l,, %)) (17)

This is convenient, because it shows that v(1;,-) can be calculated as the fixed point of the map

T:C(%)— C(%') defined by

(Tw)(x)=u(1;-x)+ L(Bw(X)),
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which is a contraction on the Banach space C(Z').# One can then calculate the SDF M, (-) plug-
ging v(1,,-) into Eq. (16).

Furthermore, we can gain further insight into the features of the SDF by analyzing Eq. (17).
For simplicity, assume that J = 1, and also that n = 1, so there is a single adjustment factor
{*. Further, assume that {* = {*(X) is non-decreasing in X: the interpretation is that what is
ambiguous in the model is precisely whether dividends are high or low; the precise form of {*(-)
is not important.

Assume further that, for any non-decreasing function w : Z — R, I,(w(x))is a non-decreasing
function of x. This intuitively follows if high values of dividends today do not make high values
of dividends tomorrow less likely, or more ambiguous. Then, iterating the operator T start-
ing with w(x) = u(x) shows that v(1,x) is non-decreasing in x. Therefore, E,[Bv(1,X)-{*] =
Cov,[Bv(1,%),Z*] > 0. Since A is concave and has a maximum at A(0)=0, A’(E,[fv(1,%)-{*]) <
0. In other words, denoting the negative of the left-hand side of the latter inequality by ay,

u’'(x)
u'(x)

M(%)=p [1-a.l*(X)], @.>05

This indicates how ambiguity about dividends distorts the SDE If X is high, as usual u/(%) is
low; however, this effect is augmented by the fact that {*(%) is also high, and a, > 0. In other
words, ambiguity leads to further discounting of the good outcomes, relative to the EU case.
The opposite is true when X is low: in this case {*(X) is low as well, and for the lowest values
of future dividends it will be negative. Therefore, ambiguity implies that bad realizations are
overweighted relative to the EU benchmark.

How does the SDF M, vary with x? In the benchmark EU case, the SDF is higher when x is
higher, so prices are also higher; this makes sense, as in good states the individual has a stronger
incentive to save, so prices must be higher to ensure market clearing. However, ambiguity leads
to a richer situation. If the covariance between the value function and {* is increasing as a
function of x, then, due to concavity of A, a, is increasing in x. But this means that there is

a countervailing force relative to the baseline EU situation: the factor multiplying the EU SDF

4The last assertion follows from the fact that, by monotonicity and translation invariance, I, satisfies |I.(w)—
L(Bw) £ |pw — Bw’| = Blw — w’|, so that B < 1 is the Lipschitz constant of T. Also note that I(a) = E.[a] +

A(E.[a - £*]) is continuous in x for every a € C(X'), because A is continuous.
5The fact that I, is monotonic ensures that M, > 0, which in turn implies that a, {*(X) < 1forall X € &.
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is increasing with x in this case. This makes sense: the reason prices must go up with x is
that the agent must be deterred from saving too much; but if ambiguity also goes up, a smaller
price increase is required to achieve this objective. If instead the covariance of v(1,-) and {*(-)
is decreasing in x, then, when current dividends are higher, future dividends tend to be not just
higher, but also less ambiguous. In this case, ambiguity leads to even higher prices, which again
makes sense: not only is the marginal utility of current consumption lower, but future dividends

are also less ambiguous; hence, market clearing requires even higher asset prices.

A Proof of Theorem 1

Sufficiency: (1) = (3) = (2). I proceed in a roughly similar fashion as ES’s proof of Theorem 1.
However, differences in the properties of the underlying static preferences necessitate several

departures. The proof of sufficiency is divided up into a sequence of steps.

Atemporal VEU representation. Consider the state space Q=T xQ, where 7 ={t: t >0},

endowed with the sigma-algebra 3 generated by & = | >oitt} X E @ E € 7.} Note that, since

Z is countably infinite, 3. is countably generated.

It is possible, and useful, to provide further details on the sigma-algebra 3. I claim that 3
consists of all countable unions of elements of .Z (including by convention the empty union,
which is equal to 0). Denote by X the collection of sets just described; clearly, . C ¥, so it is
enough to show that ¥ is a sigma-algebra. Note first that .7 is countably infinite, because each
Z, is finite. Therefore, {2 € ¥. It is clear that . is closed under countable unions, so it remains
to be shown that it is closed under complements. Fix E € ¥; then there is a (possibly empty)
collection & C F such that £ =| J&. But then the (possibly empty) collection Z \ § is countable

and its union is Q\ E. This proves the claim.

Every plan f = (f;) € F? maps to a bounded, ¥-measurable function f :  — X (i.e. a
bounded act on ), by letting f(f,w) = fi(w) for all (t,w). Conversely, given a bounded >~
measurable f : Q — X, let f,(w) = f(£,w) for all (f,w); then f7'(x) = {w : filw) =x} = {w:
f(t, w)=x}={w:{t}xEC f‘l(x)}, which is a union of (finitely many) elements of .Z,.

The (sole) preference relation == ., then induces a preference ordering = over the set Eb
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of bounded acts on €. Axioms 1-5 and 10 translate directly into the corresponding axioms of
S09; moreover, for x, y € X, with the usual abuse of notation, x=y iff x =, y iff x =X y. Axiom 9
instead yields a stronger form of the Complementary Independence axiom, because the notion
of complementarity in Def. 7 in is weaker than the corresponding notion in S09. As in ES, the
intuition is that ambiguity pertains to smoothing across states, not across time.

So, it remains to be shown that = satisfies Monotone Continuity. Fix consequences x=y =z
and consider a sequence (A¥);o C 3 such that A¥ > A¥+! and ), ,,A* = 0. For every k, define
f*, gk € Fr so that f*(w) = z and g¥(w) = x for (1, w) € A, and f¥(w) = x and g¥(w) = z for
(t,w) ¢ A¥. Thus, f* and g* correspond to the acts z A¥ x and x A* z on ). Then the sequences
(f*) and (g*) satisfy the assumptions of Axiom 6, so there is k such that f* =, y >, g, hence

z Ak x5~y <=x Ak z, as required by Monotone Continuity.

Hence, Theorem 1 in S09 delivers (u, p,¢,A) such that V(f) = Es[u o f]+A(Es[ - u o f])
represents =, and hence also =,. Assume throughout that this representation is sharp. It is
convenient to map = (Z,-)OSK,, to a collection of plans ({;)o<i<n, where {;;(w) = Zi(t, w) for all
(t,w). If f € FP is the plan corresponding to f € B(X, u(X)), it is useful to denote the projection
map from 7 x 2 to Q by 7, and write

Epluof] :ZEp[u o flixal :ZEp[u o fromqalixal EZEﬁ[u o fi;t]
t>0 >0 t20
and, similarly,

Ep[liuo f] ZZE;@[&'U o flyyxal ZZEﬁ[(Cizoﬂg)(u o fr 0 mo)lisxal :ZEi)[gituofﬁt]

t>0 t>0 t=>0

and thus V(f) =5 Epluo fi; 1]+ A (X5 Bplls - uo fist]).

Factorizing p; Conditional expectation of adjustment factors. The next step is to employ the

stronger axioms adopted here (i.e. Axiom 7, Complementary Stream Monotonicity; Axiom 8,
Crisp Streams; and the stronger form of Complementary Independence) to specialize the rep-
resentation. First, consider a consequence stream (x,) € F*: we have, using the fact that states

do not influence outcomes,

V() =D plithx Du(x)+A (ZE,a[a; t]u(xt)) :

t>0 >0
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Now let (x;) € F¢ be such that %u(xt)+ % u(x;)=1 forall ¢; since (x,) is bounded, such sequence

can always be constructed, as shown in S09. Notice that

A (ZE,am; t]u(am) =4 (ZEﬁ[:t; tll2y - u(xt)]) =A (—ZEM@; t) =4 (ZEﬁm; t]u(x[)) ,
>0 >0 >0 >0

where the second equality follows from the fact that tho E;[gst] = E,;[f ] = 0 and the third
from symmetry of A. Furthermore, let x,% € X be such that (x,) ~y x and (X;) ~¢ X (these
consequences exist by standard arguments). Since any two consequence streams are comple-
mentary in the sense of Def. 7, Axiom 9 implies that then 3(x,)+ 3(£;) ~o 3% + ;X. Then the
equality of adjustment terms derived above, and the fact that % u(x;)+ % u(x;)=1yforall ¢, imply

that A (tho E;[¢s; 1] u(x,)) =0. Thus,
V((x)) =D ulx)p(it} x Q). (18)

120

Furthermore, by Axiom 8, (x,) is crisp, and since the VEU representation chosen above is
sharp, tho Es[{; - u(x,); t] = 0. Finally, for every ¢ > 0, fix x,y € X with x =X y and construct a
stream (x.) such that x, = x and x; =y for 7 # t; then 0 = ZT20 Ep[l:-u(x:);7] = Zfzo Ey[l:-

u(y); vl +Eple - (u(x) —u(y)) t] =Ep[Ly; t][u(x) — u(y)]. Thus,
lo=0, Vt>0, E;[{;t]=0 (19)

where the first equality follows from the fact that ¢, is measurable wrto Z, = {Q}.

I now claim that, for every ¢t > 0, p({r} x Q) > p({r + 1} x Q) > 0. To see this, Suppose
first that p({t} x Q) = 0 for some ¢ > 0. By Monotonicity and Non-Degeneracy (Axioms 2
and 4), there exist x,y € X with x > y. Fix (z,) € F*: by Eq. (18) and the stated assumption,
(Z0y+erZt-1,%,2¢415---)~ (20, ..+, Z2¢-1, Y, Z¢41, - - .); but then, Axiom 12, also (¢, ..., 2¢—1, X, Z741,...) ~
(z0y+++rZ27-1,Y,Z+1,.-.) for any 7 > 0. By Eq. (18), this implies that p({t} x Q) =0 for all T > 0:
contradiction.

Similarly, suppose that p({t}xQ) < p({t+1}xQ) for some ¢ > 0. Then, with x, y,(z,) as above,
Eq. (18) implies (z¢,...,2:-1, X, ¥, Z¢+2,.--) I (20y+++, Z2¢-1,Y, X, Z¢42,...) and Axiom 12 then implies
(20y--2 201, %, Y, 20425+ ) R (20y -+ 12721, Y, X, Zr42,...) forall 7> 0, so p({7} x Q) < p({T+ 1} x Q)
for all T > 0. In particular, 0 < p({0} x Q) < p({r} x Q) for all T > 0, which contradicts the fact
that) __ p({r}xQ)=1.
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Now let A, = p({t} x Q) for all ¢; also, write E;[-|{t} x Q] = E;[-|t]. Then A, > 4,4, > 0 for all

t >0, and for any f € F7,

W=D MEpluc fiomlt] +A (Z%Eﬂgfuoftomu]) :

t=>0 t=>0

From p on§) to p on . The next step is to show that the conditional expectations with re-

spect to p can be replaced with unconditional ones with respect to a measure p on 2. To sim-
plify the notation, let p(E|t)= p(E x T|Q x {t}). A preliminary result is required; just like atem-
poral VEU preferences represent the DM’s ranking of complementary acts via their baseline EU
evaluation, recursive VEU preferences represent the ranking of complementary pairs via their
baseline discounted EU evaluation. This requires a proof, because the notion of complemen-
tary plans is weaker than is assumed in S09. The proof relies upon Eq. (19), and thus on Axiom
8 and the strengthened Axiom 9.
Claim: if (f, f) are complementary plans, then

frof & D MBplucfiomalt]= Y AEyluo fyomalt]. (20)

t>0 >0

To see this, suppose that(y;);>o C Ris such that, forevery ¢ > 0, uof;+uo ft =7,. Then, for every
£20, ABplZs wo fyomalt] = Balli-wo fi; 11 = Bald -y 1= Balls o fis t] = =B, -wo fi 6] =
—AER[L; - uo f, o mg|t], where the third equality follows from Eq. (19). Since A is symmetric
around 0, it follows that A (Y., AEp[¢,-uo fomalt]) = A (X2 AEp[¢ - uo fiomolt]), and
so V5(f) > V(f) reduces to Eq. (20).

Return to the main step. I claim that, for all t > 0 and E € %,, if > t then p(E|7) = p(E|t).
To see this, note first that it is wlog to assume that 0 € int u(X). Now fix ¢, E € %, and find
x,y € X such that u(x), u(y)>0and u(x)A; = u(y)A:+1. To see that such prizes exist, recall that

Ay > A1 > 0, and pick y such that u(y) > 0. Then u(y)A; > u(y)A;+1 > 0, so there is x with

At Art1
l[‘f’)LH,] At""AH»

u(x)e€(0,u(y)) such that u(x)A, = u(y)A,+:. Finally, define z =

-y. Note that

t—1 -1
D Acu@HAu@+ A u@)+ Y Acu(z)= ) Acu@)+Ae+Aul@)+ Y Aeulz)=u(z).
=0

7=0 T>1+1 T>t+1
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Since 0 € int u(X), it is then possible to construct plans f, f such that, for some a > 0,

alu(x)—u(z)] 7=t, weE
V1,0,  wofiw)=1{alu(y)-u(z)] t=t+1, weE anduo f(w)=-uofi(w).

0 otherwise,

Clearly, f, f are complementary. Furthermore, the above calculation implies that (f.(w)) >0 ™

(f:(@)) .5, for all w, because Y A-uofr(w)=0==3 _ Auof(w)=Y,  Auo fi(w)
Axiom 7 then implies that f ~, f. Therefore,
Acafu(x)— u(2)]p(El)+ Amalu(y) —u(2)]p(Elt +1)=

=Aca(—D[u(x)—u(2)]p(Elt) — Arna(-=Dlu(y) — u(z)]p(Elt +1)
which simplifies to
Aelu(x) — u(2)Ip(Elt)+ A [u(y) — u(z)lp(Elt +1)=0.

Move u(z) to the rhs and divide both sides by A; p(E|t)+ A1 p(E|t +1):

L B e S B
MP(E|t)+ A P(Elt+1) AP(E|t)+ A p(ElE+1) Art A AetAen

u(y).

Since x % y because A, > A4, this requires

P A
MPEI)+ A p(Elt+1) A+ An

= (A +Ae)p(Elt) = A p(E|t)+ A p(Elt +1)

which implies that p(E|t) = p(E|t + 1), as required.

Now consider ¥ = {0} UUtZO Z,. Then ¥ is a semiring;® Define p : & — [0,1] by p(E) =
p(E|t) for E € Z;, and p(0) = 0. It remains to be shown that p thus defined is countably addi-
tive on ., as then the Caratheodory extension theorem will imply that p is countably additive
on o(). Thus, suppose (Ex)r>o is a collection of pairwise disjoint elements of . such that
U, Ex = E € & (assume E #0, or there is nothing to show). Let Ex = E'\ ULO E,; if all such sets

are non-empty, (E;) satisfies the conditions of Eq. (4), and therefore ﬂ ‘ Ei #0, contradiction.

6By definitiond € . If A, B € &, then AN B is either empty or it coincides with one of A or B. Finally, if A, B€ .,

then A\ B is either empty or, if A € Z; and B € #, with ¢’ > ¢, it is a union of elements of #, C &
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Thus, E; =0 for some k, and hence E = ULO Ey, Ex =0for{ > k. Let t, be such that E, € Z,, for
if E€ Z;, then also f <t and so p(E|t) = p(E|t) = p(E). Hence p(E) = p(E|t) = Zfzop(Eglt) =
ZLO p(Ey) = Zkzo p(Ey), as required. This completes the proof of the claim.

Finally, for every plan f € F?, Ey[u o fiomolt] = X p 5 P(Elt)u o fi(wp) =D pes P(E)uo
fi(wg)=E,[u o f;], where wg is a generic element of E. Similarly, E;[{;; - u o f; omtq|t] =E,[{; -

u o f;]. Thus, we can write

W(f)=D AE,lucf+A (ZAIE,?[@ : uof[]) =E, lzxtuoft

£>0 t>1 120

+A (E,, lZ{t-Atuoft])

r>1
where &,[{;;] =0forall i, r due to Eq. (19). Since {;o =0, the ¢ = 0 term in the adjustment can

be omitted.

The argument can now be replicated for each (7, w), leading to representations

+At.w (Epl,w [ Z A?wg?w M ut’w Oft] ) .

T>t+1

Vilf, @) =Epre lz ALCut@o f

>0
The final part of the argument used in the proof of ES’s Lemma A.1 applies here, too; see also
Appendix B therein and note that, while I do not assume ES’s Axiom BW, I do restrict attention to
plans (and constant streams) that are bounded above and below. Conclude that, under Axioms

RP, CP and IMP, for some Bernoulli utility # and discount factor 8 €(0,1),

A (E [Z /3“”5?‘”'“0]‘}} ) ey

T>t+1

U(f, w)=Epo lZﬁHu o f,

>t
where the adjustment function has been adjusted to account for the normalization of the dis-
count factors; this is a dynamic VEU representation (the properties of A, , and "¢ in Def. (6)
correspond directly to properties of adjustment functions/factors in the atemporal VEU repre-

sentation). Furthermore, E o [{ f.’T“’] =0 for all i, 7, and for all complementary pairs f, f ,

[Pl & Bye lzﬁf‘tmfr]ZEpw [Zﬁ“fuoﬂ]. (22)

T>t Tt

Axiom DC and first recursive formulation. Now consider the implications of Axiom DC. Fix a

node (¢, w)and a plan f; then, define a plan g as follows. Let g = g, for 7 < ¢; then, for each «’,
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choose g,.1(w’) € X such that g,1(w’) ~,11, f [note that the lhs represents a constant stream
equal to g,+1(w’) in every state and period]; finally, for 7 > ¢t 41, let g, = g;4:1.

Hence, by construction (and using the representation derived above), g ~;11,. f for all «’,
and Axiom DC then implies that f ~, , g. Furthermore, by Eq. (21) and the fact that g.(«w’) =
gi11(w)for v >t +1and o’ € 7 (w), ZTE)H—I BT luog (w)=Upn(f,)forallt>¢+1and

all ' € Z;(w). Hence,

Ui(f, @) =Ui(8, w)=Epre [t fi + BU(f,)] +Are (EP”" [ o BU(f, )]) =

=uo fi(@)+BEpe [Unn(f,)] +Are (BEpe [£14 - Uina(f,)]) -

As in Def. 4, henceforth denote the size of the vector {* by n, .. This is almost the recursive

representation in Eq. (7), except for the appearence of the so far arbitrary measures p¢.

Bayesian updating and full support. I now show that p"® = p°(:|Z,(w)). As above, it is wlog

to assume that 0 € int u(X); let z € X be such that u#(z) = 0. Also choose ¢ > 0 so that [—¢,2¢] C
u(X), and let x € X be such that u(x) = €. Now fixanode (¢, €) and E € Z,,;(w).

Define a plan f by letting f; = z fort < t+1or 7t > r+2, fis(w) = x for ' € E, and
fi+2(w’) = z otherwise. Finally, let f be a plan complementary with f and such that f ~;,, f.
To see that such a plan exists, let y € X be such that u(y) = 2¢, and w € X be such that u(w) =
—¢; then the plan g’ that yields x at time ¢ 4+ 2 for «’ € E, and y elsewhere, is complementary
with f and atleast as good as f by Monotonicity; similarly, the plan g” thatyields w at time 42
for «’ € E and z elsewhere is also complementary with f and at most as good as f. Mixtures of
g’ and g” are complementary to f, and one such mixture f will be conditionally indifferent to
itgiven (f +1, w).

By Eq. (22) we then have
1
Bp T e(E)e=B(r-pte(Ee) < pthe(E)= e

where u(f:(w")+ u(f-(w))=17 for all (7, w’). Let Z € X be such that u(2)=37.
Now consider complementary plans (g,g) suchthat g, =g, =2fort <t+1lor7v>1t+
2, gr2(0’) = frio(w’) and g;10(w’) = ft+2(60') for ' € F;1(w), and g;12(w’) = () =2

elsewhere. Then by Axiom CP we again have g ~;;,,, §. Furthermore, by Axiom DC, since g
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and g agree outside Z,,,(w), g ~+,» §- Again by Eq. (22),

1 1 2

STHBB (P B+ (T s\ BV 0+ 1= p(Fensllyr ) + 1o 57 =

1 1 21
=510 )+ B (PN = Pl B4 1= p(Fetollyr ) + 1o 7

Canceling common terms yields
1
preE)e=p BNy —)+p " (Tin(@\E)y & pE)=p"(Tra(w)sr,

. . . 1
i.e., substituting for 37

p"(E)=p"“(Fr(w))- p"(E).

The result will follow once it is shown that p°(%;(w)) > 0 for all (¢, w). But this follows from
Axiom FS. Suppose that p°(Z;(w)) = 0. If the plans f, f” satisfy f:(«w’) = f/(«’) for all T and
' & Fi(w), it follows that E,o[u o f;] = Epo[u o filo\7,w)] = Epo[u o f1lo\7,)] = Epolu o f7], and
similarly E,o[{;11-wo fi] =Epo[li41-uo f1], s0 f ~¢ f': thatis, #;(w) is #¢-null, contradiction.

Summing up, henceforth we let p = p° and obtain the recursive representation

Uy(f, @)= o fi(w)+BE, [Unn(f,)|Fi(@)] + Ao (BE, [C8 - Unn(f,)|Zu(@)]); (@23)

since U;(f, w) is bounded by monotonicity and the assumption that f € F?, the above equation
shows that (2) holds, taking - = 7.

Furthermore, we obtain the non-recursive representation

A (Ep l D BT uof,

T>t+1

Fi(w)

Ul(f,w)=E, lZﬁT_tu o fr gt(w):| ) . (24)

Tt

Time-separability. Now use Eq. (24) to substitute for U,;,(f, ') in Eq. (23):

+

%H(-)] 7:w)

Ut(f’w):uoft(w)'i'ﬁEp E, lz ﬁf_t_luofr

T>1+1

+BE, +

A, (Ep Z ﬁf_t_lg?l’. “uofr gt+l(')] ) ‘gzt(w)

| T>1+2

+Au0 (BE, [0 Una(f, )| Zi(@)]).
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Comparing the above expression with Eq. (24) yields

e (E l > B u .

T>t+1

T i(w)

L%(a))] ,co) + (25)

) =Avo (B, [0 Uin(f)7)

Apya, (Ep Z BT uof: gt—i—l(')] ) ’g’}(w)jl .
T>1+2

Therefore, (3) holds as well. In particular, note that {*¢ in Def. 4 is 4 ifl in Def. 6, and A, in

+BE,

Def. 4 coincides with the restriction of A, ., in Def. 6 to 6’(% uokF,1,p, ).

Finally, iterating Eq. (25) yields

Ao (Ep IZ Bl uof, %(w)D =Y BBy [An (BB, [£20, - Unni(£0]7:0]) |7100)
T>t+1 T>t
(26)

Necessity of the axioms. It is clear that (3) = (2), defining A; ., {"* as indicated after Eq.
(25) above, so assume (2) and show that it implies (1).

Suppose that the preference system (=,,,) has a recursive VEU representation as per Def.
4. A VEU-like representation over F” will be constructed first; then, the latter will be employed
to verify that the axioms hold. [Note that, alternatively, one could construct a time-separable,
dynamic VEU representation from the intermediate one obtained here, and hence show that

(2) implies (3); then, showing that (3) implies (1) would be straightforward.]

Preliminaries. Since the baseline p is fixed in this argument, write E;[a] in lieu of E, [a|.Z;]
and E, ,[a] in lieu of E, [a|Z;(w)]. Similarly, write I; .,(a) =E;ulal + A; o(Ero L - al).

Since I,,, is a niveloid, it has a (minimal) niveloidal extension from (1 — ) 'fuo F,; =
By(o(Z:11),(1 — B) 1 Bu(X)) to all of By(o(F;+1)) (Maccheroni et al., 2006a, p. 1476); denote
this extension by I ¢ - Also recall that a niveloid satisfies a Lipschitz condition with Lipschitz
constant 1. Finally, for every a € By(o(Z,+1)), denote by I,(a) the .Z;-measurable map w —

It,w(a)-

Existence of utility over F”. Define the set % of sequences v = (u;);>o of real-valued func-

tions on €2 such that each u, is #;-measurable, and ||v|| = sup, , |u,(w)| < oco. There is a natural
mapping between % and the set of bounded, >-measurable functions on = 7 x Q, where
and X are as in the proof of sufficiency. In particular, % is a Banach, hence complete metric

space.
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The following result is the key step in the proof of sufficiency; as noted in the main text,
it implies that, once one-step-ahead VEU preferences have been specified, a bounded utility
process U,(-, w) that satisfies the recursive relation in Eq. (23) is uniquely pinned down. The

proof is standard.

Proposition 2 Fix 3 €(0,1), a Bernoulli utility function u : X — R, and an adapted collection of
niveloids (J; »)i>0,weq, Where J;, is defined on B(o(Z%,+1)) for every node(t, w).

Then, for every f € FP, the map T' : % — 9 defined by letting
Vo=(ur)i=0 €, T (V)(w)=uo fi(w)+ Jio(Bri)

has a unique fixed point v* = (u});>o in %; if ,&’ € R are such that u o f,(w) € [&,&’] for all
(t,w), then u(w) € [ﬁ,%] for all (t,w). Finally, for every vy € %, u* = limy_[Tf]¥(vo),
where [T;]V denotes the N -fold application of T'.

Proof: Fix f € F”. Note first that T/ indeed maps into %, because u o f,(w) € [£,&’] for some

£,& € Rand min a < J;,(a) < max a for all a € B(o(Z,41)). Next, for all v = (U)o, V' =

(u})r>0 € %, and all nodes (¢, w),

T/ (0)(@) = T (@) = wBtiesr) = Jro(Bul ) < Bl —ul,l

because the niveloid J, ., has Lipschitz constant 1. Since this is true for all # > 0 and w € Q,
1 Tr(v) — T(v"), |l < B sup,solltesr — uj 41l = Bllv— v, ie. T/ is a contraction. Therefore, by the
Contraction Mapping Theorem (e.g Aliprantis and Border, 1994, Theorem 3.48) it has a unique
fixed point u* € % (&, &), that can be approached by iterating 77.

Now, adapting an argument due to Marinacci and Montrucchio (2010, p. 24), let % (&,&") =
fv=(uy)s0 €U : V(t,w), u(w)e[(1—-pB)1E,(1—B)1E}, where £, £’ are as in the statement.
Then % (&,&’) is a closed subset of %, and hence it is complete; furthermore, if v = (u;);>0 €
(,8), then T/ (U)(@) = o f)+ Jo(Btrn) S &'+ B 125 = 125 similarly, T/ (v)(w) 2 155 In
other words, T/ maps %/ (&, &’) into itself. Hence, T/ has a unique fixed point v** € (&, £’); but
since %(§,&)Cc %, v =v*. 1
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VEU-like representation of utility. Return to the proof of necessity. Since by assumption

(U:(f,") 5 is bounded and recursive for every f € F?, by Prop. 2 it is the unique such repre-
sentation of (>=; ).

Now let x,x’ € X be such that x’ = fy(w’) = x for all (¢/,w’), and let ¢ = %u(x) + %u(x’).
Define vy = (¢) (the constant function equal to ¢). Since ¢ € u(X), vy € % (u(x), u(x’)), so
that ([T/(0)]V) € % (u(x), u(x")) for all N, as shown in the proof of Prop. 2. But this implies that
I o(BUTFO)NN1), 1) =1, (BT (0)]¥-1),41), which is a VEU functional (I, ., need not be).

For every n > 0, define the adapted processes (a’),(u]") as follows: for every (¢, w),

al(f,w)=0
ul(f,w)=uo fi(w)+p¢
al(f,w)=E.oBa [ (f,N+Ao(BE o™ u ()

t+n
ul(f,0)=) BrolB™ uo f1+B" ¢ +al(f, w).
T=1

I now inductively rewrite u]' and at the same time verify that the definition of a? is well-
posed (in particular, BE, ,[{L,, - u}; '(f,+)] is in the domain of A; ). For n =0, a of,w) =
which is obviously well-defined; moreover, note that, for all 7, «’, ug( [ )=uof(w)+ P =<
u(x)+ B> ”(x) = th(xﬂ) and similarly u%(f, w’) > l;(xﬁ) By assumption, I, is well-defined for
functions w1th values in q(u(X)), hence in particular for ﬁu?+1(f,-); thus, A;,(BE; [V -
ul ,(f,-)]) is indeed well-defined. Inductively, assume that ul(f,w) e [%(x), %(u(x’))] for
all 7, w’; then a?(f,-) is well-defined; furthermore, rewrite u'(f, w) as follows, breaking up the

summation and substituting for a?(f,-):

(t+1)+(n— 1)

ul(f,w)=uoflw)+p D, ErolB ' uofl+p"¢+E o[fal (f, ) +Aiu(BE " u
T=t+1
=0 fi(@)+Ero B3 (f, )+ AvolBroll" - Bl (f, )= (27)
=uo fi(w)+ 1o [Bul (O]

It then follows that u(f, w) > u(x)+ B 5 “(x) ”(x and similarly u?(f, w) < ’f(xﬁ , by monotonicity

of I; ., and the induction hypothesis. ThlS completes the induction step.

Eq. (27) also shows that, letting v" = (u(f,") ;=
ul(f,)=T/ (" =...= [T (uo)",
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and therefore u/(f,-) — U,(f,-). Since Zi’; E/owlB™uo fr]+pHe — Zm E/olB" Tuo fr],

a’’(f,-) also has a well-defined limit, denoted a,(f,-), and one can write

Ui(f,) =Y ErolB " wo f:1+ai(f,). (28)

T>t

Finally, observe that, since E; ,,[{*“ - B¢] =0,

(t+D+(n-1)
ghe- ( Z B [T uo f] +a;:11(f,-))} ) -

T=t+1

ay(f,w)=EolBal [ (f, ) +Ae (ﬁEt,w

t+n

D s,

T=t+1

B [0 pall(f, -)1) |

:Et,w[ﬁa:l;f(f» )] +At,co (Et,w
(29)

Verification of the axioms. I now employ Egs. (28) and (29) to show that the axioms hold.

For the basic preference axioms, focus on =, (the argument for other conditional preferences
is analogous). Note first that, if f, g € F? are such that u o f — u o g is a deterministic process
(7+)r>0, then inductively, using Eq. (29), a?(f, w) = a}(g, w); hence, the same is true in the limit.
Similarly, if f;(w) > g:(w) for all (¢, w), then inductively, using Eq. (27), u{'(f, w) > uf (g, w), and
so again Uy(f, w) > Uy(g, w). These observations imply that, if = 7 x Q and F? is the set of
bounded acts on € corresponding to adapted sequences in F?, the functional I : u o F» — R
defined by I(u Of) =(1-B)Uy(f, w) (any w), is a normalized niveloid [if x € X, then Uy(x, w) =
;‘E—?, so the adjustment factor (1 — ) is required]. Hence, the corresponding preference =, on
F? satisfies the atemporal Weak Order, Monotonicity, Continuity, Non-Degeneracy and weak
constant Independence axioms in Maccheroni et al. (2006a), which implies that =, satisfies
Axioms 1-5.

By induction using Eq. (29), ag((x;):>0, @) = 0 for all deterministic consumption streams
(x¢)r>0, so the same is true in the limit. This implies Axioms 8.

Again, by induction, if (f, f) are complementary then inductively, using Eq. (29), a?(f, w) =
a(’)’(f, w), and so ao(f, w)= ao(f, w); this implies that Axioms 9 and 10 hold. Axiom 7 also holds,
because EU preferences satisfy this axiom and complementary plans are evaluated using their
baseline EU evaluation.

Because = satisfies Axioms 9 and 10, the corresponding preference =, satisfies Comple-

memtary Independence and Complementary Translation Invariance, so Lemma 5 and the ar-
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gument on p. 842 of S09 imply that =, satisfies Monotone Continuity, so that =, satisfies Axiom
6 (see the proof of sufficiency for details on how to map between the two domains).

Axioms 11, 12, 15 and 14 are immediate; for the first two, again recall that ao((x;);>0, @) =0
for all consumption streams (x,),>9. For 13 (IMP), observe that, if f*, f, f", f**, x are as in the
Axiom and ¢ is as in the above construction of the process u,(f,-), we have a?*(f",w) =0 =
a’(f,w) forall w, t > n and m > 0 by induction on m and ¢; therefore, ay'~"(f", w) = ay(f, w)

for m > n, so ao(f", w)=ay(f, w). Therefore,

Mo(fn»w)Z;Eo[ﬁtuOft]‘i‘/ﬂ’nH%+6lo(fn»60)=

:ZEO[ﬁtuoft]+/3n+l¢ +ﬁn+l (
t=0

B u(x)
1-p

)

1-8
- ¢) - uo(f,a)),

¢)+a{;’(f,w)=
=M('f(f»60)+ﬁn+l(

which implies that IMP holds.

Sharp representation and uniqueness. Any recursive VEU representation (u, 8, p,(¢,,, {"“, At w)t0)

yields a VEU representation (% u, p(-|Z(w)), nyw ", As,) on Fy ateach (¢, w); if this repre-
sentation is not sharp, Theorem 1 in S09 shows that a sharp representation (% i, p(|Z (), iy 0, {1, A o)
can be constructed. In particular, since preferences over X must be preserved, one may as well
assume that & = u, so that At,w(Et,w[é_""”-a]) =A;(E; ("% a])foralla e % uoF,,;. But then,
one can indifferently construct the sequences u”, a” as in the proof of necessity in terms of A, .,
and ", or in terms of the original A, ., and {**: hence, the utility indices U, generated using
the sharp VEU representations at each node (¢, w) coincide with the original ones, U;. Hence,
(u, By, (s, “",At,w)t,w) is a sharp recursive VEU representation of the same preferences.
Also, since acts f;;; € F;;+; can be seen as maps fm : Z,+1 — X on a finite “state space” Z .,
Theorem 1 in S09 implies that 71, , < |Z ;41| — 1.

The uniqueness claim follows directly from S09, again after noticing that every recursive

VEU representation induces a VEU representation on F,,; at each (¢, w).
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B Proof of Theorem 2

Sufficiency. Note first that, if f, f and g, g are as in the statement of the axiom, then one can
exchange the role of (f, f) and (g, &), using 7! as the permutation of {0, ..., — 1}, to conclude
that f =, f ifand onlyif g = &.

As shown in the proof of Theorem 1, for any complementary pair (/, h), h = hiff E, [Zzzo Bluo
h:]>E, [thoﬁfu o h;]. Assume wlog that 0 € int u(X), and let z € u~1(0); also fix € > 0 such
that [—€,2€] C u(X) and let y € u=!(e).

Now construct (f, f) and (g, &) as follows: f, g are as in Axiom 16; f, = g, = z for T # t; and
suofi+iuocf,=juog,+3u0g, =y, aparameter thatshall be determined momentarily. Then
f =0 fiffE,,[u ofi]=2y;—E,[uof;],ie iff E,[uo fi] >7,; similarly, g =g g iff E,[uo g >7,.

Now let y, = E,[u o f;]; I claim that this is possible, i.e. that 2y, — u o f;(w) € u(X) for all w.
To see this, note that E,[u o f;] €[0, €], so v, €[0,2¢€]; hence, 2y, — u o f; € [—€,2¢€] C u(X) by the
choice of € > 0.

This completes the definition of f, f, g, &; by the above arguments, f ~, f, and so Axiom 16

implies that g ~¢ g as well. But then
1 1
p(Xo=x0,...,Xs-1=X;1)= EEp[u o ft] = ng[u ° gt] = P(Xo =Xn0) .- r Xpm1 = xn(t—l))- (30)

Since this holds for all £ > 0 and 7 € 227, this implies that p is exchangeable, as e.g. per the
definition of Hewitt and Savage (1955) (who actually use the term “symmetric”); the result then
follows. For completeness, I provide the details.

Now fix a finite permutation of 7 = {t : t > 0}, i.e. amap 7™ : J — 7 that is one-to-one
and such that 7©°(¢) # t for finitely many ¢ € 7. Then there is T > 0 such that r > T implies
n°(t) = t; furthermore, for all t < T, n°(¢) < T: otherwise, if ' = 1>*(¢) > T for some t < T, we
would have 7°(t’) = t’ = n>(t) and ¢’ > ¢, a contradiction. Hence, for every such 7> there is
T>0and te€ 27T such that 7°(t)=n(t)for t < T,and n>°(t)=1t fort > T.

Let 6 = {(]_[2:0 C)XxX>:t>0,C, Cc XV}, the class of “cylinders.” Note that ¢ generates

Y (it contains all sets E; as in Eq. (15), and every A € % is a finite union of such sets E;), and

t
p((nCT)x%’oo):p(XOGCO,...,XteC[)z Z p(Xo=x0,...,Xs =x;)
7=0

(X0yee0y X JEX 1 i x€C VT
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For Ae X, let m™[A] = {(x¢)>0 : (Xr=())i>0 € A}. In particular, for t > T,

t t
> [(n Cr) X %oo} = {(xr)rzo . (xn(o)’---»xﬂ:(T);xT+1»---;xt)el_[CT}

7=0 7=0
and therefore

p(ﬂoo l(ﬁCT)X%m])Z Z pXo=xo,..., X =x;)=
7=0

(XQ e X T yener x[)e%'t+l:
xn[T)eCTVOSTST,xceCTVTHSTSr

= Z p(XO:xn(o)y---;XT:xﬂ(T)’---th:xt):

(XQ X Ty JEX LT
xn(T)eC-;VOS'rST,xTeCT\'/Tngst

= Z p(XOZxO)---!Xt:xt):

(X0yee0y X JEX 1 i x€C VT

(i) )

The second equality follows by considering n’ € £ with 7/(7) = n(7) = n*°(7) for T < T, and
m'(t)=7 =n>(7) for T > T, and applying Eq. (30). Finally, the third equality follows by simply
relabeling x,(r) as x; for 0 <7 < T, as we have both X; = x(;) and x;) € C..

Hence, p(n>*A) = p(A) for all A € 6 with T > t non-trivial components; since some C.’s
can be equal to &, this is true for all A € ¢. Then, by standard arguments (e.g. Aliprantis and

Border, 2007, Theorem 10.10), this is true forall Ac o(€¢)=*.

Necessity. Consider ¢ >0, (xo, ..., X:-1), ¥,2, f, f, & & as in the Axiom. Letting ju o f- +ju o
fr =7 forall 7, we have f =, f iff
S B u(2)+ B {u(2) + [u(y) — w(@]pXo = %o, Xy 1 =% )}
T#t

ZZ/J”[Z% —u(2)]+ B2y, —u(z)— [u(y) — u(2)p(Xo =xo, ..., Xe-1 = x,-1)}
T#t

and therefore iff
B u(y) - u(@)p(Xo=xo,..., X1 =X,1) > >_B7ly=— u(2)).
720
Similarly, g = g iff
B () = (2] p(Xo = Xro) -+ X1 = Xar-1)) Z Y B [1= — u(2)].

7>0
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r—1

If p(Xo =x0,..., Xsm1 =X11) = fA(%) ]_[TZOZ(xT)d,u(K), then clearly Eq. (30) holds, so that f = f

iff g =0 §, asrequired. &
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